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Optimization of concurrently compressed and torqued rod 

V. Kobelev1 

Abstract    

The applications of this method for stability problems in the context of twisted and compressed rods 

are demonstrated in this manuscript. The complement for Euler’s buckling problem is Greenhill's prob-
lem, which studies the forming of a loop in an elastic bar under simultaneous torsion and compression 

(Greenhill, 1883). We search the optimal distribution of bending flexure along the axis of the rod. For 

the solution of the actual problem the stability equations take into account all possible convex, simply 
connected shapes of the cross-section. We study the cross-sections with equal principle moments of 

inertia. The cross-sections are similar geometric figures related by a homothetic transformation with 

respect to a homothetic center on the axis of the rod and vary along its axis. The cross section that 

delivers the maximum or the minimum for the critical eigenvalue must be determined among all convex, 
simply connected domains. The optimal form of the cross-section is known to be an equilateral triangle. 

The distribution of material along the length of a twisted and compressed rod is optimized so that the 

rod must support the maximal moment without spatial buckling, presuming its volume 𝑉  remains con-
stant among all admissible rods. The static Euler’s approach is applicable for simply supported rod 

(hinged), twisted by the conservative moment and axial compressing force. For determining the optimal 

solution, we directly compare the twisted rods with the different lengths and cross-sections using the 

invariant factors. The solution of optimization problem for simultaneously twisted and compressed rod 
is stated in closed form in terms of the higher transcendental functions. 

 

1. Twisted and axially compressed rod with an arbitrary convex simply-con-

nected cross-section 

Consider a thin elastic rod with isotropic cross-section, twisted by couples applied at its ends alone 

(Greenhill’s problem. The problems of optimizing stability of the simply supported twisted rod were 
studied numerically in (Banichuk, Barsuk, 1982a). The rod possessed the similarly shaped cross-sections 

with the varying cross-sectional area. More advanced problem of twisted and compressed rod was stud-

ied numerically in (Banichuk, Barsuk, 1982b). The optimization problem consisted in finding the dis-
tribution of cross-sectional areas that assigns the largest value to the critical moment causing a loss of 

stability and such that the constraint on the volume of material and the constraints on the admissible 

thickness of the rod were satisfied.  
The problem of determining the simultaneously compressed and twisted column of maximal effi-

ciency was studied in (Spasic, 1993). Following the structural optimization theory, the shape of the 

column of minimal was determined numerically for a given combination of compression and torque.  

The problem of the optimal design of columns under combined compression and torsion was inves-
tigated in (Kruzelecki, Ortwein, 2012). A cross-sectional area varying along the axis of the column 

which leads to the maximal critical loading was sought. The varying cross-section was approximated by 

a function with free parameters. Alternatively, the varying cross-section was determined numerically 
using Pontriagin’s maximum principle. 

Consider a thin elastic rod with isotropic cross-section, twisted by couples and compressed by axial 

forces applied at its ends (Greenhill’s problem) (Pastrone, 1992). The twisting couple Μ and axial force 

𝛬 retain their initial direction during buckling and the boundary conditions of fixed axes of rotation are 
satisfied (Ziegler, 1977, Cases 1 and 2 in Table 1.1, Section 1.2, page 5). According to Euler's theory, 

the magnitude of the critical moment is determined by the smallest positive eigenvalue Λ. We search the 

closed-form analytical solutions for the optimal shape of the rod along its axis with the application of 
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the variational methods. ). According to Euler's theory, the magnitude of the critical moment is deter-

mined by the smallest positive eigenvalue 𝛬. We demonstrate at the beginning the validity of static 
Euler’s approach for simply supported rod (hinged), twisted by the conservative moment. The distribu-

tion of material along the length of a twisted rod is optimized so that the rod is of the constant volume 

𝑉 and will support the maximal moment without spatial buckling. The cross section that delivers the 
maximum or the minimum for the critical eigenvalue must be determined among all convex, simply 

connected domains. A priori form of the cross-section remains unknown. For the solution of the actual 

problem the stability equations take into account all possible convex, simply connected shapes of the 

cross-section. Thus, we drop the assumption about the equality of principle moments of inertia for the 
cross-section. The cross-sections are similar geometric figures related by a homothetic transformation 

with respect to a homothetic center on the axis of the rod and vary along its axis. The area of some 

reference cross-section 𝛺 is 𝐴&. The area 𝒜 of the cross-section with the coordinate 𝑥 is  

𝒜 = 𝑎(𝑥)𝒜&, 0 < 𝑎 < 1 − 𝐿 ≤ 𝑥 ≤ 𝐿.  

