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ABSTRACT

Transition from laminar to turbulent flow is still a challenging problem. Recent studies indicate a good agreement when describing
this phase transition with the directed percolation theory. This study presents a new experimental approach by means of differential
image thermography (DIT) enabling to investigate this transition on the suction side of a heated airfoil. The results extend the
applicability of the directed percolation theory to describe the transition on curves surfaces.
The experimental effort allows for the first time an agreement between all three universal exponents of the (1+1)D directed
percolation for such airfoil application. Furthermore, this study proves that the theory holds for a wide range of flows, as shown by
the various conditions tested. Such a large parameter space was not covered in any examination so far. The findings underline
the significance of percolation models in fluid mechanics and show that this theory can be used as a high precision tool for the
problem of transition to turbulence.

Key points: Transition, Differential Image Thermogra-
phy (DIT), Directed Percolation, Boundary Layer
Website summary: The transition from laminar to
turbulent flow is still a not fully understood phenomenon
in fluid dynamics. In the current study, we show how
the (1+1)D directed percolation theory can be used to
describe this complex flow situation in the boundary
layer of an airfoil.

1 Introduction

The description of a laminar-turbulent transition in flows
is still one of the most challenging problems in turbu-
lence research since it was first observed in Reynolds’
famous pipe flow experiment in 18831. Until now only
very few studies so far have provided a comprehensive un-
derstanding of how turbulence is induced and sustained
in the system under investigation. Recent reviews on the
ongoing research on wall bound transition are presented
by Manneville2 and Barkley3.
To reduce the complexity, Pomeau proposed more than
three decades ago to describe the complex non-linear
transition phenomena of a flow as interacting oscillators4.
His description is based on the subcritical bifurcation of
the flow in the region of the critical Reynolds number,
where the flow decides between a stable and a metastable
state. This new perspective on the transition started the
discussion if the process of laminar-turbulent transition
may fall into one of the universality classes of the directed
percolation.
Pomeau’s idea is very suggestive here, since the laminar-
turbulent transition can be described as a so-called spatio-
temporal intermittency5, 6. Nevertheless, it took decades
before the percolation theory was taken up again in the

field of fluid dynamics, although the model has been ap-
plied successfully to other topics like epidemics and forest
fire7. Pomeau’s explanation is the lack of accuracy of the
experimental and numerical studies in fluid dynamics
available up to that time, which renders it impossible
to verify the theory8. Thus, for laminar to turbulent
transition experiments, high-resolution spatio-temporal
methods are required, while numerical flow simulations
must be sufficiently long for conclusive statistical evalua-
tions.
In recent years, an increasing number of studies have
become possible due to steady improvements of avail-
able numerical as well as experimental resources1. The
influence of the order parameter on the propagation of
turbulent cells was investigated9, 10. DNS simulations
have checked how clusters of turbulent cells form and
develop11. The determination of turbulent cells from
simulations was discussed12. In addition to these studies,
low-order models for describing the transition were devel-
oped13, sophisticated simulations were performed14, 15,
and the applicability of percolation theory was demon-
strated in experiments16–20. More recent studies also
include perturbing coherent structures and their influ-
ence on the typical result of percolation21. The high
topicality of this can also be seen in current conference
contributions22–24.
Most of the mentioned studies focus on generic funda-
mental flows, while20 presents the first application of the
theory to a real-world problem. Here a transition of a lam-
inar airfoil boundary layer flow into a laminar separation
bubble is investigated using stereoscopic PIV. The study

1For an explanation of the following terminology used here,

please refer to the later chapter 4.



