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Topological nontrivial systems feature isolated

gapless edge modes1–6, and play a key role

in advancing our understanding of quantum

matter7–18. A most profound way to character-

ize edge modes above is through bulk topolog-

ical invariants, which is known as bulk bound-

ary correspondence19–23. Recent studies on non-

Hermitian physics have pronounced the broken

bulk-boundary correspondence with the presence

of skin effect24–28. Here, we propose a new type

of fermionic topological edge modes η, satisfying
η† = iη, η2 = −i. Remarkably, we demonstrate that

for both two cases: superconductive chain with

purely η modes and quantum chain with η, Ma-

jorana modes γ on different ends, fermion parity

can be well defined. Interestingly, for the latter

case, broken bulk boundary correspondence is ob-

served despite the absence of skin effects . The

phenomenon above is unique to open quantum

systems. For the junction with both η, γ modes,

the current will not remain sinusoid form but de-

cay exponentially. The exchange of η modes obeys

the rules of non-abelian statistics, and can find its

applications in topological quantum computing.

For topological nontrivial Kitaev chain, there can ex-
ist unpaired Majorana mode on separated ends, which is
also its own antiparticle. Also, Majorana fermions can
be viewed as real split part of conventional fermions.
Here we split fermion modes in a another way that
cn = 1

2 (η2n + iη2n−1), c
†
n = 1

2 (η2n−1 + iη2n). It can be
identified that the η modes are fermion modes obeying
the anti-commutation rules, however in contrast to Ma-
jorana and conventional fermion modes, we have:

η† = iη, η2 = −i (1)

To depict a topological nontrivial chain with isolated η
modes on separated end, we consider a one dimensional
superconductive chain:

Hη = −it
N−1
∑

n=1

η2nη2n+1 −
N
∑

n=1

µ

2
η2n−1η2n (2)

where N is the length of the chain and t denotes the tun-
neling amplitude between adjacent sites. Hη implicates
a spin polarized non-Hermitian superconductive chain
without skin effect, and the generalized Brillouin zone
coincides with the conventional Brillouin zone. Hence,
the topological edge modes obtained with open bound-
ary conditions should consist with the bulk topological
invariants. The momentum space Hamiltonian of regular

fermion presentation reads: Hη(k)=
∑

k di(k)·σi(k), with
dx(k) =−it sin k, dz(k) = (it cos k − µ

2 ). For Re(µ) = 0,
we have Hη = iH0, and H0 belongs to BDI class, which
can be topologically characterized by the winding number

W = 1
2π

´ 2π

0
[dx(k)∂kdz(k)−dz(k)∂kdx(k)]dk. Topological

nontrivial region (w = −1) lies in |µ| < 2t.
η, γ modes can be both protected by the presence of

symmetry, UH(k)U−1 = eiϕH(−k), and U is an anti-
unitary operator. For example, degenerate Majorana
end modes can be regarded as a combination of zero en-
ergy state ψ and its symmetric partner state in forms of
γ0A = 1

2 (ψ + ψ∗), γ0B = −i
2 (ψ − ψ∗). Simultaneously,

η0A = 1
2 (ψ − iψ∗), η0B = 1

2 (ψ
∗ − iψ) can be obtained.

Numerically, η modes can not be differed from Majorana
modes by the localization behavior. Hence, to distinguish
η and Majorana modes, one has to detect the phase of
the modes localized at zero energy. Here, for topological
nontrivial zero energy mode τ , we define a phase indica-
tor, Iφ = (τ+τ †)2, and Iφ = 2, 4 corresponds to η modes,
Majorana modes respectively29.
A superconductive chain with singly isolated η modes

on both ends can experience a transition in fermion par-
ity with the boundary conditions changing from periodic
to anti-periodic. The Z2 invariants of the chain with η
modes in Eq. (2) are of Qη = sgn(dz(k = 0)dz(k = π)),
where topological nontrivial region Qη = +1 consists
with that obtained via the winding number.
Conventionally, single Majorana mode must coex-

ist with its partner, even though spatially separated.
Here we composite an intriguing non-Hermitian quantum
chain with combined η−γ modes (non-partner mode) lo-
cated at different ends, which is schematically shown in
Fig. 1a:

Hη−γ = t

N−1
∑

n=0

η2nγ2n+1 +
N
∑

n=1

µ

2
η2n−1η2n (3)

