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ABSTRACT

Using mean field approach, we provide analytical and numerical solution of the symmetric Anderson

lattice for arbitrary dimension at half filling. The symmetric Anderson lattice is equivalent to the Kondo

lattice, which makes it possible to study the behavior of an electron liquid in the Kondo lattice. We have

shown that, due to hybridization (through an effective field due to localized electrons) of electrons with

different spins and momenta k and k+−→
π , the gap in the electron spectrum opens at half filling. Such

hybridization breaks the conservation of the total magnetic momentum of electrons, the spontaneous

symmetry is broken. The state of electron liquid is characterized by a large Fermi surface. A gap in the

spectrum is calculated depending on the magnitude of the on-site Coulomb repulsion and value of s-d

hybridization for the chain, as well as for square and cubic lattices.

Introduction

The processes of electron scattering with spin flip play a dominant role in the Kondo problem, they are

determined by the exchange s-d interaction1, 2. They should also be explicitly taken into account when

considering the behavior of the Kondo lattice, since at half-filling the insulator state is also determined by

this interaction. The one-particle modifications of the Kondo lattice (see for example3), exact solvable

many-particle models4, 5, which do not taken into account the electron scattering with spin flip unable

to describe the Kondo insulator state. Numerical calculations of the Anderson and Kondo lattices take

into account clusters with a small number of particles, which significantly affects the adequacy of the

results obtained6–8. This leads to the fact that the mechanism of the formation of the large Fermi surface

and the gap in the electronic spectrum in the Kondo lattice at half filling is still unclear. In contrast to the

single-impurity Anderson and Kondo models in their lattice version, the processes of electron scattering

with spin flip cannot be calculated exactly.

In the weak s-d hybridization limit the Hamiltonian of the Anderson lattice reduces to that of the

Kondo lattice. It should also be taken into account, that the local density of localized electrons must

be equal to unity. In the weak s-d hybridization limit, the local density of d-electrons in the symmetric

Anderson lattice is equal to unity. d-electrons determine the local spin-1
2

at the sites of the lattice, only in

this case we can talk about the spin-1
2

Kondo lattice. Thus the symmetric Anderson model is similar to

the Kondo lattice. In the strong coupling limit of the Hubbard model, when U ≫ t ( U and t are on-site

repulsion and hopping integral), it is shown that the Hubbard model and the Kondo lattice model become

identical9. It gives possibility to use the formalism, proposed for calculation of the Mott transition in the

Hubbard model10, for solution of the Kondo lattice problem.

In the paper, we consider the solution of the symmetric Anderson model, using a mean field approach.

An effective λ -field connects the states of d-electrons with the different spins and momenta k, k+−→
π . Due

to the s-d hybridization, the states of s-electrons with different spins and momenta k, k+−→
π also hybridize,
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the gap opens in the electron spectrum at half filling. The value of the gap is determined by the magnitude

of the λ -field (which in turn depends on the on-site repulsion) and the value of the s-d hybridization. The

electron spectrum is symmetric about the zero energy, it corresponds to the symmetric Anderson model

for a nontrivial solution of the λ -field. The gap in the electronic spectrum has a many-particle nature.

Model

The Hamiltonian of the Anderson lattice is the sum of two terms, the first of which is determined by

energy of the bands of s- and d-electrons and hybridization between them, the second takes into account

the on-site repulsion of d-electrons H = H0 +Hint

H0 =−
N−1

∑
j=1

∑
σ=↑,↓

(c†
j,σ c j+1,σ + c

†
j+1,σ c j,σ )+ εg

N

∑
j=1

∑
σ=↑,↓

n j,σ + v
N

∑
j=1

∑
σ=↑,↓

(c†
j,σ d j,σ +d

†
j,σ c j,σ ),

Hint =U
N

∑
j=1

n j,↑n j,↓, (1)

where c
†
j,σ ,c j,σ and d

†
j,σ ,d j,σ (σ =↑,↓) are the fermion operators determined on a lattice site j, U is the

value of the on-site Hubbard interaction determined by the density operator n j,σ = d
†
j,σ d j,σ , the band width

of c-fermions is determined by the hopping integral equal to one, the energy of flat band of d-fermions

equal to εg, v defines the hybridizations of s- and d-electrons, N is the total number of atoms.

