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Abstract  45 

Analytical models have been widely used to aid understanding the physical and chemical 46 

processes of tracer (or chemicals) in an aquifer-aquitard system in the laboratory-controlled 47 

experiment, when the observation data is few or not available during the experiment. When 48 

injecting tracer into (or extracting them from) the aquifer-aquitard system during experiments, 49 

the pre-inlet and after-outlet reservoirs are indispensable. However, the concentration variation 50 

in the reservoirs was not treated properly in previous analytical models, resulting in poor 51 

performance in interpreting experimental data. In this study, new mathematical models 52 

describing the concentration variation in the pre-inlet and the after-outlet reservoirs are proposed, 53 

and they are integrated into the novel analytical model. The novel analytical model is developed 54 

under the mobile-immobile (MIM) framework in the aquifer-aquitard system, considering the 55 

longitudinal and vertical dispersion, the advection, and the first-order chemical reaction in both 56 

aquifer and aquitard. A finite-difference solution is developed and the experimental data are 57 

employed to test the new analytical model. Results indicate that the concentration variation in the 58 

reservoirs is important to solute transport in the aquifer-aquitard system in the laboratory-59 

controlled experiment, and the new analytical model outperforms the previous models in 60 

interpreting experimental data. The global sensitivity analysis demonstrates that the output 61 

concentration of solute transport in the aquifer-aquitard system is most sensitive to the volume of 62 

water in the pre-inlet reservoir. The contribution of the diffusion effect to the total mass flux of 63 

tracer crossing the aquifer-aquitard interface is much smaller than the contribution of the 64 

dispersive and advective effects.  65 

Keywords: Solute transport; Vertical dispersion; Aquifer-aquitard system; Parameter estimation 66 
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1. Introduction 67 

The laboratory-controlled experiment has been widely used to investigate solute transport in 68 

an aquifer-aquitard system. Due to the low permeability of fine sediments (such as clay and silt) 69 

consisting of aquitards, the groundwater release from aquitards is not easy to be observed or 70 

measured (Barbour et al., 2012; Rezanezhad et al., 2017; Rezanezhad et al., 2016; Xao et al., 71 

2020). Alternatively, it is estimated by the mathematical models through interpreting the 72 

observed data in the adjacent aquifers (Li et al., 2021; Yang et al., 2016). Therefore, the 73 

robustness of the mathematical models is critical for understanding the mechanism of solute 74 

transport in an aquifer-aquitard system. 75 

To date, many analytical models have been developed for solute transport in an aquifer-76 

aquitard system. As the permeability of fine sediments of the aquitard is low, the flow velocity is 77 

much smaller than that in aquifer. In the early investigations of solute transport in the aquifer-78 

aquitard system, the advective effect in the aquitard was ignored in the analytical models, such as 79 

Tang et al. (1981), Sudicky and Frind (1982), Sudicky et al. (1985), Starr et al. (1985), Chen 80 

(1985), Fujikawa and Fukui (1990), Roubinet et al. (2012), Zhou et al. (2017), Chen and Zhan 81 

(2018), Zhou and Zhan (2018), and Zhu and Zhan (2018). As the mechanical dispersion is 82 

dependent on velocity, ignoring advection implies that the dispersive effect is also ignored in the 83 

aquitard. In another word, only diffusion processes are considered in the aquitard in analytical 84 

models of the solute transport. Except Roubinet et al. (2012) and Chen and Zhan (2018), the 85 

other analytical models mentioned above assumed that the dispersion is one dimensional (1D) in 86 

the aquifer. Namely, the longitudinal dispersion is considered but the vertical dispersion is 87 

ignored in the aquifer, which means that tracer mixing processes finish instantaneously in the 88 

vertical profile of the aquifer. These models were named “averaged approximation” models 89 
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(Wang and Zhan, 2013; Zhan et al., 2009a). It was found that these models performed well in 90 

modeling solute transport in the fracture-matrix, as the fracture has much greater permeability 91 

and smaller aperture (Chen and Zhan, 2018; Zhou and Zhan, 2018; Zhou et al., 2017). The 92 

aquifer-aquitard system was different from the fracture-matrix system. This is because the 93 

aquifer permeability is smaller than the fracture permeability, and the vertical thickness is greater 94 

for the aquifer. As a result, the assumptions included in the “averaged approximation” models 95 

might be invalid for solute transport in the aquifer-aquitard system (Wang and Zhan, 2013). Then, 96 

the “averaged approximation” models have been extended by including the advective effect in 97 

the aquitard, such as Tang and Aral (1992); Zhan et al. (2009a); Zhan et al. (2009b); Liu et al. 98 

(2013); Rezaei et al. (2013); Wang and Zhan (2013); and Rezaei et al. (2016). Rezaei et al. (2016) 99 

considered two-dimensional (2D) dispersion and 1D advection in both aquifer and aquitard. 100 

However, the currently published analytical models contain an assumption that the source 101 

concentration was treated as a constant (Liu et al., 2013; Rezaei et al., 2016) or a temporal-102 

dependent variable which exponentially changes with time (Fujikawa and Fukui, 1990; Starr et 103 

al., 1985; Tang and Aral, 1992). Actually, such treatment could not be used to describe the 104 

variation of the source concentration in the laboratory-controlled experiments. Yang et al. (2016) 105 

and Li et al. (2021) conducted a two-dimensional (2D) laboratory-controlled experiment of 106 

solute transport, where the schematic diagram of the aquifer-aquitard system is as shown in 107 

Figure 1. There are two reservoirs connecting with aquifer, where the prepared tracer is injected 108 

pre-inlet reservoir. After mixing with original water in the pre-inlet reservoir, the tracer enters 109 

the aquifer-aquitard system. Therefore, the sources concentration is zero initially in the reservoir, 110 

and increases with time. Probably because the analytical model considering the variable source 111 

concentration in the pre-inlet reservoir is not available, Li et al. (2021) employed numerical 112 
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modeling to interpret the observation data of solute transport in the aquifer-aquitard system. 113 

Unfortunately, the mathematical model might be not robust, as the sources concentration 114 

variation was described by the temporal-dependent exponential function, which did not fully 115 

consider the mixing processes between the injected tracer and the original water in the pre-inlet 116 

reservoir. Meanwhile, the numerical errors (like numerical dispersion and numerical oscillations) 117 

are not be avoided completely in the numerical modeling when advection is dominant during 118 

solute transport (Yeh, 2000; Zheng and Wang, 1999).  119 

Another assumption involved in the current analytical models is that the outlet boundary 120 

condition of the aquifer-aquitard system was not treated properly. There are two types of 121 

treatments. First, the aquifer horizontal extension was assumed to be infinite(Rezaei et al., 2016; 122 

Singh et al., 2020; Wang et al., 2020b). Such assumption performs well for the cases that the 123 

aquifer is long enough or the experimental time is short enough that tracer could not arrive in 124 

outlet boundary. Otherwise, after the tracer enters the after-outlet reservoir, as shown in Figure 1, 125 

such assumption could cause errors, which had been reported in the 1D column test (Wang et al., 126 

2019). The second type of treatment is that the outlet boundary condition of solute transport was 127 

described by an exponential function with time in the analytical model (Tang and Aral, 1992). 128 

Such treatment is not based on physical processes of solute transport in the after-outlet reservoir. 129 

Advection-dispersion equation (ADE) has been widely used to describe solute transport in 130 

subsurface (Baeumer et al., 2001; Chen et al., 2018; Van Genuchten, 1985; Zhan et al., 2009a). 131 

However, many recent studies demonstrated that the ADE model might not interpret the non-132 

Fickian behaviors, like early breakthrough and long tails of breakthrough curves (BTCs) (Chen 133 

et al., 2017; Hansen et al., 2017; Wang et al., 2020b). Alternatively, the mobile-immobile (MIM) 134 

model was used instead of the ADE model. Zhou et al. (2017) derived a new analytical model of 135 



Confidential manuscript submitted to Environmental Science and Pollution Research  

