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The sub-threshold swing is the fundamental critical parameter determining the operation of a
transistor in low-power applications such as switches. It determines the fraction of dissipation due
to the gate capacitance used for turning the device on and off, and in a conventional transistor it is
limited by Boltzmann’s tyranny to kBT ln(10)/q, or 60 mV per decade. Here, we demonstrate that
the sub-threshold swing of a topological transistor, in which conduction is enabled by a topological
phase transition via electric field switching, can be sizably reduced in a non-interacting system
by modulating the Rashba spin-orbit interaction via a top-gate electric field. We refer to this as
the Topological Quantum Field Effect and to the transistor as a Topological Quantum Field Effect

transistor (TQFET). By developing a general theoretical framework for quantum spin Hall materials
with honeycomb lattices we explicitly show that the Rashba interaction can reduce the sub-threshold
swing by more than 25% compared to Boltzmann’s limit in currently available materials, but without
any fundamental lower bound, a discovery that can guide future materials design and steer the
engineering of topological quantum devices.

Introduction

A large fraction of power dissipation in the low-energy operation of a conventional semiconductor
transistor occurs due to irreversible charging and discharging of the gate capacitor to turn conduction
on and off. Its efficiency is characterized by the sub-threshold swing, such that a transistor with
a small sub-threshold swing transitions rapidly between its on (high current) and off (low current)
states. Yet in a MOSFET this swing is restricted by the fundamental limit kBT ln(10)/q, frequently
termed Boltzmann’s tyranny, attained when the gate capacitance is infinitely large. This value can
be understood by noting that a gate voltage V raises a barrier qV in the channel of a MOSFET,
while the current is determined by the number of carriers which thermally activate over the barrier.
For qV ≫ kBT the current I ∝ e−kBT/qV , hence the sub-threshold swing S = [d log(I)/dV ]−1 =
kBT ln(10)/q.

Strategies to lower the sub-threshold swing of next-generation transistors resort to either tun-
nelling or electron-electron interactions, whether in the gate capacitor [1] or in the channel [2, 3]. The
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non-linear dielectric response of ferroelectric insulators can be harnessed to design gate insulators
with a negative capacitance [4], which increases the bending of the surface potential as a function
of the top gate potential, yet this regime tends to be energetically unstable [5]. Tunneling FETs
[6] rely on charge tunnelling between spatially separated valence and conduction bands as a source
of carrier injection within a pre-determined energy window, yet tunnelling transport restricts the
current in the ON-state to relatively low values.

In this work we address the generic problem of the energy gap EG to transport opened by a
gate potential UG = qV applied to an electrode and demonstrate that Boltzmann’s tyranny can
be overcome in a non-interacting electron system. We define a reduced sub-threshold swing as
S∗ = [dEG/d(UG)]

−1, such that the full swing S = S∗kBT ln(10)/q, and for a MOSFET in general
[dEG/d(UG)]

−1 ≥ 1, so S ≥ kBT ln(10)/q. For a gapped system described by a single-particle
Hamiltonian in the presence of terms linear in the applied potential, with sub-unitary proportionality
constants, it has hitherto been assumed that S∗ ≥ 1. Our work overturns this conventional wisdom,
demonstrating that S∗ can be sub-unitary and is unbounded (though positive), implying that S
itself can be smaller than the value predicted by Boltzmann’s tyranny in a general class of devices
we refer to as topological transistors.

The past decade has shown that the topological properties of several classes of materials can lead
to regimes in which transport is dissipationless. A new blueprint for transistor design has emerged in
which conduction is turned on and off via a topological phase transition induced by a gate electric field
[7–15], that is, conventional carrier inversion is replaced by a topological phase transition. Whereas
charge transport inside a topological transistor can be dissipationless, performance will be limited by
the power dissipated in switching the transistor on and off. In the ideal case of fully dissipationless
transport this will account for all the dissipation in the transistor. In this paper we demonstrate
that this process can be made energy efficient by resorting to the Rashba spin-orbit interaction (SOI)
induced by a gate electric field [16–18]. We refer to this mechanism as the topological quantum field
effect, stressing that it has no counterpart in conventional MOSFETs, and to the transistor itself as
a TQFET. This effect requires both the relativistic quantum mechanical phenomenon of spin-orbit
coupling and proximity to a topological phase transition. Starting from a generic model describing
the quantum spin Hall effect (QSHE) [16, 17], we derive an expression for the subhreshold swing in
the presence of Rashba SOI and apply it to materials with a honeycomb lattice structure [19–25]
that are being actively investigated. We find that the sub-threshold swing can be reduced by more
than 25% (S∗ < 0.75) compared to Boltzmann’s limit in existing topological devices, and emphasize
that it has no fundamental lower bound (though positive) and could be further improved by targeted
materials design.