First of all, we will focus on the consideration of the model for single Anderson impurity, exact

solution of which has been obtained by Wiegmann1. At εg =−U
2

and U ≫ Γ (Γ = v2) trickly one electron

is localized on the impurity, so we can talk about an impurity with spin-1
2
. This case corresponds to the

symmetric Anderson model. According to2 the behavior of impurity in the symmetric Anderson model

is equivalent to the spin-1
2

Kondo impurity. In this context, in a non-magnetic state the behavior of an

electron liquid in the symmetric Anderson lattice is similar to that in the spin-1
2

Kondo lattice. Should be

notes also, when the hybridization is small the Hamiltonian (1) can be mapped intpo the Kondo lattice

model with the exchange imtegral J ≃− 2ΓU
εg(εg+U) .

1 The ground-state

λ -field breaks the spontaneous symmetry11, 12, the magnetic moment of electrons is not conserved, the

total number of electrons is conserved10. Only for q = −→
π , the electron spectrum corresponds to the

symmetric Anderson lattice. In this case it is symmetric with respect to zero and has the following form

for the chain (see in Fig 1a) and square lattice (see in Fig 2a). Four branches of the spectrum ±Eγ(k)

(γ = 1,2) are determined by the following expression (see section Methods))

Eγ(k) =
1√
2

√

α(k)+(−1)γ

√

α2(k)−4β 2(k), (2)

where α(k) = ε2(k)+ ε2
g +λ 2 +2Γ, β 2(k) = (λ 2 + ε2

g )ε
2(k)−2εgΓε(k)+Γ2.

For v 6= 0, λ 6= 0 and an arbitrary dimension of the lattice the spectrum is gapped at half-filling. The

gap is equal to zero at v = 0 or λ = 0 (see in Figs 1c, 2c, 3), v = λ = 0 corresponds to the atomic limit of

the symmetric Anderson lattice with a bare on-site repulsion.

The dependence of the gap on v and λ has quite universal in nature, it value practically does not

depend on the dimension of the model (compare Figs 1c, 2c, 3). The low energy spectrum is two quasi-one
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a) b)

c)

Figure 1. (Color online) Spectrum of the chain a) and low energy excitations b) (where ∆ = 0.004) as

function of wave vector calculated at εg =−1 (or U = 2), v = 0.1, λ = 0.2; the gap ∆ c) as function of v

and λ calculated at εg =−1.

a)
b)

c)

Figure 2. (Color online) Spectrum of the square lattice a) and low energy excitations b) (where

∆ = 0.004) as function of the wave vector calculated at εg =−1, v = 0.1, λ = 0.2; the gap ∆ c) as

function of v and λ calculated at εg =−1.
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Figure 3. (Color online) The gap ∆ as function of v and λ calculated at εg =−1 in the cubic lattice.

dimension Dirac points in a chain (see Fig 1b) (quasi Dirac point since these is a gap), they form a square in

the k-plane in a square lattice (see Fig 2b). The k-surface, formed by the quasi-Dirac points on the k-plane

of the low-energy spectrum, is constructed as follows: each projection of the wave vector corresponds to

two values of its other projections. The γ-branches of the spectrum are hybridized, the electron density is

defined as ∑γ=1,2

∫

dk = ns +1, here ns is the density of s-electrons (ns = 1 at half-filling). Thus, we can

talk about a large Fermi surface in the Kondo lattice also, the behavior of which is similar to the symmetric

Anderson lattice.

In the ground state the equation for λ follows from the form of the action (6) and the spectrum (2)

λ

U
=

1

4
∑

γ=1,2

∫

dk
1

Eγ(k)

∂E2
γ (k)

∂λ
, (3)

where the value of the on-site repulsion corresponds to a condition U =−2εg. The energy of the quasi-

particle excitations depend on εg (2), thus (3) is self-consistent equation. As a result, the state of the

symmetric Anderson lattice can be realized for λ 6= 0.

As we noted above the gap in the spectrum depends both v and λ (in the Anderson model the scattering

matrix depends on v and U1). Numerical solutions for λ as function of v are presented in Fig 4 for different

dimension of the lattice. Results of calculations are obtained at εg =−1 and U = 2 (see in Fig 4a)) and

εg = −1/2 and U = 1 (see in Fig 4b)). Trivial solution λ = 0 and v = 0 corresponds to the symmetric

Anderson model with εg =−U
2

in which s- and d-electrons are not coupled. Nontrivial solution for λ and

v determines state of electron liquid in the symmetric Anderson model. Solution for λ takes place at finite

values of v, the λ -value increases with increasing v (see Fig 4). Such at v = 0.45 the gaps in the spectrum

have the following values for U=2 (U=1): ∆ = 0.015 (∆ = 0.093) in the chain, ∆ = 0.018 (∆ = 0.074) in

square and ∆ = 0.005 (∆ = 0.088) in cubic lattices. The value of the gap decreases with increasing U .