8 

 

solute transport using the MIM model. However, Zhou’s model is based on the “averaged 136 

approximation”, which might work well for solute transport in the fracture-matrix, but not in the 137 

aquifer-aquitard system.  138 

In this study, the mathematical model of the concentration variation both in the pre-inlet and 139 

after-outlet reservoirs will be proposed based on the mass balance and Fick’s law. Such models 140 

are integrated into the mathematical model of solute transport in the aquifer-aquitard system, 141 

which considers longitudinal and vertical dispersion, advection, and the first-order chemical 142 

reaction in both aquifer and aquitard. A novel analytical model is developed under the MIM 143 

framework. The numerical modeling and the experimental data reported by Li et al. (2021) are 144 

used to test the new analytical model. Global sensitivity analysis is conducted to investigate the 145 

influence of input parameters on the output concentration of solute transport.  146 

2. Problem statement and mathematical model 147 

The conceptual model of this study is composed of an aquifer and an overlain aquitard with 148 

uniform thickness, as shown in Figure 1. Both aquifer and aquitard are horizontal, homogeneous, 149 

and isotropic. The origin of the coordinate system is located at the left-lower corner of the 150 

aquifer. The 𝑥- and 𝑧- axes are horizontal and vertical, respectively.  151 

Figure 1 152 

2.1. 2D models of solute transport in an aquifer-aquitard system 153 

Assuming that 1D advection, 2D dispersion, and the first-order chemical reaction are 154 

involved in the solute transport processes under the MIM framework, the governing equations of 155 

solute transport in the aquifer-aquitard system are 156 
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𝑅m 𝜕𝐶m𝜕𝑡 = 𝐷𝑥 𝜕2𝐶m𝜕𝑥2 + 𝐷𝑧 𝜕2𝐶m𝜕𝑧2 − 𝑣𝑥 𝜕𝐶m𝜕𝑥 − 𝜆m𝐶m − 𝜀𝜃m (𝐶m − 𝐶im), 0 ≤ 𝑧 ≤ 𝑏1, 0 ≤ 𝑥 ≤ 𝐿a, 157 

            (1a) 158 𝑅im 𝜕𝐶im𝜕𝑡 = 𝜀𝜃im (𝐶m − 𝐶im) − 𝜆im𝐶im, 0 ≤ 𝑧 ≤ 𝑏1, 0 ≤ 𝑥 ≤ 𝐿a,   (1b) 159 

𝑅um 𝜕𝐶um𝜕𝑡 = 𝐷uz 𝜕2𝐶um𝜕𝑧2 + 𝐷ux 𝜕2𝐶um𝜕𝑥2 − 𝑣𝑧 𝜕𝐶um𝜕𝑧 − 𝜆um𝐶um − 𝜀u𝜃um (𝐶um − 𝐶uim), 𝑏1 ≤ 𝑧 <160 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a,          (1c) 161 𝑅uim 𝜕𝐶uim𝜕𝑡 = 𝜀u𝜃uim (𝐶um − 𝐶uim) − 𝜆uim𝐶uim, 𝑏1 ≤ 𝑧 < 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a,  (1d) 162 

where subscripts “m” and “im” are the parameters in the mobile and immobile domains, 163 

respectively; subscripts “u” is the parameters in the upper aquitard; 𝑥 and 𝑧 represent the 164 

vertical and horizontal distance [L], respectively; 𝐶m, 𝐶im, 𝐶um and 𝐶uim are the 165 

concentrations [ML
-3

]; 𝑡 is time [T]; 𝑏1 and 𝑏2 are the vertical thicknesses [L] of aquifer and 166 

aquitard, respectively; 𝐿a is the horizontal length [L] of aquifer; 𝑣𝑥 and 𝑣𝑧 are the average 167 

velocities [LT
-1

] of the aquifer and aquitard, respectively; 𝑣𝑥 = 𝑞𝑥/𝜃m, 𝑣𝑧 = 𝑞𝑧/𝜃um, 𝑞𝑥 and 168 𝑞𝑧 are the Darcy velocities [LT
-1

] of the aquifer and aquitard, respectively; 𝜃m, 𝜃im, 𝜃um and 169 𝜃uim are the porosities [dimensionless]; 𝜆m, 𝜆im, 𝜆um and 𝜆uim are reaction rates [T
-1

]; 170 𝑅m = 1 + 𝜌b𝐾d𝜃m , 𝑅im = 1 + 𝜌b𝐾d𝜃im , 𝑅um = 1 + 𝜌b𝐾d𝜃um  and 𝑅uim = 1 + 𝜌b𝐾d𝜃uim  are the retardation 171 

factors [dimensionless]; 𝐾d is the equilibrium distribution coefficient [M
-1

L
3
]; 𝜌b is the bulk 172 

density [ML
-3

]; 𝜀 and 𝜀u are the first-order mass transfer coefficients [T
-1

] of the aquifer and 173 

aquitard, respectively; 𝐷𝑥, 𝐷𝑧, 𝐷uz and 𝐷ux are the hydrodynamic dispersion coefficients 174 

[L
2
T

-1
], and one has 175 𝐷𝑥 = 𝛼𝑥𝑣𝑥 + 𝐷0,          (2a) 176 𝐷𝑧 = 𝛼𝑧𝑣𝑥 + 𝐷0,          (2b) 177 
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𝐷uz = 𝛼uz𝑣𝑧 + 𝐷u0,         (2c) 178 𝐷ux = 𝛼ux𝑣𝑧 + 𝐷u0,         (2d) 179 

where 𝛼𝑥, 𝛼𝑧, 𝛼uz and 𝛼ux refer to dispersivities [L]; 𝐷0 and 𝐷u0 are diffusion coefficients 180 

[L
2
T

-1
] of aquifer and aquitard, respectively. 181 

The concentration and the flux at the aquifer-aquitard interface are assumed to be 182 

continuous, and one has 183 𝐶m(𝑥, 𝑧, 𝑡)|𝑧=𝑏1 = 𝐶um(𝑥, 𝑧, 𝑡)|𝑧=𝑏1, 0 ≤ 𝑥 ≤ 𝐿a,     (3a) 184 [𝜃um𝑣𝑧𝐶um(𝑥, 𝑧, 𝑡) − 𝜃um𝐷uz 𝜕𝐶um(𝑥,𝑧,𝑡)𝜕𝑧 ]|𝑧=𝑏1 = − 𝜃m𝐷𝑧 𝜕𝐶m(𝑥,𝑧,𝑡)𝜕𝑧 |𝑧=𝑏1, 0 ≤ 𝑥 ≤ 𝐿a,(3b) 185 

The lower and upper boundary conditions of solute transport in the aquifer-aquitard system 186 

are 187 

𝜕𝐶m(𝑥,𝑧,𝑡)𝜕𝑧 |𝑧=0 = 0, 0 ≤ 𝑥 ≤ 𝐿a,        (4a) 188 

𝐶um(𝑥, 𝑧, 𝑡)|𝑧=𝑏1+𝑏2 = 0, 0 ≤ 𝑥 ≤ 𝐿a,       (4b) 189 [𝑣𝑥𝐶m(𝑥, 𝑧, 𝑡) − 𝛼𝑥|𝑣𝑥| 𝜕𝐶m(𝑥,𝑧,𝑡)𝜕𝑥 ]|𝑥=0 = [𝑣𝑥𝐶in(𝑡)]|𝑥=0, 0 ≤ 𝑧 ≤ 𝑏1,  (4c) 190 

[𝑣𝑥𝐶m(𝑥, 𝑧, 𝑡) − 𝛼𝑥|𝑣𝑥| 𝜕𝐶m(𝑥,𝑧,𝑡)𝜕𝑥 ]|𝑥=𝐿a = [𝑣𝑥𝐶out(𝑡)]|𝑥=𝐿a, 0 ≤ 𝑧 ≤ 𝑏1,  (4d) 191 

where 𝐶in(𝑡) and 𝐶out(𝑡) are the concentrations [ML
-3

] in the pre-inlet and after-outlet 192 

reservoirs, respectively. They could be computed by the models in Section 2.2. 193 

The initial conditions used in this study are 194 𝐶m(𝑥, 𝑧, 𝑡)|𝑡=0 = 𝐶im(𝑥, 𝑧, 𝑡)|𝑡=0 = 𝐶um(𝑥, 𝑧, 𝑡)|𝑡=0 = 𝐶uim(𝑥, 𝑧, 𝑡)|𝑡=0 = 0, 0 ≤ 𝑧 <195 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a.          (5) 196 

