
Design of Adaptive Sliding Mode Controllers for
Perturbed Nonlinear Systems with Partial
Unmeasurable States and State Constraints
Chih-Chiang Cheng  (  chengcc@mail.ee.nsysu.edu.tw )

National Sun Yat-sen University College of Engineering https://orcid.org/0000-0002-0090-3037
Ting-Yu Lin 

National Sun Yat-sen University College of Engineering
Yu-Kuo Li 

National Sun Yat-sen University College of Engineering

Research Article

Keywords: barrier Lyapunov function, state observer, sliding mode control, adaptive control, perturbation
estimator

Posted Date: November 19th, 2021

DOI: https://doi.org/10.21203/rs.3.rs-1006478/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.3.rs-1006478/v1
mailto:chengcc@mail.ee.nsysu.edu.tw
https://orcid.org/0000-0002-0090-3037
https://doi.org/10.21203/rs.3.rs-1006478/v1
https://creativecommons.org/licenses/by/4.0/


Noname manuscript No.
(will be inserted by the editor)

Design of Adaptive Sliding Mode Controllers for Perturbed Nonlinear

Systems with Partial Unmeasurable States and State Constraints

Chih-Chiang Cheng · Ting-Yu Lin · Yu-Kuo Li

Received: date / Accepted: date

Abstract A sliding mode control (SMC) strategy is pro-

posed in this paper for a class of perturbed nonlinear sys-

tems with unmeasurable states and state constraints to deal

with the state tracking problems. First of all, a partial states

observer is designed for solving the problems due to unmea-

surable states. The estimation errors will approach zero in a

finite time. Secondly, based on a designed barrier Lyapunov

function, one designs the sliding surface function and an

adaptive sliding mode tracking controller to ensure that the

states have the ability to track the desired signals. Moreover,

the tracking error is capable of converging to zero in a finite

time without violating the given state’s constraints. Pertur-

bation estimator and adaptive mechanisms are also utilized

so that there is no need to know the upper bounds of pertur-

bations and perturbation estimation errors. Finally, a numer-

ical example is provided to demonstrate the feasibility of the

proposed control strategy.

Keywords barrier Lyapunov function, state observer,

sliding mode control, adaptive control, perturbation

estimator.

1 Introduction

In order to increase the applicability of the designed control

systems, there are two important factors one has to consider

besides the stability issue. The first one is the availability of
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the state variables, the second is the magnitudes of states

that the controlled system can sustain. These two factors

generally increase the difficulty of designing the controllers.

Therefore, studying systems that have unmeasurable states

and also have state constraints has become a very important

issue.

In general, there are two ways to deal with the problems

caused by unmeasurable states. One of which is to design

the output feedback controller. This include [1–5]. The other

way is to employ an observer. For controlling nonlinear sys-

tems with utilization of observer, Li et al. [6, 7], Park et

al. [8], Wang et al. [9], Choi and Yoo [10] and Huang [11]

all made the estimation errors uniformly ultimate bounded

(UUB). For solving the problems of regulation, Lei [12] uti-

lized a high-gain predictor for a single-input singe-output

(SISO) nonlinear system with state delay and finally made

the estimation error asymptotically stable (A.S.). Laila [13]

proposed an observer for a combustion engine test bench,

and also made the estimation error A.S. Although the control

methods mentioned above can handle the systems with un-

measurable states, several disadvantages are found in these

systems: I. The dynamic equations of plants in [4–10, 12]

have to be in strict feedback form. II. The methods proposed

in [6–11] can only achieve the property of UUB. III. They

cannot solve the problems of state constraints. IV. The meth-

ods proposed in [3, 4, 7–9, 12, 13] need to meet Lipschitz

condition.

As for solving the state constraint problems, many meth-

ods mainly relied on numerical methods or used complex al-

gorithms. For example, invariant set method [14,15], model

predictive control [16–18], reference governor [19]. The dis-

advantage of these methods is their huge amount of compu-

tation, which leads to longer control time and may cause in-

stability in the system. Therefore, lots of researches on state

constraints have been developed based on establishing bar-

rier Lyapunov functions due to its simplicity. When utiliz-
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ing a barrier Lyapunov function methodology [20–34], one

needs to create a barrier Lyapunov function first, and then

design the controller through the function such that not only

the barrier Lyapunov function is bounded, but also the con-

trolled system is stable.

