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Abstract: We present an emulation design method for converting asymmetric isolators to 
nonreciprocal ones using time-varying metasurfaces. To illustrate the model, we design a 
structure using a combination of the photonic crystal (PhC) and time-varying metasurface. 
Moreover, we propose a general approach for numerical analysis of the time-modulated 
proposed structure using the extension of the transfer matrix method (TMM) which consists of 
working through the device one layer at a time and calculating an overall transfer matrix 
including the time-variation of the permittivity and permeability in each layer. Also, we use an 
optimization algorithm that is less used in the field of electromagnetism but is suitable for fast 
and accurate parameter optimization. The results show that the proposed method, using pure 
time-varying metasurfaces which cannot prepare full nonreciprocity alone, is a promising 
procedure for breaking the Lorentz reciprocity in the general isolator system as well as 
maintaining the previously asymmetric designed structure.   
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1. Introduction 

Time-dependent metasurfaces are now widely proposed in optical applications (Caloz and 
Deck-Léger 2020; Chamanara et al. 2019; Taravati and Eleftheriades 2019; Pendry 2008; Cui 
et al. 2019). These structures are either purely temporal or spatiotemporal used (Pacheco-Peña 
and Engheta 2020; Zang et al. 2019; Taravati 2018). Combining them with spatial manipulation 
of the surface increases the ability to control the properties of light and, more importantly, 
ensures nonreciprocity properties (Shaltout et al. 2015). But in the time-gradient metasurface, 
despite the lack of conservation of the energy and the vertical component of the momentum, 
due to the conservation of the tangential components of the momentum, the nonreciprocity is 
not provided (Wu and Grbic 2020; Xiao et al. 2014). So far, some ideas have been given for 
this subject so that by changing the phase, it is possible to move from purely time-modulated 
metasurfaces to nonreciprocal applications (Chegnizadeh et al. 2020; Sedeh et al. 2020). 
On the other hand, asymmetric structures are widely proposed in many optical applications (Ba 
et al. 2019; Tang et al. 2016; Ling et al. 2017). Although asymmetric structures cannot provide 
the property of nonreciprocal (Jalas et al. 2013), in many cases, they are expediter (Khorrami 
et al. 2020; Xu and Lezec 2014). Two common candidates to the design of the asymmetrical 
one-way transmitters or isolators are grating (Li et al. 2019; Stolarek et al. 2013; Cakmakyapan 
et al. 2010; Zhu et al. 2018; Xu et al. 2018) and PhC (Serebryannikov et al. 2016; Maystre 
2001; Blankrot and Heitzinger 2019; Bor et al. 2018). In this paper, we try to emulate a structure 
with the capability of nonreciprocity by using the combination of purely time-modulated 
metasurfaces and PhC reflector, which in addition to the need to design asymmetric structures, 
can also have nonreciprocal behavior. The advantage of this method is that it is easy to equip 
the former asymmetric structures to the nonreciprocity property without the need for a new and 
time-consuming design, just by adding time-varying metasurfaces to the asymmetric structures. 



Another advantage of this method is that we have avoided spatial manipulations at the 
metasurface and only temporal changes are sufficient. It should be noted that although our 
numerical method is simulation, our overall model is emulation in which extended numerical 
simulations are developed in combination with a promising structure using extraordinary 
material properties. Therefore, we try to model an approximation of the real system as a way 
to investigate the field of spacetime metasurfaces.  
Temporal changes can be achieved by applying external electrical bias (Salary et al. 2019; 
Yuanhang et al. 2020; Salary et al. 2018) or other various methods (Shaltout et al. 2019). To 
perform the model, we have developed the transfer matrix method (TMM) (Khorrami et al. 
2020; Salary et al. 2018; Hao and Zhou 2008) to be able to solve the time-varying problem for 
time-dependent permittivity and permeability. Finally, using numerical simulation by the so-
called time-varying TMM or TTMM, we have designed an isolator system combining the real 
PhC reflector and unrealistic promising model of time-dependent surfaces. This proposed 
combination effectively breaks the time-reversal symmetry.  

This paper is organized as follows: Section 2 explains the numerical method formulation. 
Implementation of formulation in the form of the proposed structure is discussed in section 3. 
In section 4, the results are discussed and finally, the paper concludes in section 5.  

