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Abstract

The constructive interference of light reflecting on the inner surface of a dielectric sphere re-
sults in a rich Mie scattering spectrum. Each resonance can be understood through a quantum-
mechanical analogy, while the structure of the full spectrum is predicted to be a series of Fano
resonances. However, the overlap of all the different modes results in such a complex spectrum
that an intuitive understanding of the full, underlying structure is still missing. Here we present
a directional Mie spectrum obtained by selecting a particular polarization and direction of the
scattering of levitating water droplets. We find a significantly simplified spectrum organized in
distinct, consecutive Mie Fano Combs composed of equidistant resonances that smoothly evolve
from wide Lorentzians into sharp Fano profiles. We then fully explain all these characteristics by
expanding on the quantum-mechanical analogy. This makes it possible to understand Mie spectra
intuitively without the need for computational simulations.

Main

The scattering of an electromagnetic wave by a dielectric sphere was first calculated by Gustav
Mie in 1908.1 Despite the simplicity of a sphere and a plane wave, this problem leads to a rich
spectrum of radius-dependant resonances called Whispering Gallery Modes or Mie resonances. A
common explanation of these resonances is that light internally reflects around the sphere, and
resonances appear every time the circumference is a multiple of the wavelength inside the material
(λ/n).2–6

Mie resonances are not only found in spheres but also in other geometries such as discs7 or
toroids.6 Their quality factors can be several orders of magnitude higher than Fabry-Perot res-
onators,4 making them ideal as sensors6,8 or as laser cavities.9 Even more so, they are suitable
for obtaining self-hybridized polaritons, for potentially changing the material properties of a sam-
ple.10,11

These resonances are particularly relevant in the field of optical trapping. In fact, Arthur Ashkin
observed Mie resonances in the scattering force of an optically levitated solid micro-particle.12
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For solid spheres, the radius is fixed and Mie resonances can be found by varying the trapping
wavelength of the laser, but the spectrum range is then strongly limited by the tunable range
of the laser. Much wider Mie spectra can be achieved using evaporating droplets at a constant
wavelength. However, stable optical trapping of evaporating droplets can be complicated since the
weight and cross-section of the laser trap varies greatly as it shrinks. This changes the optical
forces, causing the droplet to drift in the trap or be lost. One solution is to use liquids with slow
evaporation rates such as glycerol13 or salt-water solution in a humid environment.14 Droplets
can also be trapped in electric quadrupole traps and probed by LEDs15 or lasers.16 Nevertheless,
providing a consistent laser excitation and stable trapping for shrinking, micrometric particles is
still a challenge.

Commonly, the resulting spectra are compared to numerical simulations obtained from Mie
theory,13,14,17–19 which usually show excellent agreement. However, although the simulations
can reproduce the experimental spectra, they do not reveal an intuitive understanding of the
complicated structure of the multitude of overlapping sharp and wide resonances.

Mie resonances can also be understood through a quantum mechanical analogy.2,3 By choosing
an appropriate potential for the Schrödinger equation, it turns out to be identical to the equation
that governs the scattering of a particle in the radial coordinate. This allows us to understand
individual resonances with the tools from quantum mechanics. However, Mie spectra are a result
of so many overlapping resonances that a full understanding through this analogy has fallen short.

The Mie spectrum is predicted to be composed of a series of Fano resonances,20–23 but Fano
resonances in simple spheres are difficult to detect due to dissipative losses,24 and because Fano
resonances are forbidden for a wide angular scattering.25 For this reason, individual Mie Fano res-
onances have only been observed using special geometries such as ring/disk cavities7 or multilayer
nanoshells.26 Despite this, directional Fano resonances in simple spheres should indeed be possible
to observe in a singled out direction and polarization.25

In this paper, we built a precise optical trap that allowed us to consistently excite Mie resonances
for shrinking droplets and we measured their scattering on a specific direction and polarization.
Thus, we disentangled the Mie spectrum leading to the emergence of structured resonances all
the way down to their lowest orders for sub-micrometric spheres. We show that Mie resonances
are indeed a series of evolving, equidistant Fano resonances organized in consecutive Mie Fano

Combs. Each comb shows a series of resonances that raise and fall in amplitude and smoothly
turn from wide Lorentzians to sharp Fano profiles. We then provide a theoretical understanding
by expanding the previous quantum-mechanical analogies in a way where it is now possible to fully
and intuitively explain the now simplified directional Mie spectrum and its Fano Comb structure.

