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cal method based on the use of continuous collocation Taylor polynomials for
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mathematical ecology.

Keywords Nonlinear Volterra delay integro-differential equations - Collocation
method - Taylor polynomials - Epidemic mathematical model - Corona virus

Mathematics Subject Classification (2010) 45G15 - 34K28 - 45D05 - 45105 -
65L60

H. Laib

Laboratory of Mathematics and their interactions, University Center Abdelhafid Boussouf,
Mila, Algeria.

E-mail: hafida.laib@gmail.com

A. Bellour

Laboratory of Applied Mathematics and Didactics Ecole Normale Supérieure de Constan-
tine, Constantine, Algeria.

E-mail: bellourazzel23@Qyahoo.com

A. Boulmerka

Laboratory of Mathematics and their interactions, University Center Abdelhafid Boussouf,
Mila, Algeria.

E-mail: aissaboulmerka@gmail.com



2 Hafida Laib et al.

1 Introduction

In this paper, a numerical method is presented to obtain an approximate solu-
tion for the following system of nonlinear delay integro-differential equations
!

(0= £(t3(0)5(e =)+ [ kles.v(e).5()ds, (1)
for 1 € [0,T] and y(t) = ®(t) for t € [—7,0] with & : R — R, where the functions
FiRxRIxR? 5 R? and k: R xR xR? x RY — R? are sufficiently smooth.
The existence and the uniqueness of the solution of (1) can be found, for ex-
ample, in [10,11]. The delay integro-differential equations and their systems
have become important in the mathematical modeling of many fields of sci-
ences and engineering (see, e.g., [9,12,18,21,25,29,30]). As a particular case
in traditional population biology, The system of ‘predator—prey’ dynamics,
which was first modeled by Volterra [27]. Moreover, Liu et al. [22] presents a
COVID-19 epidemic model, which can be described by a particular form of
the system of nonlinear delay integro-differential (1). We will present some
applications of this system in Section 4.

Recently, many numerical methods have been proposed to approximate the
solution of system of nonlinear integro-differential equations. For example, op-
erational Tau method [1], linear barycentric rational method [2], Adomian
decomposition method [3], differential transform method [5], He’s homotopy
perturbation method [8], variational iteration method ([20,24,25]), collocation
method [13-15,17,26].

The Taylor polynomial method for approximating the solution of integral
equations and integro-differential equations has been proposed. Bellour and
Bousselsal [6,7] used Taylor collocation method for solving delay integral
equations and integro-differential equations, Taylor collocation method for the
Volterra Fredholm integral equations is used in [28], Giilsu and Sezer [16] ap-
plied a Taylor collocation method for the solution of systems of high-order
Fredholm Volterra integro-differential equations.

The aim of this paper is to generalize the Taylor collocation method in [6]
and [7] to construct an approximate solution for a general form of the system
of nonlinear Volterra delay integro-differential equations (1). In our method,
the approximate solution is explicit, direct, high order of convergence and ob-
tained by using simple iterative formulas.

The paper is organized as follows: In section 2, we divide the interval [0,7]
into subintervals, and we approximate the solution of (1) in each interval by
a Taylor polynomial. The convergence analysis is established in section 3, and
the numerical illustrations are provided in section 4.

2 Description of the Method

We suppose that T = rt, where r € {1,2,37 ...}. Let Ily be a uniform partition
of the interval I =[0,T] defined by ¢, =it +nh, n=0,1,..,N, i=0,1,...,r — 1,
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where the stepsize is given by h= § Deﬁne the subintervals o} = [t};1,),n
0,1,.,N—1,i=0,1,...,r—1 and GN 1 = [ty_ l,tN !1. Moreover, denote by T

the set of all real polynomials of degree not exceeding m. We define the real
polynomial spline space of degree m as follows:

St (Iy) = {u € C(L,RY) : t}, = u| oy € Tp,n=0,..,N—1, i=0,1,...r—1}.

This is the space of piecewise polynomials of degree (at most) m. Its dimen-
sion is rNm+ 1, i.e., the same as the total number of the coefficients of the
polynomials ufl,n =0,..,.N—1,i=0,1,..,r— 1. To find these coefficients, we use
Taylor polynomial on each subinterval.

First, we approximate the exact solution y in the interval 0'O by the poly-
nomial

W=y ym.@tj . 1€ap. (2)

To find y/)(0), we differentiate equation (1) j-times, we obtain

0 ()
k(t,s, ®(1), @(s))ds) (0)

-7

Y (0) = £9)(0, b(0), (1)) + (

"o,

i z |0k, (1)

for j=0,1,...,m, where y(0) = ®(0).

Second, we approximate y by the polynomial u? (n€ {1,2,...,N—1}) on the
interval 69 such that

where 4, is the exact solution of the integro-differential equation

o(0) =Pl (0.0 — D) + [ k{t,s,0(1), B(s))ds

-7

o . (4)
S [ 008 [ K)o
lﬂ

i=0



4 Hafida Laib et al.

for t € 6 such that i, o(t)) = u_ (7).

The coefficients u( )(to) are given by the following formula

0

=7

~(j+1) /.0 () 0 0 ) 0
AUV 0) = (0.4 1<t>cb<<rn—r>>+< k(r,s,cp(r),cb(s»ds) ()

i—1 i—1—i
+ X [0 ke nna(0.dno0)] ) )

+Z/ 8 k(2 5,ud (22, ud (s))ds,

for j€{0,1,....;m} and d,(t?) = u®_ 1(to)
Third, for y to be approximated by u}) (p € {1,2,...,r—1} ) on the interval o},
y is to be approximated by ui (0<k<N-1and 0<j<p)on each interval

G,{ such that

ay)) (i) .
ug(:)zzji(z—zg)-/; t€af, (6)
=

where il , is the exact solution of the integro-differential equation

i, (1) = F(tu \ (0),uf " (1= 7)) + ! k(t,s,uP~ " (6),u”"! (s))ds
(7)
+ /[pk(t,s,ﬁo,,,(t),ﬁo,,,(s))ds,

for 1 € o} such that do (1)) = ul’zf_ll (t)), where uP~! = u on the interval o7~ =
[to_l 5] for p€{0,...,r}.

