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Geometric property of off resonance error robust composite pulse

Shingo Kukita1),∗ Haruki Kiya1), and Yasushi Kondo1)

1)Department of Physics, Kindai University, Higashi-Osaka 577-8502, Japan
(Dated: October 29, 2021)

The precision of quantum operations is affected by unavoidable systematic errors. A composite
pulse (CP), which has been well investigated in nuclear magnetic resonance (NMR), is a technique
that suppresses the influence of systematic errors by replacing a single operation with a sequence
of operations. In NMR, there are two typical systematic errors, Pulse Length Error (PLE) and
Off Resonance Error (ORE). Recently, it was found that PLE robust CPs have a clear geometric
property. In this study, we show that ORE robust CPs also have a simple geometric property, which
is associated with trajectories on the Bloch sphere of the corresponding operations. We discuss the
geometric property of ORE robust CPs using two examples.

I. INTRODUCTION

Quantum technologies that utilise quantum states, such as quantum computing [1–3] and metrology [4–6], require
precise control of the states. However, the quantum systems that we are attempting to control basically experience
unavoidable environmental noise and systematic errors caused by experimental apparatuses. They prevent us from
precise control of quantum states.
To suppress the effects of systematic errors, a composite pulse (CP) has been investigated [7–9] particularly in the

field of nuclear magnetic resonance (NMR), which can be utilised to implement toy quantum computers [10–12]. In
CPs, a single operation is replaced by a sequence of operations, and the error in each operation cancels each other.
The effectiveness of CPs has been exhibited in NMR [13], ion traps [14], and superconducting circuits [15]. In NMR,
two types of errors, Pulse Length Error (PLE) and Off Resonance Error (ORE), in one-qubit operations have been
intensively studied. Many CPs that are robust against PLE, such as BB1[16], SCROFULOUS[17] and SK1 [18], have
been found. Meanwhile, only a small number of ORE robust CPs for arbitrary one qubit operations, such as CORPSE
[19], have been found so far. Recently, it was revealed that PLE robust CPs have a geometric property associated with
geometric quantum gates [20]. Additionally, a geometric meaning of robustness against any type of noise is discussed
in Ref. [21]; however, it is associated with the geometry of Lie algebras and abstract. A concrete geometric property
of ORE robust CPs has not yet been addressed.
In this study, we investigated a geometric property of ORE robust CPs via geometry on a three-dimensional sphere,

called the Bloch sphere, on which a state of a qubit is represented by a point while an operation by a rotation. PLE
corresponds to the error of the rotational angle of an operation, and ORE corresponds to the error of the rotation
axis. We obtained the relation between the ORE robustness of a CP and the mass centre of its trajectory. Further,
we illustrated this property using two ORE robust CPs, CORPSE and another CP, which we have newly invented.
For some simple cases, this property will help us to obtain new ORE robust CPs intuitively.
The remainder of this paper is organised as follows. We briefly review basic concepts of CPs in Sec. II. In Sec. III,

we explain our result on the geometric property of ORE robust gates. Section IV introduces two ORE robust CPs,
CORPSE and our proposed CP, and we examine how the geometric picture of ORE robust CPs works. Section V
presents the conclusions and discussions.

II. REVIEW OF COMPOSITE PULSES

A. general framework

The Schrödinger equation with a time-dependent Hamiltonian H(t) is

d

dt
|Ψ(t)〉 = −iH(t)|Ψ(t)〉. (1)
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The formal solution from t = 0 to t = T in the Schrödinger picture is given by

|Ψ(T )〉 = T exp
(

−i

∫ T

0

dtH(t)
)

|Ψ(0)〉, (2)

where we introduce the symbol of the time-ordered product:

T (A(t1)B(t2)) =

{

A(t1)B(t2) t1 > t2,

B(t2)A(t1) t2 > t1.
(3)

Its extension to cases of multiple operators is trivial. If the Hamiltonian is piecewise constant, the time-ordered
exponential can also be rewritten as

T exp
(

−i

∫ T

0

dtH(t)
)

= exp
(

−i(tk − tk−1)Hk

)

exp
(

−i(tk−1 − tk−2)Hk−1

)

· · · exp
(

−i(t1 − t0)H1

)

, (4)

where we set t0 = 0 and tk = T and the Hamiltonian is

H(t) = Hi, ti−1 ≤ t < ti, (i = 1 ∼ k). (5)

The index k is the number of periods in which the Hamiltonian is constant. We refer to an operation during
the Hamiltonian is constant as an elementary operation. Then, the index k represents the number of elementary
operations.