In order to deal with unmeasurable states and state con-

straint problems, backstepping control which utilizing bar-

rier Lyapunov function were proposed in [20–26] for per-

turbed nonlinear systems, these methods all achieved the

property of UUB. Intelligent control schemes were also de-

veloped for solving unmeasurable states and state constraint

problems, and they also achieved the property of UUB [27–

34]. Although the aforementioned works [20–34] can handle

the problems of unmeasurable states and state constraints at

the same time, several disadvantages are found in these sys-

tems: I. The dynamic equations with match or unmatched

perturbations considered in [20–27, 29–34] have to be in

strict feedback form. II. The methods proposed in [20–34]

can only achieve the property of UUB. III. The methods pro-

posed in [20, 23, 25, 27–31] may be only applied to SISO

systems.

Recently Chiang and Cheng [35] proposed an adaptive

output feedback sliding mode control scheme for a class of

nonlinear systems with matched and unmatched perturba-

tions to solve regulation problems. The advantages of this

control scheme include (a) the dynamic equations of the sys-

tem do not need to be in strict feedback form; (b) there is

no need to know the upper bounds of both match and un-

matched perturbations in advance; (c) the state variables can

converge to zero within a finite time; (d) it can be applied to

multi-input multi-output (MIMO) systems.

In this paper we extend the research of [35] and propose

an adaptive SMC scheme as well as a partial state observer

for a class of perturbed systems with state constraints, so

that both the estimation errors of states and tracking errors

can converge to zero in a finite time. This proposed con-

trol scheme not only eliminates the disadvantages I to IV

mentioned above, but also has the advantages (a) to (d) ad-

dressed previously. Moreover, it also has the following ad-

vantages: (1) it has the ability to constrain the magnitudes

of full states; (2) it can solve tracking problems, and all

the state-tracking errors can converge to zero within a fi-

nite time and stay thereafter. A numerical example is demon-

strated for showing the effectiveness of the proposed control

scheme.

2 System Descriptions and Problem Formulations

Consider a class of MIMO nonlinear systems with matched

and unmatched perturbations, whose dynamic equations are

governed by

ẋ(t) = f(x)+Bu(t)+∆p(t,x,u)

y(t) = Cx(t), (1)

where x(t) ∈ Rn represents unmeasurable state of the sys-

tem, u(t) ∈ Rm is the control input, y(t) ∈ Rp is the measur-

able output. The nonlinear vector f(x) is known and f(x)= 0

if x = 0. The constant matrices B and C with approximate

dimensions are also known, and rank(B) = m, rank(C) = p.

The unknown vector ∆p(t,x,u) can be viewed as model un-

certainty, nonlinearity or external disturbance. In addition,

the number of outputs is greater than or equal to the number

of inputs, i.e., p ≥ m.

The aim of this paper is to design an adaptive sliding

mode tracking controller and a partial state’s observer such

that the following objectives are achieved:

(a) The estimation error z̃ , z− ẑ will converge to zero in

a finite time, where the states z and ẑ will be introduced in

section 3.

(b) The state tracking error e(t) , x−xd(t) will also ap-

proach zero in a finite time, and satisfies the requirement of

‖e(t)‖ < 2kb + ‖Wz̃‖, ∀t; where xd(t) is the desired track-

ing signal, kb > 0 is a prespecified real constant, and W is

a matrix which will be introduced in section 3. The notation

‖·‖ stands for the Euclidean norm of a vector or the induced

two-norm of a matrix.

3 Design of Partial States Observer

For achieving the control objectives, we first design a new

state variable as

s(t) = Fy(t) ∈ Rm, (2)

where F is a designed constant matrix which fulfills the ma-

trix equation Bg = FC, and Bg = (BT B)−1BT denotes the

Moore-Penrose pseudoinverse of B. Note that if the columns

of (Bg)T are in the R(CT ), then matrix F exists, where R(·)

symbolizes the range space of (·).

According to the method addressed in [35], one is able

to transform (1) as

ż(t) = WgΦ1(s)s(t)+∆p1(t,x,u),

ṡ(t) = BgΦ1(s)s(t)+BgΦ2(z, s)z+u(t)+Bg∆p, (3)

where M[zT (t), sT (t)]T = x(t), M , [W,B], W ∈ Rn×(n−m)

is a full rank matrix, R(W)∩R(B) = {0}, ∆p1 , WgΦ2z

+Wg∆p. The matrix Wg = (WT W)−1 WT is the Moore-

Penrose pseudoinverse of W, the two matrices Φ1, Φ2 are

given by [35]

Φ1(s) =

∫

1

0

∂ f(0,Λ1)

∂Λ 1

∣

∣

Λ 1=sρ
dρ ∈ Rn×m,

Φ2(z, s) =

∫

1

0

∂ f(Λ 2, s)

∂Λ 2

∣

∣

Λ 2=zρ
dρ ∈ Rn×(n−m)
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Noted that the new state variable z(t) ∈ Rn−m is unmeasur-

able.