The new model is an extension of some previous models. For instance, when 𝐶in(𝑡) = 1, 197 𝐷ux = 0, 𝐿a → ∞, and 𝜀 = 𝜀u, the new model reduces to the model of Zhan et al. (2009a). If 198 𝐶in(𝑡) = 1, 𝐷𝑧 = 𝐷ux = 0, 𝑣𝑧 = 0, and 𝐿a → ∞, the new model becomes the model of Zhou et 199 



Confidential manuscript submitted to Environmental Science and Pollution Research  

11 

 

al. (2017). When 𝜀 = 𝜀u, 𝐶in(𝑡) = 𝐶1(𝑧)𝑒𝑥𝑝(−𝜁1𝑡), 𝐶out(𝑡) = 𝐶2(𝑧)𝑒𝑥𝑝(−𝜁2𝑡), in which 200 𝐶1(𝑧) and 𝐶2(𝑧) are the concentrations [ML
-3

] in the inner and outer boundary conditions, 201 

respectively; 𝜁1 and 𝜁2 are constants [T
-1

], the new model reduces to the solution of Tang and 202 

Aral (1992). If 𝐶in(𝑡) = 1, 𝐷𝑥 = 𝐷𝑧 = 𝐷ux = 0, 𝑣𝑧 = 0, 𝐿a → ∞, 𝜀 = 𝜀u, 𝜆m = 𝜆um = 0, 203 

the new model becomes to the model of Zhu and Zhan (2018). 204 

2.2 Models describing concentration variation in reservoirs 205 

Assuming the injected tracer instantaneously and completely mixes with the original water 206 

in the pre-inlet reservoir, the concentration variation in the pre-inlet reservoir could be described 207 

as following equations based on the mass balance and the Fick’s law 208 𝑉in 𝑑𝐶in(𝑡)𝑑𝑡 = −𝑄in[𝐶in(𝑡) − 𝐶0]|𝑥=0, 0 ≤ 𝑧 ≤ 𝑏1,     (6a) 209 𝐶in(𝑡)|𝑡=0 = 0, 0 ≤ 𝑧 ≤ 𝑏1,        (6b) 210 

where 𝑉in is the volume [L
3
] of water in the pre-inlet reservoir; 𝑉in = 𝐿in𝑤inℎin; 𝐿in and 𝑤in 211 

are the length and width [L] of the pre-inlet reservoir, respectively; ℎin is the water level in the 212 

pre-inlet reservoir; 𝑄in represents the flow rate [L
3
T

-1
] entering the aquifer; 𝑄in = 𝑏1𝑤in𝜃m𝑣𝑥; 213 𝐶0 is concentration [ML

-3
] of the prepared tracer, which is a constant. The first and second terms 214 

on the right side of Eq. (6a) represent the mass of tracer injected into the reservoir, and the mass 215 

of tracer after mixing with water term leaving the reservoir.  216 

Similarly, the mathematical model describing the concentration variation in the after-outlet 217 

reservoir could be obtained  218 𝑉out 𝑑𝐶out(𝑡)𝑑𝑡 = 𝑤out𝑏1𝐷𝑥 𝑑𝐶m(𝑥,𝑧,𝑡)𝑑𝑥 |𝑥=𝐿a, 0 ≤ 𝑧 ≤ 𝑏1,     (7a) 219 

𝐶out(𝑡)|𝑡=0 = 0, 0 ≤ 𝑧 ≤ 𝑏1,        (7b) 220 
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where 𝑉out is the volume [L
3
] of water in the after-outlet reservoir; 𝑉out = 𝐿out𝑤outℎout; 𝐿out 221 

and 𝑤out are the length and width [L] of the after-outlet reservoir, respectively; ℎout is the 222 

water level in the after-outlet reservoir. 223 

By checking the models of Eqs. (6) - (7), one may find that if the concentration variation in 224 

the reservoirs is not measured during the experiment or the observation data is not available, 225 𝐶in(𝑡) and 𝐶out(𝑡) could be computed using the parameters of injection rate, water volume of 226 

the reservoirs, and the concentration of the injected tracer.  227 

3. Solutions of 2D solute transport in an aquifer-aquitard system 228 

3.1. Analytical solutions in Laplace domain 229 

Eqs. (1) - (7) composed the mathematical model describing the 2D solute transport in an 230 

aquifer-aquitard system. In this study, the Laplace transform method and the finite-cosine 231 

Fourier transform method will be employed to derive the analytical model in Laplace domain. 232 

The detailed derivations could be seen in Appendix A. 233 

In the aquifer, the solutions in the Laplace domain are 234 𝐶m̅ = ∑ [Nn𝑒𝑥𝑝(𝛼n𝑥) + Dn𝑒𝑥𝑝(𝛿n𝑥)]𝑐𝑜𝑠(𝜔n𝑧)∞n=0 , 0 ≤ 𝑧 ≤ 𝑏1, 0 ≤ 𝑥 ≤ 𝐿a, (8a) 235 𝐶i̅m = 𝜀/𝜃im𝜀/𝜃im+𝜆im+𝑅im𝑠 𝐶m̅, 0 ≤ 𝑧 ≤ 𝑏1, 0 ≤ 𝑥 ≤ 𝐿a,     (8b) 236 

where the over bar refers to the terms in Laplace domain hereinafter; 𝑠 denotes the Laplace 237 

transform parameter in respect to 𝑡; 𝜔n is the frequency terms used in the Fourier transform 238 

and it could be computed by Eq. (10); n is a positive integer; 239 

Nn = 𝑔(𝑠) 4𝑠𝑖𝑛(𝑏1𝜔n)2𝑏1𝜔n+𝑠𝑖𝑛(2𝑏1𝜔n)(1−𝛼n)−(1−𝛿n)(𝛼n−𝛿𝑠)𝑒𝑥𝑝(𝛼n𝐿a−𝛿n𝐿a)𝛿n−𝛿𝑠 Dn; Dn = − (𝛼n−𝛿𝑠)𝑒𝑥𝑝(𝛼n𝐿a−𝛿n𝐿a)𝛿n−𝛿𝑠 Nn; 240 
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𝑔(𝑠) = 𝐶0𝑠(𝑠𝑉in/𝑄in+1); 𝛿 = 𝑉out𝑤outℎout𝐷𝑥; 𝛼n = 𝑣𝑥−√𝑣𝑥2+4𝐷𝑥(𝐸1+𝜔n2 )2𝐷𝑥 ; 𝛿n = 𝑣𝑥+√𝑣𝑥2+4𝐷𝑥(𝐸1+𝐷𝑧𝜔n2 )2𝐷𝑥 ; 241 

𝐸1 = 𝜆m + 𝑅m𝑠 + 𝜀/𝜃m − 𝜀2/𝜃m𝜃im𝜀/𝜃im+𝜆im+𝑅im𝑠. 242 

In the aquitard, the analytical solutions in Laplace domain are 243 𝐶u̅m = ∑ [An𝑒𝑥𝑝(𝛽n𝑧) + Bn𝑒𝑥𝑝(𝜎n𝑧)] × [Nn𝑒𝑥𝑝(𝛼n𝑥) + Dn𝑒𝑥𝑝(𝛿n𝑥)]∞n=0 , 𝑏1 ≤ 𝑧 <244 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a,          (9a) 245 𝐶u̅im = 𝜀u/𝜃uim𝜀u/𝜃uim+𝜆uim+𝑅uim𝑠 𝐶u̅m, 𝑏1 ≤ 𝑧 < 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a,   (9b) 246 

where An = − 𝑐𝑜𝑠(𝜔n𝑏1)𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n(𝑏1+𝑏2)]𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2] ; Bn = 𝑐𝑜𝑠(𝜔n𝑏1)𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2]; 𝐸2 =247 

𝜆um + 𝑠𝑅um + 𝜀u/𝜃uim − 𝜀u2/𝜃um𝜃uim𝜀u𝜃uim+𝜆uim+𝑅uim𝑠; 𝛽n = 𝑣𝑧−√𝑣𝑧2+4𝐷uz(𝐸2+𝐷ux𝛼n2)2𝐷uz ; 248 