The coefficients ué /) (t]) are given by the following formula

1 ; _ _
as e @y =D ), (1) — )

2 (j=1-0)

e MR R AT (R )] R

i=0

_ t‘pfl 8
5 o Akl s ) 5))ds ®)

i=0 V%

o R R (j=1-i)
+Y {8,()k(z,t,uoﬁp(t),uoﬁp(t))}

i=0

for j € {0,1,...,m} and do (1)) = u,’\’,ill ().
Finally, on the interval o} (n € {1,2,...,N —1}), the polynomial u} is defined
by the following formula

J

t—tP) ; teao), (9)

-5
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where i, , is the exact solution of the integro-differential equation

tl’

i, () =f (e (0),ul " (1 =)+ [ k(t,5,0P7"(1),uP ™" (s))ds
-7
. (10)
LY / Kty (0), ())ds + [ (e, (1), 1 (5))ds,
i=0 In
for t € o such that () =ul_ (7).
The coefficients ﬁg,j[),(t,’f ) are given by the following formula
ity 1) =1 el (1]l (1 =)
=l . (j—1—i)
- Y [0k - ) =) )
i=0
= ti]i:ll Ny rep p—1l/.py p—1
+l:o/rf*‘ AV, 5,ul ™ (1), (s))ds -
I (j=1-i)
+ ¥ [0kt (0,0, ()] (0])
i=0
n=1 . .
Y [ OkGE sl (1), (s)ds,
i=0 /%

for j €{0,1,...,m} and d,, (t)) = ul_ | (t]).

3 Analysis of Convergence
For ease of exposition, we will consider a feasible linear form of (1), namely

t

Y () =gt) +a)y() +be)y(t—7)+ | k(t,5)y(s)ds, (12)

-7

More precisely, the equations (4), (5), (7), (8), (10) and (11) may be written
in the following linear forms, respectively,

no(t) g(t)+a(t)ino(t) +b(r)P(r—1)+ ’ k(t,5)D(s)ds

—7

/ ds+/ (t,8)dn0(s)ds,

(13)
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=0
0 ()
+ ( / k(t,s)qs(s)ds> (10)
—7
j=lj—=1-=i /.
j—1—i i i .
o 0 Y R PR N
i=0 [=0
(e ﬁzm(flo) B
+ L Y Ao [ o KR s —if) s
i=01=0
(14)
74 )
ﬁé_’p(t) =g(t) +a(t)iop(t)+b(t)iop—1 (t —7) + t_fk(t,s)up_ (s)ds
‘ (15)
+ pk(t,s)ﬁoyp(s)ds,
X
j .
i . J - R - . -
a5 ) = 196+ X (1) (0 0§+ 060l )
=0
SRS J=1=i\ 50 (j—1—i~1) ;P\ 5(D) p-1
- / [0, "k(t,t —7)] (10 1 (t5 )
i=0 1=0
el _
+ Yy s /,.H VKL ) (s — 1P Vds
i=0 [=0 i
j—1j—1—i
J—1—i i i—1—i— N
FX L (1)) ke i, ),
i=0 [=0
(16)
' 7 |
ﬁnyp(t) =g(t)+a(t)inp(t) +b(t)h,p—1(t —T)+ tirk(ms)up* (s)ds
. (17)

n—1 , t
i+1 N
+,§’)/ﬂ’ k(t,s)uf’(s)ds—&-/tﬁk(t,s)ump(s)ds,
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and

W30 = S+ Y f)(< e)asy ) + 6D )l 1))

- J—1—i i i 1—i— R _
( ;)= o a6

iy 1

N- al 1y .
+2:Z ”1 )/”ja“mggm—ﬁlyw

p
I

j=lj=1=i /. :
J—1—i i i 1—i— ~
fX L (1)) ke a6
i=0 =0
el )

+

4

ngE

oK ) s s,

017=0

(18)
The following three lemmas will be used in this section.

Lemma 1 (Discrete Gronwall-type inequality [10]) Let {k;}_, be a given non-
negative sequence and the sequence {g,} satisfies & < py and

n—1
€n§P0+Zki6i, nzla
i=0

with pg > 0.Then g, can be bounded by

n—1
&, < poexp (Z kj> , n>1.

Jj=0

Lemma 2 (Discrete Gronwall-type inequality [4]) If { f, }n>0, {gn }n>0 and {&, }i>0
are nonnegative sequences and

n—1
&< fut Y g€, n>0,

i=0

Then,
n—1 n—1
&< fut ) figiexp[ Y& |, n>0.
i=0 k=0

Lemma 3 [19] Assume that the sequence {&,},>0 of nonnegative numbers sat-
isfies

n—1
& <A&-1+B) &+K, n>1,
i=0
where A, B and K are nonnegative constants, then

&
& < R,— DR+ (1—R)R}|+ ——
n_Rz—R1[( 2 — DR +( 1) l]+R2—R1

(R —Ril,
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where

R = (1 —i—A—i—B—\/(l —A)2+B2+2AB+ZB> /2,

R, = (1 +A+B+ \/(1 —A)? +B2+2AB+2B> /2,

therefore, 0 <R} <1 <R».

The next lemma will be crucial for establishing the convergence of the approx-
imate solution.

In the following, for a given fonction y € C(I,RY), we define the norm ||y/||
by

|| = {max|y;(z)|, t€l, i=1,..,d}

Lemma 4 Let g,k,a,b and @ be m times continuously differentiable on their
respective domains. Then, there exists a positive number o(m) such that for
alln=0,1,....N—1, p=0,1,....,r—1 and j=0,1,....,m+ 1, we have,

lasipll < ex(m)
provided that A is sufficiently small, where il (t) = y(t) for ¢ € 6.

Proof. The proof is split into two steps.
Claim 1. There exists a positive constant o (m) such that ||ﬁ,(11())|| < oy (m).

Let a = Hﬁ%”, we have for all j=0,1,....m+1,
a) <max{|[yV|,j=0,1,....m+1} = al (m). (19)

On the other hand, for n > 1, by differentiating equation (13) j-times, we
obtain, for all j=0,1,...,m,

) J Jj—1 n—1 m
al’ ' <c1+AY ay+(mby+b7) Y af+hd Y Y af,
k=0 k=0 i=0 k=0
where _
A = max{ <;) Ha(j*l)H,l:O,...,j; j=0,...,m},
. 0 . .
¢1 = max{ ‘g(/)—i-( k(t,s)db(s)ds)<f)+(b(t)dﬁ(t—r)>(1)H, j=0,...,m},
-7
N o
b{:max{<f l l>||[8,(l)k(t,t)](/1’l)|;j:1,...,m;
i=0,..,j—1;1=0,..,j—1—i},
" 0)
bﬁzmax{n/ oV k(t,5)ds|), j = 0,....m},
0
and

0,...,m},

1 .
d = max{; 10k (t,s) (s =) |l; j=0,...,m;
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which implies that, for all j > 1,

n—1 m

a’<cl+AZa +( mb1+b2 Za +hd122a
i=0 k=

n—1 m

<c1—|—(A—|-mbl-|—b2 Za +hd12 Za (20)
~—— =
b i=0 k=l
<c1+b1a +b12a +hd122a
i=0 k=

Now, for each fixed n > 1, we consider the sequence y; = a,, for j=1,2,. +1.