To solve the tracking problem, one firstly designs the

sliding surface function σ (t) ∈ Rm as

σ (t) = F(y−yd), (4)

where yd = Cxd. Since the state z(t) is unmeasurable, one

designs a partial states observer for estimating z(t) as

˙̂z(t) = WgΦ1(s)s(t)−
eẑ

‖eẑ‖2
sinθ1(eẑ)cosθ1(eẑ)+η1(t)

+Wgẋd, (5)

where

eẑ = ẑ−Wgxd , (6)

θ1 = (‖W‖2‖eẑ‖
2π)

/

2k2

b . (7)

The function η1 ∈ Rn−m in (5) is generated from

η̇1(t) =



















−
[

ρ1 +h1ζ (u)+ ĉ0(t)+ ĉ1(t)β (x̂)

+Ψ1

] η1(t)
‖η1(t)‖ , if η1(t) 6= 0

ϕ
1
e−t , if η1(t) = 0

(8)

where ρ1 is a designed positive constant, ϕ
1

is a designed

vector with positive constant entries, Ψ1 = ‖η1‖ +‖Wgẋd‖

+
∣

∣ sinθ1 cosθ1

∣

∣/‖eẑ‖. The adaptive gains ĉk(t), k = 0,1, are

computed from the following adaptive laws as

˙̂c0(t) =

{

0, if η1 = 0

1, otherwise
(9)

˙̂c1(t) =

{

0, if η1 = 0

β (x̂), otherwise
(10)

where β (x̂) in (10), h1 and the function ζ (u) in (8) are in-

troduced in the next section. By using the Squeeze Theo-

rem [36] and L’Hospital’s rule, one is able to verify that

lim
‖eẑ‖→0

eẑ

‖eẑ‖
sinθ1(eẑ)cosθ1(eẑ) = 0

4 Stability Analysis of Partial State Observer

Let z̃(t) = z(t) − ẑ(t) be the estimation error of partial states

observer. Then from (3) and (5), one can obtain

˙̃z(t) = ∆p1 +
eẑ

‖eẑ‖2
sinθ1 cosθ1 −η1(t)−Wgẋd . (11)

The stability analysis of estimation error z̃(t) is addressed in

the following theorem.

Theorem 1 Consider the dynamic equation (11). Suppose

that the designed vector Φ1(s) 6= 0 for some t, and there ex-

ist unknown positive constants c0, c1 satisfying the following

inequality

‖∆p1(t,x,u)‖≤ c0 + c1β (x̂)+h1ζ (u) (12)

in the domain of interest, where β (x̂) and ζ (u) are known

nonnegative functions, h1 > 0 is also a known constant. If

the partial states observer (5) with adaptive laws (8), (9)

and (10) are employed, then

(a) the estimation error z̃ will approach zero within a finite

time;

(b) the state variable η1 is bounded for all time;

(c) the adaptive gains ĉi, i = 0,1 are all bounded, and ĉi will

converge to a finite limit respectively as t → ∞.

Proof: Define a Lyapunov function candidate as

V1 = ‖z̃(t)‖+‖η1‖+
1

2

1

∑
k=0

c̃2

k(t), (13)

where c̃k(t), ĉk(t)−ck are adaptive errors of unknown pos-

itive constants ck respectively, k = 0,1. All the possible cases

that may occur when computing the time derivative of V1 are

analyzed as follows.

Case 1: z̃ 6= 0, and η1 6= 0

Differentiate (13) with respect to time, we obtain

V̇1 =
z̃T (t)

‖z̃(t)‖
˙̃z(t)+

ηT
1
(t)

‖η1(t)‖
η̇1 +

1

∑
k=0

c̃k(t) ˙̃ck(t). (14)

Substituting (11) into (14) and using (12) yields

V̇1 ≤ h1ζ (u)+ c0 + c1β (x̂)+
1

‖eẑ‖

∣

∣sinθ1(eẑ)cosθ1(eẑ)
∣

∣+

‖η1‖+‖Wgẋd‖+
ηT

1
(t)

‖η1(t)‖
η̇1 +

1

∑
k=0

c̃k(t) ˙̃ck(t). (15)

By using (8), (9) and (10), one is able to obtain

V̇1 ≤ −ρ1 < 0. (16)

In this case the magnitude of V1 is bounded, which also in-

dicates that the states z̃, η1, and adaptive errors c̃0, c̃1 are all

bounded.