The reduction of the sub-threshold swing of a TQFET via Rashba interaction is closely asso-
ciated with the microscopic bulk band topology stemming from the SOI. Instead of gate induced
macroscopic current control, Rashba SOI effectively enhances the gate-induced topological phase
transition by controlling the quantum dynamics at the microscopic scale, and hence the macroscopic
edge state conductance through the bulk-boundary correspondence. Due to its dependence on the
gate electric field, atomic SOI, geometric structure of QSH lattices and the Slater-Koster inter-
orbital hopping parameters [26], the Rashba SOI provides tunable parameters for controlling the
sub-threshold swing in a TQFET – rather than relying purely on the gate capacitance mechanism.
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Figure 1: Topological quantum field effect transistor. In the absence of a gate electric field,
a QSH insulator hosts dissipationless helical conducting channels with a minimum value of the
quantized conductance 2e2/h (ON state of TQFET (a)). When the gate electric field exceeds a
threshold limit, the thin QSH insulator layer (staggered honeycomb lattice (b)) enters into the
trivial regime, in which the minimum value of the conductance drops to zero (OFF state). Such
electric field switching is accompanied by the topological quantum field effect which enhances the
topological phase transition driven by a gate electric field and reduces the sub-threshold swing (c).
Here, δ represents the shift in nontrivial/trivial band gap EG due to topological quantum field effect.

Model of a topological quantum field effect transistor

A transistor based on topologically nontrivial condensed matter systems hosting the QSH effect can
be engineered via a topological phase transition induced by a gate electric field as shown in Figure
1. Near energy-zero, the edge state conductance of QSH lattices in a nanoribbon geometry is (i)
quantized, (ii) topologically protected, and (iii) associated with microscopic quantum phenomena in
the bulk. The minimum value of the quantized conductance drops from 2e2/h to zero as the system
transits from the QSH phase (ON) into the trivial regime (OFF) via electric field switching.

The QSH has been proposed in graphene [16, 17] and other group-IV and V honeycomb lattice
structures [19–25], monolayer transition metal dichalcogenides in the 1T′configuration [12], thin films
of 3D topological insulators Bi2Se3 [27, 28] as well as the Dirac semimetal Na3Bi [15]. The experi-
mental demonstration of a very large nontrivial band gap of 360 meV for Na3Bi [15] and 800 meV
for Bi/SiC [24], significantly exceeding the thermal energy at room temperature (25 meV), indicates
that QSH materials may be robust platforms for nano-electronic devices at room temperature. We
note, in passing, that a small sub-threshold swing requires materials whose gap increases at a fast
rate as a function of the top gate voltage, ruling out bilayer graphene, whose gap is found to increase
more slowly than initial theoretical predictions [29].

Consider a tight-binding model Hamiltonian reproducing the effective low energy Dirac theory
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specialized to QSH materials with honeycomb lattice structures [16, 17]

H = t
∑

〈ij〉α

c†iαcjα + iλso
∑

〈〈ij〉〉αβ

vijc
†
iαs

z
αβcjβ

+
λv
2

∑

〈ij〉α

c†iαvicjα + iλR(Ez)
∑

〈ij〉αβ

c†iα(sαβ × d̂ij)zcjβ

(1)

Here c†iα(ciα) is the creation (annihilation) electron operator with spin polarization α =↑, ↓ on site
i, the Pauli matrix sz describes the electron intrinsic spin while szαβ are the corresponding matrix
elements describing the spin polarization α and β on sites i and j, vi = +1(−1) for sublattice A (B),
and vij = dik ×dkj = ±1 connects sites i and j on sublattice A (B) via the unique intermediate site
k on sublattice B (A). The nearest-neighbour bond vectors dik and dkj connect the i (k) and k (j )
sites on the A and B sublattices. The first term is the nearest neighbour hopping with amplitude
t while the second term is the intrinsic atomic Kane-Mele type SOI of strength λso. The third
and fourth terms represent the staggered sublattice potential λv = UG and spin-mixing Rashba
SOI associated with an externally applied gate electric field, λR(0) = 0. Since the band gap closes
at q = 0 during the topological phase transition induced by the electric field, we ignore the nnn-
intrinsic Rashba SOI, which does not affect the QSH band gap. In the long wavelength limit, with
basis ψk = {ak,↑, bk,↑, ak,↓, bk,↓}, the low energy effective four-band Bloch Hamiltonian H(q) in the
vicinity of Dirac points K(K′) reads

H(q) = vF s0 ⊗ (ητqxσx + qyσy) + ητ∆sosz ⊗ σz

+ (∆v/2)s0 ⊗ σz +∆R(ητsy ⊗ σx − sx ⊗ σy)
(2)

where ητ = +(−) is the valley index representing K(K′), vF = 3at/2 is the Fermi velocity where a
is the lattice constant, s and σ are the spin and pseudospin Pauli matrices respectively, ∆v = λv
and ∆so = 3

√
3λso and ∆R = 3λR/2 are SOI parameters. As shown in figure 1, ∆v = +UG (or

∆v = 2UG) for sublattice A and ∆v = −UG (or ∆v = 0) for sublattice B in the dual-gate (or
top-gate only) version. The dual gate version is equivalent to a simpler single top gate formulation
where top gate adds positive potential terms only, so the A and B sublattices would be at UG and
0 respectively, which corresponds to applying +UG/2 and −UG/2 with a rigid shift of UG = edzEz.
Here −e is the electron charge, Ez is the gate electric field, and dz is the distance of the ith site from
the zero electric potential site.