Then by (20), the sequence (y;) satisfies for all j=1,2,....m+1

n—1 m

Vj <cl+b1a +b12yk+hd122al,
i=0 k=

hence, by Lemma 1, for all j=1,2,....m+1

— m
vj < crexp(bim)+bi exp(blm)a + hdyexp(bim) Z Z
i—0 k=0
(&) by dy ! (21)
n—1m+1
< C2—|-b2a2+hd2 Z Z af.
i=0 k=0

m+1 m+1

Consider the sequence z, = Y, y; = ¥ a,, for n > 0.
j=1 j=1

Then by (21), the sequence (z,) satisfies

n—1m+1
< (m+1)er+(m+ Dbaay+h(m+1)dy Y Y df
AI/_/ T Tizo k=0
3 3 3

n—1m+l1

< c}+bsa) —l—hnga +hd3 Y Y af
i=0 k=1

< C% +b3ag+hd3 Za?—kha@ Z Zi-
i=0 i=0

Moreover, from (19), we obtain,
20 < (m+2)af (m) = c3. (23)
Let ¢3 = max(c},c3), then from (22) and (23), we get for all n >0

n n—1
wm<c3 +b3a2+hd3 Za?+hd3 Z Zi-

i=0 i=0
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Then, by Lemma 2, we obtain

n n—1 J
o <cstbsay+hds Y a)+ Y hds(c3+bsa) +hds Y a)) exp(tds)
i =0 i=0

i=0 j=
< c3(1 + tdsexp(tds)) + (b3 + hd3)a®

4
n—1
+ h(d3 + d3bz exp(tds) + td3 exp(tds)) ) &
i=0

dy

n—1
<c4+(b3+1d3)ay+hdy Y af.
N——— i=0
by

On the other hand, by integrating (13) from £ to ¢ € 67, we get,
n—1 m
a® < [ul_ (1) + hey + hAd® + hb3a + P d, Y ) ak
i=0 k=0

n—1 n—1
< |uf) (¢ +her +hbian +1Pdy Y a) +1Pdy Y 7.
i=0 i=0
Moreover, from (3), we obtain,

m
0 0 0 j
‘I/ln71 (tn)| S anq +h Z a.l{l—l
=

< 0271 +th—17

hence,
n—1 n—1
a) < al)_| +hzu_1 +hey +hbya)+ h2dy Y a) +h*dy Yz,
i=0 i=0
using (24), we deduce that
n—1
a% <a |+ h(cy+bgal_| + hdy Y a?) + hey + hba®
i=0
n—1 n—1 n—1
+hdL Y a) +h7d) Y (ca+baa) +hds Y af)
i=0 i=0 k=0

< (1+hbg)dd_| +h(cy+c1+tdicy) +hbyad
~—_———

Cs
n—1

+h* (dy+di +dibs+tdda) Y
i=0

ds

(24)
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this implies that

n—1
(1—hby)a) < (1+hbs)al_| +hes+hPds Y ),

i=0
hence, for all k € (0, ﬁ), we have
0 < LAhbs s hzds il o, hes
ST e T T ey & Ty
Then, by Lemma 3, we get for all n € {0,1,...,N — 1}
O b [(Ry— DR+ (1—R)RY + hes Rl — R
n_Rz—Rl 2 2 e (RQ—Rl)(l—hbl) 2 1 (25)
al(m) hes
< 2 [(Ry— 1R+ (1 —R|)R! R: —R!
—RZ_RI [( 2 ) 2+( 1) 1]+(R2—R1)(1—hb1)[ 2 1]7
where
2 |1 L+ hby+iPds [ (b +ba)*+h2d3 +2ds(1 + hby) ds P
P 1— hby (1—hb )? 1—hby |7
1 + hbs + h2ds (b1 +bs)? +h2d2 +2ds (1 + hby) ds
Rr= |1 h 2 2.
2 T T, (1—hb )? 2T |/

Since 0 < Ry <1< Ry, then for all h € (0,5-), we have

)

T
RI<I<R;<RY=RIn=0,1,.,N—1
which implies, from (25), that

(R — DRI+ (1-Ry) th

< 11( ) R, — R, T (RZ_R])(I_th).

Then, there exist ; € (0, %) and of (m) > 0 such that for all i € (0,h]
@ < of(m),n=0,1,..,.N—1,
which implies, from (24), that for all j=1,2,....m+1and n=0,1,...N—1
al <z, < cq+ba0d (m) +dyai (m)T = o (m).
Hence, the first step is completed by setting
oty (m) = max (e (m), o (m).

Claim 2. There exists a positive constant a(m) such that ||12,(,J27|| < a(m) for all
n=0,1,.N—1,j=0,1,...m+1and p=1,....,r—1.
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Let a{;,p = ||ﬁ,(zjz|| and §, = max{a'i’:p,j =0,..,m+1,i=0,..,.N—1} for p=
0,..,r—1. '
Similarly to Claim 1, by differentiating equation (15) j-times, we obtain for
all j=1,...m+1,
. J-1
a{),p <ci+bigpi+di Y, 06,,”
=0

where c¢1,b1,d; are positive numbers.
On the other hand, by integrating (15) from #{ to t € 6}, we get,

118,,, <cr+b2¢, +hd208p7

where ¢, b>,d, are positive numbers.
hence, there exists h € (0,h;] and positive numbers c¢3,b3,ds such that for all
h e (0,h] and j € {0,1,...,m+ 1}, we have

. j-1
]
a{)m <c3+b3é, 1 +ds Z ag,p-
=0

Then, by Lemma 1, for all j € {0,1,....m+1}

aéyp < czexp(dz(m+1))+bzexp(dz(m+1))&,_1,

c) by
hence, for ¢4 = max(o (m),cl), we get for all p=0,1,....,r—1, j€{0,1,...m+1}
aéﬂp <cy+bspy. (26)

Next, by differentiating equation (17) j-times, we obtain for alln=1,...,N—1
and j=1,...m+1,

) j—1 , n—1m+1 ,
j
a, <cs+bs&yo1+es ;}an,ﬁdsh ;) IZO 4 ps
= i= =

where cs,bs, e5,ds are positive numbers.
Then, by Lemma 1, for all j € {1,....m+1}

a,{p < csexp(es(m+1)) +bsexp(es(m+1))&,—1 + esexp(es(m+ 1))a27p
—_—

Co bg €6

n—1m+1

+dsexp(es(m+1))h Z Z afyp.
" =0 =0
dg
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m+1 .