𝜎n = 𝑣𝑧+√𝑣𝑧2+4𝐷uz(𝐸2+𝐷ux𝛼n2)2𝐷uz . 249 

The values of 𝜔𝑛 are the positive solution of the following function 250 𝜔n𝑡𝑎𝑛(𝜔n𝑏1) = 𝑊1[𝑣𝑧𝑒𝑥𝑝(𝛽n𝑏1)−𝐷uz𝛽n𝑒𝑥𝑝(𝛽n𝑏1)]𝐷𝑧 + 𝑊2[𝑣𝑧𝑒𝑥𝑝(𝜎n𝑏1)+𝐷uz𝜎n𝑒𝑥𝑝(𝜎n𝑏1)]𝐷𝑧 , (10) 251 

where 𝑊1 = − 𝜃um𝜃m 𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n(𝑏1+𝑏2)]𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2] and 𝑊2 = 𝜃um/𝜃m𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2]. 252 

3.2. Solutions in real-time domain 253 

Eqs. (8) - (9) are analytical solutions of solute transport in the aquifer-aquitard system in 254 

Laplace domain. As the mathematical expression of 𝜔n included in these equations is complex, 255 

the analytical solutions could not be derived easily in the real-time domain from the Laplace 256 

domain. Alternatively, the numerical inverse Laplace transform method will be adopted to do so. 257 

There are several numerical inverse Laplace transform methods available, such as the Stehfest 258 

method (Stehfest and Harald, 1970a; Stehfest and Harald, 1970b), the Schapery method 259 
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(Schapery, 1962), the Fourier series method (Dubner and Abate, 1968), and so on. The Stehfest 260 

method was demonstrated to perform well in solving the problems related to solute transport 261 

(Wang et al., 2020a; Wang et al., 2020b), and will be employed to conduct the inverse Laplace 262 

transform on Eqs. (8) - (9) in this study. 263 

4. Comparison of the new analytical model with numerical modeling 264 

In this study, the new analytical model is derived by the Laplace transform method and the 265 

finite-cosine Fourier transform method. However, the solutions are in Laplace domain, and it 266 

needs to conduct numerical inverse Laplace transform to obtain the real-time domain solutions. 267 

To test the new analytical model of this study, a high-resolution finite-difference solution will be 268 

employed. The details for discretization could be seen in Appendix B. Eqs. (B5a) - (B5d) are 269 

ordinary differential equations, and they could be solved by stiff integrator ODE 15s in 270 

MATLAB (Shampine and Reichelt, 1997). 271 

Figures 2a and 2b show the comparison between numerical modeling and analytical model. 272 

The parameters used in this case are: 𝑣𝑥 = 0.5486m ∙ h−1
; 𝑣𝑧 = 0.0069m ∙ h−1; 𝛼𝑥 = 0.5m; 273 𝛼𝑧 = 𝛼uz = 𝛼ux = 0.1m; 𝐷0 = 𝐷u0 = 10−7m2 ∙ h−1; 𝑅m = 𝑅im = 𝑅um = 𝑅uim = 1; 𝜃m = 0.37; 274 𝜃im = 0.01; 𝜃um = 0.52; 𝜃uim = 0.01; 𝜀 = 𝜀u = 0.0001h−1

; 𝜆m = 𝜆im = 𝜆um = 𝜆uim =275 10−6h−1
; 𝑄in = 0.0049m3 ∙ h−1; 𝑏1 = 0.24m; 𝑏2 = 0.29m; 𝑤in = 𝑤out = 0.1m; ℎin =276 ℎout = 0.745m; 𝐿𝑖𝑛 = 𝐿𝑜𝑢𝑡 = 0.10m; 𝐿𝑎 = 0.70m; 𝑉in = 𝑉out = 0.00745m3. The values of 277 

these parameters are from the experiment of Li et al. (2021). Figures 2a and 2b indicate that the 278 

analytical model agrees very well with the numerical solution, demonstrating that the Stehfest 279 

method performs well in conducting the inverse Laplace transform on Eqs. (8) - (9) of this study. 280 

Figure 2 281 
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5. Applications 282 

To test the performance of new model, the observation data of solute transport in a 2D 283 

experiment by Li et al. (2021) will be employed. In the aquifer-aquitard system, the aquifer 284 

dimension is 0.70m in length, 0.10m in width and 0.24m in thickness, and the aquitard 285 

dimension is 0.70m in length, 0.10m in width and 0.29m in thickness. The experimental setup is 286 

as shown in Figure 1 of Li et al. (2021). The dimensions of the pre-inlet and after-outlet 287 

reservoirs are the same and 0.10m in length, 0.10m in width and 0.745m in thickness. The 288 

lithologies of the aquifer and aquitard are coarse sand with grain sizes ranging from 0.50 to 289 

0.90mm and well sorted clay, respectively. The hydraulic conductivities of aquifer and aquitard 290 

are1.459m ∙ h−1 and 0.000129m ∙ h−1, respectively. The porosities of aquifer and aquitard are 291 

0.37 and 0.52, respectively. The hydraulic heads are 1.486m and 1.437m in pre-inlet and after-292 

outlet reservoirs, respectively. They keep constant during the entire experiment. After the flow 293 

flied is in the steady state, the tracer is injected into the pre-inlet reservoir. As the top elevation 294 

of the aquitard (e.g., 0.53m) is smaller than the hydraulic heads in the reservoirs, the aquifer is 295 

confined under the steady-state flow field. Li et al. (2021) employed the Darcy’s law to compute 296 

the 1D averaged Darcy velocities, and they were 𝑞𝑥 = 0.203m ∙ h−1 and 𝑞𝑧 = 0.000359m ∙297 h−1, respectively. 298 

To interpret the experimental data of solute transport in the aquifer-aquitard system, Li et al. 299 

(2021) employed a 2D ADE model as the governing equation, where the hydrodynamic 300 

dispersion and advection are 2D in both aquifer and aquitard. As for the source concentration in 301 

the pre-inlet reservoir, they employed an exponential function to describe the variation 302 𝐶in(𝑡) = 𝐶0[1 − exp(−𝜁𝑡)],        (11) 303 
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where 𝜁 is a constant [T
-1

]. Since the observation data of the concentration in the pre-inlet 304 

reservoir (𝐶in(𝑡)) is not available in the experiment of Li et al. (2021) (probably not measured), 305 

the values of 𝜁 could not be estimated directly. By checking the fitness of observed BTCs by 306 

the 2D ADE model (Figures 7 and 8 in Li et al. (2021) or Figures 3 and 4 in this study), one may 307 

find that it is not very well, especially at the observation points of (55), (13), (33), (14), (15) and 308 

(25). The spatial locations of observation points could be seen in Figure 1 of Li et al. (2021). In 309 

this study, the 2D ADE model used in Li et al. (2021) is called Li’s model. As the lithologies of 310 

the aquifer and aquitard are almost homogeneous, we may assume that the 2D ADE model could 311 

be used to describe the solute transport in the aquifer-aquitard system. Therefore, such large 312 

errors caused by Li’s model might originate from the two types of issues. Firstly, Eq. (11) might 313 

not accurately describe the source concentration variation in the pre-inlet reservoir. Secondly, the 314 

parameters used in the 2D ADE model could not represent the real processes of solute transport.  315 

Figure 3 316 

To test the performance of the analytical model of this study, we employ Eqs. (8) - (9) to 317 

reinterpret the observation data. The first type of issue resulting in errors by Li’s model could be 318 

solved using the model of this study. As mentioned in Section 2.2, the values of 𝐶in(𝑡) could be 319 

computed if the parameters of injection rate, water volume of the reservoirs, and 𝐶0 are given. 320 

These parameters could be found in Li et al. (2021): 𝑄in = 0.0049m3 ∙ h−1, and 𝑉in = 𝑉out =321 0.00745m3
. 𝐶0 is included in the relative concentration (𝐶/𝐶0), as shown in Figures 3 and 4. 322 