The dimensionless trial function	𝑎(𝑥) is positive, locally integrable function. Its integral over the 

half-length of the rod reads: 

𝒱[𝑎] = ∫ 𝑎(𝑥)𝑑𝑥:
& . (1) 	

We assume for briefness, that principal moments of inertia of the all cross-sections are equal: 

  𝐽< =		 𝐽= = 	𝑗, 𝑗 = 𝜘@𝑎@ .  
The above equality is valid for the cross-sections in form of equilateral triangles and circles. The 

optimal shape of cross-section is the equilateral triangle as stated by (Ting,1963) 
Consider the beam hinged on two supports 𝑥 = 𝐿 and 𝑥 = −𝐿 (Figure 1): 

𝑦|DE: = 0,																	𝑦|DEF: = 0,	 
 𝐸𝑗𝑦HH|DE: = 0, 				𝐸𝑗𝑦HH|DEF: = 0,   
𝑧|DE: = 0, 																	𝑧|DEF: = 0, 
	𝐸𝑗𝑧HH|DE: = 0, 						𝐸𝑗𝑧HH|DEF: = 0. 

(2) 	

 The buckling equations the beam read 

(	𝐸𝑗𝑦K )HH = ΜL𝑧HHH + Λ𝑦HH,								(𝐸𝑗𝑧K )HH = −ΜL𝑦HHH + Λ𝑧HHH. (3) 	
For the boundary value problem (7), (8), the actual curvatures and displacements 𝑦∗, 𝑧∗ minimize the 

quotient: 

Λ[𝑗, 𝑦Q, �̃�] = ∫ S𝐸𝑗T𝑦Q HH= + �̃�HH=U + 2Μ(�̃�H𝑦Q HH − �̃�HH𝑦Q H)V𝑑𝑥:
F:

∫ T𝑦Q H= + �̃�H=U𝑑𝑥:
F:

,	

Λ[𝑗, Y, 𝑍] ≡ Λ[𝑘[𝑎@ , 𝑦, 𝑧] = min_Q, Q̀ Λ[𝑗, 𝑦Q, �̃�]. 
(4) 	
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The Euler's static approach is proved to be valid for the considered boundary value problem with 

conditions of fixed axes of rotation, Cases 1 and 2 (Ziegler, 1977, §5.4, Table 5.1, Section 1.2, page 
127). The corresponding boundary-value problems are neither selfadjoint nor conservative in the clas-

sical sense. This load are referred to as the conservative system of the second kind (Leipholz, 1974). 

2. Optimization problem and isoperimetric inequality for stability 

Based on the above solution, the distribution of material along the length of a twisted rod will be 

optimized. We search the rod is of constant volume 2𝒜&𝒱 that support the maximal axial force 𝛬 with-

out spatial buckling, assuming the torsion moment Μ is given. The mass ℳ of the rod is given by 

ℳ = 2ρ𝒜&𝒱 = const,						 (5) 	
The formal formulation of the optimization problem is the following:  

𝛬[𝜘[𝑎@ , 𝑦, 𝑧] → 𝑚𝑎𝑥k(l) . (6) 	
The distribution of material along the length of a twisted rod is optimized so that the rod is of constant 

volume and provides the maximal moment without spatial buckling. Due to the mirror symmetry of the 

problem with respect to the point 𝑥 = 0, one half of the rod 0 ≤ 𝑥 ≤ 𝐿 could be studied. The half-

volume of the rod is 𝒱. The augmented functional for the optimization problem (5)-(6) reads: 

ℒ[𝐴] = 𝒱[𝑎] + λΛ[𝜘[𝑎@ , 𝑦, 𝑧] = ∫ 𝑎(𝑥):
& 𝑑𝑥 + λ ∫ pqrs_Qttuv Q̀ttuwv=xT Q̀t_QttF Q̀tt_QtUyzD{

|
∫ s_Qtuv Q̀tuwzD{
}{

. (7) 	

The first variation of the augmented	Lagrangian	(7) reads: 

𝛿ℒ[𝐴] = ∫ 𝛿𝑎(𝑥):
& 𝑑𝑥 + λ ∫ �(qr)∙s_Qttuv Q̀ttuwzD{

|
∫ s_Qtuv Q̀tuwzD{
|

,  

𝛿(𝐸𝑗) = 𝐸𝜘@𝛿(𝑎@) = 𝑎𝐸𝜘@𝑎@F<𝛿𝑎. 