Case 2: z̃ 6= 0, and η1 = 0

In this case one can see that V1 = ‖z̃‖+ 1

2
∑

1

k=0
c̃2

k . From

(9), (10) and (15), we can know that

V̇1 ≤ h1ζ (u)+c0 +c1β (x̂)+
1

‖eẑ‖

∣

∣ sinθ1 cosθ1

∣

∣+‖Wgẋd‖.

In this case V̇1 may be greater or smaller than zero. Accord-

ing to (8), η̇1 6= 0 in this case, the trajectory of η1 will cross

the surface η1 = 0 immediately, and the status of the system

will switch to another case where η1 6= 0. Nevertheless, the
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states z̃, η1, and adaptive errors c̃0, c̃1 are all bounded due

to the continuity of the controlled state variables.

Case 3: z̃ = 0 and η1 6= 0

From (13), it is seen that the Lyapunov function becomes

V1 = ‖η1‖+ ∑
1

k=0
c̃2

k(t)/2. Differentiate it with respect to

time and using (8), (9) and (10), one obtains

V̇1 = −ρ1 −h1ζ (u)− c0 − c1β (x̂)−Ψ ≤ −ρ1 < 0.

Case 4: z̃ = 0 and η1 = 0

In this case V1 = 1

2
∑

1

k=0
c̃2

k . Differentiating it with re-

spect to time and using (9), (10), one obtains

V̇1 = c̃0
˙̂c0 + c̃1

˙̂c1 = 0.

The previous analysis shows that V1 is a bounded func-

tion even if the occurrence of case 2. One is able to see that

(a) the estimation error z̃ will approach zero in a finite time

as long as η1 6= 0;

(b) the state variable η1 is bounded since ηT
1

η̇1 ≤ 0;

(c) the adaptive gains ĉi, i = 0,1 are monotonically increas-

ing and are all bounded in accordance with (9), (10) and

the above analysis. Therefore, there exit finite constants ci∞,

i = 0,1, such that limt→∞ ĉi = ci∞, i = 0,1 [37]. �

5 Design of Adaptive Sliding Mode Tracking Controller

By using (2), (3), (4) and (5), one can compute the time

derivative of eẑ and σ as

ėẑ(t) = WgΦ1(s)s(t)−
eẑ

‖eẑ‖2
sinθ1 cosθ1 +η1 (17)

σ̇ (t) = BgΦ1s(t)+BgΦ2z+u(t)+Bg∆p−Bgẋd . (18)

Now we propose an adaptive sliding mode tracking con-

troller as

u(t) = u f (t)+us(t), (19)

where

u f (t) = −εσ (t)−BgΦ1(s)s(t)−η2(t)−pest +Bgẋd , (20)

and

us =



















− σ(t)
‖σ (t)‖

[

κ cos2 θ2(σ )+ sinθ2(σ)cosθ2(σ )

+ĉ2(t)+Ψ2(eẑ, s)cos2 θ2(σ )
]

, if σ(t) 6= 0

0, if σ (t) = 0

(21)

The parameters ε and κ are designed positive constants, and

θ2(σ) =
‖B‖‖σ‖π

2kb

, (22)

Ψ2(eẑ, s) =
(

‖η1‖+‖WgΦ1(s)‖‖s(t)‖
)

‖eẑ‖ sec2 θ1(eẑ).

The adaptive law ĉ2(t) in us and η2(t) in u f are designed

respectively as

˙̂c2(t) =

{

sec2 θ2(σ ), if σ 6= 0

0, if σ = 0
(23)

η̇2(t) =















−
[

γ +Ψ2(eẑ, s)
] η2(t)
‖η2(t)‖ , if η2(t) 6= 0

ϕ
2
e−t , if η2(t) = 0, eẑ 6= 0, σ = 0

0, otherwise

(24)

where γ is a designed positive constant, and ϕ
2

is a designed

vector with positive constant entries.

The perturbation estimation scheme proposed in [35] is

also utilized in this research. Following the similar design

procedure as addressed in [35], one designs a nominal signal

σ (nom) and the perturbation estimation signal respectively as

σ̇ (nom) = −εσ (nom) +us −pest , (25)

pest(t) = p̂(t)+ ε
[

σ −σ (nom)

]

, (26)

where p̂(t) is the output of the derivative estimator devel-

oped in [38]. If the perturbation estimation error is defined

as

∆ p̃2(t,x,u), BgΦ2(z, s)z(t)+Bg∆p−η2 −pest, (27)

then one can verify that

∆ p̃2(t,x,u)= −δ (t), (28)

where δ (t) stands for the derivative estimation error. Equa-

tion (28) indicates that causing the perturbation estimation

error is only due to the derivative estimation error signal

δ (t). Note that if the derivative estimator is designed prop-

erly, the signal δ (t) is not only bounded, but also asymptot-

ically stable in accordance with the analysis in [38].