As for the first type of issue, we estimate the parameters using the trial-and-error method, and 323 

they are: 𝑣𝑧 = 0.0001m ∙ h−1; 𝛼𝑥 = 0.025m; 𝛼𝑧 = 0.015m; 𝛼uz = 𝛼ux = 0.02m. The other 324 

parameters involved in the analytical model are measured in the experiment, and the values are 325 

same as ones used in Figure 2. The fitness of observed BTCs by the new analytical model is 326 
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shown in Figures 3 and 4. For the sake of comparison, the computed BTCs by Li’s model are 327 

also included. Results show that the analytical model of this study performs better than Li’s 328 

model. Table 1 shows the errors between observed and computed BTCs, where the errors are 329 

computed by (Moriasi et al., 2007) 330 

RSR = √∑ (𝑌𝑖𝑜𝑏𝑠−𝑌𝑖𝑒𝑠𝑡)2NN𝑖=1√∑ (𝑌𝑖𝑜𝑏𝑠−𝑌𝑚𝑒𝑎𝑛)2NN𝑖=1 ,        (12) 331 

where 𝑌𝑖𝑜𝑏𝑠 is the 𝑖𝑡ℎ observed value, 𝑌𝑖𝑒𝑠𝑡 is the 𝑖𝑡ℎ estimated value, 𝑌𝑚𝑒𝑎𝑛 is the mean of 332 

the observation data, and NN is the total number of observations. A smaller RSR means that 333 

the model is more accurate. The model is perfect when RSR = 0. Obviously, the values of RSR 334 

are smaller for the model used in this study than Li’s model. 335 

Figure 4 336 

Table 1 337 

As the advection is 2D in the governing of Li et al. (2021), but it is 1D in this study, Li’s 338 

model is an extension of the analytical model of this study when 𝜀 = 0. The parameters 339 

estimated in this study are different from ones used in Li’s model, which are 𝑣𝑧 = 0.0069m ∙340 h−1; 𝛼𝑥 = 0.0045m; 𝛼𝑧 = 0.004m; 𝛼uz = 𝛼ux = 0. Probably, one may raise two questions 341 

about the performance of the new analytical model. Firstly, in the analytical model of this study, 342 

the flow velocity is assumed to be horizontal in the aquifer and vertical in the aquitard. Although 343 

such an assumption has been widely used in the analytical models to approximate the 2D 344 

velocity, it may cause great errors in interpreting the experimental data. To answer this question, 345 

we compare the solutions by Li’s model and the analytical model of this study under the special 346 

case, where 𝜀 = 0 and Eq. (11) are used to describe the source concentration instead of Eqs. (6a) 347 

- (6b) in the analytical model. “𝜀 = 0” means that the MIM model reduces to the ADE model. 348 
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The other parameters used in these two models are the same. The results are as shown in Figures 349 

5a and 5b, the difference between them is not obvious exception when 𝑡 < 0.5h. Therefore, one 350 

may conclude that the assumption related the advection used in the analytical model is robust. 351 

The second question is that the larger errors caused by Li’s model might be due to the 352 

second type of issue mentioned above, not the first type of issue. In another word, the errors 353 

caused by Eq. (11) might be negligible, and the fitness of observed BTCs by Li’s model could be 354 

improved by adjusting the parameter values. To test whether Eq. (11) could be used to describe 355 

the source concentration properly, we compare the models by Li’s model and the analytical 356 

model of this study when 𝜀 = 0. The source concentration is described by Eqs. (6a) - (6b) in the 357 

analytical model of this study, and by Eq. (11) in Li’s model. The parameters used in these two 358 

models are the same, except 𝜁 = 0.000575h−1 used in Li’s model and 𝐶in(𝑡) computed by 359 

Eqs. (6a) - (6b). Figures 5a and 5b show the differences between two models are obvious. 360 

Therefore, the errors caused by Eq. (11) are not negligible, and the performance of the new 361 

analytical model is better. 362 

Figure 5 363 

6. Results and Discussions 364 

6.1. Effect of 𝑽𝐢𝐧 on solute transport in aquifer-aquitard system 365 

In this study, new models describing the concentration variation in the reservoirs connecting 366 

aquifer-aquitard system are proposed and incorporated in the analytical model of solute transport 367 

in the aquifer-aquitard system. From Eq. (6), one may find that 𝑉in is a main parameter 368 

influencing 𝐶in(𝑡). To test the effect of 𝑉in on solute transport in aquifer-aquitard system, three 369 

sets of 𝑉in are employed: 𝑉in = 0, 0.005m3 and 0.01m3. The other parameters are the same as 370 
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ones used in Figure 2. Figures 6 and 7 show the comparison of BTCs and the residence time 371 

distributions (RTDs) for different 𝑉in and 𝑧, respectively.  372 

Two interesting observations could be found in Figure 6. Firstly, BTCs decrease with 373 

increasing 𝑉in. When 𝑉in = 0, BTC is largest. “𝑉in = 0” implies that the tracer concentration in 374 

pre-inlet reservoir is the same as the concentration of the injected tracer during the entire 375 

experiment, which is not true but for the purpose of comparison. Such observation could be 376 

explained as follows. A larger 𝑉in means that there is a larger volume original water in the pre-377 

inlet reservoir. After the injected tracer mixes with the original water in the reservoir, the tracer 378 

concentration becomes smaller. Therefore, a larger 𝑉in makes a smaller tracer concentration in 379 

the reservoir. The case of 𝑉in = 0 means the volume of water the reservoir is zero, and no 380 

mixing processes occur between the injected tracer and original water in the pre-inlet reservoir. 381 

Secondly, the influence of 𝑉in on BTCs is larger in the aquifer than that in the aquitard. This is 382 

because the aquifer has larger permeability resulting in the greater advection and dispersion, and 383 

the tracer moves faster in the aquifer. 384 

Figure 6 385 

Figure 7 shows the influence of 𝑉in on RTDs. RTD is a unimodal and asymmetric curve. 386 

One may find that such influence is obvious, and a larger 𝑉in makes RTD flatter. The peak 387 

values of RTDs decrease with increasing 𝑉in, while the time corresponding to the peak value 388 

increases with increasing 𝑉in. 389 

Figure 7 390 

6.2. Mass flux crossing the aquifer-aquitard interface 391 

As the aquitard has low permeability, the flow velocity is generally small. Then, many 392 

previous studies ignored the effects of dispersion and advection during solute transport in the 393 
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aquitard (Sudicky and Frind, 1982; Sudicky et al., 1985; Tang et al., 1981). As a result, the mass 394 

flux (MF) crossing the aquifer-aquitard interface is underestimated. However, numerous recent 395 

studies demonstrated that MF of the chemicals from the aquitard might be an important factor 396 

influencing the water quality in the adjacent aquifer, since the clayey aquitard is enriched in 397 

heavy metal elements (Guerrero et al., 1993; Hendry et al., 2004; Lin and Puls, 2000; Mazurek et 398 

al., 2011). 399 

MF is an important variable to show how much tracer enters or releases from the aquitard, 400 

and it is affected by the diffusion, dispersion, and advection. Figure 8 shows the variation of MF 401 

with distance at different times. MF is computed by Eq. (3). The parameters used in this figure 402 

are same as ones used in Figure 3. Two interesting observations could be found. Firstly, MF 403 

decreases with distance along the 𝑥 axis. This is because the origin of the coordinate system is 404 

located at the inlet boundary, where the concentration is maximum. Secondly, MF increases with 405 

the time. This observation could be explained by the boundary conditions of the aquifer-aquitard 406 

interface. As the diffusion, dispersion, and flow velocity are constant in the aquitard, MF is 407 

controlled by the concentration at the aquifer-aquitard interface, which increases with time. 408 

Figure 8 409 

Figure 9 shows the contributions of the diffusion, dispersion, and advection in aquitard on 410 

MF. The legend of MFADD means total mass flux of tracer crossing the aquifer-aquitard interface, 411 

which is calculated by considering diffusion, dispersion, and advection. The legend of MFAdv, 412 

MFDis and MFDif respectively represent the calculation of MF only considering advection, MF 413 

only considering dispersion, and MF only considering diffusion. One may find that the 414 

contributions of these three processes from large to small is advection, dispersion, and diffusion. 415 

The ratio of MFDif to MFADD is 0.01% which is almost zero, implying that the effect of diffusion 416 
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on MF might be negligible in the short time of interest. The contributions of MFAdv and MFDis to 417 

MFADD are about 11% and 89%, respectively. Therefore, the models ignoring the advection and 418 

dispersion could greatly underestimate MF crossing the aquifer-aquitard interface.  419 

Figure 9 420 

6.3. Global sensitivity analysis 421 

From the analytical model of Eqs. (8) - (9), one may find that the main parameters affecting 422 

BTCs are: 𝑣𝑥, 𝑣𝑧, 𝛼𝑥, 𝛼𝑧, 𝛼uz, 𝛼ux, 𝜃u, 𝜃m, 𝑏1, 𝑏2, 𝑅um, 𝑅m, 𝜀, 𝜀u, 𝜆, 𝜆u, 𝑉in and 𝑉out. 423 