Directional Mie Spectrum
We built a counter-propagating optical trap where we levitated water droplets in air and mea-

sured the scattering intensity of the droplets as they evaporated. Our trap is capable of trapping
droplets from ≃ 6 µm down to full evaporation with a constant position. By keeping the shrinking
droplet stable with respect to the laser trap, we ensured a consistent electromagnetic excitation
throughout the process. We set both beams of the counter-propagating trap to be vertically po-
larized. The droplet scatters laser light in all directions, out of which we selected the horizontal
polarization of the scattering perpendicular to the laser trap with a small solid angle (see Methods).

We can write the polarization components Iφ and Iθ of the scattering of a sphere with an
incident plane wave traveling along the z-axis with polarization along the x-axis as25,27

Iφ =
λ2

4π2r2
|S1|2 sin2(φ) , Iθ =

λ2

4π2r2
|S2|2 cos2(φ) , (1)

where r, θ, and φ are the spherical coordinates with the origin at the center of the sphere.
In the direction we observe (φ ≃ π/2), sin2(φ) ≃ 1 and cos2(φ) ≃ 0. Indeed we observe that
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Iφ >> Iθ. We selected the dimmer scattering component, Iθ, which depends on

S2 =
∑

ℓ

2ℓ+ 1

ℓ(ℓ+ 1)
[aℓτℓ(cos θ) + bℓπℓ(cos θ)] , (2)

πℓ(cos θ) =
P 1
ℓ (cos θ)

sin θ
, τℓ(cos θ) =

d

dθ
P 1
ℓ (cos θ) . (3)

P 1
ℓ are the associated Legendre polynomials, and aℓ and bℓ are the scattering coefficients that

range from 0 to 1 related to the electric and magnetic polarizabilities, respectively. The resonances
result from two linearly independent modes inside the sphere, the spherical Transverse Electric
(TE) and Transverse Magnetic (TM) modes. For a TM resonance aℓ = 1 and for a TE resonance
bℓ = 1. For ℓ odd τℓ(cos(π/2)) = 0 and for ℓ even πℓ(cos(π/2)) = 0. It follows that for each ℓ
we only observe either the TE or the TM resonant mode, which would otherwise overlap. This
selection of one of the modes gives a significantly simplified directional Mie scattering spectrum.
Note that the dependence of the radius of the droplet is included in the scattering coefficients aℓ
and bℓ. The scattering, Iθ(t), of a shrinking sphere is shown in Fig. 1a.

Clearly, time is not the relevant parameter, but size. To calculate the size of the droplet during
the evaporation, we projected the other component of the polarization, Iφ, onto a screen and filmed
it. This far-field scattering of a trapped sphere results in a fringe pattern since the sphere scatters
predominantly from its poles along the direction of the laser.28,29 Fig. 1b shows interference

Figure 1: Simultaneous measurement of a typical directional Mie scattering spectrum and the
absolute size of the evaporating water droplet. (a) Scattering intensity, Iθ, of the droplet (blue)
and radius of the droplet (orange dots) with a logarithmic fit (green). As the the evaporation
of the droplet accelerates, the Mie resonances occur consecutively faster. After the red dashed
line, the interference pattern becomes too large and the size cannot be calculated directly from
the scattering. (b) Far-field interference patterns of a few selected frames of the shrinking droplet
used to measure the radius plotted in (a).
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patterns for consecutively smaller spheres. A histogram of the intensity (orange line) was used to
calculate the distance S between the stripes. We used this “double-slit approximation” to calculate
the absolute radius of the droplet, a, using the wavelength, λ, the distance to the screen, d, and
the equation

a =
2dλ

S(2 +
√
2)

. (4)

Fig. 1a shows radius of the droplet in orange and a fit using a logarithmic function in green. We
used the fit to obtain the directional Mie spectrum as a function of the radius of the droplet.

Mie Fano Comb structure
With the radius now on the x-axis, the resonances from Fig. 1b spread out and a periodic

structure appears, shown in Fig. 2a. As opposed to non-directional Mie spectra,13,14,17,18 the
entire spectrum can be understood as a series of separate resonances where at most two overlap,
and each can be clearly identified. We observe three distinct, overlapping combs composed of a
series of equidistant resonances. The leftmost comb does not overlap with a new one to its left,
meaning that this is the first comb with the lowest order Mie resonances. Resonances for smaller
spheres cannot exist since the wavelength becomes comparable to the circumference and light
cannot coil around the surface of the sphere.