We first consider a simple case of electric field switching via a topological phase transition in a
topological transistor by assuming that Rashba SOI is negligibly small ∆R ≈ 0 and the spin is a
good quantum number. The low-energy single-particle band dispersion in the vicinity of the Dirac
points reads

E(q, λR = 0) = ±
√

v2F |q|2+
∣

∣

∣
∆so + ηsητ∆v/2

∣

∣

∣
(3)

where ηs = +(−) stands for the spin up(down) sector and ητ = +(−) represent valley K(K′). A
spin/valley dependent band gap EG(λR = 0) = |2∆so + ηsητ∆v| opens at the corners of the BZ.
It shows that the electric field opens/tunes band gaps at both valleys symmetrically but, due to
broken spin-valley degeneracy as manifested in figure 2, the spin gaps are asymmetric and valley
dependent. At a critical point, ∆v = ∆c

v = 2∆so, the system becomes semi-metallic, with both
valleys K(K′) perfectly spin-polarized hosting spin down (up) gapless phases. Away from the critical
gapless phase, the system remains insulating with a finite band gap EG(λR = 0) 6= 0. The bulk-
boundary correspondence, as shown in figure 4, confirms that the band gap is topologically nontrivial
(QSH phase) for 0 < ∆v < 2∆so while becoming trivial when ∆v > 2∆so.
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Figure 2: Electric field switching (∆R = 0) and Topological quantum field effect (∆R 6= 0).
(a-c) In the absence of Rashba SOI, a uniform out-of-plane electric field drives QSH (a) to normal
insulating (NI) phase (c) while passing through a critical point (∆v = ∆c

v) where valleys K(K′) are
perfectly spin-polarized hosting spin down (up) gapless states (b). (d-f) The topological quantum
field effect reduces the nontrivial band gap (d), opens the trivial band gap at the threshold gate
electric field (e), and enhances the trivial band gap (f). The topological quantum field effect speeds
up the topological phase transition by opening a trivial band gap when ∆v = ∆c

v (e) which would
otherwise be the critical point in the absence of topological quantum field effect (b). Here we use
t = 1 eV, ∆so = 0.519 eV, and ∆R = 0.225 eV (d), ∆R = 0.30 eV (e), ∆R = 0.375 eV (f). The
solid(dashed) lines represent band dispersion in the absence(presence) of Rashba SOI.

Topological quantum field effect on sub-threshold swing

In the transistor geometry shown in figure 1, gate electric field Ez applied perpendicular to the plane
of 2D topological insulator material contacted by source and drain breaks mirror symmetry Mz and
induces spin-mixing Rashba SOI. When electric field induced Rashba SOI is also taken into account
as a perturbative effect, the derived expression for the band gap

EG(λR 6= 0) =
∣

∣

∣
2∆so −

∆v

2
−
√

∆2
v

4
+ 4∆2

R

∣

∣

∣
(4)

shows that the critical value of the staggered potential for the QSH-to-trivial insulating topological
phase transition ∆c

v = 2(∆2
so −∆2

R)/∆so is decreased by 2∆2
R/∆so. Both the staggered sublattice

potential and accompanied Rashba SOI are linear in the gate electric field Ez and can be simulated
as ∆v = αvEz and ∆R = αREz respectively. Here αv and αR depend upon the lattice geometry
and material specific parameters. The reduced sub-threshold swing of topological transistor then
can be written in terms of αv and αR via band gap EG variation with gate electric field Ez as S∗ =
[(1/αv)dEG/d(Ez)]

−1. In the absence of Rashba SOI, the reduced sub-threshold swing S∗(λR = 0)
is restricted to unity - Boltzmann’s tyranny. However, in the process of electric field switching,
Rashba SOI also influences the topologically trivial/nontrivial band gap and hence the electric field
driven topological phase transition and we denote this effect as the topological quantum field effect.
By incorporating the Rashba effect, Boltzmann’s tyranny can be overcome in topological transistors
via quantum field effect as

S∗(λR 6= 0) =
[1

2
+

√

1

4
+
(2αR

αv

)2]−1

(5)

It shows that a reduced sub-threshold swing of S∗ < 0.75 can easily be achieved when αR > αv/3.
In order to understand the material realization, reduced sub-threshold swing can be quantified via
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estimation of αR by finding Slater-Koster inter-orbital hopping parameters. In terms of band theory,
mixing between σ and π bands due to intrinsic atomic SOI and Stark effect leads to a finite Rashba
SOI. Based on the sp microscopic tight binding model and 2nd order perturbation theory [19, 30],
the explicit expression for Rashba SOI in buckled Xenes reads ∆R = (ezξ/3sinθVspσ)Ez. Here e is
the electon charge, z is the Stark matrix element which is proportional to the size of atom at the site
i, ξ is the atomic SOI, θ is the buckling angle, and Vspσ is the Slater-Koster parameter corresponding
to the σ bond formed by the s and p orbitals.