To test how these parameters affect the solute transport in the aquifer-aquitard system, the global 424 

sensitivity analysis is conducted. To date, there are many global sensitivity analysis methods 425 

available, such as the Morris screening method (Morris, 1991), regression analysis (Tiscareno-426 

Lopez et al., 1993), variance-based method (Saltelli et al., 2008), meta-modeling method 427 

(Sathyanarayanamurthy and Chinnam, 2009), and so on. As the Morris screening method has 428 

lower computation, it will be used in this study (Morris, 1991) 429 

𝜎𝑖 = √1𝑗 ∑ (𝐸𝑖𝑙 − 𝜇𝑖)2𝑗𝑙=1 ,𝑖 = 1,2, … , 𝐼,       (13a) 430 

𝜇𝑖∗ = ∑ (|𝐸𝑖𝑙|/𝑗)𝑗𝑙=1 , 𝑖 = 1,2, … , 𝐼,       (13b) 431 𝜇𝑖 = ∑ (𝐸𝑖𝑙/𝑗)𝑗𝑙=1 , 𝑖 = 1,2, … , 𝐼,        (13c) 432 

where 𝜎𝑖 and 𝜇𝑖∗ are the standard deviation and absolute mean of sample points, respectively; a 433 

larger 𝜇𝑖∗ means greater sensitivity of the 𝑖𝑡ℎ parameter on the output results, while the larger 434 𝜎𝑖 implies higher interaction effects and/or non-linear effects of the 𝑖𝑡ℎ parameter than others; 𝑗 435 

is the total number of the sample points and 𝑗 = 30 in this study; 𝐼 is the number of the total 436 

number of parameters and 𝐼 = 18 in this study; 𝐸𝑖𝑙 = 𝐶m(𝑝1,𝑝2,…,𝑝𝑖+𝑙∆,…,𝑝𝑛)−𝐶m(𝑝1,𝑝2,…,𝑝𝑖,…,𝑝𝑛)𝑙∆ ; 437 

where 𝑝𝑖 is a value of the 𝑖𝑡ℎ input parameter in the range of (𝑝𝑖,0, 𝑝𝑖,𝑙𝑖𝑚); 𝑝𝑖,0 and 𝑝𝑖,𝑙𝑖𝑚 are 438 
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the smallest and the largest values of 𝑝𝑖, respectively, as shown in Table 2; ∆ represents a small 439 

increment and ∆= 1/(𝑗 − 1). 440 

Figures 10a and 10b show that the variation of 𝜇𝑖∗ and 𝜎𝑖 with time in the aquifer (at 441 𝑧 = 0.16m and 𝑥 = 0.10m), respectively. Figure 10a indicates that the values of 𝜇𝑖∗ from 442 

large to small is 𝑉in, 𝜃m, 𝑣𝑥, 𝛼𝑥, 𝛼uz, 𝛼z, 𝜃u, 𝛼ux, 𝑣𝑧, 𝑏1, 𝑅m, 𝜀, 𝜀u, 𝑉out, 𝑏2, 𝑅um, 𝜆m 443 

and 𝜆um. It implies the concentration is more sensitive to the change in 𝑉in, 𝜃m and 𝑣𝑧 than 444 

the other parameters. Figure 10b shows that the order of 𝜎𝑖 from large to small is 𝑉in, 𝜃m, 𝑣𝑥, 445 𝛼𝑥, 𝛼ux, 𝛼ux, 𝜃u, 𝛼𝑧, 𝑣𝑧, 𝑏1, 𝑅m, 𝑏2, 𝜀u, 𝜀, 𝑅um, 𝜆m, 𝜆um and 𝑉out. It means that 𝑉in, 𝜃m 446 

and 𝑣𝑥 have the higher interaction effects and/or non-linear effects than others.  447 

In summary, the output concentration of solute transport in the aquifer-aquitard system is 448 

most sensitive to 𝑉in, demonstrating that the variation of the tracer concentration in the pre-inlet 449 

reservoir is important for solute transport in an aquifer-aquitard system in the laboratory-450 

controlled experiment. 451 

Figure 10 452 

Table 2 453 

7. Summary and conclusions 454 

The laboratory-controlled experiment is an effective technique to investigate the mechanism 455 

of solute transport in an aquifer-aquitard system. When injecting tracer (or chemicals) into (or 456 

extracting them from) the aquifer or aquitard during experiments, reservoirs are indispensable. 457 

As the observation data is generally few during the experiment, mathematical modeling has been 458 

widely used to aid understanding the physical and chemical processes of tracer. However, the 459 

concentration variation in the reservoirs did not be treated properly in previous analytical models, 460 

resulting in poor performance in interpreting experimental data. In this study, we develop the 461 

https://simplifytraining.com/article/most-effective-training-techniques/
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new mathematical models describing the concentration variation in pre-inlet and after-outlet 462 

reservoirs. Such models are incorporated into the mathematical model of solute transport in the 463 

aquifer-aquitard system, and a novel analytical model is derived by Laplace transform method 464 

and the finite-cosine Fourier transform method under the MIM framework. The new analytical 465 

model considers the longitudinal and vertical dispersion, the advection, and the first-order 466 

chemical reaction in both aquifer and aquitard. The new analytical model is tested by the finite-467 

difference solution and the experimental data reported by Li et al. (2021). The global sensitivity 468 

analysis method of Morris (1991) is conducted to investigate the influences of input parameters 469 

on the output concentration of solute transport. The following conclusions could be drawn from 470 

this study. 471 

(1) When the concentration variation in the reservoirs is not measured during the 472 

experiment or the observation data is not available, it could be computed using the parameters of 473 

injection rate, water volume of the reservoirs, and the concentration of the injected tracer by the 474 

new models of this study.  475 

(2) The new analytical model outperforms the previous models in interpreting experimental 476 

data. 477 

(3) The influence of 𝑉in on BTCs and RTDs is obvious and not negligible. BTCs decreases 478 

with increasing 𝑉in. The peak values of RTDs decrease with increasing 𝑉in, while the time 479 

corresponding to the peak value increases with increasing 𝑉in. 480 

(4) The effect of diffusion on total mass flux of tracer (MFADD) is about 0.1%, and could be 481 

negligible in the short time of interest, while the contributions of MFAdv and MFDis to MFADD are 482 

about 11% and 89%, respectively.  483 
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(5) The global sensitivity analysis shows the variation of the tracer concentration in the pre-484 

inlet reservoir is important for solute transport in an aquifer-aquitard system in the laboratory-485 

controlled experiment. 486 
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Appendix A. Derivation of analytical solution 497 

Conducting Laplace transform to Eqs. (1a) - (1b) and Eqs. (6) - (7), one has 498 𝐷𝑥 𝜕2�̅�m𝜕𝑥2 + 𝐷𝑧 𝜕2�̅�m𝜕𝑧2 − 𝑣𝑥 𝜕�̅�m𝜕𝑥 − 𝐸1𝐶m̅ = 0 = 0, 0 ≤ 𝑧 ≤ 𝑏1, 0 ≤ 𝑥 ≤ 𝐿a,  (A1) 499 

𝐶i̅m = 𝜀/𝜃im𝜀/𝜃im+𝜆im+𝑅im𝑠 𝐶m̅, 0 ≤ 𝑧 ≤ 𝑏1, 0 ≤ 𝑥 ≤ 𝐿a,     (A2) 500 

[𝐶m̅(𝑥, 𝑧, 𝑠) − 𝛼𝑥 𝜕�̅�m(𝑥,𝑧,𝑠)𝜕𝑥 ]|𝑥=0 = 𝑔(𝑠), 0 ≤ 𝑧 ≤ 𝑏1,     (A3) 501 

𝑑�̅�m(𝑥,𝑧,𝑠)𝑑𝑥 |𝑥=𝐿𝑎 = 𝛿𝑠𝐶o̅ut(𝑥, 𝑧, 𝑠)|𝑥=𝐿𝑎, 0 ≤ 𝑧 ≤ 𝑏1,     (A4) 502 

where 𝐸1 = 𝜆m + 𝑅m𝑠 + 𝜀/𝜃m − 𝜀2/𝜃m𝜃im𝜀/𝜃im+𝜆im+𝑅im𝑠; 𝑔(𝑠) = 1𝑠(𝑠𝑉in/𝑄in+1); 𝛿 = 𝑉out𝑤outℎout𝐷𝑥. 503 
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Assuming the solution of Eq. (A1) is 504 𝐹 = ∑ 𝐶m̅𝑐𝑜𝑠(𝜔n𝑧)∞n=0 ,         (A5) 505 