Figure 2: Fano Comb structure of the directional Mie scattering. (a) Directional scattering intensity,
Iθ, as the droplet shrinks. Highlighted are the first three combs composed of equidistant, evolving Fano
resonances. (b) Evolution of the resonances from Lorenztians to Fano through five selected segments of
the first comb. For each resonance, a fit to the Fano equation, Eq.(5), is shown as a solid green line. (c)
The radius obtained from Eq.(5) as a function of the number of the resonance in the second comb. The
linear fit (orange) shows the equidistant appearance of the resonances inside a comb.
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Each comb is composed of distinct Fano resonances that evolve from being symmetric (Lorentz
form) to the dispersive shape that is a signature of a Fano resonance. Fig. 2b shows select
resonances fitted using Fano’s equation including a non-interacting component of the background20

σ(Ω) = D2
[ (q +Ω)2

1 + Ω2
η + (1− η)

]

, (5)

where q = cot(δ) is the Fano parameter, δ is the phase shift with the continuum, η ∈ [0, 1] is an
interaction coefficient, and D2 = 4 sin2(δ). Fano resonances are usually written as a function of
the energy, E, with Ω = 2(E − E0)/Γ, where Γ is the resonance width and E0 the energy of the
resonance. In this case, we have replaced the energy in Ω with the radius of the sphere.

Fano resonances occur when a resonance interferes with a continuum. Here, we observe direc-

tional Fano resonances,25 which can be interpreted as non-resonant scattered light (aℓ, bℓ 6= 1 for
all non resonant ℓ’s) interfering with resonant light (bℓ or aℓ = 1 for the resonant ℓ) leaving with
a phase shift after rotating inside the sphere. The fitting of each individual resonance confirms
predictions of Mie scattering being composed of a series of Fano resonances.20–23 Additionally, it
unites the wide and sharp resonances commonly observed in Mie scattering spectra as the same
phenomenon through a smooth transition of the parameters in Eq.(5).

Fig. 2c shows the constant separation between resonances, where we plotted the center of each
resonance in the second comb obtained from the fit of Eq.(5). The slope is ∆ = 63.6 ± 2.3 nm
resulting in resonances occurring every change in circumference of 2π∆ = 399 ± 14 nm. This
supports the interpretation that light coils around the droplet and constructive interference occurs
every time the circumference is a multiple of λ/n = 532.0 nm/1.333 = 399.1 nm.

Quantum mechanical analogy
To explain the Fano Comb structure we present an analogy between optics and quantum

mechanics based on the analogies of Guimaraes2 and, particularly, of Johnson.3

From Maxwell’s equations, we know that for a non-magnetic, uncharged sphere with radius a,
the electric field must follow the equation

∇× (∇×E)− k2n2(r)E = 0 , (6)

where E is the electric field, k = 2π/λ the wavenumber, and n(r) the refractive index where, in
our case, nwater(r < a) = 1.333 and nair(r > a) = 1. This results in two linearly independent
solutions,Mℓ,m(r, θ, φ) and Nℓ,m(r, θ, φ), corresponding to the TE and TM modes respectively and
given by3

Mℓ,m(r, θ, φ) =
eimφ

kr
Sℓ(r)Xℓ,m(θ) , (7)

Nℓ,m(r, θ, φ) =
eimφ

k2n2(r)

[1

r

∂Tℓ(r)

∂r
Y ℓ,m(θ) +

1

r2
Tℓ(r)Zℓ,m(θ)

]

, (8)

where Xℓ,m, Y ℓ,m, and Zℓ,m are the angular solutions of Eq.(6) with ℓ the main angular momen-
tum number and m the degeneration. In particular, Sℓ(r) satisfies the differential equation

d2Sℓ(r)

dr2
+
[

k2n2(r)− ℓ(ℓ+ 1)

r2

]

Sℓ(r) = 0 . (9)

From now on we will only refer to the TE mode since the treatment for the TM mode is analogous
(see Methods).

Eq.(9) is extremely similar to the Shrödinger equation. In fact, if we define the energy as
E = k2, and choose a square well potential

V (r) = −k2[n2(r)− 1] , (10)
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then the radial, time-independent Schrödinger equation with a central potential and with h̄/2µ = 1
becomes

−d
2Ψ(r)

dr2
+
[

− k2[n2(r)− 1] +
ℓ(ℓ+ 1)

r2

]

Ψ(r) = EΨ(r) , (11)

which is identical to Eq.(9).
With this analogy, we can use the interpretation of resonances from quantum mechanics to

understand the resonances we observe. The effective potential is a wedged potential well resulting
from the sum of a centrifugal potential with ℓ as the quantum number for the angular momentum
plus an attractive square well. A bound energy level in this potential can be understood as the
light trapped inside the droplet, continuously reflecting on the inside of the surface, where the
rotation around the circumference gives the light angular momentum.