shows a good agreement with (1+1)D directed percola-
tion for this phenomenon but focuses only on one angle
of attack and one velocity, leaving open the question of
whether the agreement also holds when the experimental
parameters, such as angle of attack or inflow velocity, are
varied. Since the laminar separation bubble case is very
specific, it would also be of interest whether the more
often occurring natural laminar-turbulent transition of
the airfoil boundary layer also falls into this universality
class of percolation.
A description and determination of a boundary layer
transition and its location is of great importance in fluid
mechanic applications. A more precise description using
a model like directed percolation could improve CFD sim-
ulations (which often do not fully resolve the transition)
or a prediction of loads. Unforeseen loads often result
from an increased energy input of a turbulent boundary
layer into the near-surface flow. This can result in a
longer-attached flow followed by a delayed and stronger
flow separation. Likewise, an already detached flow can
suddenly reattach due to the added energy, which leads
to a sudden increase of loads. Such effects lead to rapidly
changing forces, which is undesirable in most applica-
tions and must consequently be understood. Therefore,
percolation theory represents an interesting approach to
predict, locate, understand, and model the transition
phenomenon.
For an experimental approach to this boundary layer phe-
nomenon, the challenge is to achieve a sufficiently good
resolution. However, this is a major challenge for airfoils
due to their curved surface and the three-dimensional
nature of the evolving boundary layer. Planar PIV mea-
surements using light sheets quickly reach their limits, as
the distance between surface and measurement volume
varies. This problem is also made responsible for pos-
sible deviations in20 and must be overcome for precise
analysis.
Differential image thermography (DIT) appears to be an
excellent tool for gaining detailed insight into the bound-
ary layer flow of complex geometries. Many studies have
proven the DIT to have a great potential to measure
the unsteady boundary layer sufficiently well25–27. The
method was also applied to investigate the boundary
layer flow for pitching airfoils28, and to investigate the
phenomenon of dynamic stall29. Other studies focused
on the boundary layer transition in rotating rotor blades
on small30 and large scales31, 32. This wide range of
applications shows the possibilities offered by the DIT
and its applicability to complex situations, despite its
straightforward handling.
In the present study we will measure the laminar-
turbulent transition of an airfoil boundary layer for dif-
ferent inflow velocities and angles of attack. To provide
sufficient insight into the boundary layer flow despite the
curved surface, DIT is used. Based on the measured tem-

perature gradients, the location of the laminar-turbulent
transition is determined. In a further statistical evalua-
tion, the (1+1)D directed percolation theory is applied
to interpret the boundary layer state. The applicability
of the theory can be confirmed for a large parameter
range and is used for a more accurate localization of the
transition point.
We will first present the experimental setup in Sec. 2.
This includes the wind tunnel and the thermography
system. In chapter Sec. 3 the DIT results are presented
followed by chapter Sec. 4, where the directed percola-
tion theory is applied to the measured data. Finally, Sec.
5 concludes the paper.

2 Experimental Setup

Experiments are performed in a Göttingen type return
wind tunnel of the University of Oldenburg shown in
Fig. 1, which is equipped with a PID velocity control.
The wind tunnel has a closed test section with a size
of 0.25m × 0.25m × 2.00m (height × width × length).
The test section is made of acrylic glass to allow optical
access. To also allow optical access in the infrared
wavelength range for the DIT measurements, a calcium
fluoride window (IR transmission > 90%) is embedded
in the ceiling of the test section. The position of this
window can be adjusted to optimize the camera’s angle
of view onto the object.
A turntable is embedded 1m downstream of the nozzle in
the sidewall of the test section to allow the mechanical
change of the angle of attack (AoA, α) of the object
under investigation. A DU95-W-180 airfoil33 with a
chord length of 180mm is selected for the experiments.
The hollow airfoil is made of aluminum and covered
with a black foil to ensure a high heat capacity. During
the experiments it is heated from the inside using a
hot air flow. Hereby a difference of approx. 5K to
the equilibrium state can be achieved. This ensures a
sufficiently large contrast during the measurement2.
The surface temperature of the airfoil is measured by
a thermography camera of type ImageIR 8380 hpS
by Infratec. The chosen settings allow an accuracy of
20mK with a temporal resolution of 355fps using the
entire sensor chip with a size of 640px × 512px. Due to
storage limitations a total of 1775 images are acquired
per data set resulting in a duration of 5s each. The field
of view (FOV) has a dimension of 107.9mm × 49.8mm
with a spatial resolution of 0.172mm/px (α=0◦). The
captured FOV is illustrated on the airfoil in Fig. 1. For
the calculation of the differential images, an image of
the heated airfoil is taken for each measurement series
before the wind tunnel is switched on. This image
then serves as a reference image for the subsequent