6 Stability Analysis

The stability of the proposed control system is addressed in

the following theorem.

Theorem 2 Consider the dynamic system (1) and the ob-

server (5). Let the perturbation estimation error ∆ p̃2(t,x,u)

be defined as (27). Suppose that

1)

‖∆ p̃2(t,x,u)‖≤ c2 (29)

in accordance with (28), where c2 is an unknown positive

constant;

2) the initial condition e(0) satisfies the following inequality

‖Bge(0)‖ ≤
kb

‖B‖
,
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and the initial condition ẑ(0) fulfills the following inequality

‖eẑ(0)‖ = ‖ẑ(0)−Wgxd(0)‖ <
kb

‖W‖
.

If the controller (19) with adaptive laws (23) and (24) are

employed, then

(a) the states z and x are all bounded; both σ and eẑ will

reach zero within a finite time. Moreover, not only ‖e(t)‖ <
2kb +‖Wz̃‖ for all time, but also e(t) will approach zero in

a finite time;

(b) η2 and adaptive gain ĉ2 are all bounded for all time;

(c) the nominal signal σ (nom) and the perturbation estima-

tion signal pest(t) are all bounded for all time.

Proof: Substituting (20) into (18) yields

σ̇ (t) = −εσ (t)+BgΦ2z(t)+Bg∆p+us −η2 −pest . (30)

Define a Barrier Lyapunov function candidate as

V =
k2

b

‖W‖2π
tanθ1(eẑ)+

2kb

‖B‖π
tanθ2(σ )+

1

2
c̃2

2
(t)

+‖η2(t)‖, (31)

where c̃2(t) , ĉ2(t)− c2 is adaptive error of unknown posi-

tive constant c2, and η2(t) is a state variable defined in (24).

All the possible cases that may occur when computing the

time derivative of V are analyzed as follows.

Case 1: eẑ 6= 0, σ 6= 0, and η2 6= 0

By using (27), one can compute the time derivative of

(31) along the trajectory of (17) and (30) as

V̇ ≤ ‖eẑ‖‖WgΦ1‖‖s(t)‖ sec2 θ1 +‖eẑ‖‖η1‖ sec2 θ1 − tanθ1

+
σT (t)

‖σ (t)‖

[

− εσ +us

]

sec2 θ2 +‖∆ p̃2(t)‖ sec2 θ2

+ c̃2(t) ˙̂c2(t)+
ηT

2
(t)

‖η2(t)‖
η̇2. (32)

By using (21) and (29), from (32) one is able to obtain

V̇ ≤ ‖eẑ‖‖WgΦ1‖‖s(t)‖ sec2 θ1 +‖eẑ‖‖η1‖ sec2 θ1 − tanθ1

− ε‖σ‖ sec2 θ2 −κ − tanθ2 − ĉ2 sec2 θ2 −Ψ2

+ c2 sec2 θ2 + c̃2(t) ˙̂c2(t)+
ηT

2
(t)

‖η2(t)‖
η̇2

= −ε‖σ‖ sec2 θ2 −κ − c̃2(t) sec2 θ2 − tanθ1 − tan θ2

+ c̃2(t) ˙̂c2(t)+
ηT

2
(t)

‖η2(t)‖
η̇2. (33)

Substituting (23) and (24) into (33) further simplifies (33) as

V̇ ≤ −ε‖σ‖ sec2 θ2(σ )− tanθ1(eẑ)− tanθ2(σ )− γ

< −γ < 0. (34)

According to (34), it can be seen that V is bounded and its

magnitude decreases. It also implies that σ , eẑ, c̃2, and η2

are all bounded in this case.

Case 2: eẑ 6= 0, σ = 0, and η2 6= 0

In this case V = k2

b tan θ1(eẑ)
/

(‖W‖2π)+ ‖η2(t)‖+ c̃2

2
/

2. By using (17) and (24), one computes the time derivative

of V as

V̇ ≤ ‖eẑ‖‖WgΦ1‖‖s(t)‖ sec2 θ1 +‖eẑ‖‖η1‖ sec2 θ1− tan θ1

− γ −Ψ2, s)

= − tanθ1 − γ ≤ −γ < 0. (35)

Hence V is bounded and the magnitude of V will decrease,

which also indicates that the magnitude of eẑ, η2 and c̃2 are

bounded in this case.

Case 3: eẑ = 0, σ 6= 0, and η2 6= 0

In this case V = 2kb tanθ2(σ )
/

(‖B‖π)+ c̃2

2

/

2 + ‖η2‖.