Let optimal distribution of the cross-sectional area along the span of the rod is 	A(x) .The necessary 

optimality condition follows from the vanishing of the first variation:  

−𝑐 + 𝐴@F<Κ= = 0,	 (8) 	
with an auxiliary constant: 

 c = (𝐸𝜘@α)F<λ. 

The spatial curvature in Eq. (8) reads: 

Κ= =	𝜅_= + 𝜅`= =	𝑦Q HH= + �̃�HH=. 

The application of the Fermat’s principle for the optimization problems leads to the necessary opti-
mality condition: 
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𝐴 = (Κ/𝑐)=/(<F@)		.	 (9) 	
The necessary	optimality	condition	(9)	is	the	requirement	that	the	augmented	Lagrangian	has	a	
stationary	value.	The	optimal	second	moment	of	the	cross-section	follows	from	Eq.	(9)	as:	
𝐽 = 𝐸𝜘@ ∙ (Κ/𝑐)=@/(<F@) = T𝑦HH= + 𝑧HH=U@/(<F@).	 (10) 	

The applied method of scaling allows an arbitrary selection of the constant c. For briefness of the gov-

erning equations, we set the constant c as the positive solution of the equation: 

 𝐸𝛼𝜘@(1/𝑐)=@/(<F@) = 1.  

With this choice the bending stiffness reduces to: 

𝐽 = T𝑦HH= + 𝑧HH=U@/(<F@) ≡ K=@/(<F@).	 (11) 	
 

3. Closed-form solution of the governing equations 

The order of both equations (8) could be reduced by one using the boundary value conditions (7). The 

buckling equations transform with Eq. (16) to: 

	𝑒<[𝑧HH, 𝑦HH] = T𝑦HH= + 𝑧HH=U@/(<F@)𝑦HH − 𝛬𝑦HH+Μ𝑧HHH,	 (12) 	

𝑒=[𝑧HH, 𝑦HH] = T𝑦HH= + 𝑧HH=U@/(<F@)𝑧HH − 𝛬𝑧HH −Μ𝑦HHH.  (13) 	
For the handling of the governing equations, we introduce the new dimensionless parameter	Ω: 

Ω = ¢
£ s=¤w

=
. (14) 	

If solely a axial force compresses the rod, the Euler’s eigenvalue Λ determines the buckling compres-

sion. Otherwise, if only a moment twists the rod, the buckling state results from the eigenvalue of the 

pure Greenhill problem Μ. If both loads are simultaneously applied, the parameter Ω relates two critical 

buckling states. The eigenvalue of the pure Greenhill problem Μ follows from the Euler’s eigenvalue Λ 

with this parameter Ω: 

Μ = 2¥ ¢
£¦. 

The analysis of the solution simplifies with the parameter Ω. Two mentioned above pure solutions 

result as the opposite limit cases from the general formulas. One asymptotic case will be Ω → ∞ , Λ →
∞. If the torsional eigenvalue Μ remains bonded, this case corresponds to the solution of the Greenhill 

problem of the pure twisted rod. The axial compression disappears in this case. The instability of rod 
appears due to action of the twisting moment.  
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 The other asymptotic case is Ω → 0 , Μ → ∞. If the compression eigenvalue Λ is bonded, this case 

corresponds to the solution of the Euler problem of the pure compressed rod. In this case the torque is 
absent and the instability is caused only by the axial compression. 

Now we proceed with the solution of optimization problem. For the solution of two simultaneous 

equations (12),(13) we select two auxiliary functions	Κ(𝑥), 𝜃(𝑥): 
𝑧HH = Κcos 𝜃,	𝑦HH = Κ sin𝜃. (15) 	

After the substitution (15) into (12) and (13), we get the differential equations for the auxiliary func-

tions Κ(𝑥), 𝜃(𝑥). It is possible to solve these equations for	Κ, 𝜃, but we prefer to find the solution for the 

functions  𝐴, 𝜃. With this choice of the unknowns, the solution immediately results to the optimal cross-

section area 𝐴 .  Using Eq. (9), we replace for this purpose Κ  by 𝐴:  

𝐴𝜃HH + (𝛼 + 1)𝜃H𝐴H + (𝛼 − 1) ¥ ©
£ª𝐴H𝐴F@ 			= 0,	 (16) 	