In summary, the impact of topological quantum field effect on the trivial/nontrivial band gaps,
critical value of electric field for ON/OFF switching, and reduced sub-threshold swing S∗ of the
TQFET can be simulated in terms of atomic SOI, lattice parameters, and Slater-Koster inter-orbital
hopping parameters as

EG =
∣

∣

∣
2∆so − edzEz

(1

2
+

√

1

4
+

( 2zξ

3dzsinθVspσ

)2)∣
∣

∣
(6)

Ec
z =

2∆so

edz

[1

2
+

√

1

4
+
( 2zξ

3dzsinθVspσ

)2]−1

(7)

S∗ =
[1

2
+

√

1

4
+
( 2zξ

3dzsinθVspσ

)2]−1

(8)

From these expressions, it is apparent that a number of interesting features are captured by the
topological quantum field effect. Firstly, Rashba SOI plays a central role in the topological phase
transition driven by the gate electric field: Rashba SOI reduces the nontrivial band gap opened
by the intrinsic SOI and enhances the trivial band gap opened by gate electric field. Electric field
switching driven by a topological phase transition and the effect of associated topological quantum
field effect is shown in Figure 2. As shown in Figure 2(d-f), we vary the Rashba SOI while keeping the
intrinsic SOI fixed. In the non-trivial regime, the conduction band minima (CBM) at valley K(K′)
remain insensitive to the Rashba SOI strength. However, Rashba SOI reduces the nontrivial band
gap by raising the valence band maxima (VBM) at valley K(K′) along the energy axis. On the other
hand, in the trivial regime, the VBM at valley K(K′) remain pinned at valley K(K′) but Rashba SOI
increases the trivial band gap by shifting the CBM along the energy axis. The topological quantum
field effect is best depicted at the transition point of the TQFET where the critical electric field
leads to a gapless phase 2(b) while the Rashba SOI λR 6= 0 opens a trivial band gap via topological
quantum field effect 2(e). In short, the Rashba spin splitting of the valence (conduction) bands,
especially along the edges of the BZ K-M-K′, decreases (increases) the band gap in the nontrivial
(trivial) regime and speeds up the electric field switching.

Secondly, in the absence of Rashba SOI, the nontrivial (trivial) band gap decreases (increases)
linearly with the electric field and the reduced sub-threshold swing remains constant S∗ = 1. How-
ever, in the presence of Rashba SOI, up to leading order in atomic SOI ξ, the reduced sub-threshold
swing decreases with increasing Rashba SOI strength and can be smaller than one, S∗ < 1. In
addition, due to its dependence on the geometric structure of QSH lattices, atomic SOI, and the
Slater-Koster inter-orbital hopping parameters, the topological quantum field effect provides tunable
parameters for controlling the sub-threshold swing in a TQFET – rather than relying purely on the
gate capacitance mechanism.

The microscopic orbital picture shows that, for a TQFET based on a quasi-planar/low-buckled
honeycomb lattice where dz ≈ z and sinθ ≈ 1, both the threshold gate voltage and the sub-
threshold swing decrease with increasing atomic SOI and Slater-Koster parameter ratio ξ/Vspσ.
As shown in Figure 3 and table 1, 25% reduction in Boltzmann’s limit of sub-threshold swing
(S∗ < 0.75) can readily be achieved when ξ/Vspσ = 1. These constraints can be realized realistically
in quasi-planar/low-buckled bismuthene sheets with band gap lying at K/K’ valleys. Furthermore,
in functionalized bismuth monolayers BiX [31] and Bi2XY [32] where X/Y = H, F, Cl and Br,
sub-threshold swing can be decreased by approximately 50% (S∗ ≈ 0.5) when ξ/Vspσ ≈ 2 due to
enhance atomic SOI as discussed below.
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More importantly, the derived expression for suthreshold swing emphasizes that it has no fun-
damental lower bound and could be further improved by targeted materials design.For example,
sub-threshold swing can be further reduced by enhancing another ratio z/dzsinθ which purely de-
pends on the nature of orbitals and geometric structure of 2D QSH lattices. One obvious path to
further reduce sub-threshold swing is to enhance Stark matrix element < Φn,l,ml

|zi|Φn,l±1,ml
> at

site i by increasing transition between s and pz orbitals via externally applied strain or substrate ef-
fect. Another possibility is to reduce factor dzsinθ via optimization of geometric/buckling structure.
Moreover, the geometric structure of 2D QSH lattices can also be employed to tune other related
parameters for electric field switching. For example, the first-order Kane-Mele type intrinsic SOI
depends strongly on the buckling parameter θ and vanishes for planar honeycomb θ = 90. Such a
geometric dependence of the intrinsic SOI also affects the topologically nontrivial band gap opened
by second-order Kane-Mele type intrinsic SOI and hence the critical electric field for ON/OFF
switching.

