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ABSTRACT 
In the vibration detection of multi-stage gear transmission, the gear ratio has a regular influence 

on its vibration characteristics. To explore this phenomenon, this paper presents the phase 

configuration method of the multi-stage gear transmission. The complete mesh phasing space based 

on the system gear ratio and the phase between each stage is derived. Taking The two-parallel shaft 

gear transmission system as an example, A nonlinear dynamic model is established. The influence of 

phase configuration on the vibration characteristics is analyzed in detail. By means of the numerical 

calculation method, the vibration equation is solved for the gear system, and the varying regularity of 

the optimal phase angle of the vibration characteristics at different mesh frequency was found. Finally, 

it reveals the influence of different gear ratios on the vibration characteristics of multi-stage gear 

transmission. 

 

Keyword: Multi-stage gear transmission; Phase configuration; Nonlinear dynamic; Optimal phase 

analysis 

1. Introduction 
Over the last few years, multi-stage gear transmission has obtained widespread attention and used 

in various applications such as machine tools, the automotive industry, or wind turbines. In the actual 

vibration detection of a multi-stage gear reducer, the gear ratio has a regularity influence on system 

vibration. This paper studies the influence of phase and gear ratio on the dynamics of multi-stage gear 

transmission. 

In the study of multi-stage gear transmission dynamics, the influence of errors and the nonlinear 

dynamic behavior are of crucial importance[1]. Recently, the influence of temperature on vibration 

characteristics has been considered[2–5]. there have been many studies on the vibration characteristics 

of multi-stage gear transmissions. Raclot [6] introduced a mathematical model for the two-stage gear 

transmission system to simulate the influence of shape deviation and installation error on the dynamic 

characteristics of the gear system and extended its method to the dynamic coupling of the two-stage 

gear. Brecher [7] analyzed the dynamic noise characteristics of the two-stage cylindrical gearbox and 

pointed out that the stiffness of the intermediate shaft and the number of teeth of the two-stage gear 

has a greater influence on its noise, and the number of teeth of the two-stage gear is the main parameter 

that affects the phase. Wang [8] established a dimensionless dynamic model for the two-stage fixed 

shaft and one-stage planetary gear system, and studied the influence of sub-harmonic resonance and 

crack failure on the stability of the system.  Stable motion becomes chaotic motion. Yi [9] considered 

the effect of induction motors on multi-stage gear systems and concluded that the magnetic field of the 

motor changes the low frequency torsional characteristics of the system. Li [12] studied the effect of 

some parameters on the dynamic characteristics of the system for a two-stage parallel shaft gearing 

system, but did not reflect the non-linear characteristics of the system. Yavuz [10] verified the 

applicability of the harmonic balance method for the nonlinear dynamics analysis of complex 

multistage gear systems. Lu [11] modelled the dynamics of a real multi-stage gear system, focusing on 

the frequency components of the various parts of the model and comparing it with experiments, where 
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the model was in good agreement with the experiments. Zhang [12] gave the error transmission model 

of the multi-stage gear transmission system based on the assembly error of the system. Numerical 

results are validated against experiment to provide a basis for error-based dynamics analysis of error.  

The meshing stiffness has a strong influence on the dynamic characteristics of gears[13, 14] ,and 

there has been some research into the phase of the meshing stiffness. The purpose of dynamic research 

is to reduce vibration and noise, and the emerging particle damping technology has a good effect[15, 

16]. Guo [17] studied the mesh phasing relationship of general compound planetary gears and deduced 

the relative phase between any two gear meshes in the compound planetary gear when multiple 

meshing cycles are allowed. When Wang [18] further studied the vibration characteristics of spur 

planetary gears, it was found that the influence of the mesh phasing on wave vibration is mainly 

reflected in the number of teeth, the number of planets, their greatest common factor, and the position 

of the planet's circumference. Peng [19, 20] proposed a method for diagnosing planetary gears based 

on the mesh phasing, which is related to the theory of the derivation of the mesh phasing of the 

planetary gear system. Wang [21] developed an analytical dynamic model for high-speed and light 

planetary gears and performed a spectrum analysis based on the mesh phasing. Sanchez-Espiga [22] 

proposed a transmission load sharing method based on the mesh phasing in planetary gear transmission, 

which shows that phase is widely used in gear transmission systems. 