Let us assume that the Hamiltonian is decomposed into two parts:

H(t) = H0(t) +Herr(t). (6)

The part H0(t) represents the ideal Hamiltonian, whose corresponding dynamics U0(T, 0) := T exp(−i
∫ T

0
dtH0(t))

will be implemented herein. We can control this part of the Hamiltonian. Meanwhile, Herr(t) describes the effect of
undesired systematic errors during the operation. The magnitude of Herr(t) is assumed to be sufficiently small for
the entire time region. (Mathematically, all the matrix components of Herr(t) are small.) Either part H0(t) or Herr(t)
can have (piecewise) time dependence. We define the state in the interaction picture with respect to H0(t) as

|ΨI(t)〉 :=
(

T exp
(

−i

∫ t

0

dt′H0(t
′)
))†

|Ψ(t)〉 = U†
0 (t, 0)|Ψ(t)〉, (7)

where |Ψ(t)〉 is a solution to the Schrödinger equation (1). The state |ΨI(t)〉 satisfies the following equation:

d

dt
|ΨI(t)〉 = −iH̃err(t)|ΨI(t)〉, (8)

where H̃err(t) := U †
0 (t, 0)Herr(t)U0(t, 0). A formal solution of Eq. (8) is

|ΨI(T )〉 = Ũerr(T, 0)|ΨI(0)〉 := T exp
(

−i

∫ T

0

dtH̃err(t)
)

|ΨI(0)〉. (9)

By comparing the above equation (9) and the definition of the interaction picture (7), the solution of the Schrödinger
equation with the Hamiltonian (6) is written as

|Ψ(T )〉 = U0(T, 0)|ΨI(T )〉 = U0(T, 0)Ũerr(T, 0)|Ψ(0)〉. (10)

We intend to implement the ideal unitary operation U0(T, 0) as accurately as possible under the effect of the error

term Herr. As the magnitude of Herr is assumed to be small enough, we can ignore its higher-order terms in Ũerr(T, 0),
and then

Ũerr(T, 0) ∼
(

1− i

∫ T

0

dtH̃err(t)
)

. (11)

When the condition
∫ T

0

dtH̃err(t) = 0. (12)

is satisfied, the operation (10) equals the ideal operation U0(T, 0) for any initial state |Ψ(0)〉 up to the first order with

respect to H̃err(t). Note that to implement a unitary evolution U as the target operation, there are many choices of
H0(t) that satisfy U = U0(T, 0). If we know the error model Herr(t), we can take H0(t) to satisfy U = U0(T, 0) and
Eq. (12) using the degrees of freedom of this choice of H0(t). Thus, the operation caused by such a Hamiltonian
H0(t) traces the unitary operation U in a robust manner against the specific error model Herr(t). Compensating the
effect of specific error models by a series of operations is called a CP.
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B. Qubit control

The most fundamental quantum system is a two-level system, called a qubit. Hereinafter, we focus on the control
of one qubit. The control Hamiltonian of a qubit is given as

H0(t) = ω(t)~n(t) ·
~σ

2
:= ω(t)(nx(t)

σx

2
+ ny(t)

σy

2
+ nz(t)

σz

2
), (13)

where the vector ~n(t) = (nx, ny, nz) is a time-dependent unit vector, and ~σ := (σx, σy, σz) are the Pauli matrices:

σx =

(

0 1
1 0

)

, σy =

(

0 −i
i 0

)

, σz =

(

1 0
0 −1

)

. (14)

We implement an arbitrary control of a qubit by adjusting ω(t) and ~n(t). The time dependence of these controllable
parameters is often piecewise constant, as shown in Eq. (5), which corresponds to a sequence of pulses. Note that any
state of a qubit can be mapped to a point on a sphere (called the Bloch sphere). In this representation, we map the
eigenvectors of σz, | ↑〉 := (1, 0)t and | ↓〉 := (0, 1)t to the north pole ~z = (0, 0, 1)t and the south pole −~z = (0, 0,−1)t

on the Bloch sphere, respectively. Accordingly, the operation of the qubit by the Hamiltonian (13) with constant ω
and ~n corresponds to the rotation with the rotation angle θ := ωτ and the axis ~n, where τ is a period during which
ω and ~n are applied. Hereinafter, we consider the case where the Hamiltonian is piecewise constant.
When we consider the control of one qubit, there are two types of systematic errors: PLE and ORE.