Substituting Eq. (A5) into Eq. (A1), one has 506 𝐷𝑥 𝜕2𝐹𝜕𝑥2 − 𝑣𝑥 𝜕𝐹𝜕𝑥 − (𝐸1 + 𝐷𝑧𝜔n2)𝐹 = 0,       (A6) 507 

where 𝜔n is the frequency terms used in the Fourier transform. 508 

Eq. (A6) is an ordinary differential equation, and the general solution is 509 𝐹 = Nn𝑒𝑥𝑝(𝛼n𝑥) + Dn𝑒𝑥𝑝(𝛿n𝑥),       (A7) 510 

where 𝛼n = 𝑣𝑥−√𝑣𝑥2+4𝐷𝑥(𝐸1+𝐷𝑧𝜔n2)2𝐷𝑥  and 𝛿n = 𝑣𝑥+√𝑣𝑥2+4𝐷𝑥(𝐸1+𝐷𝑧𝜔n2)2𝐷𝑥 . 511 

Thus, the solution of Eq. (A1) is 512 𝐶m̅ = ∑ [Nn𝑒𝑥𝑝(𝛼n𝑥) + Dn𝑒𝑥𝑝(𝛿n𝑥)]𝑐𝑜𝑠(𝜔n𝑧)∞n=0 ,     (A8) 513 

According to the boundary conditions of Eqs. (A3) - (A4), the coefficients of Nn and Dn 514 

could be obtained, yields Nn = 𝑔(𝑠) 4𝑠𝑖𝑛(𝑏1𝜔n)2𝑏1𝜔n+𝑠𝑖𝑛(2𝑏1𝜔n)(1−𝛼n)−(1−𝛿n)(𝛼n−𝛿𝑠)𝑒𝑥𝑝(𝛼n𝐿a−𝛿n𝐿a)𝛿n−𝛿𝑠  and 515 

Dn = − (𝛼n−𝛿𝑠)𝑒𝑥𝑝(𝛼n𝐿a−𝛿n𝐿a)𝛿n−𝛿𝑠 Nn. 516 

Conducting Laplace transform to Eqs. (1c) - (1d), Eq. (3) and Eq. (4b), yields 517 𝐷𝑢𝑧 𝜕2�̅�um𝜕𝑧2 + 𝐷𝑢𝑥 𝜕2�̅�um𝜕𝑥2 − 𝑣𝑧 𝜕�̅�um𝜕𝑧 − 𝐸2𝐶u̅m = 0, 𝑏1 ≤ 𝑧 < 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a, (A9) 518 

𝐶u̅im = 𝜀u/𝜃uim𝜀u/𝜃uim+𝜆uim+𝑅uim𝑠 𝐶u̅m, 𝑏1 ≤ 𝑧 < 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a,   (A10) 519 

𝐶u̅m(𝑥, 𝑧, 𝑠)|𝑧=𝑏1+𝑏2 = 0, 0 ≤ 𝑥 ≤ 𝐿a,       (A11) 520 𝐶u̅m(𝑥, 𝑧, 𝑠)|𝑧=𝑏1 = 𝐶m̅(𝑥, 𝑧, 𝑠)|𝑧=𝑏1, 0 ≤ 𝑥 ≤ 𝐿𝑎,     (A12) 521 

𝜃um [𝑣𝑧𝐶u̅m(𝑥, 𝑧, 𝑠) − 𝐷uz 𝜕�̅�um(𝑥,𝑧,𝑠)𝜕𝑧 ]|𝑧=𝑏1 = − [𝜃m𝐷𝑧 𝜕�̅�m(𝑥,𝑧,𝑠)𝜕𝑧 ]|𝑧=𝑏1, 0 ≤ 𝑥 ≤ 𝐿𝑎,(A13) 522 

where 𝐸2 = 𝜆um + 𝑠𝑅um + 𝜀u/𝜃um − 𝜀u2/𝜃um𝜃uim𝜀u𝜃uim+𝜆uim+𝑅uim𝑠. 523 
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Assuming (Rezaei et al., 2016) 524 𝐶u̅m = ∑ [Nn𝑒𝑥𝑝(𝛼n𝑥) + Dn𝑒𝑥𝑝(𝛿n𝑥)] × 𝐹1∞n=0 ,     (A14) 525 

where 𝐹1 depends on the 𝑧 coordinate only. Substituting Eq. (A14) into Eq. (A9) yields 526 𝐷uz 𝜕2𝐹1𝜕𝑧2 − 𝑣𝑧 𝜕𝐹1𝜕𝑧 − (𝐸2 + 𝐷ux𝛼n2)𝐹1 = 0, 𝑏1 ≤ 𝑧 < 𝑏1 + 𝑏2, 0 ≤ 𝑥 ≤ 𝐿a,  (A15) 527 

The general solution of Eq. (A15) is  528 𝐹1 = An𝑒𝑥𝑝(𝛽n𝑧) + Bn𝑒𝑥𝑝(𝜎n𝑧),       (A16) 529 

where An and Bn are constant, 𝛽n = 𝑣𝑧−√𝑣𝑧2+4𝐷uz(𝐸2+𝐷ux𝛼n2)2𝐷uz  and 𝜎n = 𝑣𝑧+√𝑣𝑧2+4𝐷uz(𝐸2+𝐷ux𝛼n2)2𝐷uz . 530 

The general solution of Eq. (A9) is 531 𝐶u̅m = ∑ [An𝑒𝑥𝑝(𝛽n𝑧) + Bn𝑒𝑥𝑝(𝜎n𝑧)] × [Nn𝑒𝑥𝑝(𝛼n𝑥) + Dn𝑒𝑥𝑝(𝛿n𝑥)]∞n=0 .  (A17) 532 

According to the boundary conditions of Eqs. (A11) - (A12), the coefficients of An and Bn 533 

could be obtained, yields 534 An = − 𝑐𝑜𝑠(𝜔n𝑏1)𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n(𝑏1+𝑏2)]𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2]  and Bn = 𝑐𝑜𝑠(𝜔n𝑏1)𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2]. 535 

According to Eq. (A13), one has 536 𝜔n𝑡𝑎𝑛(𝜔n𝑏1) = 𝑊1[𝑣𝑧𝑒𝑥𝑝(𝛽n𝑏1)−𝐷uz𝛽n𝑒𝑥𝑝(𝛽n𝑏1)]𝐷𝑧 + 𝑊2[𝑣𝑧𝑒𝑥𝑝(𝜎n𝑏1)+𝐷uz𝜎n𝑒𝑥𝑝(𝜎n𝑏1)]𝐷𝑧 , (A18) 537 

where 𝑊1 = − 𝜃um𝜃m 𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n(𝑏1+𝑏2)]𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2] and 𝑊2 = 𝜃um/𝜃m𝑒𝑥𝑝[𝜎n𝑏1]−𝑒𝑥𝑝[𝜎n(𝑏1+𝑏2)−𝛽n𝑏2]. 538 

Appendix B. The finite-difference solution 539 

In numerical modeling, the horizontal spatial domain of the aquifer-aquitard system [0, 𝐿a] 540 

is uniformly discretized into 𝑁 subdomains (e.g., cells) with 𝑁 + 1 nodes, and one has 541 𝑥𝑖 = 𝑥𝑖+1/2−𝑥𝑖−1/22 , 𝑖 = 1, 2, … , 𝑁,       (B1) 542 

where 𝑥𝑖+1/2 is 543 
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𝑥𝑖+1/2 = 𝑖 𝐿a𝑁 , 𝑖 = 1, 2, … , 𝑁.        (B2) 544 

The aquifer and aquitard are vertically discretized into 𝑀1 − 1 and 𝑀2 − 1 subdomains, 545 

respectively, and one has 546 𝑧𝑗 = 𝑧𝑗+1/2−𝑧𝑗−1/22 , 𝑗 = 1, 2, … , 𝑀1,       (B3a) 547 

𝑧𝑘 = 𝑧𝑘+1/2−𝑧𝑘−1/22 , 𝑘 = 1, 2, … , 𝑀2,       (B3b) 548 

where 𝑧𝑗+1/2 and 𝑧𝑘+1/2 are 549 𝑧𝑗+1/2 = 𝑗 𝑏1𝑀1, 𝑗 = 1, 2, … , 𝑀1,        (B4a) 550 