Superconductive quantum chain above also possesses no
skin effects with the determinant of transfer matrix be-
ing identity. Surprisingly, it is presented that the critical
chemical potential where edge modes merge (see Fig. 1b)
to the bulk dose not consist with the momentum space
gap closing points (see green dashed line in Fig. 1c). The
broken bulk-boundary correspondence above is unique to
non-Hermitian system of a particular form. In detail, we
notice that the quantum chain in momentum space of
regular fermion presentation can be read as Hη−γ(k) =
λt
2 (sin kI− cos kσz + sin kσx + sin kσy) +

µ
2σz, λ = 1 + i.

By restricting t = t0λ
∗, system above can be of a Her-

mitian one and there exists no broken bulk boundary
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correspondence. Meanwhile, as the sin kI term can not
generate extra degeneracy, or manipulate the direct band
gap amplitude, which denotes the energy difference be-
tween the minimum of upper bands above zero energy
and the maximum of the lower bands below zero energy.
Thus the ignoring of sin kI contributes to no differences
in topological features, which can be described by the Z2

index:

Qη−γ = sgn[(µ− Re(λt))(µ+Re(λt))] (4)

However, as we release the limitations on t (gen-
erally t = 1). The system is purely non-Hermitian,
and the edge modes can still hold. Indeed, sin kI
shifts imaginary and real band gap closing points in a
separated way: for eigen-energy E(k) = 1

2 (λt sin k ±
√

(µ− λt cos k)2 + 2(λt sin k)2), the gap of real eigen-
energy starts to close at µ = ±Re(λt) with critical
k0 = Nπ,N ∈ Z. However the imaginary eigen-energy
holds a finite gap χ = t, see Figs. 1d-e, where the gapped
the non-Hermitian system can still support edge modes.
By further expanding µ, imaginary gap can be closed at
µ = ±(cos k′0 + sin k′0)t = ±

√
2t, k′0 = (2N ± 1

4 )π. Al-
though the real part of eigen-energy become gapless for
the direct gap, but at above critical k′0, an energy differ-

ence between upper and lower bands keeps χ =
√
2t
2 , see

Figs. 1f-g, which still depicts a gapped region. Hence, ac-
cording to the gap closing definition in ref30, we have no
topological phase transitions with the varying µ, which
is inconsistent with edge modes of open boundary condi-
tions in Fig. 1b. Such inconsistences are indeed caused
by the different critical gap closing momentum k0, k

′
0

for real and imaginary eigen-energy spectrum, effects
of which are unique to non-Hermitian system. Besides,
the differences in real-imaginary gap closing critical mo-
mentum can physically stem from the shift induced by
the sin kI. Hence, the broken bulk-boundary correspon-
dence can take place in non-Hermitian system of the form
H(k) =

∑

i di(k)·σi, i = 0, 1, 2, 3. Also, numerical results
in Fig. 1c suggest that a consistent bulk boundary cor-
respondence can be retained via the utilization of direct
band gaps.
To further illustrate how d0(k)I term breaks the bulk

boundary correspondence, we notice that there exists ar-
bitrary phase freedom θ in the definition of η modes,

which in general can be expressed as, η2n = ei
θ
2 cn −

ie−i θ
2 c†n, η2n−1 = e−i θ

2 c†n − iei
θ
2 cn. Considering above,

the quantum chain with purely η modes in phase depen-
dent form can be described as Hθ

η (k) = (it cos k− µ
2 )σz+

(−it cos θ sin k)σx + (−it sin θ sin k)σy. For Re(µ) = 0,
time reversal symmetry can be preserved regardless of
θ, ΘHθ

η (k)Θ
−1 = Hθ

η (−k),Θ = σxκ, κ is the charge con-
jugate operator. In non-Hermitian system, time rever-
sal symmetry can also implicate particle hole symmetry,
where by denoting Hθ

η = iH ′
η, we have ΘH ′

η(k)Θ
−1 =

−H ′
η(−k).