Consider the sequence y, = Y. an,, n=0,1,...,N — 1, hence, by the above
=1

inequality, the sequence (y,) satisfies for all n=1,....N — 1,

n
yu < (m+ Deg + (m+1)be §pr + (m+ Degay , + (m+1)dsh Y- ),
—_— Y S—— N—— =0

1 bl ey d
€7 7 7 (27)
n—1
+ (m+ 1)d6h Z Vi.
" =0
dy
Moreover, from (26), we obtain,
Yo < (m+1)es+(m+1)bs &y (28)
—_— Y—
& i
Let ¢; = max{c},c3} and b7 = max{b},b3}.
Then, from (27) and (28), we get for alln=0,1,....N—1,
n n—1
yn <7 +b7€p,1 +e7a2,p +d7hZagp +d7h Z Vi,
i=0 i=0
hence, by Lemma 2, we obtain
Yn < c7(1+ tdyexp(tdy)) + b7 (1+ td7exp(td7)) Ep_1 + (e7 + Td7) ),
——
cg bg eg
n—1 (29)
+ h(d7 + dre7exp(tdr) + td3 exp(tdy)) ) agp.
i=0
dg

On the other hand, by integrating (17) from #; to t € oy, we get

n—1 m
ag,p < |ul_ (7)) + heo + hbo&, 1 + hegagﬂp +doh? Z Z af’p
i=0 =0

n—1 n—1
< |ub | (D) + heg + hbo&, 1 + heoal) , +doh® Y. af , +doh® ¥ i,
i=0 i=0

foralln=1,....,N — 1, where cg,bg,e9,dy are positive numbers.
Moreover, from (9), we obtain,

m
0 .
|MZ—1(trIl))| S anfl,p—’_h Z a;{;—Lp
=

0
S an—]ﬁp +h)7n—17
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then,
n—1 n—1
dy , <dy 1 ,+hyn1+hco+hbo&y | +heody) ,+doh® Y a) ,+doh* Y yi,
i=0 i=0
which implies, by using (29), that

n—1
(1—heg)ay , <aj)_; ,+h(cs+bg&p 1 +esdy_y ,+hdg Y af,)+hey+hbo, 1
i=0

n—1 n—1 n—1
—|—d9h2 Z agp —‘rdghz Z (cs+ bgé:p_l +€ga2p + hdg Z agp)
i=0 i=0 k=0

<(1+heg)ay | ,+h(cg+co+ Tdocg) +h (bg+bg + Tdobg) &y

€10 bio

n—1

+i? (ds + do + dges + tdods) Z a?,p»
i=0

dio

hence, there exists h3 € (0,h2] such that for all & € (0,h3], we have

L < l+he8a0 h(cio+b10&p-1) | Kdio 0
P = 1 — heg n=Lp 1 —hey 1 — heg i=0 o

Then, by Lemma 3, we get for all n € {0,1,...,N — 1}

0

a h(cio+b10&p—1)
0 « 0P 1R 1)RI4(1—R)R" p—1_1gr _ R"
an,P*Rz_Rl [( 2 ) 2+( 1) 1}+(R2—R1)(1—h69)[ 2 1}7
where
Rl — 1+1+heg+h2d10_h (68+69)2—|—h2d%0+2d10(1+h€8)+2 dio /2
' 1— heo (1— heo)? 1—hby | "7

1+ heg —‘rhzdlo (68 —|—€9)2+h2d%0+2d10(1+/’l€8) dio
Ry=|1+ h

2 2.
1—hes (1—hey)? 2 |/

Hence, similar as in (25), there exist hs € (0,h3] and R > 0 such that for all
h € (0,hy), we have

agm < a8,pk + (Cl() + bl()épfl)ka

which implies, by using(26), that for all n € {0,1,...,N—1} and p € {0,1,...,r —
1}

ag,p < (64 + Clo)ﬁ—F (b4 + blO)ﬁgp—l .

i1 b
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Then, from (29), we get for all n € {0,1,...N—1}, je{l,...,m+1} and p €
0,1, r— 1},

aj , < yn < (cs +egcry +Tdscrr) + (b + egbiy + Tdgbiy) &y,

1 1
‘12 b1y

Let ¢12 = max(cy1,cl,) and by = max(by1,bl,).
We deduce that, for all p € {0,1,...,r— 1},

Ep <crn+bnép
p—1
<cn+bn ) &
i—0

1

Then, by Lemma 1, we get for all p € {0,1,....r—1}, n€ {0,1,....N—1} and
je{0,1,...m+1},

ai;,p < &, < crpexp(rbin) = a(m).

This completes the proof of Lemma 4.
The following theorem describes the order of convergence of the method.

Theorem 1 Let g,k,a,b and ¢ be m times continuously differentiable on their
respective domains. Then equations (2), (3), (6), (9) define a unique approxi-
0)

mation u € Sy’ (Ily), and the resulting error function e :=y — u satisfies:
le]| < Ch™

provided that h is sufficiently small, where C is a finite constant independent
of h.

Proof. The proof is split into two steps.

Claim 1. There exists a constant Cy independent of & such that ||e°|| < Coh™,
where the error e’ = e| ;o which is defined on 62, by €°(¢) = €(¢) = y(¢) —ul(¢)
for all n € {0,1,....N —1}.

Let r € G(()) , we have from Lemma 4, for sufficient small &

]

b)) = Ibte) = ()] < gyt < o

In general for n=1,2,...,N—1 and € 6°, we have from (13),

n—1 ’zp+1
Y (1) =i o(t) = a(t) (y(t) — (1)) + ;)/zo k(t,5) (v(s) — 1 (s))ds

+ [ k(t,5)(y(s) —dno(s))ds,

i
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this implies that,
I ,
I =t oll < ko Y [lef]| + (4 + Tho) [ly = ol
s L ; ’ (30)
A

where, ko = [k - (6° x 6°).
On the other hand, for r € 6?,

9(0) = o) = (03) = o 05) + [ /(5) = o))

n 1 +/ _MnO )ds7
it follows that,
”y_ ﬁn,O“ < ||62_1 H +h||y/ - IZ:z,OHa
hence, by using (30), we get,

hk() nl

i Ll

1
Iy—tnall < —— e, +

Therefore, by Lemma 4,

llenl] < Ny = ol + [0 — uy]|

< = ol + o
Then,
1 Wky "
lenll < T—== llen-ll + 5 °~Z I °||+ h"’“

hence by Lemma 3, for all n € {0,1,...,N—1}

|| a(m) pm+1

n n (m+1)! n n
Ry —1)R5+ (1 —R1)R}|+ R5 —R
Ry—R, [( 2 ) 2 ( 1) 1] R, —R, [ 2 1} (31)

a(m) et [(R2— DR+ (1 —Ri)RY] + R — RY]
(m+1) Ry, — R ’

