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Abstract. This work deals with control of rigid link robotic manipulators provided with flexible joints. Due to presence of 
flexible joint dynamics, additional degrees of freedom and underactuation are developed that would complicate the control 
design. Besides, model uncertainties, unmodeled dynamics and disturbances should be considered in robot modeling and 
control. Therefore, this paper proposes a cascade position-torque control strategy based on function approximation 
technique (FAT). The key idea is to design two nested loops: 1) an outer position control loop for tracking reference 
trajectory, and 2) an inner joint torque control loop to track the desired joint torque resulted from the outer position loop. 
The torque control loop makes the robot system more adaptable and compliant for sudden disturbances. It increases the 
perception capability for the target robot mechanisms. Adaptive approximation control (AAC) is used as a strong tool for 
dealing with time-varying uncertain parameters and disturbances. A sliding mode term is easily integrated with control law 
structure; however, a constraint on feedback gains are established for compensating modeling (approximation) error. The 
proposed control architecture can be easily used for high degrees of freedom robotic system due to the decentralized 
behavior of the AAC. A two-link manipulator is used for simulation experiments.The simulated robot is commanded to 
move from rest to desired step references considering three cases depending on the selected value of the sliding mode time 
constant. It is shown that selection of a large time constant parameter related to the position loop leads to slow response. 
Besides, one of the inherent issues associated with the inner torque control is the presence of derivative of desired joint 
torque that makes the input control abruptly jumping at the beginning of the dynamic response. To end this, an 
approximation for derivative term of the desired joint torque is established using a low-pass filter with a time constant 
selected carefully such that a feasible dynamic response is ensured.The results show the effectiveness of the proposed 
controller. 

Keywords. Flexible joint; adaptive approximation control, decentralized control, torque control 

INTRODUCTION 

Robotic manipulators usually have transmission elements with some flexibility, e.g. harmonic drives have 
considerable joint flexibility [1]. Adding flexible elements to transmission drives could lead to low output impedance, 
increase robustness when working in unstructured environments and enlarge the output torque [2]. Incorporation of 
flexible elements in joint design makes difficulties in modeling and control due to the following [3]: 

 An additional degree of freedom is obtained since the motor and link angles are no longer equivalent. 
 The order of the flexible dynamic system becomes twice the rigid joint. 



 The related dynamics undergo underactuation behaviour since the number of control input is less than the 
order of the target system. 

 The existence of flexible elements causes fast dynamics that complicate modeling and control issues. 
 Uncertainty in drive and link dynamics complicates the control design. 
Thus, the flexible joint has more complex modeling than a rigid joint. Miscellaneous control approaches have been 

reported in the literature for motion control of flexible-joint robots. Feedback linearization control has been used 
extensively that achieves linearized closed-loop dynamics with guaranteed global asymptotic stability. However, these 
controllers may require measurements of high-order derivatives for the output variables (robot link positions) which 
is undesirable [4-6]. Backstepping control has similar features to the feedback linearization technique [7]. On the other 
hand, singular perturbation control is a powerful tool for controlling joints with high stiffness; however, it is 
impractical for moderate and low stiffness joints [8]. Furthermore, other control techniques are possible such as 
passivity-based control [9], adaptive control [10], and PID family control [11]; however, these controllers usually 
focus on position control loop with less attention on joint torque loop [4]. The torque control loop makes the robot 
system more adaptable and compliant for sudden disturbances. Therefore, Li et al. [12] have proposed a 
position/torque switching control strategy to improve robot safety for human-robot applications. The key idea is that 
during a collision with sudden disturbances, torque control is activated such that the impact force is attenuated or 
scaled within a safe range. In effect, the dynamics of the flexible-joint robotic manipulator can be decomposed into 
two subsystems, link and joint subsystems. For the link subsystem, the output state variable vector is the angular link 
position vector and the virtual input control is the interaction spring torque (or so-called the joint torque). Whereas for 
the joint (actuator) subsystem, the output state variable vector is the joint torque and the input is the motor voltage. 
Thus, a two-stage control can be designed to get feasible performance. The two-stage loops include coupled link-
actuator dynamics with possible uncertainty such as the link-joint parameters, friction models, spring and gear-
transmission nonlinearity etc. Consequently, adaptive and or robust control strategies are strong tools to deal with this 
dilemma. Although there are different techniques for robust and adaptive control [13], the adaptive approximation 
control (AAC) is a powerful tool to deal with this topic effectively. The latter technique requires representation of the 
unknown parameters or the dynamic matrices (inertia matrix, centripetal and Coriolis matrix, gravity vector and so 
on) in terms of weighting coefficient and basis function matrices. Then, updating adaptive laws for the weighting 
coefficient matrices are designed based on Lyapunov theory such that the overall system is stable. The reader is 
referred to [14-19] for more details.  