1. PLE case

PLE is described by the change in ω(t) in the control Hamiltonian, ω(t) → ω(t)(1+ ǫ), where ǫ is a small parameter
representing the magnitude of PLE. The control Hamiltonian H0(t) and the error Hamiltonian Herr(t) are given by

H0(t) = ωi~ni · ~σ/2, Herr(t) = ǫωi~ni · ~σ/2, ti−1 < t < ti. (15)

Here, we assume that ǫ is constant at 0 < t < T because it represents a systematic error. The condition of error
robustness (12) in this case is

∫ T

0

dtH̃err(t) =ǫ

∫ t1

0

dteiω1t~n1·~σ/2(ω1~n1 · ~σ/2)e
−iω1t~n1·~σ/2

+ ǫ

∫ t2

t1

dteiω1t1~n1·~σ/2eiω2(t−t1)~n2·~σ/2(ω2~n2 · ~σ/2)e
−iω2(t−t1)~n2·~σ/2e−iω1t1~n1·~σ/2 + · · ·

+ ǫ

∫ T

tk−1

dteiω1t1~n1·~σ/2 · · · eiωk(t−tk−1)~nk·~σ/2(ωk~nk · ~σ/2)e−iωk(t−tk−1)~nk·~σ/2 · · · e−iω1t1~n1·~σ/2

=ǫω1t1(~n1 · ~σ/2) + ǫω2(t2 − t1)e
iω1t1~n1·~σ/2(~n2 · ~σ/2)e

−iω1t1~n1·~σ/2 + · · ·

+ ǫωk(T − tk−1)e
iω1t1~n1·~σ/2 · · · eiωk−1(tk−1−tk−2)~nk−1·~σ/2(~nk · ~σ/2)e−iω1t1~n1·~σ/2 · · · eiωk−1(tk−1−tk−2)~nk−1·~σ/2

=ǫ

k
∑

i=1

V †
0 · · ·V †

i−1(θi~ni · ~σ/2)Vi−1 · · · · · ·V0 = 0.

(16)

where θi := ωi(ti− ti−1), and Vi denotes exp(−iθi~ni ·~σ/2) while V0 is the identity matrix. In Ref [20], it is shown that
if the above error robustness condition for PLE is satisfied, the operation by H0(t) in Eq. (15) is a geometric quantum
gate [22–24] based on the concept of holonomy [25–28]. Many PLE robust CPs, such as BB1[16], SCROFULOUS[17],
and SK1 [18], have been found to date.

2. ORE case

ORE is typically caused by the miscalibration of the resonance frequency of a qubit. When the quantisation axis
is the z-axis of the Bloch sphere, the Hamiltonian with ORE has an error term proportional to σz:

H(t) = H0(t) +Herr(t) := ω~n(t) ·
~σ

2
+ f

σz

2
, (17)
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where f is a small parameter corresponding to ORE magnitude. For later convenience, we assume in the above
equation that we control the direction ~n(t) and ω is constant during the operation, which is often desirable in NMR.
We then take ω = 1 without loss of generality, where t and f are non-dimensional parameters. Note that the error
term for ORE is time independent. The condition (12) is calculated as

∫ T

0

dtH̃err(t) =f

∫ t1

0

dteit~n1·~σ/2σz

2
e−it~n1·~σ/2

+ f

∫ t2

t1

dteit1~n1·~σ/2ei(t−t1)~n2·~σ/2σz

2
e−i(t−t1)~n2·~σ/2e−it1~n1·~σ/2 + · · ·

+ f

∫ T

tk−1

dteit1~n1·~σ/2 · · · ei(t−tk−1)~nk·~σ/2σz

2
e−i(t−tk−1)~nk·~σ/2 · · · e−it1~n1·~σ/2

=f

k
∑

i=1

V †
0 · · ·V †

i−1

(

∫ ti

ti−1

dtei(t−ti−1)~n1·~σ/2σz

2
e−i(t−ti−1)~n1·~σ/2

)

Vi−1 · · ·V0 = 0, (18)

for a piecewise constant Hamiltonian. This ORE robustness condition seems to be more complicated than that of
PLE (16). However, in this study, we show that this condition has a simple geometric property via geometry on the
Bloch sphere.
CORPSE, which was proposed in Ref. [19], is a well known ORE robust CP. This CP can perform an arbitrary

θ rotation in an ORE robust manner with considerably simple operations. Other possibilities of ORE robust CPs,
however, have seldom been considered.