OO

lenll <

IN

where

B 1+/ko  h 1-h(A+/E)
R1<1+1—h/1 1—h2\/g)/2 2(1—hA)

B 1+ h2ko h _1—h(A—/€) (32)
R2_<1+ 1—hA +1hﬁ\/g)/2_ 2(1—hA)
& = A%+ (hko)® 4 2ko(2 — hA).
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Since 0 < R; <1 <R, then
T
RI<1<RE<RY=R}n=0,1,.,N—1,
which implies, from (31), that

a(m) o [(Re— DRI +(1—R)) +R]
CERN JE !

we deduce that, there exist Ry and h; such that, for all h € (0,M]

leall <

JeS)) < R
Thus,

el =, _max  [lea] < Ru. (33)

Hence, the first step is completed by taking Cy = R;.

Claim 2. There exists a constant C independent of & such that |le]] < Ch™.
Define the error e”(t) on 6” by e?(t) = y(t) —u”(t) and on o} by eP(t) = e} (t) =
y(t) —ul(t) for all n € {0,1,....N—1} and p € {0,1,...,r —1}.

First, let 7 € 6}, we have from (15),

Y (1) =i, (t) = at) ((r) — o, (1)) +b(r) (e ' (1 — 1))

e ¢
N 0 k(t,5)e? =" (s)ds + ) k(t,s)(y(s) —do,p(s))ds,
X

-7

such that y(t]) — g, (15) = y(t]) — =1 (1§) = e~ (1)),
hence,

by =dto,pl| < fler™ || +hlly' = o o

< [le =l | B+ ko) ™|+ ALy =, ]
A’C_/

B

where B = ||b|| and A = A + tko, this implies that

1+hB

LEBE o).

Iy =0 <

Therefore, by Lemma 4,

leg | < Iy —dto,p| + [0, |
o(m)

m+1
mr"

< [y =dwo, || +
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then,

1+hBH p— 1H Ot(m) herl. (34)

HeOH — m+1)y

Next, let t € o} for n € {1,2,...,n}, we have from (17)
i

Y () =, , (1) = a(t)(y(t) = dnp (1) +b(E) (ef ™ (1 =) + [ k(r,5)e" ™ (s)ds

nolo el t
+i;0/’ip k(t,s)ef(s)ds—i—/tfk(t,s)(y(s)_ﬁn.p(s))ds,

such that () — () = y(&) — ul_, (i) = e, (i},
hence,

||y_ﬁ"’PH < Hefz 1H +th/_ Anp”

<len il +hB e +A v~ unp||+h2k02||e"||

=0

this implies that

—1
=l < el + 2 o e
Then, by Lemma 4,
<l e~
< —— e+ S e+ g
It follows from Lemma 3, for all n € {0,1, ...,N— 1},
gl n ny 1= hA m+1 ! n_ pn
e < > [(Ra = VRS +(1 = R )R] + R (RS Y]
Ro— DRE+(1=R))  Blle" ]| +(1-h) G5 o

(
< P
—||60|| R2_R1 \/g 2

where Ry and R, are defined by (32).
So, there exist R, and hy such that, for all i € (0,h]

lefll < Cllegl]+ [le”= | +r")Rs,

which implies, by (34), that for all A < hy,

+h
el < (G0 1) e+ 2 amet Ry
1+ hyB olm N
S((l hZA H P— 1||—|— _(’_l))'h2+1)hm)R2,
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hence, for R3 = max{( 1+th -+ 1Ry, ( (mi_l)) hy +1)Ry}, we obtain,

||6£H < R3 H€p71 H +§3hm,

we deduce that,
_p=l _ _p-l B
el < B ]+ R <R T[]+ R e
i=0 i—0

where Ry = max{ﬁl,}%}.
Then, from (33), (35) and by using Lemma 1, we get,

le? ]| < R W™ exp(r§3). (36)

Thus, the proof is completed by taking C = R4 exp(rl%).

4 Numerical Examples

In this section, we present several examples with analytical solutions to show
the performance of the described method in Section 2 for solving the system of
Egs. (1). In each example, we present a different dimensional nonlinear system
(one-dimensional in example (1), two-dimensional in examples (2), (3) , (4),
(5), (6), four-dimensional in example (8) and five-dimensional in examples (7)
and (9)). We calculate the error between y and u. Also, the results obtained
in examples (3), (4), (5), and (6), which arise in mathematical modeling of
"predator-prey” dynamics in Ecology, are compared with those obtained from
the application of Variational Iteration Method (VIM) [20], Adomian Decom-
position Method (ADM) [3] and Pseudospectral Legendre Method (PLM) [25].
Moreover, we apply two mathematical models that simulate the evolution of
the COVID-19 epidemic in China, namely the SEIR [18] model in example (8)
and the SEIRU [22] model in example (9).

Example 1 ([23]) Consider the Volterra delay integro-differential equation
V(1) = =(6+sin(0)y(t) +y(t = F) — f_z sin(s)y(s)ds,

for r € [0, %] and y(t) = es0) for r e [ % Z.0] with @(r) = ).

The absolute errors for (N,m) = {(4,4),(6,6),(8,8),(10,10)} are presented in
Table 1.