2The temperature difference is so small that we expect no

fundamental changes in the aerodynamics on the boundary layer

of the profile.
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Figure 1. Experimental setup consisting of a Göttingen type wind tunnel with u∞ = 10−20m
s

, a thermography
camera shown in red, and a DU95-W-180 airfoil mounted on a rotary table. Above the test section, the airfoil with
the FOV of the thermographic camera is represented by an exemplary differential image thermogram.

determination of the temperature loss induced by the
developing boundary layer flow.
To capture a broad range of boundary layer states
different velocities from u∞ = 10m/s to u∞ = 20m/s
are investigated. Further the AoA of the airfoil is set to
[0,5,10]◦ successively. By this not only transition, but
also the onset of a static stall can be observed during
investigations.

3 Thermography measurements

To analyze a boundary layer flow, the different heat
exchange properties between object surface and flow are
used in DIT. These are characterized by the Stanton
number defined as

St =
h

u ρFluid cP

, (1)

where h denotes the convection heat transfer coefficient,
u the flow velocity, ρFluid the density of the fluid and
cP the specific heat of the fluid. In a laminar flow, h
and therefore St is significantly smaller compared to
a turbulent flow as heat is dissipated slower28. Areas
where the boundary layer is turbulent show increased
cooling. Thus, the evolving temperature difference can
be used to draw a direct conclusion on the flow state of
the boundary layer.
To determine the transition point R̃ec from the DIT
measurements, the temperature gradient developing on
the suction side of the airfoil is examined. Fig. 2 shows
a color-coded representation of the measured time aver-
aged differential temperatures. Each column represents
an AoA. The rows represent different wind speeds. In
addition, the temperature gradient averaged along the
y-direction is drawn as a red line for illustration pur-
poses. The right ordinate of the pictures represent the

temperature scale corresponding to the shown colors. At
this point it should be noted that the temperature scale
in Fig. 2(a) differs from the others, but covers the same
temperature range.
The measured DITs can be divided into two groups. The
first group shows a temperature drop and a minimum
along the chord (Fig. 2 (a)-(c), (e), (f)), while the second
group shows either a slowly decreasing temperature (Fig.
2 (d)) or a monotonous increase (Fig. 2 (g)-(i)). Tem-
perature gradients observed in the first group are typical
for laminar-turbulent boundary layer transitions. The
initial laminar flow and the related low St number result
in a higher surface temperature. As the flow transitions
to turbulence, h and thus St increases, leading to a de-
crease in surface temperature. Using this information,
the gradients can be utilized to determine the location
of the transition point based on shown results.
First, the inflection point of each curve is calculated
(min(d∆T

dx
)). These points are shown in Fig. 2 as di-

amond symbols. As the transition between the two
boundary layer states is not a step function, the points

of maximum curvature are also determined (min(d2∆T
dx2 ),

max(d2∆T
dx2 )). These points are used to estimate the

range in which the transition can take place. They are
shown as crosses in Fig. 2. The transition points (R̃ec)
extracted from DIT images are summarized in Tab. 1,
where ∆R̃ec represents the smallest difference to one of
the upper bounds. The transition points are given in
units of the chord length based Reynolds number defined
as

Rex =
u∞x

ν
, (2)

where x defines the position along the chord, u∞ the free
stream velocity and ν the kinematic viscosity.
In contrast to α = 0◦, measurements at α = 5◦ show a
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(a)

10 m/s

(d)

10 m/s 10 m/s

(g)

(b)

15 m/s

(e)

15 m/s

(h)

15 m/s

(c)

20 m/s

(f)

17.5 m/s

(i)