By using (27) and (29) one is able to compute the time

derivative of V along the trajectory of (30) as

V̇ =
σT (t)

‖σ(t)‖

[

− εσ +us +∆ p̃2

]

sec2 θ2 + c̃2(t) ˙̃c2(t)

+
ηT

2
(t)

‖η2(t)‖
η̇2

≤
σT (t)

‖σ(t)‖

[

− εσ +us

]

sec2 θ2 + c2 sec2 θ2 + c̃2(t) ˙̂c2(t)

+
ηT

2
(t)

‖η(t)2‖
η̇2. (36)

Substituting (21), (23) and (24) into (36) yields

V̇ ≤ −ε‖σ‖ sec2 θ2(σ )−κ − tanθ2(σ )− γ −2Ψ2(eẑ, s)

≤ − tanθ2(σ)− γ ≤ −γ < 0. (37)

Equation (37) also implies that V is bounded and will con-

tinuously decrease. Therefore, σ , c̃2 and η2 are all bounded

in this case.

Case 4: eẑ 6= 0, σ 6= 0, η2 = 0

In this case V = k2

b tan θ1(eẑ)
/

(‖W‖2π)+2kb tan θ2(σ)
/

(‖B‖π)+ c̃2

2
(t)

/

2. By using (23), from (33) one can obtain

V̇ ≤ −ε‖σ‖ sec2 θ2(σ )−κ − tanθ1(eẑ)− tanθ2(σ )

≤ −κ − tanθ1(eẑ)− tanθ2(σ ) ≤ −κ < 0. (38)

Therefore, V is bounded and its magnitude decreases, which

means that the magnitude of eẑ, σ and c̃2 are bounded in this

case.

Case 5: eẑ = 0, σ 6= 0, and η2 = 0

In this case V = 2kb tan θ2(σ)
/

(‖B‖π)+ c̃2

2
(t)

/

2. By us-

ing equations (30), (27) and (29), one computes the time

derivative of V as

V̇ ≤
σT (t)

‖σ(t)‖

[

− εσ +us

]

sec2 θ2 + c2 sec2 θ2 + c̃2(t) ˙̂c2(t).

(39)

Substituting (21) and (23) into (39) yields

V̇ ≤ − tanθ2 −κ ≤ −κ < 0. (40)



6 Chih-Chiang Cheng et al.

Equation (40) clearly indicates that V is bounded, and the

value of V will decrease. Hence σ and adaptive error c̃2(t)

are all bounded in this case.

Case 6: eẑ 6= 0, σ = 0, η2 = 0

In this case V = k2

b tan θ1(eẑ)
/

(‖W‖2π) + c̃2

2
(t)

/

2. By

using (23), one computes the time derivative of V along the

trajectory of (17) as

V̇ ≤ ‖eẑ‖‖WgΦ1‖‖s‖ sec2 θ1 +‖eẑ‖‖η1‖ sec2 θ1 − tanθ1.

(41)

Equation (41) indicates that V̇ may be greater or smaller than

zero. However, from (24) it is seen that η2 = 0 and η̇2 6= 0, it

reveals that the trajectory of η2 will cross the surface η2 = 0

immediately (that is, η2 6= 0 in the next time interval), and

the status of system will switch to another case where η2 6=

0. Noted that the state eẑ is still bounded in this case due to

the continuity of its trajectory in accordance with (17).

Case 7: eẑ = 0, σ = 0, η2 6= 0.

In this case the Lyapunov function becomes V = ‖η2(t)‖

+c̃2

2
(t)

/

2. By using (23) and (24), one computes the time

derivative of V as

V̇ = −γ −Ψ2(eẑ, s) ≤−γ < 0. (42)

According to (42), one can see that V is a bounded func-

tion and the magnitude of V will decrease. Hence one can

conclude that η2 and c̃2 are bounded in this case.

Case 8: eẑ = 0, σ = 0, η2 = 0.

In this case V = c̃2

2
/2. Then V̇ = 0 in accordance with

(23). It indicates that the value of V will stop decreasing in

this case.

From the preceding analysis of cases 1-8, it can be seen

that

(a) V̇ < 0 except in the cases 6 and 8. Due to the quick

switching ability of the proposed controller and the conti-

nuity of the functions in case 6, the value of V will still be

bounded even if the occurrence of case 6. The preceding

analysis also reveals that the function eẑ and σ will reach

zero within a finite time. Hence the state variables z, s and x

are all bounded for all time in accordance with (6), (4) and

(2).