Example 2 ([2]) Consider the nonlinear system of VDIDEs:
0 OV, ( 0 im0\ (-5, [ (A 0
Vi 4N sin -3 / (1+y1(s>> 81
(yz(t)> 4 <y2(t)> + (COS(t) 0 ) (yz(t — g)) T -1 (14cos?(s)y3(s)) ds+ <g2(t))
V2(14y(s)

for 1 € [0,22], g(t) = (g1(t),g2(t))" is chosen so that the exact solution is
y(t) = (sin(t),cos(t)) and @(t) = y(t) for t € [-%,0]

The absolute errors for (N,m) = {(4,4),(8,8)} are presented in Table 2.
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Table 1: Absolute errors for y(f) of Example 1

t (N,m)=(4,4)  (N,m)=(6,6) (N,m)=(8,8) (N,m)=(10,10)
0.0 0.0 0.0 0.0 0.0

n/10 1.79x 1076 2.58 x 10710 2.76 x 10710 7.68 x 10711
/9  3.68x107° 3.21x 1078 3.02x 10710 1.33x 10710
n/8  6.54x 1077 1.16 x 1077 3.76 x 10710 1.99 x 10710
/7 3.60x107° 6.21x 1078 6.41 x 10710 4.02x 10710
/6 122x1073 1.61x 1078 2.39x 10710 3.35x 1071
/5  3.95x107° 2.17x 1078 1.89 x 107° 2.50x 10710
/4 212x107* 1.26 x 1076 3.40x 1078 9.93 x 10710
/3 216x107* 5.35x 1076 1.96x 1078 1.52x 1077

/2 1.59x1072 2.44 %1074 3.00x 107© 431x1077

Table 2: Absolute errors for y(¢) of Example 2

t yi(t) »2(t)
(N,m)=(4,4) (N,m)=(8,8) | (N,m)=(4,4) (N,m)=(8,8)

0.0 0.0 0.0 0.0 0.0

7/20  7.96 x 1077 1.56 x 10714 2.08 x 1078 1.22x 10712
2m/20  3.07x107° 1.48 x 10711 1.62x 1078 1.66 x 10710
3m/20  3.46x 107° 2.84 x 10711 2.04x 1077 2.88 x 10710
47/20  6.39x 107° 1.72 x 10711 1.63 x 1077 3.55x 10710
5m/20  7.17x107° 1.40 x 10710 8.12x 1077 2.42x 10710
6m/20 1.16x 1073 3.07x 10712 5.98 x 1077 1.79 x 10710
77/20  1.32x 1073 5.08 x 10711 1.38 x 1076 3.17x 1071
87/20 2.01 x 1073 1.49 x 10710 4.73 x 1077 2.37x 10710

Example 3 ([25]) In this example, we solve the system (1) of two nonlinear
delay integro-differential equations with

Py (t) = —12, Dy(t) = $te" for t € [-1,0],

ki(t,s,y(2),5(s)) = (3 =2(t = 5))y1 (1)y2(s),

ka(t,5,y(1),¥(s)) = (1 = $)y1 (s)y2(1),

Fil03(0) = (2=3te = Jer + Bred 1+ Red ) “2r431(0) 2= yal0),
Sa(t,y(t)) = grge " (3423 — 812 + 3251 +324) + ya (1) (—2+y1 (1))

?he exact solution of this system is in the following form yi(¢) = —£2, y,(t) =
Ste .

%’he absolute errors of Taylor Collocation Method (TCM) for (N,m) = (8,8)
are compared with the absolute error of the Variational Iteration Method
(VIM), Adomian Decomposition Method (ADM) and Pseudospectral Legendre
Method (PLM) given in [25] in Table 3 and Table 4.

Example 4 ([25]) Consider the system (1) of two nonlinear delay integro-
differential equations

N = (=304 152+ 5= ) +31(0) (1= 59200)) + [y =3 (0)ya(s)ds
()= (B3 =2+ 3—1)+30) (—2+y1(1)) +f;,%(f—s— D)y1(s)y2(t)ds,
for + €[0,1] and y(r) = ®(¢) for ¢ € [-1,0] with

D(t)=-3t+1, Dy(t) =1 —1,
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Table 3: Comparison of the absolute errors for y;(r) of Example 3

t PLM ADM VIM TCM

0.1 1.02x10™* 1.68x10° 450x10710 1.40x10°13
02 1.76x107* 256x107° 4.07x107% 2.75x107!2
03 229x107* 3.70x107° 4.72x10°8 1.21 x 10711
04 269x107* 188x107* 3.64x1077  6.08x 10712
0.5 3.04x107% 692x10% 203x10°  6.66x10715
0.6 342x10% 207x103 880x10° 3.39x10°!
0.7 390x107* 527x1073 3.12x107°  5.61x107!2
0.8 456x107* 1.17x1072 9.44x107° 1.02 x 10710
0.9 548x107% 239%x1072 251x10% 9.29x 107!
1.0 674x107* 451x107%2 6.04x10~* 1.49 x 10710

Table 4: Comparison of the absolute errors for y,(r) of Example 3

t PLM ADM VIM Present method

0.1 1.76x1073 253x10° 980x10°% 482x10°1
02 220x1073 212x107° 6.93x10°% 288x10° 13
03 191x1073 150x107% 2.69%x1077 1.43x10°12
04 133x1073 629%x10* 355x1077 282x10°12
05 739x107* 1.89x1073 249x10°° 9.11x10°12
0.6 3.17x107* 469%x1073 1.08x107° 1.13x10°!!
0.7 130x107* 1.00x1072 385x107° 9.67x10°12
0.8 151x107* 195x1072 1.14x107* 1.64x10°!!
0.9 270x107* 348x1072 3.00x107* 2.63x10°!!
1.0 3.08x107% 584x1072 7.11x107% 3.76x 107!

ki (2,5,3(1),y(s)) = —y1(£)y2(s),
ka(t,5,3(1),y(s)) = (1 = s = D)y1 (s)y2(1),
filey(0) = =30 + [+ 1t = 2+ () (1= 50200)),

Plty(1) = B85~ 124 3 11 35(0) (241 (1),

The exact solution of this system is in the following form

yi(t)==3t+1, y(t) =1>—1.

The absolute errors of Taylor Collocation Method (TCM) for m =10, N = 10
are compared with the absolute error of the Variational Iteration Method
(VIM), Adomian Decomposition Method (ADM) and Pseudospectral Legen-
dre Method (PLM) given in [25] in Table 5 and Table 6.