Fig. 3a shows four wedged potential wells (blue) and their calculated energy levels. Here, a
level represents the energy, k2, of the laser that would produce a Mie resonance. The dot-dashed
line represents the energy of the 532.0 nm trapping laser, and a resonance occurs when one of the
energy levels of the well matches the energy of the laser.

Fig. 3b shows the observed scattering for the different resonances. The green fits mark the

Figure 3: Fano Comb structure in the energy levels of a wedged potential well. (a) Selected wedged

potential wells for the given ℓs and radii. The superscript defines the index of the energy level inside a
wedge, i.e., the ℓ

(1)s mark the first energy level inside a wedge in green and the ℓ
(2)s the second one in

orange. The wedge for ℓ = 31 is dashed for better contrast with ℓ = 35 and its green energy level, ℓ(1) = 31,
is dashed to mark that it is not resonate with the laser. See SI for a video of the energy levels in a growing
sphere resonating with the laser. (b) The directional scattering of the droplet (blue) and a fit using Eq.(5).
Green fit for the first level, i.e. first comb, and orange for the second comb. (c) All energy levels for a
larger drop where the first, second and thirds combs are visible now in the three sets of green, orange and
purple levels. These would be the resonances observed when scanning the wavelength for a spheres with
fixed radius.
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resonances from the first comb and are related to the first energy level inside a wedge, ℓ(1). When
the well becomes wide enough, an additional energy level appears, ℓ(2), and the second comb
begins, shown in orange.

The first well, ℓ(1) = 15, has a narrow barrier, resulting in a wide, Lorentzian resonance. For
the next resonant levels, ℓ(1) = 20 and ℓ(1) = 35, the barrier becomes wider and results in narrower
resonances. Here, the intensities of the background and resonant scattering become comparable and
the phase shift before and after the resonances leads to constructive and destructive interference,
producing the asymmetric Fano profiles shown in Fig. 3b. The barrier eventually becomes so wide
that tunneling becomes impossible and the resonances die off, ending the first comb. The process
repeats all over again for each set of higher energy levels, resulting in the sequence of combs. This
is shown by ℓ(2) = 31, which starts the second comb with a Lorentzian resonance. Here, ℓ(1) = 31
also exists, but does not match the energy of the laser and therefore does not show in Fig. 3b. The
evolution of the potential wells of a growing sphere and their energy levels consecutively interacting
with the laser is best understood through the video shown in SI.

Fig. 3c shows all the energy levels for a large sphere where three distinct combs are recognizable,
1st in green, 2nd in orange, and 3rd in purple. These show the resonances that would appear for
usual spectroscopy where the radius of the sphere is fixed and the wavelength is scanned.

Conclusion
We have revealed a directional Mie spectrum with a much simpler structure than previous Mie

scattering spectra. The periodic appearance of the Mie resonances provides a ruler to measure
the evaporation rates of droplets with nano-metric precision. The huge Q-factor of the resonances
in this spectrum make it ideal for biochemical sensors in aerosol science. In particular, it is
highly dependent on the refractive index and its spatial distribution, providing a way to measure
the concentration of biological or chemical substances, like extracellular vesicles or possibly even
viruses, on the surface of evaporating droplets.

Above all, we confirmed that Mie resonances are composed of a series of Fano resonances, found
that they are arranged in consecutive combs, and explained all of these characteristics through a
quantum mechanical analogy. This makes it possible to explain Mie spectra intuitively, and without
the need for computational simulations.
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Methods

Experimental Setup
We constructed a counter propagating optical trap shown in Fig. 4 using a 532.0 nm, continuous

wave, linearly polarized laser (Laser Quantum gem532). We divided the beam into two arms using a
polarizing beam splitter (PBS 1) and focused both arms into the same spot from opposite directions
inside the trapping chamber. With the λ/2 wave-plate before PBS 1 we controlled the relative
power between both arms. The λ/2 wave-plate after PBS 1 instead rotated the polarization of the
horizontally polarized beam to make both beams be vertically polarized.

Figure 4: Counter-propagating trap used to record directional Mie spectra and evaporation videos
of water droplets. Importantly, both laser arms are vertically polarized. A polarizing beam splitter
(PBS 2) divided the Iφ and Iθ polarization components of the scattering of the droplet. Iθ was
focused onto a position sensitive detector (PSD) and Iφ was projected onto a transparent screen.