𝐴HH + @F<
=« 𝐴H= −	=«@v< 𝜃H= 	+ ¬

<v@¥ ¢
£¦𝐴<F@	𝜃H + =¢«}®

<v@ = 0. (17) 	
Eq. (16) leads to the solution for function 𝜃. The integration constant could be put to zero from the 

symmetry considerations:	𝜃(0) = 0. We denote the solution of the equation (16) as 𝜗(𝑥). The solution 
reads: 

𝜗 = (1 − 𝛼)¥ ¢
£¦∫ 𝐴F@(𝑧)D

& 𝑑𝑧. (18) 	
Substitution of the solution 𝜗(𝑥) from Eq. (18)		into the Eq. (17) leads to the nonlinear ordinary dif-

ferential equation only for the function 𝐴: 

	𝐴HH + @F<
=« 𝐴H= 	− 2𝐴 + =©

@v<𝐴<F@ − =¢(<F@)
£¦ 𝐴<F=@ = 0. (19) 	

The Eq. (19) contains three dimensionless parameters: 𝛼, Ω, Λ. The critical value for Μ results with 
Eq. (14). For the closed form solution, the dependent and independent variables in Eq. (19) must be 

exchanged: 

zuD
z«u = @F<

=«
zD
z« + 2Λ

T<F@uU«}u®v£¦«}®
£	¦	(<v@)	 szDz«w

£
. (20) 	

Eq. (20) is of the second order with missing dependent and independent variables. The reduction of 

order leads to the nonlinear ordinary differential equation of the first order in terms of Ξ = zD
z«: 

z±
z« = @F<

=« Ξ + 2Λ T<F@uU«}u®v£¦«}®
£	¦	(<v@)	 Ξ£. (21) 	

The dependent and independent variables Ξ, 𝐴  in Eq. (21) are separable. The differential equation 
(21) is solvable by quadrature: 
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∫ z²
®}
u³ ²v=¢

T}®uU³}u®´µ¶³}®
µ	¶	(´®)	 ·µ

±(«)
¸ = 𝐴, 

	𝑥 = ∫ Ξ(𝑎)da«
& + 𝐶=		.	

(22) 	

The integral (22) contains two integration constants:  𝐶< , 𝐶=. The integral for the Eq. (22) is summa-

ble, if the first integration constant is equal to:  

  𝐶< = ¬¢
£¦

£¦v<v@
<v@ . (23) 	

With this value, the solution of the Eq. (20) reads: 

𝑥 = <
=√¢∫ k®}

»k®}(<v@v£¦)F£k®	¦F<F@ 𝑑𝑎 + 𝐶=	
«
&  for 0 < 𝐴 < 1, right half (24) 	

𝑥 = − <
=√¢∫ k®}

»k®}(<v@v£¦)F£k®	¦F<F@ 𝑑𝑎 + 𝐶=	
«
& for 0 < 𝐴 < 1, left half (25) 	

The function 𝐴(𝑥) , which is defined implicitly with Eq. (24), (25), is an even function of 𝑥 according 

the symmetry conditions. Consequently, according to the symmetry of the solution, 𝑑𝐴/𝑑𝑥 must vanish 

in the point 𝑥 = 0.  The resulting equation of the first order is solvable in quadrature:  

𝑥 = <
=√¢∫ k®}

»k®}(<v@v£¦)F£k®	¦F<F@ 𝑑𝑎	
«
&  for 0 < 𝐴 < 1, right half (26) 	

𝑥 = − <
=√¢∫ k®}

»k®}(<v@v£¦)F£k®	¦F<F@ 𝑑𝑎	
«
&  for 0 < 𝐴 < 1, left half (27) 	

The functions in Eqs. (26)..(27) are the real functions of 0 < 𝐴 < 1. The limit in Eq. (28) is the right-

hand limit 𝛼 → 1 +. The area of the optimal cross-sections vanishes in the end points of the rod, where 

the bending moment disappears: 

 𝑥(𝐴 = 0) = 𝐿 . 	 (28) 	
The formulas (26) and (27) provide the most general expression for the solution of the declared opti-

mization problem for all admissible values of parameters 𝛼, Λ, Ω. For an arbitrary value of parameter 𝛼, 

the expression in terms of the standard transcendental functions seems to be impossible. In the following, 

we find the closed form solutions with higher transcendental functions in the cases, significant for ap-
plication.   