Example 5 ([25]) As the last example, consider the system (1) of two nonlin-
ear delay integro-differential equations
for t € [0,3] and y(t) = @(r) for t € [-5,0] with

Di(t) = 4s1n( ), &) = }tsm(t),
(t,5,y(t),y(s)) = *yl(f)yz( ),

ka(t,s,y(t),y(s)) = 1(S ()

filt,y(t)) = g1() + (1) (1—3»2(2)),
(t.y(t) =g (f)+ ()(

, —I— 1(t)) where
gi(t) = Jcos(r) — L sin(t) (3 + 5 sin(r) — Jcos(r) + S cos(t — 3)) and

—
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Table 5: Comparison of the absolute errors for y;(r) of Example 4

t PLM ADM VIM TCM

0.1 198x1071B  1.09x107* 3.15x10™* 1.66x 10~
0.2 323x10713  1.78x107* 427x107* 6.49x10~ 1
03 361x10713  1.08x107* 4.72x107* 1.14x10710
04 321x10718  3.09x107* 4.85x107* 1.92x10°10
05 209x10713  135%x1073 4.74x10™* 3.03x10°10
0.6 337x107™ 135x1073 445x107* 4.17x10°10
07 198x10713  637x1073 436x107* 4.62x10710
0.8 481x10713 1.04x1072 535x107* 5.82x10°10
0.9 805x1071 152x1072 9.10x10™* 6.53x10°10
1.0 1.16x10712  199x1072 1.82x1073 7.02x10°10

Table 6: Comparison of the absolute errors for y,(r) of Example 4

t PLM ADM VIM TCM

0.1 446x107 758x107° 3.34x107°> 0

02 374x107™  136x107% 854x107° 2.50x10"™
03 1.10x107  7.65x107% 133x107* 432x10713
04 9.03x107™ 275%x1073 1.79x107* 6.36x 10712
05 1.89x107°1B  763x103 222x107* 1.03x10~ M
0.6 298x10°183  1.77x1072 237x107* 2.13x 107!
0.7 4.06x10713  361x1072 1.62x107* 2.00x10~!1
0.8 5.02x10718  666x1072 1.07x107* 3.29x 107!
09 576x10713  1.13x107'  731x10* 445x10~ 1
1.0 6.18x1073  1.83x107" 1.90x1073 8.10x10~!1

g(t) = — L cos(t) + §sin(t) (f% + 3sin(r) — g cos(r) + %671370(&5([7%0)7“"([7%))).

The exact solution of this system is in the following form

yi(t) = %sin(r), ya(t) = —% sin(z).

The absolute errors for N =3 and m = {5,10} are presented in Table 7.

Table 7: Absolute errors for y(f) of Example 5

t yi(t) y2(t)
m=>5 m=10 m=>5 m=10
0.0 0.0 0.0 0.0 0.0

0.5 7.16x10710  6.60x10713 | 2.63x10°10  4.08x 10713
1.0 504x107°  7.02x1072 | 1.51x107°  6.99x 1012

1.5 1.64x1078 1.88x 10711 | 471x107%  5.71x 10712
20 374x10°%  9.08x 107! | 1.01x10°8 1.79 x 10712
25 6.53%x10°8 1.49% 10710 | 155%x10°%  4.72x 1071
3.0 9.18x10°%  720x107'! | 1.72x 1078 1.21 x 10710

Example 6 ([25]) Consider the system (1) of two nonlinear delay integro-
differential equations with
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fZ(tay(t)) = ﬁe

.t

fit,y(1) =2t —1— (2 —1) (H—}—ée”f

1

3
— %64

—t, Dy(t)=—eF fort € [—%,0],

1),5(s)) = (s =t)y1(t)y2(s),
),y

_3t) +y1(2) (1 - %yz

—31(10080¢% — 103041 +6275) +ya () (—14 3y (t
The exact solution of this system is in the following form y;(¢) = > —1t, y2(t) =

(1)),
).

The absolute errors of Taylor Collocation Method (TCM) for m =8, N =8

are compared with the absolute error of the Variational Iteration Method
(VIM), Adomian Decomposition Method (ADM) and Pseudospectral Legen-
dre Method (PLM) given in [25] in Table 8 and Table 9.

Table 8: Comparison of the absolute errors for y;(r) of Example 6

t PLM ADM VIM TCM

0.1 7.99x107* 248x107> 359%x10°7 1.51x10°12
02 148x1073 991x107> 266x10~7 7.21x10°12
03 205x1073 216x10* 4.66x1077 3.86x10712
04 252x1073 380x10* 1.64x107° 8.68x10°12
05 291x1073 6.11x107* 6.93x10° 248x10°!!
0.6 3.22x1073 958x107* 1.73x107% 2.94x10°1
0.7 347x1073 150x1073 323x107% 3.78x10°!!
0.8 3.67x1073 240x1073 492x10~* 7.34x10°12
09 3.82x1073 381x1073 641x107% 4.08x10°!!
1.0 395x1073 592x1073 737x107* 9.12x 107!

Table 9: Comparison of the absolute errors for y;(¢) of Example 6

t PLM ADM VIM TCM

0.1 3.61x1072 487x107> 1.09%x1075 2.88x1012
02 453x1072  444x107° 155x1075  4.44x10°12
03 4.06x1072 1.62x10% 822x107% 335x10°!!
04 3.06x1072 870x107* 926x1075 590x10!!
05 204x107%2 249x1073 3.95x10°* 391x10°!!
0.6 130x1072 543x1073 937x107% 434x107!!
0.7 9.06x1073 983x1073 1.62x1073 5.66x10"!
0.8 8.19x1073 153x1072 226x1073 2.15x10°10
0.9 896x1073 210x1072 2.63x103 7.67x10°!!
1.0 9.14x1073 254x1072 257x1073  261x10°10
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Example 7 Consider the following five-dimensional nonlinear system:

yi(t) =gi(t) = y1(0)y3(t) = yi(2)
ya(t) = yi(1) —ys(t) —y2(7)
V(1) = y3(1)(2—y3(1)) — ya(t)ys(z) ;1 €[0,2].
/ ! 1 (37)
Ya(t) = &2(t) + o (s =y3(t))ds — ;ya(1)
ys(t) = g3(t) + 71SY3(f)dS— %ys(f)

( ),&2(1),83(¢) are chosen so that the exact solution is
( e 2tJrcos 202 +1,1 -2t —1* —cos(t),cos(t)) and y(t) = P(t) for
[ ,0]. The maximum errors that have been obtained for system (37) for
( ) {(3,3),(4,4),(5,5),(6,6)} are presented in Table 10.

Table 10: The maximum errors of system (37)

(N,m)  (3,3) (4,4) (5,5) (6,6)

(r)  483x107° 1.96x1077 1.25x107°  3.68x 10710
()  3.83x107° 2.15x1077 8.87x107'" 7.26x1071°
y3(t) 261x107*  7.12x 1070  1.19x107°  L12x 1077
(1) 937x107*  1.32x1077  2.01x107°  7.41x10710
(1)  7.84x107 9.89x107% 4.01x107'" 1.06x1071°

Example 8 ([18]) In this example, we found a numerical solution for the SEIR
model based on the four nonlinear ordinary differential equations describing
the COVID-19 epidemic in China. It has four elements which are S (suscepti-
ble), E (exposed), I (infectious) and R (recovered) and can be represented as
follows:

%(f) = —ﬁ%l(t) - %S(t) +p1+PE — (% + %E)S(t) + VN(t) — uS(t)
dE, . S(t) z P PE

0= B0+ £5(0) — aB@) — (5 + PV E)  pE() - 0B ()
dl pr | PE

0= @B ~7i(0) - (B +-BE)1(0) — i)

0= 11) - wR() + E ().