III. GEOMETRIC PROPERTY OF ORE ROBUST CP

Here, we explain a geometric property of Eq. (18). First, note that for any 3-dimensional unit vector ~n and ~m,

e−iθ ~m·~σ/2(~n · ~σ)eiθ ~m·~σ/2 =
(

R(θ, ~m)~n
)

· ~σ, (19)

where R(θ, ~m) is a 3× 3 rotation matrix with rotational axis ~m and angle θ. Using this equality, the right hand side
of Eq. (18) can be rewritten as

f

k
∑

i=1

V †
0 · · ·V †

i−1

(

∫ ti

ti−1

dtei(t−ti−1)~n1·~σ/2σz

2
e−i(t−ti−1)~n1·~σ/2

)

Vi−1 · · ·V0

=f

k
∑

i=1

V †
0 · · ·V †

i−1

(

∫ ti

ti−1

dtei(t−ti−1)~n1·~σ/2(~z ·
~σ

2
)e−i(t−ti−1)~n1·~σ/2

)

Vi−1 · · ·V0

=f

(

k
∑

i=1

R
−1(θ1, ~n1)R

−1(θ2, ~n2) · · ·R
−1(θi−1, ~ni−1)

∫ ti

ti−1

dtR−1(t− ti−1, ~ni)~z

)

·
~σ

2
. (20)

Thus, we obtain the following condition from Eq. (18),

k
∑

i=1

(

R
−1(θ1, ~n1)R

−1(θ2, ~n2) · · ·R
−1(θi−1, ~ni−1)

∫ ti

ti−1

dtR−1(t− ti−1, ~ni)~z
)

= ~0. (21)

This is also equivalent to the condition:

~p t ·

(

k
∑

i=1

(

R
−1(θ1, ~n1)R

−1(θ2, ~n2) · · ·R
−1(θi−1, ~ni−1)

∫ ti

ti−1

dtR−1(t− ti−1, ~ni)~z
)

)

= 0, ∀~p ∈ R
3

⇐⇒~z t ·

(

k
∑

i=1

∫ ti

ti−1

dtR(t− ti−1, ~ni)~pi−1

)

= 0, ∀~p ∈ R
3, (22)

where ~pi := R(θi, ~ni) · · ·R(θ1, ~n1)~p with ~p0 := ~p. In the second line, we transpose the equation and use R
t(θ, ~m) =

R
−1(θ, ~m). As the above equation is linear, we can normalise the length of ~p without loss of generality, and then
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we identify ~p with a position vector (quantum state) on the Bloch sphere. Let R
3
n denote the space of the position

vectors on the Bloch sphere.
~pi represents the point after the sequence of rotations R(θi, ~ni)R(θi−1, ~ni−1) · · ·R(θ1, ~n1). By introducing ~p(t) :=

R(t− ti−1, ~ni)pi−1 (ti−1 ≤ t < ti), we further summarise Eq. (22) as

~z t ·

∫ T

0

dt~p(t) = 0, ∀~p ∈ R
3
n. (23)

The integration in the above equation is the sum of all position vectors on the trajectory,

~p(t) : ~p
R(θ1,~n1)
−−−−−−→ ~p1

R(θ2,~n2)
−−−−−−→ · · ·

R(θk,~nk)
−−−−−−→ ~pk. (24)

See Fig. 1. This sequence of rotations corresponds to the action of the errorless unitary operation Vk · · ·V1 in the
Bloch sphere representation.

𝑥
𝑦

𝑧
Ԧ𝑝 Ԧ𝑝1 = 𝑅 𝜃1, 𝑛1 Ԧ𝑝Ԧ𝑝𝑖−1

Ԧ𝑝𝑖 = 𝑅 𝜃𝑖 , 𝑛𝑖 Ԧ𝑝𝑖−1

Ԧ𝑝 𝑡(𝑡𝑖−1≤ 𝑡 < 𝑡𝑖)

FIG. 1. Schematic picture of the trajectory of ~p by R(θk, ~nk) · · ·R(θ1, ~n1) on the Bloch sphere. The thick curve represents the
trajectory of the i-th operation from ~pi−1 to ~pi. The i-th part of the summation in Eq. (22) is the integration of all position
vectors along this trajectory.