4. Special cases 

 Greenhill stability special case 

At first, the mentioned above Euler and pure Greenhill load buckling states result from the general 
expressions (26) and (27) as the special cases.  
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The solution (26) reduces in the asymptotic case Ω → ∞  to the solution of the optimization problem 

for the pure twisted rod with the vanishing axial compression. The singular integral in (26) and (27) 
expresses in terms of the higher functions (Gradstein, Ryzhik, 2014):  

𝑥 = <
=√£¦¢ ∫ k®}

√k®}Fk®	𝑑𝑎 = √£
¼√¦¢∫ k®}u

√<Fk	𝑑𝑎	
«
& 	«

&  for 0 < 𝐴 < 1, right half, 

(29) 	

𝑥 = 	=√«®´
£x¦(@v<) 𝐹2 2 sp12 , @v<= y , p£v@= y ,𝐴w ,					𝑓𝑜𝑟						𝛼 > 1, 

𝐿 = √3
6√ΩΛÂ

𝑎@F<=
√1 − 𝑎	𝑑𝑎 =	

<

&
	2
3ΜΩΒ Ä

1
2 ,
𝛼 + 1
2 Å,											 

𝑋 = 𝑥
𝐿 =

2√𝐴@v<
𝛼 + 1

	 𝐹= = sp12 , 𝛼 + 12 y , p3 + 𝛼2 y , 𝐴w
Β s12 , 𝛼 + 12 w .			 

The solution (29) is the solution of the optimization problem for the twisted rod with the vanishing 

axial compression.  

  Euler stability special case 

Similarly, the other asymptotic case Ω → 0  delivers the solution of the optimization problem for the 
solely compressed rod with the zero torque. The singular integral in Eqs. (26)-(27) could be expressed 

to the higher functions:  

𝑥 = <
=»(<v@)¢∫

k®}
√k®}F<𝑑𝑎	

«
&  for 0 < 𝐴 ≤ 1, right half (30) 	

The integral in Eq. (30) can be found with the hypergeometric function (Gradstein, Ryzhik, 2014): 

𝑥 = 	Ç«®
=@»(1+𝛼)Λ 𝐹2 2 sp12 , @

@F<y , p=@F<@F< y ,𝐴@F<w ,											𝛼 > 1.	 (31) 	
The half-length of the rod follows from (31) as the limit value 𝐴 = 1: 

𝐿 = <
=»(<v@)¢∫

k®}
√k®}F< 𝑑𝑎 = 	Ç

=»(<v@)¢	(<F@)
<
& Βs<= , @

@F<w.	 (32) 	
From Eqs. (31) and (32) follows the normalized coordinate (0 ≤ 𝑋 ≤ 1): 
𝑋 = D

: = <F@	
[

«®
	Èsu, ®®}w

𝐹= = sp<= , @
@F<y , p=@F<@F< y , 𝐴@F<w.	 (33) 	

5. General cases an arbitrary 𝛀 

 General solution for case 𝜶 = 𝟏 
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The closed form solution of the principal Eqs. (26)..(27) could be obtained for the practically inter-

esting cases 𝛼 = 1,2,3.  

In the case 𝛼 = 1 the solution reads (Figure 2): 

𝑥 = <
=√£¦¢ ∫ <

√<Fk 𝑑𝑎	 =
<

√£¦¢
«
& T1 − √1 − 𝐴U for 0 < 𝐴 < 1, right half. (34) 	

The half-length of the rod follows from (34) as: 

𝐿 = 1
2»3ΩΛÂ

1
»1− 𝑎𝑑𝑎	 =

1
»3ΩΛ

1
0 , (35) 	

The relation of the normalized coordinate to the optimal cross-section is a quadratic function: 

𝑋 ≡ D
: = 1 − √1 − 𝐴	,	𝐴 = 2	𝑋 − 𝑋=, (36) 	

The half-volume of the optimal rod evaluates trivially to: 

𝒱@E< = 1
2√3ΩΛÂ

𝑎
√1 − 𝑎 𝑑𝑎	 =

2√3
9√ΩΛ

«

&
, 

(37) 	
𝓋@E< = 𝒱®Í

: = ∫ 𝐴𝑑𝑋<
& = =

£. 

Notably, that the shape in the case 𝛼 = 1 does not depend on the parameter Ω.  