On the other hand, from (22) and (7) it is seen that if the

state variable σ approaches the boundary kb/‖B‖ or the state

variable eẑ approaches the boundary kb/‖W‖, then both θ1

and θ2 approach π/2, it also implies that V → ∞, which will

not happen in accordance with the previous analysis. Hence

if σ (0) and eẑ(0) fulfill ‖σ(0)‖ < kb/‖B‖ and ‖eẑ(0)‖ <

kb/‖W‖ respectively, then ‖Bge(t)‖ < kb/‖B‖, ‖eẑ(t)‖ <

kb/‖W‖ for all time, and the Lyapunov function V will not

approach infinity. By using the fact that z−Wgxd = z̃+ eẑ,

from (2) one can obtain

M−1e(t) =

[

z̃+ eẑ(t)

σ (t)

]

(43)

in accordance with (4). Equation (43) also implies that e(t)

= W(eẑ+ z̃)+Bσ , which further implies ‖e(t)‖≤ ‖W‖‖eẑ‖

+ ‖Wz̃‖+‖B‖‖σ‖< 2kb +‖Wz̃‖, ∀t . Since z̃, eẑ and σ will

tend to zero in a finite time, e(t) will also reach zero within

a finite time.

(b) The adaptive gain ĉ2 is monotonically increasing and

bounded above in accordance with (23) and analysis in part

(a). Therefore, there exits a finite constant c2∞ such that

limt→∞ ĉ2 = c2∞ [37]. Since ηT
2

η̇2 ≤ 0 in (24), the signal

η2 is bounded.

(c) According to the previous analysis, one can see that the

states z, s and x are all bounded. From (30) and (25) one can

obtain

σ̇ − σ̇ (nom) = −ε
[

σ −σ (nom)

]

+BgΦ2z+Bg∆p−η2(t).

(44)

It is seen that the term BgΦ2z(t)+Bg∆p−η2 in (44) is also

bounded. Hence according to (44), one can see that σ −σ nom

is bounded since ε > 0. Therefore, σnom must be bounded,

and from (26) the perturbation estimation signal pest must

be bounded due to p̂(t) is bounded. �

7 The Effects of Designed Parameters on System’s

Performance

It is very important to know the impact of each designed

parameter on system’s performance, this is analyzed as fol-

lows.

(a) ρ1: According to (16), one is able to see that choosing

larger value of ρ1 will cause V1 decreasing rapidly. It also

implies that the estimation error z̃ will approach zero more

faster.

(b) ε: If larger value of ε is chosen, the convergent rate of

σ nom and σ will become faster in accordance with (25) and

(34) respectively, but it may increase the control input en-

ergy in accordance with (20).

(c) κ: From (38), one can see that larger value of κ may drive

the trajectory of σ to zero more faster. However, it will also

increase the magnitude and the chattering phenomenon of

control input u in accordance with (21).

(d) γ: According to (34), (35), (37) and (42), choosing larger

value of γ will make the values of V,σ ,eẑ, and η2 decreas-

ing rapidly, but it may result in larger control effort in accor-

dance with (24).

(e) ϕ
1

and ϕ
2
: The purpose of designing ϕ i, i = 1,2 in (8)

and (24) is to force the trajectories of η i, i = 1,2 to leave the

surface η i = 0. Thus, only a ϕ i with small entries is enough

to achieve this goal.
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8 Numerical Example

Consider a perturbed nonlinear system with dynamic equa-

tion given by (1), where the known vector and matrices f(x),

B, C, are

f(x) =









x3x2

x4 cos(x3)

x3 sin(x2)

x2

1
x3









, B =









0 0

1 0

0 1

0 0









, C =





0 1 1 0

1 0 1 0

1 1 0 0



 ,

and x , [x1,x2,x3,x4]
T . The vector u , [u1,u2]

T represents

the control input. For demonstrating the robustness and ef-

fectiveness of the proposed control scheme by using com-

puter simulation, we assume that the unknown perturbation

∆p(t,x,u) is

△p =









−2x2

1
+ x2 sin(2t)

x3x1 sin(t)

x2 sin(x3)

x2

4
cos(2t)









+









x1 sin(t) sin(x3x1t)

x3x1 x3 sin(x2)

0 x1x2

x4 sin(2t) x1x3









u.

According to Section 3, we design the matrix W and F

respectively as

W =

[

1 0 0 0

0 0 0 1

]T

, F =

[

1/2 −1/2 1/2

1/2 1/2 −1/2

]

.