Things get a little different for non-Hermitian quan-
tum chain with combined η − γ mode on different ends,
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Fig. 1. a, A schematic picture of superconductive chain with
combined η−γ modes on different ends. b, Eigen-energy spec-
trum as a function of chemical potential µ in open boundary
conditions, and t = 1. Blue dashed line depicts the bulk
states, and red dashed line depicts the edge modes. c, Ab-
solute band gap amplitude ζ in periodical boundary condi-
tions (green dashed lines) varies as a function of µ, which is
inconsistent edge modes of open boundary conditions. How-
ever, direct real (imaginary) gap amplitude ∆(δ) satisfies bulk
boundary correspondence respectively. d-e, The real part of
eigen-energy spectrum has gap closing points at µ = ±1.0
with a gapped imaginary eigen-energy spectrum of amplitude
χ ≈ 1.0. f-g, The imaginary part of eigen-energy spectrum
has gap closing points at µ = ±1.42 with a gapped real energy
spectrum of amplitude χ ≈ 0.72. Differences in gap closing
critical momentum of real and imaginary spectrum result in
the broken bulk boundary correspondence.

where there also exists phase gauge freedom for Majo-

rana modes γ2n+1 = ei
θ
2 cn+1 + e−i θ

2 c
†
n+1. The phase

dependent Hamiltonian in momentum space reads:

Hθ
η−γ =(−λt(sin (θ − k) + cos (θ − k)) + µ)c†kck

+ (t sin k)c†kc
†
−k + (it sin k)c−kck

(5)

When we set θ0 = 2Nπ ± π
4 , N ∈ Z, non-Hermitian

Hamiltonian above can be expressed as Hθ0
η−γ(k) = di(k)·

σi, where dz(k) = −
√
2
2 λt cos k+

µ
2 , dx = λt

2 sin k, dy(k) =
λt
2 sin k, and d0(k)I terms are absent. Numerical results
in Fig. 2a demonstrate a consistent bulk boundary corre-
spondence, and topological nontrivial regions can be de-
picted by the Z2 index in Eq.(4). As for general θ, d0(k)I
terms show up and shift gap closing critical momentum of
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Fig. 2. a, The absolute gap amplitude of Hη−γ as a func-
tion of chemical potential with t = 1, θ = 2Nπ + π

4
, N ∈ Z.

The sub-figure shows the corresponding edge modes in open
boundary conditions, and conventional bulk boundary cor-
respondence is preserved. b, Absolute gap amplitude as a
function of chemical potential µ and θ, and bright cyan lines
denote gapless region.

real and imaginary spectrum in different ways, breaking
the conventional bulk boundary correspondence, which
can be inferred from Fig. 2b.
In quantum chain with p-wave pairing, U(1) symme-

try is broken and particle number is not an invariant.
Hence, system can not remain unchanged under trans-
formation c′j = eiφ0cj except φ0 = Nπ, which suggest
the topological index Z2, depicting the fermion parity.
Majorana end modes differ from normal fermion modes
in that along with a change from periodic to anti-periodic
boundary conditions, ground state’s fermion parity will
get reversed. In the following, we will demonstrate how
fermion parity in quantum chain with η modes (or com-
bined η− γ modes) reacts to changes of boundary condi-
tions.
For a quantum chain with η modes, the coupling be-

tween the first and the last site is Hη
boundary = −itη2Nη1,

see Fig. 3a. Via defining fermionic operator: f =
η2N−iη1, we haveHη

boundary = −it
2 (f†f−2), and it can be

expressed Hη
boundary = iH

′η
0 . Correspondingly, for t > 0

in periodic boundary conditions, ground states of H ′η
0 is

regard as |ΦG
pbc〉 = f†|0〉. For the anti-periodic boundary

conditions (t < 0), ground state turns to |ΦG
apbc〉 = f |0〉.

A change in fermion parity happens.
For a quantum chain with combined η − γ modes, the

η
1 η

2N

γ
1 η

2N
a b

Fig. 3. a, In quantum chain of periodic boundary conditions
with purely η modes, η1 and η2n are coupled together. b, In
quantum chain of periodical boundary conditions with com-
bined η − γ modes on different ends, γ1 and η2n are coupled.
Changing from periodic to anti-periodic boundary conditions
can result in a change of the fermion parity, Qη and Qη−γ .

coupling between the first and the last site isHη−γ
boundary =

tη2Nγ1, see Fig. 3b. Another fermion operator can be
defined as f ′ = η2N − iγ1, and in this presentation,
H