 General solution for case 𝜶 = 𝟐 

In the case 𝛼 = 2, the solution reads (Figure 3): 

𝑥 = √£
¼√¢∫ <

»(<Fk)(¦kF<)𝑑𝑎 = − Ç√£
<=

Ï(«,¦)FÏ(&,¦)
√¦µ©	 	«

& ,	for 0 < 𝐴 < 1, right half, 

(38) 	
𝐿 = − 𝑖»3

12
Υ(1,Ω)−Υ(0,Ω)

¥Ω3𝛬	
. 

where the auxiliary function is: 

Υ(Α,Ω) = 2√Ω	T√1 − 𝐴√1 − Ω	𝐴U
− (1 + Ω)𝑙𝑛T1 + Ω − 2𝐴Ω + 2√Ω√1 − 𝐴√1 − Ω	𝐴U (39) 	

The shape of the optimal rod depends on the parameter Ω. If the Ω parameter is less than the critical 

value, Ω= = 1, the functions of the cross-sectional area are roughly parabolic. Otherwise, the functions 

possess the saddle points.  The shapes for the values of the parameter, less than critical Ω < Ω= = 1, are 

shown on upper half of Figure 4 . If parameter is higher than critical value Ω > Ω= = 1, the shapes are 

plotted on the lower half of this figure. For comparison, both cases are shown overlapped on Figure 5. 

With the Eqs. (38)..(39), the normalized axial coordinate 0 < 𝑋 < 1	of the cross-section 𝐴 reads: 

𝑋(𝐴, Ω) ≡ D
: = Ï(Õ,¦)FÏ(&,¦)

Ï(<,¦)FÏ(&,¦).	 (40) 	
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The volume of the rod is easily calculated with the integration of Eq. (3) by parts. Remembering that 

𝐴(0) = 1, 𝑋(0, Ω) = 1 we get the expression for the half-volume of the rod 𝒱@E=. Dividing the half-
volume of the rod by half-length, the normalized half-volume results: 

𝓋@E= = 𝒱®Íu
: = 1 − ∫ 𝑋(𝐴, Ω)𝑑𝐴	<

& .	 (41) 	
The integral (42) allows the expression in closed form: 

𝓋@E= = S¬√¦(¦v<)T£¦uv=¦v£UÖuF¬¦T£¦uv¬¦v£UVÖvS×¦T£¦uv¬¦v£UÖuF<=¦µ/u(¦v<)V
S<¼¦µ/u(¦v<)uÖuF<¼¦u(¦v<)VÖvS£=¦uÖuF<¼¦Ø/uV ,	

(42) 	𝜒< = lnT1 + Ω − 2√ΩU + ln	(1 − Ω), 

𝜒= = ln(1 − Ω). 
The asymptotic case Ω → 0  delivers the solution of the optimization problem for the solely com-

pressed rod with the zero torque. This solution is the limit case of (42) as Ω → 0 : 

𝑋Ú = lim¦→&𝑋 = 1 − √1− 𝐴− «
= √1 − 𝐴,	

(43) 	𝐴Û = 𝐴 ≈¦→& 1 − s𝜎Q +
<
Þßw, 𝜎Q = ¥𝑋Ú − 1 + »𝑋Ú=− 2𝑋Úµ

, 

𝓋ß@E= = ∫ 𝐴à𝑑𝑋 = ¬
á

<
& . 

 General solution for case 𝜶 = 𝟑 

Finally, we study the last practically interesting case 𝛼 = 3 . For this case, the optimal shape is solv-

able in closed form. The governing equations (26)-(27) reduce in this case to the following integrals: 

𝑥 = √£
¼√¢ ∫ ku

¥(<Fk)Ä¦kuF¶µu (kF<)Å
𝑑𝑎	«

&  for 0 < 𝐴 < 1, right half, with  Ω£ = ×
£. (44) 	

For the briefness of the formulas, we introduce the auxiliary variable 𝑍 = √3Ω + 1. With the variable 

𝑍, the axial coordinate (44) rewrites as an integral with the variable upper limit: 

𝑥(𝐴, Ω) = <
=√¢∫ ku

»(<Fk)(kãFkF=)(kãvkv=) 𝑑𝑎	
«
&  for 0 < 𝐴 < 1, right half. (45) 	

Analogously, the half-length and the half-volume reduce to the similar integrals with the fixed limit 

of integration: 

𝐿(Ω) = <
=√¢∫ ku

»(<Fk)(kãFkF=)(kãvkv=) 𝑑𝑎	
<
&  for 0 < 𝐴 < 1, right half,  (46) 	
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𝓋@E£(Ω) = <
=√¢∫ kµ

»(<Fk)(kãFkF=)(kãvkv=) 𝑑𝑎	
<
&  for 0 < 𝐴 < 1, right half. 