Figure 3: Topological quantum field effect on band gap, threshold gate voltage, and
sub-threshold swing. The green, blue, and red lines represent the variation of band gap (a),
threshold gate voltage (b), and sub-threshold swing (c) corresponding to atomic SOI and Slater-
Koster parameter ratio ξ/Vspσ = 1, 1.5, 2 respectively which encodes the topological quantum field
effect. (a) Nontrivial (trivial) bulk band gap EG decreases (increases) sharply with increasing
ξ/Vspσ. Accordingly, the threshold gate voltage (b) and sub-threshold swing (c) decreases with
increasing ξ/Vspσ. Magenta circles (triangles) represent the sub-threshold swing for TQFET based
on antimonene and bismuthene with free atomic (normalized) SOI. Here we assume that dz ≈ z and
sinθ ≈ 1 for quasi-planar/low-buckled honeycomb lattice.

The reduction of sub-threshold swing stems from purely microscopic quantum phenomenon and
is associated with bulk band topology. For example, FET based on Semenoff type [33] topologically
trivial insulating system where ∆so = 0, the absolute trivial band gap opened by the gate electric
field remains insensitive to the Rashba SOI which is to be contrasted with a TQFET based on
QSH materials. Although topological quantum field effect in TQFET based on QSH insulators is
endebted to nnn intrinsic SOI ∆so and hence the bulk band topology, the derived expression for the
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sub-threshold swing seems to remain independent of ∆so. However, the working of TQFET depends
heavily on the nontrivial band gap opened by ∆so: a large intrinsic SOI ∆so also requires a large
gate electric field for topological switching, which automatically raises the strength of the associated
Rashba SOI near the energy-zero TQFET operational regime. As shown by Min et. al., [19] using
a microscopic tight binding model, the strength of ∆R (∆so) for graphene is 100 times greater
(smaller) than the value found by Kane and Mele based on symmetry analysis [16, 17]. This effect
could be more prominent at large gate electric fields for heavy elemental group-V Xenes, especially
antimonene and bismuthene with large atomic SOI as shown in Figure 3. To realize a topologically
nontrivial band gap and electric field switching between the QSH and trivial insulator, we require
∆so > ∆R. Otherwise, a honeycomb lattice becomes a zero-gap semiconductor when ∆so = ∆R and
a trivial metal for ∆so < ∆R.

Following a simple Landauer approach, the minimal quantized conductance can be obtained
by finding the solution of the low energy effective tight-binding Hamiltonian for QSH honeycomb
nanoribbons with zigzag edges. Close to equilibrium, µ1 = µ2 = EF where µ1(2) is the chemical
potential at the left (right) contact and EF is the Fermi energy which is controllable via doping, the
conductance of a honeycomb nanoribbon with zigzag edges is calculated as a function of EF . Figure
4 displays the conductance quantization at gate electric field Ez = 0, Ez = Ec

z , and Ez > Ec
z which

correspond to ”ON”, ”transition point”, and ”OFF” state of TQFET respectively.
In the QSH regime, at half filling, topologically protected edge states connecting opposite valleys

cross the energy-zero at the time-reversal invariant momentum. With increasing EF , the Fermi level
crosses new bands and opens new channels for conductance. That is, as shown in figure 4(b), the
low-energy modes representing edge states (n = 0) are valley non-degenerate while all the high-
energy modes representing bulk states (n = 1, 2, 3, . . .) are twofold valley-degenerate. As a result,
the number of transverse modes available at energy E can be expressed as M(E) = 2n + 1. In
addition, all the modes available for conductance retain a twofold spin degeneracy. Since each mode
(for each spin and valley degree of freedom) acts as a channel that contributes to the conductance
by e2/h, the low-bias and low-temperature quantized conductance in the ”ON” state of a TQFET
can be expressed as GON = (2e2/h)(2n+1)T̃ . Here T̃ is the corresponding transmission probability
per mode which goes to unity in ballistic QSH regime. As shown in figure 4(c), the conductance
plateau for GON/(2e

2/h) appears at the ”odd” integer values.
To estimate the conductance in the OFF state we adopt the Landauer approach again, assuming

the channel to be connected to semiconducting leads so that the gap to transport is EG. In the trivial
insulating regime, as shown in Figure 4(h), the near zero-energy minimum conducting channels
vanishes due to dominating staggered potential term. Additionally, in the presence of SOI, the
electric field also lifts the spin degeneracy such that the total number of conducting modes available
at low energy are M(E) = 2n. As a result,the zero-temperature conductance in the trivial regime
can be approximated as GOFF = (2e2/h)nT̃ . Note that, unlike spin-degenerate spectrum in QSH
phase, the factor of 2 in conductance GOFF is due to valley degrees of freedom and the corresponding
conductance plateau for GOFF /(2e

2/h) appears at integer values n=0,1,2,3. . . as shown in Figure
4(i). Since we are interested here in manipulating the minimal conductance quantum, as the working
of a TQFET deals with the shift from conductance quantum 2e2/h to 0, the opted Landauer approach
in trivial phase is also a reasonable approximation as long as the system is at half filling and the
Fermi-level lies within the band gap EG of the nanoscale TQFET.