In summary, the dynamics research of the multi-stage gear transmission system is mainly in 

various errors and nonlinear dynamic behaviors. The multi-stage structure is represented by a two-

stage fixed shaft, planetary and bevel gear transmission. Although a few researchers have studied the 

load sharing of planetary gear transmission, the research on the phase and gear ratio of multi-stage 

gear transmission is scarcely few. 

This paper presents a method of the meshing space of the multi-stage gear transmission system 

based on the phase configuration. A nonlinear dynamic model of the two-stage gear transmission 

system based on phase configuration is established. The nonlinear dynamic equations of phase 

configuration are derived. Through numerical calculation, the varying regularity of optimal phase 

angle of the system vibration characteristics is obtained, and the influence of the gear ratio on the 

vibration characteristics of the multi-stage gear transmission is revealed. A reliable theoretical basis 

can be provided for the high-quality design, shock absorption, and noise reduction research of the 

multi-stage gear transmission. 

2. Phase configuration of multi-stage gear transmission 
The phase configuration describes the phase state space of the gear meshing in the multi-stage 

gear transmission system. In order to describe the phase space, the parameters that affect the phase 

state are analyzed. 

In a single stage gear pair, The alternate meshing of single and double teeth causes fluctuations 

of meshing stiffness [23]. For spur gears the number of teeth in contact fluctuates between 1 and 

2, and its percentage is measured by the contact radio . At the same time there are certain differences 

in the meshing stiffness at different positions in the gearing process. It can be shown experimentally 

that the definition of meshing stiffness as a periodic rectangular wave function based on the contact 

radio  is well suited to the study of both the main and harmonic response of gears[24]. 

In a multi-stage transmission, the meshing stiffness of each stage is basically similar to the 

meshing stiffness of a pair of teeth. Taking a two-stage parallel shaft spur gear transmission system as 

an example, the coupling stiffness of the first stage and the second stage is the system stiffness. The 

meshing stiffness at each stage is approximately a periodic rectangular wave[25].  to fluctuate 

roughly between  and  where kt is the stiffness of a single tooth pair in contact. In the process 

of coupling, it may be in a single-tooth meshing state, a double-tooth meshing state, and one stage in 

a single-tooth meshing state and the other in a multi-tooth meshing state. Figure 1 shows the shapes of 

two rectangular waves with different periods. The meshing stiffness period of the first-stage gear is 
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, and the meshing stiffness period of the two-stage gear is . Since the number of teeth is a positive 

integer, according to the coupling phase diagram in Figure 1, the period of system stiffness can be 

obtained as the least common multiple relationship of  and . There is a time-independent phase 

difference between the two meshing stiffnesses, and different phase differences correspond to different 

coupling stiffnesses of the system. According to the cd in Figure 1, it can be concluded that the two 

coupling stiffnesses are the same under time-independent conditions, and the period of their difference 

is .  

 

 

Fig. 1 The state image of periodic function 

According to Fig. 1, the phase is reflected in the phase difference between the two gears of the 

intermediate shaft. According to the meshing principle of the gear transmission, this paper derives the 

minimum phase difference relationship. First making mathematical assumptions about the problem. It 

is assumed that the dynamic characteristics of each gear are the same, so that the machining error of 

the tooth profile of each gear is not considered; It is assumed that the pitch is equal, so that the position 

deviation between teeth is not considered. 

Suppose  is a single pair of gear meshing space. It is considered that this space can contain 
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all but the meshing conditions of the gears. Based on the assumption of the gear transmission system, 

it can be obtained that the meshing space of a single pair of teeth is complete in the meshing cycle, 

that is, it can describe the meshing state at any time.   is the meshing state of a pair of gears 

determined in the meshing space , where . Based on the nature of the periodic function, the 

function Eq. (1) of the fitted state about time and period is given. 