17.5 m/s

Figure 2. Time averaged differential image thermograms for different AoA [0,5,10]◦ and velocities from 10 m/s -
20m/s. The colors represent the temperature from warm (red) to cold (blue). Additionally, the spatial averaged
temperature curves are plotted in red. The black symbols represent the inflection point and the point of maximum
curvature. The right-hand side ordinate corresponds to shown color code.

temperature rise at x/c ≈ 0.7 (Fig. 2 (e), (f)). This
is indicative of another flow phenomenon besides the
transition from laminar to turbulent flow. The increasing
temperature must be related to a decrease in St and
thus decreased heat transfer. An obvious explanation is
a stall cell evolving from the trailing edge leading to a
decreased velocity at the airfoils surface, which agrees
with the characterization of this type of airfoil in the
literature33.
For the second group of measurements no temperature
decrease can be observed. The slopes of the gradients
indicate the transitions from laminar to turbulent flows
occur upstream of the observed FOVs. Therefore, the
transition point cannot be quantified in the just discussed
way from the available DIT data. The transition point
can only be specified as being in front of the FOV under
consideration in Tab. 1. Besides the absence of the
transition, however, the measurements at an AoA of α =
10◦ also show the monotonic increase in the temperature

gradient. This indicates that a stall also occurs here, but
due to the larger AoA further upstream (x/c ≈ 0.5).

4 Percolation theory

Next, it is investigated from time-resolved DITs whether
the laminar-turbulent transition fits to a universality
class of directed percolation. Based on the results pre-
sented in20, the (1+1)D percolation is chosen for this
investigation. Therefore, the measured DITs are first
binarized and the turbulent fraction ρ is determined.
These data are used to check the agreement between
universal exponents and experimental data.
In percolation theory, the cells within the system can only
take two states, on or off. For a transient boundary layer
this corresponds to turbulent (on) or laminar (off). The
distribution of turbulent cells or the so-called turbulent
fraction ρ is described in percolation theory by an order
parameter p. In the case of performed experiment, the
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Table 1. Transition point R̃ec extracted from DIT
measurements referring to Fig. 2.

Measurement R̃ec ∆R̃ec ∆R̃ec/R̃ec

(a) 66909 2329 3.4%
(b) 95380 3105 3.3%
(c) 124283 4160 3.4%
(d) <44049 - -
(e) 83875 1331 1.6%
(f) 95836 3698 3.9%
(g) <42151 - -
(h) <63465 - -
(i) <72551 - -

chord length based Reynolds number Rex is appropriate
(see Eqn. (2)). The following relation between turbulent
fraction ρ and order parameter Rex holds true:

ρ(Rex) = ρ0

(
Rex −Rec

Rec

)β

, (3)

which was already used in18, 20. Rec is the critical
Reynolds number defining where the transition between
a non-percolating and a percolating system takes place.
If the percolation can describe the transition location
as well, this Rec should be like the R̃ec from DIT. ρ0

is a normalization factor. The exponent β is the first
of three universal exponents, which depends on the con-
sidered systems dimensions. For the (1+1)D directed
percolation, the exponent is given by β = 0.2767. The
directed percolation theory has, besides β, two additional
universal exponents ν⊥ and ν‖. These exponents char-
acterize the divergent behavior of the correlation length
ξ⊥,‖ in the different directions of the system when the
critical point Rec is approached. For an airfoil where the
order parameter changes along the chord, the correlation
lengths refer to the y-direction and the time evolution
and are described by the following relation:

ξ⊥ ∝ |Re−Rec|ν⊥ , ξ‖ ∝ |Re−Rec|ν‖ . (4)

From theory the exponents ν are given for the (1+1)D
percolation with ν⊥,(1+1)D = 1.097 and ν‖,(1+1)D =

1.7337. With the help of the hyper scaling relation20,
instead of the correlation length scales, also the cluster
sizes of the on or off states can be considered, which scale
with the exponent

µ⊥,‖ = 2−
β

ν⊥,‖
. (5)

Based on available experimental data, it is more
straightforward to determine the cluster sizes instead
of using the correlation lengths, which is why this
relationship is used in the following.