The integrals (45) and (46) express in closed form: 

𝑥(𝐴, Ω) = 𝑐< ∙ [Φ(𝐴) −Φ(0)] + 𝑐=∙[Ψ(𝐴) − Ψ(0)],	
(47) 	

𝐿(Ω) = 𝑐< ∙ [Φ(1) − Φ(0)] + 𝑐=∙[Ψ(1) − Ψ(0)], 

𝓋@E£(Ω) = 𝑐£ ∙ [Φ(1) − Φ(0)] + 𝑐¬[Ψ(1) − Ψ(0)], (48) 	
The coefficients in Eq. (47)..(48) are :  

𝑐< = =
£√¢

	 Tæuv£U√æv£
(<Fæ)µ/u(æv<)u,	 𝑐= = =

£√¢
	 Tæuv£U
√æv£(<Fæ)µ/u(æv<) ,	

(49) 	
𝑐£ = ×

<á√¢
	 Tæuv£Uµ√æv£(<Fæ)Ø/u(æv<)µ, 𝑐¬ = 8

15√Λ
	 (𝑍¬ + 3𝑍= + 12)
√𝑍 + 3(1 − 𝑍)á/=(𝑍 + 1)=	

The special functions Ψ(𝐴),Φ(𝐴) are the elliptic integrals of the first and second kinds correspond-

ingly: 

Ψ(𝐴) = 𝐅Äℚ(𝐴), 1
ℚ(1)Å, Φ(𝐴) = 𝐄 sℚ(𝐴), <

ℚ(<)w,	
(50) 	

ℚ(𝐴) = »(æF<)(=v(æv<)«)
=√æ	 .	

The shape of the optimal rod depends on the parameter Ω. If the Ω parameter is less than the critical 

value Ω£ = 8/3, the functions of the cross-sectional area are roughly parabolic. Otherwise, the functions 

possess the saddle points.  The shapes for the values of the parameter, less than critical Ω < Ω£, are 

shown on upper half of Figure 6 . If parameter is higher than critical value Ω > Ω£, the shapes are 

plotted on the lower half of this figure. The combination of both cases is displayed on Figure 7. 

6. Mass comparisons of optimal rods to the rods with the constant cross-sec-

tions  

Evidently, that the exponent 𝛼 influences the estimations for the optimization effects. For compari-

son, we need the expression of the volume of the loaded rods with different length. The rods possess the 
constant cross-section along their axes. The rods with the definite form of cross-section are compressed 

by the axial force 𝐹  and twisted by moment 𝑀ë . The stability criterion for the simultaneously com-

pressed and twisted rods reads (Grammel, 1923): 

Ä𝑀𝑇 :
𝐸𝑗	í Å

=
+ =îï:
𝐸𝑗	íu ≤ 1.	 (51) 	
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If the cross-sectional area if the constant rod is 𝐴ðñò , the volume of the half of the rod will be 𝑉ðñò =
𝐴ðñò𝐿.  We substitute the values 

𝐸𝑗 = 𝜘@𝐴ðñò@ , Μ = ¥¬¢
£¦ , , 𝑀ë = 𝜘@Μ, 𝐹 = 𝜘@Λ 

into Eq. (51) , After the substitution, we obtaining the expression of the stability criteria in terms of the 

compressional  eigenvalue Λ  and the dimensionless parameters which control the relation between the 

twist and compression load  Ω:  

4Λ 𝐿=
3Ω𝐴𝑟𝑒𝑓	2𝛼 	𝜋= +

2Λ 𝐿
𝐴𝑟𝑒𝑓𝛼 	𝜋= ≤ 1.	 (52) 	

Using the expressions (52) we get the critical compression load of the rod with the constant cross-sec-

tion of the reference rod 𝐴ðñò :   

Λðñò = £¦íu𝐴𝑟𝑒𝑓	2𝛼
=𝐴𝑟𝑒𝑓T£𝐴𝑟𝑒𝑓𝛼 Ω+2𝐿U.	 (53) 	

The cross-section of the uniform rod with the critical eigenvalue Λðñò  results from Eq. (53) after the 

solution this equation for 𝐴ðñò . For comparison, we need the cross-section for the rods with  Λðñò = 1	. 
The uniform cross-section of the rod with the half-length	𝐿 and critical compression eigenvalue Λ =
1	results from (53) as: 

𝐴ðñò = ¥𝐿 √¬íu¦v£¦uv£¦£íu¦
®

,  

(54) 	
𝒱ðñò = 𝐿𝐴ðñò , 𝓋ðñò = 𝒱ôõö

: = 𝐴ðñò . 