  (1) 

where,  is the time variable, and  is the meshing period, which is related to the speed and 

the number of teeth. Based on the meshing space of a single pair of gears, the meshing space of the 

multi-stage gear transmission system is derived. Taking the two-stage gear transmission system as an 

example, the meshing state of the first-stage gear transmission is set as , the meshing state of the 

second-stage gear transmission is set as , Then the meshing state of the secondary gear transmission 

system is . According to Eq.(1), 

  (2) 

  (3) 

The physical meaning of  is the coupling between the meshing state of the first stage 

and the meshing state of the second stage. Next,  needs to be derived based on analysis 

and derivation.  

The meshing state of the two-stage gear transmission system has a phase difference 

 in the coupling process of the single-stage meshing state. The phase difference does 

not depend on time. It represents the deflection angle between the meshing position between the first 

and the second stage, and is adjusted by the two gears of the intermediate shaft. In order to describe 

the two-stage gear transmission system completely, the phase difference   needs to be continuously 

changed within the minimum phase difference period. It can be obtained that the minimum phase 

difference period is an important parameter to describe the meshing state of the two-stage gear 

transmission system, and then the minimum phase difference period of the two-stage gear transmission 

system is derived. 

According to the speed of the intermediate shaft, the meshing period of the first stage and the 

second stage is obtained. 

  (4) 

Where，  represents the speed of the j-th gear,  represents the number of teeth of the j-th 

gear, j (odd integer) and  are meshing gears of the same stage. Since the speeds of the two 

middle gears are the same , the meshing period  and  are related to the number of teeth 

 and  of the two gears. The total period of the two-stage gear system: 

  (5) 

is the symbol for finding the least common multiple of two integers. Since the number of 

teeth is a positive integer, when the two periodic functions are coupled, there is a situation that the 
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meshing space is not full in the phase state space. Calculating the minimum phase difference can form 

a complete mesh phasing space of the two-stage drive. The minimum phase difference is the resolution 

of the number of teeth of the intermediate gear. The resolution of gear 2 is , and the resolution 

of gear 3 is  in the same way. Practical application is that the minimum phase difference 

can be adjusted for gear 2 or gear 3. 

The adjusted maximum deflection angle is for gear 2 with a single tooth corresponding to 

 of center angle or gear 3 with a single tooth corresponding to  of 

center angle, and the absolute corner is the same. According to Eqs. (2)-(5), derived from the above: 

  (6) 

Where， is the symbol for finding the greatest common divisor of two integers. After the 

minimum phase difference is obtained, the meshing state of the two-stage gear transmission system is 

deduced to obtain: 

  (7) 

Where, the coupling state of the two-stage gear transmission is defined as a function, and there 

are free variables t and .  is the periodic characteristic quantity that characterizes respect the 

coupling stage.  represents the space period characteristic quantity of the coupling state. When 

changing an integer multiple of , there is a certain gap in its state at time t, which can be clearly 

seen from Figure 1(c)(d). For a gear system with smooth gear movement, although  exists, it is 

considered to be the same system. Eq. (8) represents the periodic characteristic of the coupled state 

about and . 

  (8) 

The meshing space is derived into any stage gear transmission system. Definition n
M  is the 

meshing space of the n-stage gear transmission system, and nM  is the meshing state of the n-stage 

gear transmission system with given parameters. 

  (9) 

where， ，In n-stage transmission, the coupling between 

every two stages can be constructed with the Eq.(7). For the coupling state of n-stage, the gear ratio 

between the couplings needs to be considered.  is a common quantity, and φ is independent variable 

between each two stages. The meshing state space representation of any two stages is obtained, which 

is deduced into the n-stage gear transmission system. It can be obtained that the meshing state space 

of the n-stage gear transmission system is: 

  (10) 

Where, t  is a continuously changing time variable. i  represents the phase difference between 

i  and 1i   stage gear drives, and its maximum value is [ ]i . 