To determine the state of the boundary layer (lam-
inar/turbulent) from the differential temperature
measurements, each image needs to be binarized by a
threshold. Temperatures above the threshold correspond
to a laminar and below to a turbulent state. This
threshold value equals the previously determined
inflection point of the respective measurement (see Fig.
2). If no inflection point can be determined, the value at
the left edge of the FOV is chosen, since the transition
probably occurred upstream of the FOV. An example of
a binarized thermogram is shown in Fig. 3.

Figure 3. Binarized differential image thermogram of
measurement Fig. 2 (b) using the defined threshold.
Inlay shows a zoom into the transition area marked by
the red box.

By averaging all binarized images of each measurement
the turbulent fraction ρ = ρ(Rex,y) can be calculated.
Fig. 4 shows ρ for measurement Fig. 2 (b). The increase
of the turbulent fraction from 0 to 1 is close to a step
function and changes hardly in y-direction.

Figure 4. Turbulent fraction ρ calculated from the
binarized differential image thermograms of
measurement Fig. 2 (b).

For further analysis, ρ(Rex,y) is averaged along the
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span wise direction (y-direction). The result is shown
in Fig. 5 for the corresponding measurements of Fig. 2
(b),(e),(h) and (d). The figure shows ρ over Rex. The
turbulent fraction indicates a very defined transition
from a laminar, non-percolating system (ρ = 0) to a fully
turbulent, percolating system (ρ = 1). For the cases (d)
and (h) ρ does not start at zero since the transition
takes place upstream of the FOV.

Figure 5. Turbulent fraction ρ as result of taking the
average along the y-direction from Fig. 4. Shown error
bars represent the standard deviation of the averaging.
Red curves show a fit using Eqn. (3). The red symbols
on each curve represent the points used for fitting.

Besides the turbulent fraction Fig. 5 also contains
the fits according to Eqn. (3) shown as red solid
line. The red symbols of each curve indicate the
points considered during the fitting routine, where
β is fixed at its theoretical value. To demonstrate
alternatively the agreement of Eqn. (3), Fig. 6 shows
the normalized turbulent fraction over ǫ = Rex−Rec

Rec

for all nine measurements. A clustering around the
theoretical slope of β = 0.276 is clearly seen.
The transition point Rec can be obtained from the fits as
a fitting parameter. For all measurements the transition
points are summarized in Tab. 2. The given error ∆Rec

is extracted as confident interval of 95% from the fit.
As another quantity the distribution of cluster sizes is
investigated with respect to the universal exponents.
Since the relations from Eqn. (4) are only valid at the
critical point, the cluster sizes need to be extracted at
determined Rec values. If Rec is outside the investigated
FOV, as is the case for the measurements of group two
(Fig. 2 (d),(g)-(i)), the measurements are excluded from
the following analysis.
To determine the cluster sizes from the data, the
binarized DITs are combined into a 3D matrix using the
time as a third dimension resulting in a matrix with
the dimensions [Rex, y, t]. A cut is made through this
matrix at Rex = Rec. This results in Fig. 7 containing

Figure 6. Logarithmic representation of the normalized
turbulent fraction ρ over ǫ = Rex−Rec

Rec

for all performed
measurements. The red solid line represents the
theoretical slope of β.

Table 2. Transition point extracted from (1+1)D
directed percolation model fit like shown in Fig. 5.

Measurement Rec ∆Rec ∆Rec/Rec

(a) 66192 47 0.07%
(b) 94794 53 0.06%
(c) 123918 169 0.13%
(d) 42706 77 0.18%
(e) 83583 164 0.19%
(f) 95458 200 0.21%
(g) 41778 87 0.21%
(h) 62781 50 0.08%
(i) 71589 60 0.08%