By using the Landauer formula, where the total electron transmission probability M(E)T̃ at
energy E is convoluted with the energy derivative of the Fermi function df(E)/dE, the conductance
GOFF of the OFF state is also plotted as a function of the Fermi energy at finite temperature. As
shown in Figure 4(i), the conductance plateaus becomes smoother for T > 0. As expected, we also
noted that the topological quantum field effect shifts the conductance plateau of GOFF along the
energy axis as shown in Figure 4(i): It is consistent with the band evolution for both infinite sheet
as shown in 2 and semi-infinite sheet as shown in 4(d): In the OFF state, the topological quantum
field effect enhances the trivial band gap where the maximum of the valence band remains pinned
but the minimum of the conduction band is lifted along the energy axis.
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Figure 4: Edge state dispersion and conductance quantization for semi-infinite hon-
eycomb strip with zigzag edges. (a-c) Electric field switching via topological phase phase
transition showing helical edge states as available conducting channels in the ON state (a), critical
gapless phase (b) and the trivial insulator or OFF state (c). (d-f) Topological quantum field effect
in the ”ON” state reduces the band gap by shifting the valence band along energy energy axis (d).
On the other hand, at the critical point (e) and in the ”OFF” state (f), topological quantum field
effect enhances the trivial band gap where the maximum of valence band remains pinned but the
minimum of conduction band lifted along energy axis. (g-i) Quantized conductance in terms of the
number of modes M(E) available at a given energy for TQFET in the QSH phase (g), at the critical
point λv = λcv (h) and in the OFF state (i). While conduction band minimum remains pinned in
ON state(g), (h) and (i) also show the shift of conduction band minimum in OFF state, along Fermi
energy, induced by topological quantum field effect. In the ON (OFF) state, conductance jumps
from 2e2/h (0) to 6e2/h (2e2/h) at the tip of conduction/valence bands lying at the energy Ec(Ev)
while the electric field switching (b, e, h) is based upon manipulating the minimal conductance
between 2e2/h and 0 and topological quantum field effect enhances this process. Here we set t = 1
eV and the spin chirality of edge states is same as shown for the tips of connecting Dirac cones.

Material realization and future directions

In general, both group-IV [19–22] and group-V [23–25] Xenes are QSH insulators and can serve the
purpose of channel in topological FET. However, as shown in table 1, weak Rashba SOI in group-IV
Xenes has negligibly small effect on the sub-threshold swing. On the other hand, group-V Xenes
with large atomic SOI such as bismuthene [23–25] or functionalized bismuth monolayers BiX [31]
and Bi2XY [32] where X/Y = H, F, Cl and Br, are promising materials for realizing topological
quantum field effect in the proposed transistor geometry.

It has been shown that all the various group-V monolayer structures such as free-standing (As, Sb,
Bi) monolayers, (As, Sb, Bi) monolayers on SiC substrate, and functionalized bismuth monolayers
BiX and Bi2XY are large gap QSH insulators. However, our framework developed for TQFET
with reduced suthreshold swing (S∗ < 0.75) and high ON/OFF ratio (105 ∼ 1010) with large
band gap in the OFF state (>10kT or 250meV) for functioning at room temperature highly desires
buckled structure with bulk band gap away from the centre of Brillouin zone Γ. While buckling
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is required to realize electric field switching via topological quantum field effect, band gap at the
corners of the Brillouin zone K(K′) are highly desired for large bulk-band splitting via topological
quantum field effect: Rashba SOI efficiently tunes the band gap by splitting the top/bottom of
the valence/conduction bands lying at K(K′) but has no effect on the band gap opened at the
time-reversal invariant momenta.

While band gap in all the group-IV Xene structures, planar graphene and buckled silicene,
germanene, and stanene, lies at the valleys K(K′), location of Dirac points and the band gap in
group-V Xenes depends upon the geometric structure, substrate effect, and their functionalization.
For example, the Dirac points and the band gap lie at the high symmetry Γ-point in free-standing
(As, Sb, Bi) monolayers with buckled honeycomb structures. However, (As, Sb, Bi)/SiC stabilizes
in a planar honeycomb structure and hosts Dirac points and the band gap at the corners of the
Brillouin zone [24, 25]. On the other hand, functionalized bismuth monolayers BiX and Bi2XY
are ideal candidates where low-buckling is iduced by X/Y atoms while the Dirac points or the bulk
band gap lies at the valleys K(K′). Table 1 summarizes the strength of atomic SOI, Slater-Koster
parameter Vspσ and sub-threshold swing in the presence of Rashba SOI for group-IV and V Xenes.

ξ(eV ) Vspσ S⋆‡

Free atom Normalized Experimental† (eV) ∆R 6= 0

Graphene 0.006a 0.009k - 5.580f 0.999[0.999]

Silicene 0.028b 0.044c (-)0.044cd 2.54g 0.999[0.999]

Germanene 0.2b 0.29c (0.2)0.29cd 2.36g 0.996[0.993]

Stanene 0.6b 0.8c (0.48)0.77cd 1.953h 0.961[0.934]

Arsenene 0.29b(0.36e) 0.421c - 1.275i 0.978[0.955]

Antimonene 0.6e(0.8b) 0.973c - 1.170i 0.904[0.802]

Bismuthene 1.5e 2.25 - 1.3ij 0.707[0.568]

Table 1: Strength of atomic SOI ξ, Slater-Koster parameter Vspσ and sub-threshold swing S∗ for
TQFET based on group-IV and V Xenes. Here we assume that dz ≈ z and sinθ ≈ 1 for quasi-
planar/low-buckled honeycomb lattice. Similar to other group-IV and V elements, a normalization
factor of 3/2 is also multiplied to bismuthene free atomic SOI.

a:Reference [19] b:Reference [34] c:Reference [35] d:Reference [36] e:Reference [37, 38]
f:Reference [39] g:Reference [40] h:Reference [41] i:Reference [42] j:Reference [43]
k:Reference [44]
†Entries in parentheses represent the experimental values for neutral atomic SOI. For experimental
data, see reference [35, 36] and references cited there in.
‡Entries in brackets represent the sub-threshold swing for normalized SOI.