From the viewpoint of geometry, the sum of all position vectors in Eq. (23) has a clear meaning as (the total mass)
× (the mass centre of the trajectory) when we assign a constant line density of ”mass” on the trajectory. Because
the total mass gives just a non-zero constant factor, the condition (22) is equivalent to the following simple equation:

~z t · ~M~p = 0, ∀~p ∈ R
3
n, (25)
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where ~M~p is the mass centre of the trajectory. This immediately implies that the mass centre of the errorless trajectory

by a CP on the Bloch sphere exists on the xy plane for any initial state if and only if this CP is ORE robust. This is
the geometric property of ORE robust CPs. Note that this geometric property is also valid when the Hamiltonian is
not piecewise constant but continuously time-dependent.

IV. TWO EXAMPLES OF ORE ROBUST COMPOSITE PULSES

In this section, we verify that the mass centre of the trajectory lies on the xy plane for two ORE robust CPs:
CORPSE and our proposed CP. First, we explain the notation. In a basic NMR setup, the unit vector ~n for
each operation e−iθ~n·~σ/2 is directed into the xy plane. Without loss of generality, we can represent ~n by ~nφ :=

(cosφ, sinφ, 0). We parametrise an operation by θ and φ, and thus define (θ)φ := e−iθ~nφ·~σ/2. Accordingly, a CP is
written as a sequence (θk)φk

(θk−1)φk−1
· · · (θ1)φ1

.

A. CORPSE

A well-known ORE robust CP, CORPSE, can implement (θ)φ as the target operation for any θ and φ. The CORPSE
sequence of implementing (θ)φ comprises three elementary operations (k = 3) given by the following parameters:

θ1 = 2n1π + θ/2− κ, θ2 = 2n2π − 2κ, θ3 = 2n3π + θ/2− κ, φ1 = φ2 − π = φ3 = φ, (26)

where κ = arcsin(sin(θ/2)/2) and ni (i = 1, 2, 3) are integers that satisfy n1, n3 ≥ 0, and n2 ≥ 1. Simple algebraic
calculations show that the CORPSE sequence (θ3)φ3

(θ2)φ2
(θ1)φ1

satisfies (θ)φ = (θ3)φ3
(θ2)φ2

(θ1)φ1
and is ORE robust.𝑧

𝑦(2) (1)
(3)

initial: Ԧ𝑧 𝑧
𝑦

(2)
(1)(3)

initial: Ԧ𝑦

FIG. 2. Errorless trajectories by CORPSE on the yz plane. The left (right) panel has ~z (~y) as the initial state. The initial
(final) states are represented by the blue (red) points. The blue, green, and red curves represent the first, second, and third
pulse trajectories, respectively. The left (right) panel has ~z (~y) as the initial state.

We show the ORE robustness of CORPSE from a geometric viewpoint. For simplicity, we consider the case in
which CORPSE implement (π)0, that is, the π rotation in the direction ~x := (1, 0, 0). Also, we take n1 = n3 = 0
and n2 = 1. The parameters for this case are θ1 = θ3 = π/3, θ2 = 5π/3, φ1 = φ3 = 0, and φ2 = π. First, we note
that it is only necessary to consider three linear independent unit vectors as ~p to examine the condition (25) owing
to the linearity. We take ~x = (1, 0, 0)t, ~y = (0, 1, 0)t, ~z = (0, 0, 1)t as ~p. The vector ~x is a fixed point during the entire
operation, and thus, the mass centre of the trajectory starting from ~x is also on that plane. We then examine the
trajectory from ~y and ~z. It is convenient to show the yz plane to consider the mass centre of the trajectory from ~y
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and ~z (Fig. 2). The mass centre of the trajectory from ~z is calculated as follows.

∫ T

0

dt~p(t) =

∫ π
3

0

dθR(θ, ~x)(0, 0, 1)t +

∫ 5π
3

0

dθR(θ,−~x)
(

0, sin
(π

3

)

, cos
(π

3

)

)t

+

∫ π
3

0

dθR(θ, ~x)
(

0, sin
(2π

3

)

, cos
(2π

3

)

)t

=

(

∫ π
3

0

−

∫ 2π
3

π
3

+

∫ π

2π
3

)

dθ(0, sin θ, cos θ)t

=[(0,− cos θ, sin θ)t]
π
3

0 − [(0,− cos θ, sin θ)t]
2π
3
π
3

+ [(0,− cos θ, sin θ)t]π2π
3

= ~0. (27)

Accordingly ~M~z = ~0 and thus ~z t · ~M~z = ~z t · ~0 = 0. It is also shown that ~M~y = ~0 because the trajectories from ~y
and ~z (and these mass centres) are related by π

2 -rotation. Refer to Fig. 2. Thus, the condition (25) is satisfied for
CORPSE.