η−γ
boundary = λt

2 (f
′†f ′ − 2). In a similar way, by ignoring

the imaginary part in coefficient λ, a change from pe-
riodic to anti-periodic boundary conditions (λt → −λt)
results in a reverse of fermion parity.
As we know, the fractional Josephson effect is closely

related to the fermion parity in the junction. Here, for
a junction with purely η modes, and Re(µ) = 0, the sys-
tem is of pseudo-hermiticity and gain-loss absent. If the
junction is wrapped in a head to tail way and in be-
tween an insulator barrier is inserted, the current flowing
through will be of the sinusoidal form as usual. How-
ever, results above are broken for a junction with com-
bined η − γ modes. To illustrate, we denote states at
the left (right) end of the junction to be ψ1(2), and as-

sume ψ1(2) =
√
n1(2)e

iθ1(2)

. The two end states are gov-

erned by i∂tψ1(2) = (HR
η−γ+H

I
η−γ)ψ1(2)+Kψ2(1), where

H
R(I)
η−γ = 1

2 (H
†
η−γ + (−)Hη−γ), and K presents the tun-

neling between two end states of the junction. It can be
obtained, in contrast to AC Josephson effect, we have:

1

2
∂tn1(2)=Im(HI

η−γ)n1(2)+ I0 sin (θ
2(1) − θ1(2)) (6)

where I0 = K
√
n1n2. Through Eq. (6), the current in

combined η− γ junction will not oscillate in a sinusoidal
way, but exponentially decay with time.
It can be shown that the braiding statistics of η modes

follow that an exchange of ηn, ηm can be described by
the time evolving operator U = e−iπ

4 ηnηm , of which the
non-abelian statistics suggest that η modes can also be
utilized as qubits and applied to fault tolerant quantum
computing29. To achieve a quantum chain of η modes
(or combined η − γ modes) in experiments, we propose
to utilize the topolectrical system. A voltage V (t) =
V (0)eiωt is applied, and the current on each node of the
circuit lattice is governed by the Kirchhoff law, I(ω) =
J(ω)V (ω), where J(ω) is the circuit Laplacian. For the
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Fig. 4. a-b, A circuit lattice realization of a quantum chain
with isolated η modes and combined η−γ modes on different
ends. C and L denote the capacitor and inductor respec-
tively. The real part of effective impedance for the blue and
orange INICs are R1 and R2. c, The two point impedance
of nodes 1,N for circuit lattice simulating η modes in a,
C = 0.25µF, L = 10µH,R2 = 4000Ω. The dashed lines high-
light topological nontrivial cases for R1 > 2000Ω. Boundary
resonance are manifested with ω = ω̄. d-e, To simulate the
cases when chemical potential is purely real or imaginary, IN-
ICs made up of capacitors or inductors shall be applied.

circuit lattice model in Fig. 4a-b, negative impedance
converters with current inversion (INICs), of which the
impedance can be positive or negative depending on the
direction of current, are placed in a staggered way, aiming
to simulate the electron and hole bands in the quantum
chain. The Jη(ω), Jη−γ(ω) of the circuit lattices can be
expressed as:

Jη(ω)

iω
=

(

− 2(1−cos k)

ω2L
− 1

iωR1
−2 sin k

ωR2

−2 sin k
ωR2

2C(1−cos k)+ 1
iωR1

)

Jη−γ(ω)

iω
=

(

− 2(1−cos k)

ω2L
− 1

iωR1
− 2 sin k

ωR2
−2 sin k

ωR2
+ eik

ω2L
−Ce−ik

−2 sin k
ωR2

−Ceik+ e−ik

ω2L
2C(1−cos k)+ 1

iωR1
− 2 sin k

ωR2

)

(7)

where 1
iωC

, iωL and R1(2) are the impendence of the
capacitor, inductor and the INICs. By setting the res-
onant frequency ω = 1√

LC
, we shall have Jη be capa-

ble of simulating Hη(k) with t
2 = 1

ω̄L
= ω̄C = 1

R2
and

µ = 2(it+ 1
R1

).
To detect the nontrivial η edge modes via topolectrical

circuits, we concentrate on the two point impedance of
the nodes pinned at the left and right ends of the circuit
lattice in Fig. 4a, Zη = G(1, N) + G(N, 1) − G(1, 1) −
G(N,N), and G=J−1. In Fig. 4c, two point impedance
|Zη| is most manifested for the resonant frequency ω =

ω̄=
√

1
LC

, and for R1 >
R2

2 , the peaks of |Zη| describe
the topological nontrivial region with isolated η modes
at both ends.