 

( )nT  is the period of meshing state space of n-stage gear transmission system. The derivation is 

Eqs. (11)-(13): 

  (11) 

  (12) 
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In order to facilitate calculation, the meshing state space of n-stage gear transmission system is 

defined recursively. 

  (13) 

Where, . 

3. Dynamic model of two-stage gear transmission 
 

The gear ratio of each stage, the tooth number ratio of two gears of the intermediate shaft, and 

their phase angle leads to the difference of vibration characteristics in multistage gear transmission. It 

is necessary to study the influence of phase configuration on the vibration characteristics of the 

multistage gear transmission system. 

For describing to nonlinear dynamic behavior in a two-stage gear transmission, dynamic model 

containing the intermediate shaft is considered in Figure 2. Among these are the basic parameters of 

the gear system, including the inertia  (i=1,2,3,4) of the four gears and the number of teeth 

(i=1,2,3,4). Input torque  and output torque  for stable operation of the system. The dynamic 

parameters of the gear are mainly considered in terms of time-varying meshing stiffness  and 

, meshing damping and , and non-linear clearance 2b. the intermediate shaft considering 

its torsional stiffness  and torsional damping . The equations of motion of this six-degree-of-

freedom (4-DOF) system are written as Eq. (14). 

 (14) 

where, , , , and  are base circle radii.  
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where,  is the torsional damping ratio of the material. Tests have shown that  has a value 

in the range 0.005–0.075. 
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Fig. 2 Dynamic model of two-stage gear transmission system 

To reduce computational complexity and accurately capture model characteristics, Eq. (14) is 

transformed into a 3-degree-of-freedom equation using Eq. (15). 

  (15) 

 represents the dynamic transmission error of the first stage gear,  represents the torsional 

vibration characteristics of the intermediate shaft and  represents the dynamic transmission error 

of the second stage gear. 



 

8 

 

  (16) 

Where， 

, , , , 

, , , , ， , 

, . 

Time-varying meshing stiffness is the main source of internal excitation. There are several 

common methods of calculating the meshing stiffness of gear pairs. In this paper, the equivalent tooth 

profile method will be used to solve the gear stiffness[26]. The single tooth stiffness is the reciprocal 

of the deformation of the teeth under unit external force. By the equivalent tooth profile method, the 

total flexibility of a single gear is calculated as follows: 

  (17) 

Where，Total bending flexibility , Total shear flexibility , The total flexibility caused by the 

elastic tilt of the tooth base , Teeth contact flexibility . 

 

Fig. 3 Equivalent tooth profile geometric parameters 

The total bending flexibility of the gear teeth is equivalent to the sum of the bending flexibility 

of the trapezoidal section and the bending flexibility of the rectangular section. The model established 

by the equivalent tooth profile method of gear teeth is shown in Figure 3. Through the approximate 

treatment of the involute gear profile, cuboid and trapezoid are used to replace the lower part of the 

tooth root and the upper part of the tooth tip respectively. Where  is the width of the tooth tip,  

means the width of the tooth root, ,  and  are the tooth tip circle, index circle and tooth root circle 

radius respectively, ,  ,  and  respectively indicate tooth height, meshing tooth height , tooth 
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root height and auxiliary tooth height ,  refers to the width of the gear teeth,  is the angle between 

the direction of the unit load and the horizontal axis, and  is the linear load acting on the gear teeth. 

The calculation method is as follows: 

 

the bending flexibility of the trapezoidal section 

 

the bending flexibility of the rectangular section 

 

The total shear compliance is calculated in the same way as the total flexion of the teeth, it can 

be expressed as a superposition of the partial flexibility and the trapezoidal partial flexibility: 

 

The shear deformation of the rectangular part. 

 

The trapezoidal shear deformation. 

 

The total flexibility caused by the elastic tilt of the tooth base . 