 

2. Formulation 

We assume the normalized magnetic field of 𝐻 = −𝑗 𝜇 /𝜀 𝐻  and convolutional time-
dependent Maxwell’s equation with negative sign convention. Permittivity (𝜀 = 𝜀 𝜀 )  and 
permeability (𝜇 = 𝜇 𝜇 ) are consisted of relative and free space (𝜀  and 𝜇 ) which the latter 
components are related to each other via the light speed (𝑐 = ( 𝜀 𝜇 ) ). With considering 
incident wavevectors of 𝑘 ,  and 𝑘 ,  and temporal frequency of 𝜔 , we have Fourier 
expansion of the fields as: 
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Where 𝜓 (𝑥, 𝑦, 𝑡) = 𝑘 , 𝑥 + 𝑘 , 𝑦 − 𝜔(𝑢)𝑡  , S and U are phase relation, electric and 
magnetic Fourier coefficients, respectively. Like original TMM, in comparison to the Fourier 
modal method (FMM), we don’t have any periodicity along x- and y-directions and all layers 
are spatially invariant. In TTMM we define time periodicity as 𝑇(= 2𝜋/Ω), where Ω(= 2π𝑓 ) 
is the modulation frequency with the frequency of 𝑓 . By considering temporal variations, the 
periodicity is implemented to relative permittivity as 𝜀 (𝑡 + 𝑢𝑇) = 𝜀 (𝑡), which is applicable 
for permeability, too. Hence, the periodic optical constants can be defined in the transverse 
plane as: 
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Also, angular frequency is expanded as 𝜔(𝑢) = 𝜔 − 𝑢 with integer number of u. The 

terms of 𝑘 , , 𝑘 , , and 𝜔  are the wavevectors and angular frequency of the incident wave 



along x-, y- and t- directions. Using the Cauchy product of two infinite series 
(∑ 𝛼 . ∑ 𝛽 = ∑ 𝛾  𝑤ℎ𝑒𝑟𝑒 𝛾 = ∑ 𝛼 𝛽 ) over Eqs (1)-(4), we have: 
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By substituting Eqs. (5) & (6) into Maxwell’s equations and differentiation over time, we obtain 
six equations as: 
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Where the matrix form of S and U have represented in bold lowercase letters. The W consist of 
diagonal matrix containing the angular frequency 𝜔(u) components. We have defined the 
normalized variables for the incident wavenumbers and longitudinal length through 𝑘{ ; , } =

𝑐𝑘{ ; , } and z = z/𝑐 , respectively. Toeplitz matrix of ⟦𝜀 ⟧  and ⟦𝜇 ⟧  are made from the 
Fourier coefficients au and bu, where each element of (𝛼,𝛽) in the Toeplitz matrix can be 
achieved as 𝑎  and 𝑏 . After a few manipulations, we reach double first-order 

differential compact equations as: 
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Eq. (13) must be solved for each time-modulated layer. Fig. 1(a) depicts a schematic of a 
hypothetical multilayer stack with incident (green), transmitted (blue) and reflected or refracted 
(red) beams. Each layer can be excited with external electrical bias to create time-modulated 
permittivity via the change of the carrier density that is injected to the bars (Park et al. 2017). 
The incident wavevector (𝑘 ) tackles with the first layer by elevation (𝜃) and azimuth (𝜑) 
angles and divides to three directional wavevectors. 



 

 
Fig. 1: (a) Temporally modulated multilayer stack. The incident wave (green line) is injected along the z-
direction and layers are in the xy transverse plan. Refraction and transmission have shown with red and 
blue line, respectively. (b) Conventional definition of the scattering parameters. 
 
We use a temporal scattering matrix to show the effect of each layer. The TMM consists of 
working through the device one layer at a time and calculating an overall (global) transfer 
matrix. In this approach, we add a zero-thickness virtual layer before and after each layer and 
then try to combine them via the Redheffer star product. To do this, we extend the traditional 
scattering matrix by considering the variation of angular frequency matrix W in zero-thickness 
reflection and transmission side layers. From N-port network theory conventions, scattering 
parameters of Sij are quantifying the amplitude of the wave exiting port “I” relative to a source 
injected into port “j”. That is convention and scattering parameters should be consistent with 
this convention or it is confusing as shown in Fig. 1(b).  The scattering matrices derived and 
implemented in the literature for semi-analytical methods have abandoned this convention 
(Rumpf 2011).  While not mathematically incorrect, it makes it confusing and inconsistent with 
how test equipment would measure things. Free space zero thickness air gaps between the 
layers relate fields that exist outside of the layers. This framework produces symmetric matrices 
where S11 = S22 and S12 = S21 (as scattering matrix elements) for all of the layers composing the 
multilayer device. This makes the simulation more efficient, faster and consumes less 
computing cost and memory.  
 