(38)
For ¢ € [0,20], with initial conditions S(0) = 2500, E(0) =1, I(0) =1, R(0) =0,
N(t)=S8(t)+E(t)+1(t)+R(r) = 2502 and parameters § =0.8, « =0.75, 6 =0.1,
y=0.05, v = 0.009/N, g = 0.01, Z=0.001, p; = 0.15, pg = 0.15, p; = 0.01,
pe = 0.03.
We used Taylor Collocation Method (TCM) for h =1, (N,m) = (80,6) and
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compared the approximate solution obtained with the approximate solution
of the variational iteration method (VIM) and the differential transformation
method (DTM) given in [18] in table (11). For more information about the
model refer to [9].

Table 11: Comparison of approximate solutions of the SEIR model (38) for compartment S,
E, I and R using VIM, DTM and TCM.

t DTM VIM TCM t DTM VIM TCM
0 2500 2500 2500 0 1 1 1
2 2448 2448 2448 2 1 1 2
4 2396 2396 2394 4 -1 -1 4
6 2345 2345 2334 6 —10 -9 8
8 2294 2293 2260 8 =31 -29 17
10 2244 2243 2157 10 —69 —64 34
12 2197 2195 2000 12 —128 —117 66
14 2152 2149 1754 14 214 1% 119
16 2111 2105 1398 16 —-331 —296 184
18 2075 2065 967 18 484  —429 230
20 2043 2028 567 20 —677 —5% 221
Compartment S Compartment E
t DTM VIM TCM t DTM VIM TCM
0 1 1 1 0 0 0 0
2 3 3 3 2 0 0 0
4 8 8 6 4 1 1 1
6 20 19 13 6 3 3 3
8 42 40 28 8 7 7 7
10 79 74 59 10 12 12 16
12 133 124 122 12 20 19 34
14 209 193 237 14 30 28 69
16 309 283 425 16 43 40 129
18 438 396 675 18 60 56 223
20 599 537 923 20 82 74 343

Compartment I Compartment R
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Fig. 1: Comparison of approximate solutions of the SEIR model (38) for compartment S, E,
I and R using VIM, DTM and TCM.

Example 9 ([22]) In this example, we found a numerical solution for the SEIRU
model based on a DDEs (delay differential equations), describing the COVID-
19 epidemic in China. This system has five elements which are:

S is the number of individuals susceptible to infection, E is the number of
asymptomatic noninfectious individuals, I is the number of asymptomatic but
infectious individuals, R is the number of reported symptomatic infectious
individuals, and U is the number of unreported symptomatic infectious indi-
viduals, can be represented in the folowing system:

ds
dr
dE
dr
dl
dt

— () =vil(t) =nR(1)

(1) = =D(1)S(1)(I(1) + U (1))
(1) =D@)S(O)(I(1)+U (1)) =Dt =)t —7)(I(t =) + U (t = 7))

(H)=D—1)St—71)I(t—7)+U(—1))—VI(t) (39)
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For t € [0,72] = [January 6,March 18]. This system is supplemented by initial
fonctions for r € [—7,0]

S(t) = 1400050000
E(t) =1(0.3762+v)I(t)
0.3762
I(t) = .3762
(1) 05 exp(0.3762r)
R(t)=0
0.2v
= —">"/I(t).
v = 503762

The time-dependent transmission rate parameter D is
Do — 0.3762+v n+0.3762
0~ \ 1400050000 ) \ v, + 71 +0.3762
Dy exp(—‘LL(t—No)) Ny <t

exp(0.37627) 0<t <N
(1) = ) p( ) 0<1<No

Where the day Ny = 19 (January 25) corresponds to the day when the public
measures take effect, u = 0.62 is the rate at which they take effect, it is chosen
so that the simulations align with the cumulative reported case data and the
parameters T = —%, V= %, V) = %—8, Vo = 0%, n= % For more information about

the model refer to [22].
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(a) Reported case data and t — CR(r). (b) Compartment E, I, R and U.

Fig. 2: Approximate solutions of the SEIRU model (39) for compartment E, I,R and U using
TCM.

5 Conclusion

In this paper, we have proposed a collocation method based on the use of Tay-
lor polynomials to approximate the solution of the general system of nonlinear
delay integro-differential equations (1) in the spline space s >(HN). We have
shown that the numerical solution is convergent. This method is easy to im-
plement and the coefficients of the approximation solution are determined by
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Table 12: Comparison of cumulative daily reported case data [22] with approximate solutions
of the SEIRU model (39) for the cumulative number of reported symptomatic infectious cases

(t — CR(t)) using TCM.

January
Day 16 17 18 19 20 21 22 23
CR/(China data) 198 291 440 571 830
CR(TCM) 63 94 139 205 302 442 647 945
Day 24 25 26 27 28 29 30 31
CR/(China data) 1287 1975 2744 4515 5974 7711 9692 11791
CR(TCM) 1379 2011 2933 4266 6075 8331 10952 13838

February
Day 1 2 3 4 5 6 7 8
CR(China data) 14380 17205 20438 24324 28018 31161 34546 37198
CR(TCM) 16889 20019 23158 26250 29253 32136 34878 37466
Day 9 10 11 12 13 14 15 16
CR(China data) 40171 42638 44653 46472 48467 49970 51091 53139
CR(TCM) 39891 42153 44251 46188 47971 49606 51101 52464
Day 17 18 19 20 21 22 23 24
CR(China data) 55027 56776 57593 58482 58879 59527 59741 60249
CR(TCM) 53704 54829 55849 56770 57602 58352 59026 59633
Day 25 26 27 28 29
CR(China data) 60655 61088 61415 61806 62415
CR(TCM) 60177 60665 61101 61492 61841

March

Day 1 2 3 4 5 6 7 8
CR(China data) 62617 62742 62861 63000 63143 63242 63286 63326
CR(TCM) 62153 62432 62680 62901 63097 63272 63428 63566
Day 9 10 11 12 13 14 15 16
CR(China data) 63345 63369 63384 63404 63415 63435 63451 63472
CR(TCM) 63688 63797 63894 63979 64055 64122 64182 64235
Day 17 18 19 20 21 22 23 24
CR(China data) 63485 63519
CR(TCM) 64281 64322

iterative formulas without the need to solve any system of algebraic equations.
The numerical examples which were introduced have shown that the method

is convergent with a good accuracy.
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