In this work, the AAC is used as a basis for designing the cascade position/torque control loops. The outer loop 
deals with adaptive position control for the slow link dynamics. Here, a virtual joint torque vector is assumed as an 
input vector. The virtual velocity error proposed by Slotine and Li [20] is used while the nonlinear terms and 
unmodeled dynamics are collected in a lumped term to be approximated using the AAC. In a similar manner to the 
outer position loop, the virtual velocity error and the AAC are used for designing the required control law for the inner 
torque loop. The overall stability for the nested loops is proved using Lyapunov theory. A two-link manipulator is 
used as a simulation platform to show the effectiveness of the proposed control structures. In effect, two previous 
works are similar to our current study which are [3,22]. In [3], regressor-based adaptive control with cascade position-
torque control was used for flexible joint robots. However, it requires calculations of regresor matrix that is highly 
nonlinear and it is difficult to be applied to high complex robotic systems. In [22] FAT-based adaptive control has 
been applied to flexible joint robots, however, the control laws include coupled weighting matrices and the problem 
of noisy signals of the derivative of the desired joint torques were not treated. Our current work can be applied to 
highly DoF robotic systems and the problems of noisy torque derivative is solved.  In essence, the approximation 
technique is intrinsically decentralized with some modifications, see e.g., our previous work [18]. The contribution of 
the paper can be summarized as follows: 

 Design of a cascade position-torque control based on decoupled adaptive approximation technique. 
 It can be efficiently applied to high DoF robotic system due to the inherent parallel computations of the 

control laws. 
 The noisy signals resulted due to the presence of the derivative of the desired joint torque vector is filtered 

out using a low-pass transfer function. 



DYNAMIC MODELING  

In this section, the dynamic modeling of a multi-link manipulator with flexible joints are described, see Fig. 1(a). 
Figure 1(b) shows an example of 2-DoF planar robot that will be our target in simulation results. The following 
assumptions are considered: 
 

  
 

FIGURE 1. (a) An n-DoF flexible joint robotic manipulator, (b) a two-DoF planar robot. Nomenclatures are defined at the end of 
the paper.  
 
Assumption 1. The link state variable vector and the joint torque vector resulted from flexible element effect are 
measureable. 
Assumption 2. The diagonal stiffness matrix associated with the flexible element has arbitrary value. No limitations 
on the value of joint stiffness are imposed. 

Thus, according to Euler-Lagrange formulation, the model of flexible-joint robot with n degrees of freedom (DoFs) 
can be described as 

 
 �(�)�̈ + �(�, �̇)�̇ + �(�) = ��(� − �) (1a) 
 ���̈ + ���̇ + ��(� − �) = � (1b) 

 
Where � ∈ ��×� is the angular position of the joints, �(�) ∈ ��×� is a symmetric and positive definite inertia 

matrix, �(�, �̇) ∈ ��×� is the centripetal and Coriolis matrix, �(�) ∈ ��×� is the gravity vector, �� ∈ ��×� is a 
diagonal spring stiffness, � ∈ ��×� is the angular position of the motor, �� ∈ ��×� is a diagonal equivalent inertia 
matrix of the rotor/gear transmission, �� ∈ ��×� is an equivalent diagonal viscous damping matrix, and � ∈ ��×� is 
an input control vector. 

 
Remark 1. In effect, the motor dynamics should be considered in robots with fast motions and highly varying loads, 
otherwise it could be neglected. In this work, the actuator dynamics is neglected while equivalent inertia is used 
instead. See our previous work on control of robots considering actuator dynamics [18]. 
 

The dynamic modeling of Eq. (1) has the following properties. 
Property 1. The inertia matrix �(�) is uniformly bounded from above and below. 
Property 2. Each unknown parameter (or coefficient matrix) in robot modeling can be linearly represented in terms of 
weighting coefficient and basis function vectors. 

The joint torque vector � (resulted from the torsional spring) is expressed as 
 � = ��(� − �) (2a) 

or 

(a) (b) 



 � = ����� + � (2b) 
Exploiting Eq. (2b), Eq. (1b) can be reformulated as 
 �������̈ + �������̇ + ���̈+���̇ + � = � (2c) 

Equation (1a) can be modified as follows 
 �̈ = �(�)���� − �(�, �̇)�̇ − �(�)� (2d) 

Thus substituting Eq. (2d) into Eq. (2c), Eq. (1) can be re-written as 
 �(�)�̈ + �(�, �̇)�̇ + �(�) = � (3a) 
 �� �̈ + �� �̇ + �� = � (3b) 

with �� = ������  �� = ������  �� = ���̈ + ���̇ + � = (����� + ��)� + ���̇ − �������̇ − ������  
where �� is an � × � identity matrix. 
 