3. Proposed structure 

We proposed a nonreciprocal isolator consisting of a photonic crystal (PhC) reflector and two 
time-varying metasurfaces as seen in Fig.2. Recently asymmetrical PhC- based structure using 
static grating devices has been proposed (Khorrami et al. 2020). As depicted in the cross-section 
view of Fig. 2, the forward incident plane wave excites the structure in the forward direction. 
In the same way, the backward incident plane wave excites the structure from the bottom side. 
By considering PhC solely as depicted in Fig. 3, the diffracted light beam can reach the 
cylindrical rods and blocked through the PhC bandgap at some wavelengths.  

 
 



 
Fig. 2: Cross-section of the isolator using a combination of time-varying metasurfaces and the customized 
PhC. The time-modulated refractive index and thicknesses of the top and bottom slabs are 𝑛 (𝑡), 𝑑   and 
𝑛 (𝑡), 𝑑  , respectively. Each PhC rods have a refractive index of 𝑛  that is surrounded with 𝑛 . Square 
unit cells have a dimension of “a” including rods with an “r” radius. The vertical direction is along the y- 
direction. The inset is a 3D schematic of the figure. 
 
 
To design the structure, we use the cultural algorithm (CA) as reported in (Khorrami et al. 
2020), firstly to optimize parameters of the PhC rods, {a, r}, to reach the proper bandgap in the 
range from 3.23 to 4.25 THz, and secondly for optimizing the time-varying slabs. The 
parameter ‘a’ is the length of the square unit cell from the cross-section view including each 
rod with the radius of ‘r’. For the simulation of the PhC structure, we used the in-house finite 
difference frequency domain (FDFD) program (Khorrami et al. 2020) to rigorously model the 
light diffraction in each mesh point over the whole structure. We used the PML boundary 
condition on both sides of the device along y axis to restrict the structure along with the vertical 
directions. Both the forward and backward incident waves are normal with the transverse 
magnetic (TM) polarization. The refractive indices of the rods are assumed as nH = 3.5 
surrounded by nL = 1.0. The parameters of PhC are optimized as a = 33.14 µm, r = 0.354a µm. 
To reach a nonreciprocal isolator, we need to design forward and backward time-varying 
metasurfaces for down- and up-converting the frequency. We used TTMM to simulate the time-
varying slab and verified the results with common finite difference time domain (FDTD) 
methods (Stewart et al. 2018). If we set the input frequency as 𝑓 = 3.24 𝑇𝐻𝑧, the frequency 
modulation of the system can be set as 𝑓 = 34 𝐺𝐻𝑧 . Using CA, we calculate the exact 
parameter of the input time-varying slab with a time-dependent permittivity of 𝜀 (𝑡) = 𝜀 (1 +

𝛿 𝑓 𝑡)  as 𝜀 = 12.25 , 𝛿 = 0.27161  and 𝑑 = 28.755 𝜇𝑚 , where 𝛿  is the modulation 



depth of the permittivity. The maximum modulation depth can be achieved in graphene electro-
optical modulators (Inampudi et al. 2019; Phare et al. 2015). 
  

 
Fig. 3: The customized PhC spectral for transmittance response. The upper inset is the first left side of 
the bandgap (with a frequency peak point of 3.206 THz) and the lower inset is the schematic of the PhC. 
We have shown the left boundary of the PhC bandgap at 3.24 THz in the upper inset with the dashed-
dotted vertical line.  

 
Fig. 4 shows the magnitude of the transmission coefficient versus temporal harmonic indices 
corresponding to the TM polarization for the normal incident. Fig. 4(a) shows time-varying 
down- converter from  𝑓  to 𝑓 − 𝑓  and Fig. 4(b) shows time-dependent up-converter from 
fundamental frequency to the first harmonic frequency (𝑓  to 𝑓 + 𝑓 ). The backward slab has 
the same parameter as the forward slab except for the rhythm of permittivity variation that can 
be shown with 𝜀 (𝑡) = 𝜀 (1 − 𝛿 𝑓 𝑡) , where 𝜀 = 𝜀 , 𝑑 = 𝑑 . The modulation depth of 
𝛿  is equal for both down- and up-converter metasurfaces.  

 

 
Fig. 4: The magnitude of the transmission coefficient versus temporal harmonic indices for time-varying 
(a) down- converter and (b) up-converter metasurface with red- and blue- shift, respectively. All figures 
have TM polarization with the linear time-varying permittivity of  𝜀{ , }(𝑡) = 𝜀{ , }(1 ± 𝛿 𝑓 𝑡) and 



permeability of 𝜇{ , }(𝑡) = 𝜇{ , }(1 ± 𝛿 𝑓 𝑡). The ± is for down- and up-convert, respectively. The 
green crossed signs are FDTD verifications. 