B. CORP2SE (Compensation for Off Resonance with a Perpendicularly combined Pulse SEquence)

CORPSE is a k = 3 symmetric CP satisfying φ1 + π = φ2 (~n1 · ~n2 = −1). It is a natural question whether there
exists a symmetric k = 3 CP with the condition φ1 + π/2 = φ2 (~n1 · ~n2 = 0). Under the assumption that ~n1 · ~n2 = 0,
we find the following symmetric k = 3 CP that implements (θ)φ:

θ1 = θ3 = arcsin
(

−

√

1− α2

1 + α2

)

, θ2 = arccos(α2)

φ1 + π/4 = φ3 + π/4 = φ2 − π/4 = φ, (28)

where α = cos(θ/2). We named this sequence CORP2SE (Compensation for Off Resonance with a Perpendicularly

constructed Pulse SEquence). CORPSE has the same rotation axis for all elementary operations whereas CORP2SE
has one orthogonal rotation axis at the middle operation. In Materials, we evaluate the performance of CORP2SE
comparing with CORPSE.

𝑥𝑦
initial: 𝑛−𝜋/4

Ԧ𝑝, Ԧ𝑝1Ԧ𝑝2
Ԧ𝑝3 𝑥𝑦

initial: 𝑛𝜋/4
Ԧ𝑝

Ԧ𝑝1
Ԧ𝑝2, Ԧ𝑝3 𝑥

initial: Ԧ𝑧Ԧ𝑝
Ԧ𝑝1, Ԧ𝑝2

Ԧ𝑝3

𝑦

FIG. 3. Errorless trajectories by CORP2SE. The left, middle, and right panels show ~n
−π/4, ~nπ/4, and ~z as the initial state.

The initial (final) states are represented by the blue (red) points. The blue, green, and red lines represent the first, second,
and third pulse trajectories, respectively. The black arrows show the action of pulses when the state remains at a fixed point
of the pulse.

We consider the case in which CORP2SE (28) performs (π)0. The parameters are taken to be θ1 = θ3 = 3π
2 ,

θ2 = π/2, and φ1 = φ3 = −φ2 = −π
4 . In Fig. 3, we show the errorless trajectories from ~z, ~n−π/4 = 1√

2
(1,−1, 0), and

~nπ/4 = 1√
2
(1, 1, 0), which are convenient to evaluate the mass centres of trajectories. Each trajectory has the same

length on the northern and southern hemispheres. For instance, the trajectory from ~z (right panel) has a length of
3× π/2 for each hemisphere. In general, it is not sufficient to consider only the length of arcs for evaluating the mass
centre. However, the mass centre of each π/2 arc in these trajectories has the same absolute value of the z-component.
This implies that simply counting the number of π/2 arcs on each hemisphere is sufficient to evaluate the mass centres
in this case. Thus, for π-rotation, we graphically confirm that this CORP2SE is ORE robust.
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V. CONCLUSIONS AND DISCUSSIONS

In this study, we found the geometric property of the ORE robustness condition. For any ORE robust CP, its
errorless trajectory from any point on the Bloch sphere has its mass centre on the xy plane. The converse of
this statement is also true. Moreover, we found that there are many possibilities for ORE robust CPs other than
CORPSE even when we use only three elementary operations k = 3. For CORPSE and our proposed ORE robust
CP, CORP2SE, we confirmed that the mass centres of their trajectories from any initial point are on the xy plane
on the Bloch sphere, as expected. Until now, only the geometric property of PLE robust pulses has been concretely
known, and ORE robust CPs have not been well investigated. One reason for this is that the error term of ORE does
not commute with the control Hamiltonian even at the same time unlike PLE. This makes the analysis of the ORE
robust condition difficult algebraically. Our results of the geometric property will increase the tractability of ORE
robust CPs.

Here, we intend to discuss what happens if the magnitude of the control field ω is not constant throughout the
dynamics. Even in this case, the interpretation of the mass centre is still valid, although the mass density of the
trajectories is no longer uniform. We should assign a mass density proportional to the time-dependent 1/ω(t) at each
point of trajectories. When we consider a time-dependent ω(t), it will be more complicated to construct an ORE
robust CP. Meanwhile, this implies that we can have more degrees of freedom to construction of ORE robust CPs in
such a case.
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