the laminar and turbulent spots in a (y,t) domain from
which the cluster sizes can be determined in y-direction
(spatial, Ls) and t-direction (temporal, Lt).
Fig. 8 shows the resulting cluster size distributions in
spatial direction with the theoretically expected slope
of µ⊥ = 1.748 for conducted measurements. Ns is the
number of clusters of a given size Ls. The cluster size
distributions clearly follow the theoretical value. This
can be emphasized especially by the mean value of all
cluster distributions shown as black line. The reason
for the noise occurring with large clusters is the rare
appearance of such large structures in the system and
the resulting higher statistical uncertainty.
The temporal cluster size distributions of the parallel
direction are shown in Fig. 9. Again, the distributions
are shown together with the theoretical value of
µ‖ = 1.84. Like the spatial cluster size distributions, the
temporal cluster size distributions fit very well to the
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Figure 7. Exemplary representation of the definition of
cluster sizes in spatial (Ls) and temporal (Lt) direction.
This figure is based on measurement (b).

Figure 8. Cluster size distribution for spatial cluster
sizes (⊥) for all measurements. The black line represents
the mean of all measurements. The red line indicates
the theoretical slope for (1+1)D directed percolation.

theoretically expected value. Even for the large cluster
sizes the measurements are in good agreement with
theory.
We remark that this power law behavior of the cluster

sizes will change sensitively as chosen Rex differs from
Rec.

Figure 9. Cluster size distribution for temporal cluster
sizes (‖) for all measurements. The black line represents
the mean of all measurements. The red line indicates
the theoretical slope for (1+1)D directed percolation.

5 Summary and Conclusion

In this study the near surface flow of an airfoil is investi-
gated for a large range of velocities and angle of attacks.
Differential image thermography (DIT) is used to access
the boundary layer state indirectly by using the heat
transfer properties of different flow situations. DIT offers
the advantage of being able to measure along curved
surfaces, as their temperature is recorded directly. Thus,
both the laminar-turbulent transition of the developing
boundary layer and the onset of flow separation from the
trailing edge can be captured by the DIT from presented
measurements.
This first part of the study shows the potential of the
DIT in the field of aerodynamic investigations. Despite
the very simple setup, profound information about the
state of the boundary layer flow can be extracted and
different states can be distinguished. The location of the
transition was determined, but only with a limited accu-
racy due to the shape of the temperature gradient of the
raw data (see Tab. 1). Furthermore, the determination
is only possible if the entire transition is taking place in
the FOV of the measurement.
Based on preliminary evidence that the transition from
laminar to turbulent flow can be described by (1+1)D
directed percolation, the DIT data are further evalu-
ated using this theory. Here, a good agreement of the
measured data with the universal exponents is found
for a large range of velocities and angle of attacks. The
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relationship between the turbulent fraction and order pa-
rameter described by the universal exponent β is further
used to calculate the critical Reynolds number Rec. Rec

corresponds to the transition point and can be deter-
mined much more precisely by this evaluation compared
to the DIT. The relative accuracy is improved by more
than one order of magnitude (see Tab. 2). Furthermore,
this theoretical relationship can be used to determine
transition points outside the FOV.
In addition to the first universal exponent β, the re-
maining two exponents µ⊥,‖ are also examined. Their
theoretical slopes fit very well to the measured data,
which further supports the assumption that the (1+1)D
percolation can generally describe the transition process.
It should be noted that there is no experimental study
so far that has been able to show the agreement of mea-
sured data with the exponent µ‖ over such a large range.
Moreover, the agreement could mostly be demonstrated
only for generic flows and simulations.
Overall, this study shows how directed percolation the-
ory can be used as a high precision tool to capture and
describe the transition of a boundary layer. The agree-
ments found for all three exponents clearly show that the
transition of an airfoil boundary layer can be assigned
to the (1+1)D universal class with very high probability.
This is emphasized by the fact that the exponents agree
for a wide range of experimental conditions (u∞,α).
Based on these findings, percolation is suitable as a sim-
ple model for the highly dynamic and nonlinear processes
in the boundary layer and integrated into CFD models
to simulate them. By reducing the process to only three
exponents and making it applicable to real-world prob-
lems, such as airfoils, this would also have far-reaching
benefits for industrial applications (e.g., wind turbine
modeling).
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