 

The monomer elastic variables are: 

 

 

Fig. 4 Distribution of tooth meshing stiffness along line of action 

Gear transmission is achieved by meshing teeth. For the meshing of the two gear teeth, the whole 
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process of force deformation can be equivalent to the spring series contact model of two rigid gear 

teeth. The total amount of meshing available is: 

 

The overall gear mesh stiffness is given by: 

 

According to Eq. (17), the total meshing stiffness of the gear meshing process is obtained, as 

shown in Fig. 4. 

When calculating the meshing stiffness of gears, there is stiffness fluctuation due to the change 

of the number of meshing teeth. For spur gears, the contact ratio is used to describe the proportion of 

single and double tooth meshing. The contact ratio generally adopts the ratio of meshing length to 

single tooth meshing length. In order to ensure the continuity of gear transmission, the contact ratio 

must be greater than 1. 

 1 2=
b

B B

p
  (18) 

 
1 1 2 2

1
= [ (tan tan ) (tan tan )]

2
a az z    


     (19) 

According to the Eq. the contact ratio is related to the number of teeth of the meshing gear. The 

tooth number pairs of different meshing gears will cause the different proportions of single and double 

tooth meshing areas. 

Due to the existence of manufacturing error and assembly error, there will be a nonlinear backlash 

function between gear meshing. The nonlinear backlash function can be expressed as Eq.(20): 

 

if ,

( ) 0 if ,

if .

x b x b

f x b x b

x b x b

 
   
   

 (20) 

 

Dimensionless equation of motion can be obtained by defining: 

, , , , 

, , , 

, , , 

, , , 

,  

The dimensionless equation of the gear pair could be written as: 

  (21) 

4. Example and discussions 
Based on the dynamic model of a two-stage gear transmission system, the corresponding 

parameters are calculated. Runge Kutta numerical method is used to solve the vibration displacement 

and vibration velocity. The parameter of the two-stage gear system is shown in Table. 1. In order to 

explore the influence of the phase configuration on the vibration characteristics of the two-stage gear 

transmission system, three sets of gear ratio ( ) with similar total gear ratios 
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are selected for comparison and analysis.  

Table 1 Design parameters of the gear system 

Parameters Values 

Modulus (mm) 3 

The number of teeth at the gear ratio1  12;  24;  12;  24 

The number of teeth at the gear ratio2  12;  25;  13;  24 

The number of teeth at the gear ratio3  11;  24;  12;  23 

Tooth width (mm) 20 

Pressure angle (°) 20 

Load torque ( ) 400 

 

the meshing state of the gear transmission system under three gear ratios is analyzed based on the 

phase configuration. According to Eq.(7), Derive the coupling state of the two-stage gear system 

 , Calculate   and ， ，

. The  and  of gear ratio 1 and gear ratio 3 are equal, 

they have the same periodicity, but contact ratios are different because of the difference of  and . 

the proportions of  and  are different. The period of gear ratio 1 is lower than that of 

gear ratio 2, which means that the frequency of gear ratio 1 meshing error will be higher than gear ratio 

2. The  of gear ratio 1 is greater than gear ratio 2, and the adjustment range of the deviation angle 

of the intermediate shaft of gear ratio 1 is smaller than that of gear ratio 2. In the numerical calculation 

process, the phase of a single tooth relative to the third tooth is used, . 

In order to eliminate the influence of the initial state, one must search the entire initial conditions map.  

For a two-stage gear transmission system with a gear ratio 1 of  12;  24;  12;  24 and 

dimensionless mesh frequency  , the influence of the phase angle on its vibration 

characteristics is explored through numerical calculations (Fig. 5). The tooth ratio of the intermediate 

shaft is 12 / 24, the minimum dimensionless phase angle , and the range of phase angle is 

large. In Figure 5a,  is the dimensionless vibration velocity, mesh cycle represents the number of 

meshing stiffness cycles, and phase is the difference ( ) in the mesh phasing between the first 

and second stages. 