Finally, the free atomic SOI ξ = 1.25 for bimuthene sheets can be further enhanced in func-
tionalized bismuth monolayers BiX and Bi2XY . Originally it was shown by Braunstein and Kane
[34] that the spin-orbit splitting in free Ge atoms is 0.2eV while that in the solid it is 0.29eV [36].
Similarly, Chadi et.al., showed that a renormalization factor of 3/2 works well for other group-IV
and V structures [35]. Hence we considered both the free atomic ξ0 = 1.5eV and normalized SOI
ξN = 3ξ0/2 = 2.25eV for bismuthene as listed in 1. Such a large renormalization can be under-
stood as follows: The SOI term (h̄/4m2c2)(∇V ×p).σ reduces to the well-known form ξ(r)l.s where
ξ(r) = (h̄2/4m2c2)(∂V/∂r) when V is approximated to be spherically symmetric. In terms of Wan-
nier functions ws

k(r − d) centred about each lattice point whose vector coordinates are denoted by
d, the SOI matrix elements are approximated as [45]

〈ψs(k)|
h̄

4m2c2
(∇V (r− d)× p).σ|ψt(k′)〉 = δ

kk′
〈ws

k(r)|ξ(r)l.s|wt
k(r)〉 (9)
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where wavefunctions ψs(k) are superposition of Wannier functions and V (r − d) is the potential
with a centre of symmetry at each lattice point. In tight binding methods, ξ(r) is approximated as
the strength of SOI under various constraints such that (i) The Wannier functions centred about
different lattice points are orthogonal and hence localized in the Wigner-Seitz cell; (ii) V (r − d)
centred about different lattice points possess spherical symmetry and is the same in each Wigner-
Seitz cell and vanishes outside. However, the Wannier functions are not fully orthogonal and the
potential V does not have full spherical symmetry because of the surrounding atoms in a solid.
Hence, the spilling over of Wannier functions into the nearest cells and the lower symmetry of V
lead to a substantial modification/renormalization.

The SOI renormalization is highly dependent on the various ionic configurations of group-IV and
V elements in diamond and zinc-blende compounds [34, 35]. Due to the partial ionic character of
chemical bonding, the spin-orbit splitting of cation p-states in the compounds of group-IV and V
elements depends upon the time spent by an electron around cation and anion sites. So the SOI of
the cation p-states in the group IV and V compounds, if displaying a similar QSH phase and a QSH
to trivial insulator transition, can be further enhanced for quantum devices. The SOI dependence
upon various ionic configurations for Sb ions is shown in Ref. [34]. Following these lines, even for
purely group-IV and V elemental honeycomb lattices, the atomic functions/orbitals near the top of
valence bands need not be purely p-like but can have admixtures of higher angular momentum (d -
like) states. That is, the renormalized SOI of cation p-states can be increased by either (i) promoting
s and p electrons to higher states, or (ii) completely removing s and p electrons as in the ion. It can
be achieved either through shining light or though gate controlled tuning of the energy of electronic
states whose eigenvectors are non-vanishing at the singularities of the potential V (r− d).

Conclusion

We have analysed the working of TQFET, employing the energy-zero edge state of QSH honeycomb
nanoribbons, based on the conductance which is quantized, topologically protected, and indebted
to the intrinsic microscopic quantum phenomena such as SOI and band topology. We noted that,
associated with SOI and band topology and hence contrary to conventional semiconductor such as
MOSFET or bilayer graphene, topological quantum field effect enhances the electric field switching
and reduces the sub-threshold swing without any lower bound. This is subject to the topological
quantum field effect modelled via Rashba SOI which provides tunable parameters for controlling the
electric field switching and sub-threshold swing, in stark contrast to gate capacitance mechanism
in conventional semiconductor transistor where sub-threshold swing is bounded by Boltzmann’s
tyranny. The derived expression for bulk band gap, critical electric field, and sub-threshold swing
explicitly demonstrate that the working of TQFET can be controlled via geometric structure of QSH
lattices, atomic SOI, and the Slater-Koster inter-orbital hopping parameters.