9



Stable trapping is best achieved when the beam waist of the trapping laser is comparable to
the particle size. Therefore, a 10x beam expander was used to turn the beam from a diameter
of 0.9 ± 0.1 mm to 9 ± 1 mm. Each arm was then focused using a 100 mm and a 65 mm lens,
resulting in beam waists of 7.5± 0.8 and 4.9± 0.5, respectively. The dissimilar beam waists were
chosen because they expand the range where the beam waist is comparable to the particle size.
That is, larger droplets are in the range of the larger beam waist, while the smaller beam waist
is comparable to the smaller droplets. Since the cross-section between the droplet and the light
changes greatly as the droplet evaporates, a careful balancing between the intensities and alignment
of both arms was needed to keep the stability position of the evaporating droplet stable.

We used an ultrasonic nebulizer (MY-520A) to dispense a cloud of water droplets into the
trapping chamber. Droplets randomly fell into the optical trap and merged into the largest droplet
the trap could hold. After the cloud settled, the remaining droplet quickly evaporated (≃ 10 s).

We collected the light scattered from the droplet using a 50 mm, diffraction limited aspheric
lens (ø= 25 mm) placed at a distance d = 52± 1 mm away from the droplet perpendicular to the
trapping lasers, i.e. θ = φ = π/2, solid angle = 0.174± 0.012 sr. We imaged the droplet through
a beam splitter (PBS 2) onto a 2D position sensitive detector which recorded the position of the
droplet in the y-z plane as well as the total scattering intensity. The inset of Fig. 4 shows the
polarization components Iθ and Iφ of the scattering perpendicular from the vertically polarized
excitation beam.

The reflection from the beam splitter was projected on a screen where the far-field diffraction
pattern created by the droplet was visible. We filmed this pattern and used the distance between
stripes (S) to calculate the absolute radius of the droplet.

Calculating the energy levels
Following the procedure used by Johnson, B. R.,1 we obtain the solutions of the Eq.(9) using

the quantum analogy expressed in Eq.(11) with the potential in Eq.(10). The solutions for TE
modes with the radial function Sℓ(r) obey the Eq.(10). The solutions for the TM modes with
the radial function Tℓ(r) take into account the derivative of the refractive index. In our case, the
refractive index is a step function and consequently the differential equations are the same except
at the boundary of the droplet. Then, the solutions for the radial part, and for each ℓ, are in terms
of the regular Riccati-Bessel functions2 for r < a

Ψin = ψℓ(nkr) , (12)

and the regular and singular functions for r > a

Ψout = Bℓψℓ(kr) + Cℓχℓ(kr) . (13)

We obtained the matching coefficients Bℓ and Cℓ for the two regions with the condition that the
wave function and its derivative must be continuous. The resonance condition for each potential is
obtained if we extend the potential barrier to infinity where the solutions must have a decreasing
exponential behavior. It implies that the coefficient Bℓ must be zero, and therefore the condition
for the resonant states for the TE modes is

ψℓ(nx)χ
′

ℓ(x)− nψ′

ℓ(nx)χℓ(x) = 0 , (14)

and for the TM modes is

ψℓ(nx)χ
′

ℓ(x)−
1

n
ψ′

ℓ(nx)χℓ(x) = 0 . (15)

where x = 2πa/λ = ka is the size parameter. This parameter highlights the linear relationship
between particle radius and excitation wavelength.

For both modes, resonant states can only exist when they are between k2(1−n2)+ ℓ(ℓ+1)/a2

and ℓ(ℓ+1)/a2. With this process we obtained the resonant states for each potential indexed by ℓ.
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Subsequently, with a fixed wave number for the laser wavelength of 532.0 nm, we swept the size of
the droplet. Consequently, the shape of the potential changes and its corresponding bound states
move until the latter coincide with the k2 value of the laser (see online video). As the droplet
grows, it can be observed that when considering the different values of ℓ, the combs corresponding
to the different energy levels that are observed in Fig. 3a are formed, which are in agreement with
their counterpart in Fig. 2a. We use the colors green, orange and purple in those figures to show
this correspondence between experiment and theory. It is worth mentioning that the asymptotic
behavior of the condition in Eqs.(14) and (15) for the size parameter x is linear, and this explains
the equal spacing between the resonances shown in Fig. 2c.

Data availability
The data shown in this paper as well as the video of the interference fringes of the evaporating

droplet can be found here.
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