It can be seen from Fig. 5 that there is the optimal phase angle to make the vibration amplitude 

of the system smaller, where the optimal phase angle can be obtained through the isogram 

. It can be obtained that there are 3 optimal phase angles at  to 

reduce the vibration amplitude of the system so as to achieve the effect of vibration reduction and noise 

reduction. Based on the phase configuration theory, the meshing state space of a two-stage gear 

transmission system is deduced, and its optimal phase angle is obtained.  
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Fig. 5 Effect of phase on vibration characteristics 

In order to reveal the Varying regularity of the optimal phase angle of the two-stage gear system 

by considering the phase configuration is considered, the vibration characteristic curves at different 

mesh frequency and phases are solved. The calculated root-mean-square (RMS) result of the gear ratio 

1 of  is shown in Figure 6.  

 

Fig. 6 The RMS of of gear ratio 1 
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Fig. 6 shows that varying regularity of optimal phase angle with mesh frequency at a gear ratio 1. 

Three resonances of the first stage and one resonance of the second stage can be clearly obtained. 

Between the mesh frequency at the primary resonance of the I stage and at the 1/3 super-harmonics 

resonance of the II stage, The system has a non-linear jump in the region, which is defined by a 

softening-type curve. This behavior usually occurs due to single-sided impact (SSI) motions of the 

gear. In addition, the amplitude of the 1/3 super-harmonics resonance of the I stage, the 1/2 super-

harmonics resonance of the I stage, and the 1/3 super-harmonics resonance of the II stage can be 

significantly reduced by the phase. This is due to the proportion of harmonic components that are 

changed by the phase. Below the mesh frequency at the 1/3 super-harmonics resonance of the I stage, 

the number of optimal phase angles decreases as the mesh frequency increases. Between the mesh 

frequency at the 1/2 super-harmonics resonance of the I stage and the mesh frequency at the 1/3 super-

harmonics resonance of the I stage, here the number of optimal phase angle continues to decrease as 

the frequency of engagement increases and there only one optimal phase angle at the 1/2 super-

harmonics resonance of the I stage. Between the mesh frequency at the 1/3 super-harmonics resonance 

of the II stage and at the 1/2 super-harmonics resonance of the I stage, the number of optimal phase 

angles increases in jumps then decreases as the mesh frequency.  

 

Fig. 7 Effect of phase Configuration on Vibration Curve at different mesh frequency of gear ratio 1 

(a)  (b)  (c)  (d)  (e)  (f)  

For obtain the accurate and optimal phase angle distribution, the vibration curve of different phase 

angles between  and  is calculated with the mesh frequency of  as 

the interval. Some of these results are shown in Fig. 7. It is obvious that there are 4 optimal phase 

angles at ,2 optimal phase angles at ,3 optimal phase angles at , 1 
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optimal phase at . The optimal phase angle is not obvious at , and it may be near 

the one at . At , the system is in the non-linear jump region and the change in 

phase gives the gears no impact and single-sided impact motion. The varying regularity of optimal 

phase angle obtained from the vibration curve is basically consistent with that in Fig. 6. Fast Fourier 

transform (FFT) of the data was taken after the application of a Hanning window to data to convert 

time-domain data into the frequency domain. The spectrum result is shown in Fig. 8. When 

, the optimal phase angle is . When , the optimal phase 

angle is calculated as . 

 

 

Fig. 8 FFT spectrum of phase configuration at different mesh frequency gear ratio 1 (a) 

(b)  

According to the theory of phase configuration, the tooth ratio of the intermediate shaft has a 

greater influence on the range of phase angle. This section explores the vibration characteristics and 

the optimal phase angle varying regularity under different gear ratios. 