The functions Φ1(s) and Φ2(s,z) are chonsen as

Φ1(s) =









s2 0

0 0

0 sin(s1)

0 0









, Φ2(s,z) =









0 0

0 cos(s2)

0 0

z1s2 0









,

where s1 = x2, s2 = x3 in accordance with (2), which are

measurable, whereas the state variables x1 = z1 and x4 = z2

are unmeasurable in this example. The tracking error vec-

tor e(t) is required to fulfill ‖e(t)‖ < 4 +‖Wz̃‖ for all time,

which implies kb = 2. The tracking signal is assumed to be

xd = [cos(t), sin(t),cos(2t),0]T, and the nonlinear positive

functions β (x̂) and ζ (u) in Theorem 1 are given by

β (x̂) = 2‖x̂‖, ζ (u) = ‖u‖.

The adaptive sliding mode tracking controller as well as

partial state observer are designed in accordance with (19)

and (5) respectively. The designed parameters are chosen to

be (ρ1, ϕ
1
, ϕ

2
, h1, ε, κ , γ) = (1, [2,2]T, [2,2]T , 0.2,4,2,1)

respectively. Fig. 1 to Fig. 7 show the results of computer

simulation with step time 0.1 msec, the unknown initial con-

dition is assumed to be x(0)= [0.1,−0.2,0.5,−0.3]T. Fig. 1

indicates that the trajectory of estimation error z̃ approaches

zero in 5.8 sec. All the tracking errors, as shown in Fig. 2,

converge to zero before 6 sec. The trajectory of ‖e(t)‖ is

depicted in Fig. 3, it converges to zero before 6 sec., and

satisfies the required constraint ‖e(t)‖ < 4 + ‖Wz̃‖ for all

time. The trajectories of adaptive gains ĉ0, ĉ1 and ĉ2 are il-

lustrated in Fig. 4, they are all bounded and reach a finite

limit respectively. The state variables η1 and η2, as illus-

trated from Fig. 5 to Fig. 6, are all bounded. Noted that if

η i j = 0, then η̇ i j 6= 0 in the first three seconds, i, j = 1,2 for

avoiding the occurrence of case 6. The control input u, as

displayed in Fig. 7, is bounded, but it reveals the chattering

phenomenon. Noted that the perturbation estimation signal

pest(t) and the nominal signal σnom(t) are all bounded for

all time.

If the requirement of ‖e‖ changes to ‖e(t)‖< 2+‖Wz̃‖,

then kb = 1; which will affect the control input in accordance

with (20). The design parameters (ρ1,ϕ
1
,ϕ

2
,h1,ε, κ, γ) are

not affected by changing the value of kb. The computer sim-

ulations with kb = 1 are illustrated from Fig. 8 to Fig. 9.

Fig. 8 confirms that the requirement ‖e(t)‖ < 2 + ‖Wz̃‖ is

not violated for all time, and ‖e(t)‖ reaches zero in 6.3 sec.

Fig. 9 reveals that the control energy increases when smaller

kb is given.

1z%

2z%

Time(sec)

Fig. 1 The trajectory of estimation error z̃ with kb = 2, κ = 2.

1e

2e

3e

4e

Time(sec)

Fig. 2 The trajectory of tracking error e(t).

9 Conclusions

An adaptive sliding mode tracking controller and a partial

states observer are successfully proposed in this paper for a

class of perturbed nonlinear systems with state constraints.

This research results clearly shows that the proposed control
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4+ Wz%

e

Time(sec)

Fig. 3 The trajectory of ‖e‖, kb = 2.

0ĉ

1̂c

2ĉ

Time(sec)

Fig. 4 The trajectories of adaptive gains.

Time(sec)

-4102
0

-2
2.000 2.001

11h

12h

Fig. 5 The trajectory of η
1
.

21h

22h

Time(sec)

-4102

-2
0

2.000 2.001

Fig. 6 The trajectory of η2.

strategy has the following advantages: (1) Some state vari-

ables do not need to be measurable, and all the state track-

ing errors can converge to zero within a finite time. (2) It

has the ability to constrain the magnitude of tracking error.

(3) The dynamic equations of the plant do not need to be in

strict feedback form. (4) There is no need to know the up-

per bounds of both match and unmatched perturbations in

1u

2u

Time(sec)

Fig. 7 The trajectory of control input u with kb = 2, κ = 2.

2 + Wz%

e

Time(sec)

Fig. 8 The trajectory of ‖e‖, kb = 1.

1, 2
b

k k= =

2, 0,5
b

k k= =

2, 2
b

k k= =

2

u dtò

Time(sec)

Fig. 9 Control energy with different kb and κ.

advance. (5) It can be applied to MIMO systems. For future

study, reducing chattering phenomenon of the control input

is worth considering.
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