While incorporating the topological quantum field effect in engineering TQFET, a decrease of
more than 25% compared to Boltzmann’s limit of sub-threshold swing is possible when ξ/Vspσ > 1
which can be realized in a bismuthene like staggered honeycomb structures. The sub-threshold
swing can be further reduced through lattice distortion via strain and substrate effect: tuning of
Slater-Koster parameters and Stark matrix elements and optimizing the Rashba SOI and buckling
parameters. It shows that, unlike conventional semiconductor transistors, a TQFET does not have
sharp lower bound on its sub-threshold swing and hence no topological tyranny. In summary, topo-
logical quantum field effect, an alternate mechanism for reducing the sub-threshold swing, provides
a promising platform for further research and developing energy-efficient quantum devices.

In passing, the topological quantum field effect can be employed for simulating substrate effects
in experimental condensed matter physics. Theoretically modelling of Rashba SOI induced by inter-
action between sample and substrate is more difficult as compared to one due to gate electric field.
TQFET incorporating the topological quantum field effect can be employed as a device for estimat-
ing/modelling substrate induced Rashba SOI: first measure the sub-threshold swing for free-hanging
2D sheet and then perform the measurement again while incorporating the substrate effects. The
strength of the substrate-induced Rashba SOI can be simulated via reduction in the sub-threshold
swing of the TQFET.
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Figures

Figure 1

Topological quantum  �eld effect transistor. In the absence of a gate electric  �eld, a QSH insulator hosts
dissipationless helical conducting channels with a minimum value of the quantized conductance 2e2=h
(ON state of TQFET (a)). When the gate electric  �eld exceeds a threshold limit, the thin QSH insulator
layer (staggered honeycomb lattice (b)) enters into the trivial regime, in which the minimum value of the
conductance drops to zero (OFF state). Such electric  eld switching is accompanied by the topological
quantum  �eld effect which enhances the topological phase transition driven by a gate electric  eld and
reduces the sub-threshold swing (c). Here, δrepresents the shift in nontrivial/trivial band gap EG due to
topological quantum � eld effect.



Figure 2

Electric � eld switching (ΔR = 0) and Topological quantum  �eld effect (ΔR ≠ 0). (a-c) In the absence of
Rashba SOI, a uniform out-of-plane electric  �eld drives QSH (a) to normal insulating (NI) phase (c) while
passing through a critical point (Δv = Δc v) where valleys K(K0) are perfectly spin-polarized hosting spin
down (up) gapless states (b). (d-f) The topological quantum  �eld effect reduces the nontrivial band gap
(d), opens the trivial band gap at the threshold gate electric  eld (e), and enhances the trivial band gap (f).
The topological quantum � eld effect speeds up the topological phase transition by opening a trivial band
gap when Δv = Δc v (e) which would otherwise be the critical point in the absence of topological quantum
� eld effect (b). Here we use t = 1 eV, Δso = 0:519 eV, and ΔR = 0:225 eV (d), ΔR = 0:30 eV (e), ΔR = 0:375
eV (f). The solid(dashed) lines represent band dispersion in the absence(presence) of Rashba SOI.



Figure 3

Topological quantum  �eld effect on band gap, threshold gate voltage, and sub-threshold swing. The
green, blue, and red lines represent the variation of band gap (a), threshold gate voltage (b), and sub-
threshold swing (c) corresponding to atomic SOI and Slater- Koster parameter ratio ζ=Vspδ = 1; 1:5; 2
respectively which encodes the topological quantum  eld effect. (a) Nontrivial (trivial) bulk band gap EG
decreases (increases) sharply with increasing ζ=Vspδ. Accordingly, the threshold gate voltage (b) and
sub-threshold swing (c) decreases with increasing ζ=Vspδ. Magenta circles (triangles) represent the sub-
threshold swing for TQFET based on antimonene and bismuthene with free atomic (normalized) SOI.
Here we assume that dz ≈z and sinθ ≈ 1 for quasi-planar/low-buckled honeycomb lattice.



Figure 4

Edge state dispersion and conductance quantization for semi-in nite hon- eycomb strip with zigzag edges.
(a-c) Electric  eld switching via topological phase phase transition showing helical edge states as
available conducting channels in the ON state (a), critical gapless phase (b) and the trivial insulator or
OFF state (c). (d-f) Topological quantum  �eld effect in the "ON" state reduces the band gap by shifting the
valence band along energy energy axis (d). On the other hand, at the critical point (e) and in the "OFF"
state (f), topological quantum  eld effect enhances the trivial band gap where the maximum of valence
band remains pinned but the minimum of conduction band lifted along energy axis. (g-i) Quantized
conductance in terms of the number of modes M(E) available at a given energy for TQFET in the QSH
phase (g), at the critical point λv = λc v (h) and in the OFF state (i). While conduction band minimum
remains pinned in ON state(g), (h) and (i) also show the shift of conduction band minimum in OFF state,
along Fermi energy, induced by topological quantum � eld effect. In the ON (OFF) state, conductance
jumps from 2e2=h (0) to 6e2=h (2e2=h) at the tip of conduction/valence bands lying at the energy Ec(Ev)
while the electric  �eld switching (b, e, h) is based upon manipulating the minimal conductance between
2e2=h and 0 and topological quantum  �eld effect enhances this process. Here we set t = 1 eV and the
spin chirality of edge states is same as shown for the tips of connecting Dirac cones.