Our results have guided us to a further profound
understanding of topological physics in open quantum
system: unique to non-Hermitian system of the form
H =

∑

i di · σi, i = 0, 1, 2, 3, bulk-boundary correspon-
dence can be broken despite the absence of skin effects.
Although fermion parity in quantum chains (junctions)
can still be well defined, the current flowing through
is not guaranteed to be of the AC sinusoidal form,
and can also decay exponentially, also in which system
initial quantum phase can be memorized. Reversely,
phenomenon above can be utilized to set up phase-
detecting quantum devices. For the future research, we
suggest to concentrate other quantum structures where
η modes can lie, and how it melts in the conditions of
finite temperature. Our works also pave the way for
searching new type of topological edge modes, which
can serves as qubits in fault tolerant quantum computing.
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Methods

Absence of skin effects in superconductive chain

with η modes and combined η − γ modes. The
absence of skin effects can be illustrated via a transfer
matrix approach. In detail, given Nambu basis φn =

(cn, c
†
n)

T, the Hamiltonian Hη can be restated as:

HNambu
η = φ†nJ1φn+1 + φ

†
n+1J2φn + φ†nJ3φn (8)

and the transfer matrix can be obtained as Tη =
(

J−1
1 (ǫI−µ

2 σz) −J−1
1 J2

I 0

)

, where J1 =
(

i
2 −1

0 − i
2

)

, J2 =
(

i
2 0

1 − i
2

)

, J3 =
(

−µ
2 0

0 µ
2

)

. Hence, we have det(Tη) = 1,

which indicates that as the wave packet propagates, it
remain its norm, and there exists no skin effect. Also,
the absence of skin effect in combined η − γ chain can
be derived in a similar way. HNambu

η−γ = φ†nJ
′
1φn+1 +

φ
†
n+1J

′
2φn+φ

†
nJ

′
3φn, and J

′
1=

(

− i
2 −i

0 1
2

)

, J ′
2=

(

− 1
2 0

−1 i
2

)

, J ′
3=

( µ
2 0

0 −µ
2

)

. det (Tη−γ) = −J−1
1 J2 = 1, which indicates the

absence of skin effect.
Braiding statistics of η modes and application to

topological quantum computing. The exchange of η
modes are governed by the non-abelian braiding statis-
tics. To show that explicitly, we present the fermion par-
ity on ith site as:

PR
i = 1− η2i−1η2i (9)

PR
i |...0(i)..〉 = |...0(i)..〉, PR

i |...1(i)..〉 = −|...1(i)..〉. The
total fermion parity can be of the form:

PR
tot =

∏

i

PR
i (10)

Upon exchanging ηn, ηm mode in a T junction via Unm,
fermion parity is preserved, [Unm, P

R
tot] = 0. Considering

all above, we can express the exchanging operator as:

Unm = e−iβηnηm = cosβ − i sinβηnηm (11)

where β is a real constant and (ηnηm)2 = 1. Upon the
exchanging process, we have:

ηm = UnmηnU
†
nm = cos 2βηn + sin 2βηm

ηn = UnmηmU
†
nm = cos 2βηm − sin 2βηn

(12)

It can be seen that β = ±π
4 fulfill the exchanging formal-

ism, and Unm = e−i±π
4 ηnηm . The non-abelian braiding

statistics imply the applications in fault tolerant quan-
tum computing.
Acknowledgements

We are really grateful to Yong Xu, Lin-hu Li, Qi-Bo Zeng,
Ronny Thomale, Ru-Quan Wang for helpful discussion.
This work was supported by the National Key R and D
Program of China under grants No. 2016YFA0301500,
NSFC under grants Nos. 61835013.
Author contributions

Huan-Yu Wang planned the work and carried out the nu-
merics. Huan-Yu Wang wrote the manuscript. Wu-Ming
Liu supervised the work.
Corresponding author:
∗ wangjingxiang727@iphy.ac.cn
† wliu@iphy.ac.cn



Supplementary Files

This is a list of supplementary �les associated with this preprint. Click to download.

huanyu2suppl.pdf

https://assets.researchsquare.com/files/rs-1028290/v1/4f11ad20d1607c16d9dfb0bd.pdf