The half-volumes of the uniform rods 𝓋ðñò with the half-length 𝐿 = 1	and various values Ω and 𝛼 

are shown on Figure 8. 

On the other hand, the volumes of the optimal rods 𝓋@(Ω)	for the same critical compression load Λ =
1	 were already determined above and are given by Eqs. (37), (42) and (48). With this information we 

can relate the volumes of the rods with the optimal and with the uniform cross-sections. Subsequently, 

the masses of the twisted rods for the same half-length 𝐿 = 1 and equal buckling forces are compared. 

The volumes and masses of the optimal and reference twisted rods relate to each other as: 

ℛ(𝛼, Ω) = 𝓋®(¦)
𝓋ôõö . 	 (55) 	

The masses of the optimal rods come from the Eqs. (38), (43) and (45).  The values ℛ are shown as 

the functions of 𝛼 and Ω  on Figure 9.  

Alternatively, we can represent the values ℛ as the functions of the ratios torque to compression loads  
x
√¢ . For this purpose, the abscissa axis on Figure 10 is scaled using the formula: 

 
x
√¢ = ¥ ¬

£¦.  
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Remarkably, that the optimal rods possess less mass, than the rods with the constant cross-sections 

only for definite values of the ratio Ω. 
7. Conclusions 

In this manuscript, the solution of optimization problem for twisted rod is stated in closed form. The 

solution expresses in terms of the higher transcendental functions.  The final formulas involve the length 

of the rod, its volume and critical torque and axial compression force. Remarkable, that in the torsion 

stability problem the optimal shape of the rod is roughly parabolic along its length and the optimal shape 
of cross-section is the equilateral triangle. 
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Figures 

 
Figure 1 The buckling shape of the simultaneously twisted and compressed rod with the simply supported (hinged) ends 
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Figure 2 Areas of cross-sections of the optimal twisted rods for  𝛼 = 1 for all values of parameter 𝛺 
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Figure 3 Areas of cross-sections of the optimal twisted rods for  𝛼 = 2 for all values of parameter 𝛺 
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Figure 4 Areas of cross-sections of the optimal twisted rods for  𝛼 = 2 for all values of parameter 𝛺 
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Figure 5 Areas of cross-sections of the optimal twisted rods for  𝛼 = 2 for all values of parameter 𝛺 
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Figure 6 Areas of cross-sections of the optimal twisted rods for  𝛼 = 2 for all values of parameter 𝛺 
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Figure 7 Areas of cross-sections of the optimal twisted rods for  𝛼 = 2 for all values of parameter 𝛺 

 
 

𝑋 = 𝑥/𝐿 

Ω = 1
2Ω£ 
  

Ω = 9
10Ω£ Ω = 99

100Ω£ 

Ω = 10Ω£ 

Ω = 2Ω£ 

Ω = 11
10Ω£ Ω = 101

100Ω£ 

Ω = 0 

Ω£ = 𝟖/𝟑 



 7-21 

 
 

Figure 8 Volumes of the reference rods with the constant cross-sections for different   𝛼 and 𝛺 and L=1 
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Figure 9 Relations ℛ(𝛼,𝛺) of masses of optimal rods to the masses of the rods with the constant 

cross-sections for  𝛼 = 1,2,3 
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Figure 10 Relations ℛ of masses of optimal rods to the masses of the rods with the constant cross-

sections as functions of Μ/√Λ and  𝛼 = 1,2,3  
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Figures

Figure 1

The buckling shape of the simultaneously twisted and compressed rod with the simply supported
(hinged) ends



Figure 2

Areas of cross-sections of the optimal compressed/twisted rods for α=1 for all values of parameter Ω



Figure 3

Areas of cross-sections of the optimal compressed/twisted rods for α=2 for all values of parameter Ω



Figure 4

Areas of cross-sections of the optimal compressed/twisted rods for α=2 for all values of parameter Ω



Figure 5

Areas of cross-sections of the optimal compressed/twisted rods for α=2 for all values of parameter Ω



Figure 6

Areas of cross-sections of the optimal twisted rods for α=2 for all values of parameter Ω



Figure 7

Areas of cross-sections of the optimal twisted rods for α=2 for all values of parameter Ω



Figure 8

Volumes of the reference rods with the constant cross-sections for different α and Ω and L=1



Figure 9

Relations R(α,Ω) of masses of optimal rods to the masses of the rods with the constant cross-sections for
α=1,2,3



Figure 10

Relations R of masses of optimal rods to the masses of the rods with the constant cross-sections as
functions of Μ/√Λ and α=1,2,3