For gear ratio 2 of  12;  25;  13;  24 and gear ratio 3 of  11;  24;  12;  23, 

the influence of phase angle on vibration characteristics under different mesh frequency conditions is 

explored. The calculated root-mean-square (RMS) result of the gear ratio 2 of  is shown in Figure 

9. Similar to gear ratio 1, Fig. 9 shows that varying regularity of optimal phase angle with mesh 

frequency at a gear ratio 2. It can be quite obvious that the primary resonance of the I stage, the 1/3 

super-harmonics resonance of the II stage, the 1/2 super-harmonics resonance of the I stage, and the 

1/3 super-harmonics resonance of the I stage The optimal phase angle is not obvious and the phase still 

has no effect on the vibration characteristics. 
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Fig. 9 The RMS of  of gear ratio 2 

 

Table 2 Phase parameters of gear ratio1 and gear ratio 2 

Parameters Gear ratio1 Gear ratio 2 

Gear ratio  12;  24;  12;  24  12;  25;  13;  24 

Dimensionless phase  0.5 0.04 

Periodicity    

Contact ratio   1.5111,  1.5111  1.5160,  1.5222 

 

The varying regularity of optimal phase angle for gear ratio 1 and gear ratio 2 are compared and 

analyzed. The relevant parameters are shown in Table 2.  less than  means that the phase 

shift range is smaller of gear ratio 2, while its system period is longer, the phase critical quarters are 

lower, and the phase effect on vibration is lower. 

The calculated root-mean-square (RMS) result of the gear ratio 3 of  is shown in Figure 10. 

Three resonances of the first stage and one resonance of the second stage can be clearly obtained. 

Between the mesh frequency at the primary resonance of the I stage and at the 1/3 super-harmonics 

resonance of the II stage, The system has a non-linear jump in the region, which is defined by a 

softening-type curve. This behavior usually occurs due to single-sided impact (SSI) motions of the 

gear. In addition, the amplitude of the 1/3 super-harmonics resonance of the I stage, the 1/2 super-

harmonics resonance of the I stage, and the 1/3 super-harmonics resonance of the II stage can be 

significantly reduced by the phase. This is due to the proportion of harmonic components that are 
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changed by the phase. Below the mesh frequency at the 1/3 super-harmonics resonance of the I stage, 

the number of optimal phase angles decreases as the mesh frequency increases. Between the mesh 

frequency at the 1/2 super-harmonics resonance of the I stage and the mesh frequency at the 1/3 super-

harmonics resonance of the I stage, here the number of optimal phase angle continues to decrease as 

the frequency of engagement increases and there only one optimal phase angle at the 1/2 super-

harmonics resonance of the I stage. Between the mesh frequency at the 1/3 super-harmonics resonance 

of the II stage and at the 1/2 super-harmonics resonance of the I stage, the number of optimal phase 

angles increases in jumps then decreases as the mesh frequency.  

 

Fig. 10 The RMS of  of gear ratio 3 

 

Table 3 Phase parameters of gear ratio1 and gear ratio 3 

Parameters Gear ratio1 Gear ratio 3 

Gear ratio  12;  24;  12;  24  11;  24;  12;  23 

Dimensionless phase  0.5 0.5 

Periodicity    

Contact ratio   1.5111,  1.5111  1.4990,  1.5060 

 

The Varying regularity of optimal phase angle of gear ratio 3 is similar to that of gear ratio 1 

according to Fig. 10. According to the relevant parameters in Table 3, , and  are all equal, 

and varying regularity of optimal phase angle is roughly similar, where the subtle differences are due 

to the different contact ratio  causing the different percentage of  and . 
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Fig. 11 Effect of phase configuration on vibration curve for gear ratio 3 (a)  (b) 

 (c)  (d)  (e)  (f)  (g)  (i) 

 (j)  (k)  (l)  

For a detailed comparison, the vibration curve of different phase angles between  and 

 is calculated with the mesh frequency of  as the interval. Some of these results 

are shown in Fig. 11. It is obvious that there are several optimal phase angles in Fig. 11(a), (b), (c), (d). 

At ( the 1/3 super-harmonics resonance of the II stage), there are clearly 3 optimal phase 
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angles. At  ( the 1/2 super-harmonics resonance of the II stage), phase has a significant 

dampening effect on resonance. At , the system is in the non-linear jump region and the 

change in phase gives the gears no impact and single-sided impact motion. When , the effect 

of phase on the system diminishes significantly. 