 
In Fig. 4, we used time-dependent permeability to prevent reflection due to time-varying local 
impedance. The formulation of permeability for down- and up-converted metasurfaces have 
been considered as 𝜇 (𝑡) = 𝜇 (1 + 𝛿 𝑓 𝑡) and 𝜇 (𝑡) = 𝜇 (1 − 𝛿 𝑓 𝑡), respectively. Local 
impedance mismatch in time boundary yields local reflection (Xiao et al. 2014). So, by 
considering identical time modulation of dielectric permittivity and magnetic permeability, i.e. 
𝛿 = 𝛿 , the slab is designed in time equilibrium and 𝜂 = 𝜇(𝑡)/𝜀(𝑡) = 𝜂 𝜂  will be constant. 
In our design, we considered 𝜇 = 𝜇  to have identical metasurface on the forward and 
backward sides. Here, we have assumed 𝜀 = 𝜇  for convenience.  
Practical implementation of the time-varying permittivity and permeability slab represents an 
interesting topic of research that has presented in some scenarios for weak modulation depth 
(Taravati 2018; Saadoun and Engheta 1992; Lira et al. 2012; Qin et al. 2014; Martínez-Romero 
et al. 2016). We think that combining these scenarios with graphene-based structures could be 
a promising way to achieve time-dependent permittivity and permeability with greater 
modulation depth. 

4. Discussion 
As depicted in the simulation of the metasurfaces, by injection of the incident plane wave in 
the frequency of 𝑓 = 3.24 𝑇𝐻𝑧 , which is in the PhC bandgap sufficiently, the upper 
metasurface down-convert it from 𝑓  to 𝑓 − 𝑓  , which is equal to 3.206 THz, and can be 
passed with high transmission coefficient through PhC reflector. The transmitted wave at the 
frequency of the 𝑓 − 𝑓 , up-convert to the original frequency in the second metasurface. In 
time-reversed excitation, if we inject the backward wave with the frequency of 𝑓 , the second 
metasurface up-converts the wave to the 𝑓 + 𝑓 , which is in the PhC bandgap and reflects 
from the PhC reflector. The reflected wave interacts with the second metasurface again to 
experience new up-conversion from  𝑓 + 𝑓  to 𝑓 + 2𝑓 . For 𝑓 + 𝑓  and 𝑓 − 𝑓  injection 
from the backward line, we have an up-convert state to 𝑓 + 2𝑓  and 𝑓 , respectively, that are 
in the PhC bandgap and reflected again.  
There is need to employ bulky component of PhC in our setup because such a setup cannot do 
the same thing as we presented here only upon introducing time modulation metasurfaces. 
The modulation frequency is assumed to be 34 GHz while the operating one is 3.24 THz. This 
will guarantee that the system is in the adiabatic regime of modulation where 𝑓 /𝑓 ≪ 1, which 
is a well-established assumption in most time-modulated works (Suchowski et al. 2014). 
The nonreciprocity has been investigated under normal incidence. If we change the incident 
angle, we will have another distribution of temporal harmonics rather than Fig. 4, that is not 
suitable for our proposed application. 
We can use this method of adding active metasurfaces to any asymmetrical one-way 
transmitters like that proposed in (Khorrami et al. 2020) to prevent any further design and 
immigrate from asymmetric to the nonreciprocal structure  quickly. Designing the integrated 
structure using guided-mode resonance grating with time-varying metasurfaces is another idea 
to develop ideal isolators. Also, we can redesign the proposed PhC in the form of hole-based 
PhC instead of rod-based to easily integrate the nonreciprocal structure with two metasurfaces 
slabs.  

 

5. Summary 
We developed a numerical method to simulate multilayer metasurfaces considering time-
varying permittivity and permeability based on the scattering matrix. Then, we proposed an 
emulation design method to combine PhC reflector with time-modulated metasurfaces resulting 
in a nonreciprocal isolator. CA method was used to  quickly and accurately optimize the 



parameters. We demonstrated that the time-reversal symmetry of every asymmetrical structure 
can be broken using this method, although pure time-varying metasurfaces cannot prepare full 
nonreciprocity alone. Results show good numerical outputs and enough guard band to safely 
design the structure. Finally, we proposed some new ideas to continue this promising research 
in the future. It is impossible at the present time to realize real thin metamaterial slab with 
modulated permittivity and permeability. Indeed, it is used only in simulation for emulating the 
time varying metasurfaces and estimate the performances of the devices based on them. 
Therefore, we believe that this is the beginning of discovering new areas of non-reciprocating 
isolators using a new type of equilibrated material. 
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