Methods

Canonical functional of the symmetric Anderson model

Let us introduce the operator χ†
j = d

†
j,↑d j,↓ and redefine the term Hint (1) is the following form Hint =

−U ∑ j χ†
j χ j

10. The Hubbard-Stratonovich transformation converts the interacting problem into a non-

interacting one in a stochastic external field (hereinafter we will define it as the λ -field). We define the

interaction term, taking into account the action S0

S = S0 +∑
j

λ ∗
j λ j

U
+∑

j

(λ jχ j +H.c.) (4)
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Figure 4. (Color online) λ as a function of v calculated at εg =−1, U = 2 a) and εg =−0.5, U = 1 b)

for the chain, square and cubic lattices.

The canonical functional is determined as

Z =
∫

D [λ ]
∫

D [χ†,χ]e−S,

where the action S = 1
U ∑ j λ ∗

j λ j +
∫ β

0 dτ ∑k Ψ
†
k(τ)[∂τ +He f f (k)]Ψk(τ), Ψk(τ) is the wave function, k is

the wave vector of an electron. We expect that λ j does not depend on τ , since the translation invariance is

conserved in an electron liquid state.

At the on-site hybridization between d-states of electrons with different spins and due to translation

invariance of the model Hamiltonian, only the phases of λ j depends on j, a namely λ j = exp(iq j)λ 10,

where q is an unknown wave vector. The phase can also fluctuate at the lattice site; subsequent averaging

over local fluctuations restores translational invariance13. The task is reduced to moving fermions in a

static inhomogeneous λ -field that sets the form of He f f (k)

He f f (k) =









−ε(k) v 0 0

v εg λ 0

0 λ ∗ −εg v

0 0 v −ε(k+q)









(5)

The spectrum of non-interacting s-electrons is given by ε(k) =−2∑
D
i=1 coski, here D is dimension of the

model.

We can integrate out fermions to obtain the following action S per an atom

S

β
=− T

2N
∑
k

∑
n

4

∑
γ=1

ln[−iωn +Eγ(k,q)]+
|λ |2
U

, (6)

where ωn = T (2n+ 1)π are the Matsubara frequencies, k, q are the momenta of electrons, four quasi-

particle excitations Eγ(k,q) (γ = 1, ...,4) determine the electron states in the λ -field. Two in the first

term (6) takes into account the fact, that k-cell includes two momenta k and k+−→
π . In the saddle point

approximation the canonical functional Z will be dominated by the minimal action S (6), that satisfies

the following equation ∂S/∂λ = 0. In the Kondo problem, the processes of electron scattering from spin
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flip dominate, in our case, the λ -field connects the states of s-electrons with opposite spins and different

momenta k and k+q. Due to the on-site repulsion between electrons in the Hubbard model10, an effective

field connects states of electrons with different spins and different momenta k, k+−→
π . This state is stable

at half-filling, a gap opens in the electron spectrum10. In this case, the same mechanism of coupling

between s-electrons is realized indirectly through an intermediate subsystem of d-electrons. The gap in

the electron spectrum will naturally be smaller.

Conclusion

Using mean field approximation we have considered the solution of the symmetric Anderson lattice at

half-filling for different dimensions of the lattice. It is shown that an effective field, which binds the states

of s-electrons with different spins and momenta, leads to the gap in the electron spectrum. The electron

spectrum is mirror symmetric (with respect to zero energy), has the type of the Majorana spectrum. The

states of s- and d-electrons are hybridized, therefore the Fermi surface is determined by the total density of

electrons. The gaped state of electron liquid corresponds to breaking spontaneous symmetry. It is formed

at a finite value of the hybridization between s- and d-electrons. In the symmetric Anderson lattice, a

local spin-1
2

is realized at lattice site, therefore its behavior is similar to the Kondo lattice. The proposed

approach allows us to describe the symmetric Anderson and Kondo lattices in one formalism. One can

speak of a large Fermi surface and a gap state of an electron liquid in the Kondo lattice at half filling.
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Figures

Figure 1

(Color online) Spectrum of the chain a) and low energy excitations b) (where D = 0:004) as function of
wave vector calculated at eg = 1 (or U = 2), v = 0:1, l = 0:2; the gap D c) as function of v and l calculated
at eg = 1.



Figure 2

(Color online) Spectrum of the square lattice a) and low energy excitations b) (where D = 0:004) as
function of the wave vector calculated at eg = 1, v = 0:1, l = 0:2; the gap D c) as function of v and l
calculated at eg = 1.

Figure 3



(Color online) The gap D as function of v and l calculated at eg = 1 in the cubic lattice.

Figure 4

(Color online) l as a function of v calculated at eg = 1, U = 2 a) and eg = 0:5, U = 1 b) for the chain,
square and cubic lattices.
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