 

Fig. 12 Distribution of optimal phase angle 

The distribution of the optimal phase angle is shown in Fig. 12, based on local minimum of RMS 

of  at the three gear ratios from  to . The varying regularity of steady state 

is in general agreement with the previous analysis and Figure 13 gives a more accurate value for the 

optimal phase angle. The number of optimal phase angles of the gear ratio 2 is always 1, which the 

phase fluctuates with the dimensionless mesh frequency. Next, we focus on the optimal phase angle 

distribution of gear ratio 1 and gear 3. Below the mesh frequency at the 1/3 super-harmonics resonance 

of the I stage, the number of optimal phase angles decreases as the mesh frequency increases. Beyond 

, the number of the optimal phase angles increases instantly and then decreases as the mesh 

frequency increases at  . At  , the optimal phase angle becomes 

multiple and fluctuates.  . When  , the phase has little effect on the 

vibration characteristics and the optimal phase angle cannot be obtained when calculation errors are 

taken into account. There  is defined as the critical value of gear ratio 1 and gear ratio 3. 
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Fig. 13 Comparison of maximum RMS of  

 

Fig. 14 Comparison of minimum RMS of  
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In order to obtain the comparative influence of the phase on the magnitude of vibration, the RMS 

of the different phase angles of the three gear ratios are the maximum value (Fig. 13) and the minimum 

value of optimal phase angles (Fig. 14). The primary resonance point, the 1/2 super-harmonic 

resonance point, and the 1/3 super-harmonic resonance point can be clearly obtained from the Fig. 13 

and Fig. 14. The maximum value of gear ratio 2 is significantly lower than gear ratio 1 and gear 3 in 

the steady state. By comparing the minimum values of RMS of , it can be seen that the minimum 

amplitudes of the optimal phase angle of gear ratio 1 and gear ratio 3 are better than those of gear ratio 

2. Comparing Figure 13 and Fig. 14, the difference between the mean and minimum values for gear 

ratio 2 is significantly smaller than for gear ratio 1 and gear ratio 3. The optimal phase angle is better 

optimized for gear ratio 1 and gear ratio 3 than for gear ratio 2. Without optimal phase configuration, 

gear ratio 2 can be used in preference. 

5. Conclusion 
Through the meshing theory analysis and dynamic analysis of the multi-stage gear transmission, 

the phase configuration theory is proposed. The complete meshing space description of the multi-stage 

gear transmission system is derived. The dynamic model based on phase configuration theory is 

established. The influence regularity of gear ratio and phase on the system is revealed according to its 

vibration characteristics. 

(1) Based on the two-stage gear transmission system, the phase configuration theory is established, 

and the complete description of meshing space is obtained. The phase configuration theory is extended 

to the n-stage gear transmission system, and the complete description of n-stage meshing space based 

on phase angle and time is derived, which provides a theoretical basis for analyzing the phase 

configuration dynamics of the multi-stage gear transmission system. 

(2) The influence of phase configuration on the vibration characteristics of a two-stage gear 

transmission system is explored. After numerical calculations, there is an optimal phase angle to 

minimize the vibration intensity. The position of the optimal phase can be determined according to the 

FFT spectrum and RMS of vibration. 

(3) When the numbers of intermediate shaft teeth are not the coprime number, the range of phase 

angle is large. There are multiple optimal phase angles at low mesh frequency. With the increase of 

mesh frequency, the number of optimum phase angles decreases. When the mesh frequency exceeds 

the critical value, the optimal phase angle is nonexistent. At this time, the phase angle has little effect 

on the vibration characteristics. 

(4) When the numbers of intermediate shaft teeth are the coprime number, the range of phase 

angle is small. There is only one optimal phase angle position at low mesh frequency. In the absence 

of optimal phase configuration, the vibration intensity of the coprime number of teeth of the 

intermediate shaft is less than that of the non-coprime. 
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