𝑧𝑘+1/2 = 𝑘 𝑏2𝑀2, 𝑘 = 1, 2, … , 𝑀2.        (B4b) 551 

The finite-difference schemes of Eqs. (1a) - (1d) are 552 

𝜕𝐶m,𝑖,𝑗𝜕𝑡 =553 

𝐷𝑥𝑅m𝐶m,𝑖−1,𝑗−𝐶m,𝑖,𝑗𝑥𝑖−𝑥𝑖−1 − 𝐷𝑥𝑅m𝐶m,𝑖,𝑗−𝐶m,𝑖+1,𝑗𝑥𝑖+1−𝑥𝑖𝑥𝑖+1/2−𝑥𝑖−1/2 + 𝐷𝑧𝑅m𝐶m,𝑖,𝑗−1−𝐶𝑚,𝑖,𝑗𝑧𝑗−𝑧𝑗−1 − 𝐷𝑧𝑅m𝐶m,𝑖,𝑗−𝐶m,𝑖,𝑗+1𝑧𝑗+1−𝑧𝑗𝑧𝑗+1/2−𝑧𝑗−1/2 − 𝑣𝑥𝑅m
𝐶m,𝑖+12,𝑗−𝐶m,𝑖−12,𝑗𝑥𝑖+12−𝑥𝑖−12 − (𝜆m𝑅m +554 

𝜀𝜃m𝑅m) 𝐶m,𝑖,𝑗 + 𝜀𝜃m𝑅m 𝐶im,𝑖,𝑗, 𝑖 = 1, 2, … , 𝑁, 𝑗 = 1, 2, … , 𝑀1, (B5a) 555 

𝜕𝐶im,𝑖,𝑗𝜕𝑡 = 𝜀𝜃im𝑅im 𝐶m,𝑖,𝑗 − ( 𝜀𝜃im𝑅im + 𝜆im𝑅im) 𝐶im,𝑖,𝑗, 𝑖 = 1, 2, … , 𝑁, 𝑗 = 1, 2, … , 𝑀1, (B5b) 556 

𝜕𝐶um,𝑖,𝑘𝜕𝑡 = 𝐷uz𝑅um𝐶um,𝑖,𝑘−1−𝐶um,𝑖,𝑘𝑧𝑘−𝑧𝑘−1 − 𝐷𝑢𝑧𝑅um𝐶um,𝑖,𝑘−𝐶um,𝑖,𝑘+1𝑧𝑘+1−𝑧𝑘𝑧𝑘+1/2−𝑧𝑘−1/2 + 𝐷ux𝑅um𝐶um,𝑖,𝑘−1−𝐶um,𝑖,𝑘𝑥𝑖−𝑥𝑖−1 − 𝐷ux𝑅um𝐶um,𝑖,𝑘−𝐶um,𝑖,𝑘+1𝑥𝑖+1−𝑥𝑖𝑥𝑖+1/2−𝑥𝑖−1/2 −557 

𝑣𝑧𝑅um
𝐶um,𝑖,𝑘+12−𝐶um,𝑖,𝑘−12𝑧𝑘+12−𝑧𝑘−12 − (𝜆um𝑅um + 𝜀𝑢𝜃um𝑅𝑢𝑚) 𝐶𝑢𝑚,𝑖,𝑘 − 𝜀𝑢𝜃um𝑅𝑢𝑚 𝐶uim,𝑖,𝑘, 𝑖 = 1, 2, … , 𝑁, 𝑘 =558 

1, 2, … , 𝑀2,           (B5c) 559 

𝜕𝐶uim,𝑖,𝑘𝜕𝑡 = 𝜀u𝐶um,𝑖,𝑘𝜃uim𝑅uim − ( 𝜀u𝜃uim𝑅uim + 𝜆uim𝑅uim) 𝐶uim,𝑖,𝑘, 𝑖 = 1, 2, … , 𝑁 ,𝑘 = 1, 2, … , 𝑀2, (B5d) 560 

http://www.baidu.com/link?url=HkKiQVvFCMkbpZQgWZ16sulbDAp0nfGWDZl2FeWS8Og_5vFK_wfP27PxhePCGJ48KvpupjIKbot9s7ilLy51PdgwQmg3Tbe7fcrNPs6bZ4m
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where 𝐶m,𝑖,𝑗 and 𝐶im,𝑖,𝑗 are the concentrations of mobile zone and immobile zone in the aquifer 561 

at node (𝑖, 𝑗), respectively; 𝐶um,𝑖,𝑘 and 𝐶uim,𝑖,𝑘 are the concentrations of mobile zone and 562 

immobile zone in the aquitard at node (𝑖, 𝑗), respectively. 563 
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Table Caption 680 

Table 1. The values of RSR caused by the models of this study and Li’s model. 681 

Table 2. Parameter range used in the global sensitivity analysis. 682 
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Figure Caption 684 

Figure 1. Schematic diagram of 2D reactive transport in an aquifer-aquitard system in the 685 

laboratory-controlled experiment. 686 

Figure 2. Comparison between the numerical and analytical solutions. (a) 𝐶m/𝐶0 V.S. 𝑡 at 687 

different 𝑧; (b) 𝐶m/𝐶0 V.S. 𝑧 at different 𝑥. “ANA” represents the curves produced by the 688 

analytical model of this study. 689 

Figure 3. Fitness of observed BTCs for different locations in the aquifer. (a) Observation points 690 

of (41), (43) and (45); (b) Observation points of (51), (53) and (55). 691 

Figure 4. Fitness of observed BTCs for different locations in the aquitard. (a) Observation points 692 

of (31), (21) and (11); (b) Observation points of (32), (22) and (12); (c) Observation points of 693 

(33), (23) and (13); (d) Observation points of (34), (24) and (14); (e) Observation points of (35), 694 

(25) and (1); (f) Observation points of (36), (26) and (16). 695 

Figure 5. The comparison of BTCs between the new analytical models and Li’s model. (a) 696 

Observation points (41), (43) and (45); (b) Observation points (51), (53) and (55). 697 

Figure 6. BTCs for different 𝑉𝑖𝑛 and 𝑧. 698 

Figure 7. RTDs for different 𝑉𝑖𝑛 and 𝑧. 699 

Figure 8. MF variation crossing the aquifer-aquitard interface along the 𝑥- direction for 700 

different times. 701 
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Figure 9. Contributions of the diffusion, dispersion, and advection in aquitard on the aquifer-702 

aquitard interface MF at 𝑡 = 5.5h.  703 

Figure 10. Sensitivity analysis of the input parameters on the output concentration at 𝑧 =0.16m 704 

and 𝑥 =0.10m. (a) Variation in 𝜇𝑖∗ with time; (b) Variation in 𝜎𝑖 with time. 705 



Figures

Figure 1

Schematic diagram of 2D reactive transport in an aquifer-aquitard system in the laboratory-controlled
experiment.



Figure 2

Comparison between the numerical and analytical solutions. (a)  V.S.  at different ; (b)  V.S.  at different .
“ANA” represents the curves produced by the analytical model of this study.



Figure 3

Fitness of observed BTCs for different locations in the aquifer. (a) Observation points of (41), (43) and
(45); (b) Observation points of (51), (53) and (55).



Figure 4

Fitness of observed BTCs for different locations in the aquitard. (a) Observation points of (31), (21) and
(11); (b) Observation points of (32), (22) and (12); (c) Observation points of (33), (23) and (13); (d)
Observation points of (34), (24) and (14); (e) Observation points of (35), (25) and (1); (f) Observation
points of (36), (26) and (16).



Figure 5

The comparison of BTCs between the new analytical models and Li’s model. (a) Observation points (41),
(43) and (45); (b) Observation points (51), (53) and (55).



Figure 6

BTCs for different Vin and  z.



Figure 7

RTDs for different Vin and z.



Figure 8

MF variation crossing the aquifer-aquitard interface along the  x- direction for different times.



Figure 9

Contributions of the diffusion, dispersion, and advection in aquitard on the aquifer-aquitard interface MF
at t = 5.5h.



Figure 10

Sensitivity analysis of the input parameters on the output concentration at z = 0.16m and x = 0.10m. (a)
Variation in μi* with time; (b) Variation in σi with time.
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