Remark 2. It should be noted that Eq. (1) can be formulated in different ways such that different controllers are 
designed. However, this work focuses on a cascade control structure. Accordingly, Eq. (3a) shows that the state 
variable vector (output) is � with joint torque � as a virtual input control. On the other hand, in Eq. (3b) the state 
variable vector is joint torque vector � with the � working as an input voltage control. Consequently, two nested 
control loops are possible to be established. 
 
Remark 3. The problem associated with dynamics of Eq. (3) is that the number of DoFs is twice of input controls and 
hence an additional virtual input control is required to stabilize the target dynamic system. 

CONTROL STRUCTURE 

As aforementioned, the flexible joint robot is a fourth order dynamic system due to the presence of the flexible 
element between the load and the actuator drive system. This flexibility creates additional angular position on the 
actuator side that is different from the joint (load) position. The proposed controller consists of two control loops 
under assumptions 1 and 2 such that the major (outer loop) attempts to track the desired references of the robot position 
with a virtual joint torque vector being tracked by the minor (inner) loop; the details are as follows. 

 

 
Figure 2. The proposed control structure 

The outer position loop 

The desired joint torque vector can be designed as [14-19] 
 �� = ���̇� + ���� + �� + ��� �� + � ���(��) (4) 

where the symbol (.̂ ) refers to estimated value, ��� ∈ ��×� is a position feedback gain matrix with a positive definite 
property, � ∈ ��×�is a diagonal matrix associated with the last robust term and  
 �� = �� − �̇   (5a) 
 �� = �̇� + ��(�� − �)  (5b) 



with �� ∈ �� being the desired joint trajectory, �� ∈ �� is the velocity error, �� ∈ �� is a reference velocity, and �� =����(1 ���� , … , 1 ���� ), where ���  is the sliding time constant.  

Using Eq. (5a), Eq. (3a) can be expressed as 
 � = ���̇� − �̇�� + C��� − ��� + � (6a) 

Using the idea of approximation technique, Eq. (6a) becomes 
 � = ����� − ��̇� − C�� + �� (6b) 

with  
 ��̇� + C�� + � = ����� + ��  

where �� ∈ ���×� represents the weighting coefficient matrix, �� ∈ ���×� is the corresponding basis-function 
matrix, and �� ∈ �� refers to the approximation (modeling) error. 
Thus, the control law of Eq. (4) can be reformulated as 
 �� = ������ + ����� (7) 

with  ������ = ���̇� + ���� + ��  
Subtracting Eq. (7) from Eq. (6a) leads to the following closed-loop dynamics 

 ��̇� + ��� + ����� + � ���(��) = ������ + �� + �� (8) 
Equation (8) is stable as along as ��� → 0, �� → 0 and �� → 0, where �� = � − ��. 

The inner joint torque loop   

In this inner (minor loop), the input control is the applied input control vector (u) while the output state variable is 
the joint torque vector (�) associated with flexible element. Therefore, the following control law can be designed 
 � = ����̇� + ����� + �̂� + ����� (9a) 

where ��� ∈ ��×� is a symmetrical positive definite matrix, and  
 �� = �� − �̇  (9b) 
 �� = �̇� + ��(�� − �)  (9c) 

with �� ∈ �� is the joint torque error, �� ∈ �� is a reference joint torque derivative defined in Eq. (9c), �� =���� �1 ���� , … , 1 ���� � ∈ ��×�, where ��� is the sliding time constant related to the inner torque loop. Using the 

concept of global approximation technique, Eq. (9a) can be re-expressed as 
 � = ������ + ����� (10a) 

where Eq. (3b) can be reformulated as follows. 
 ���̈ + �� �̇ + � = ����� + ��  (10b) 

with �� ∈ �� referring to the approximation error associated with the inner torque dynamics. Whereas, the following 
closed-loop dynamics is produced by subtracting Eq. (10a) from Eq. (10b). 
 
 ���̇� + ���� + ����� = ������ + �� (10c) 

Equation (10c) is stable if ��� → 0 and �� → 0. 
 

Remark 4: The control law described in Eq. (10a) requires calculation of the first derivative of the desired joint torque 
resulted from the outer position loop. In [3], the authors proved that the control law is bounded since it will be function 
to the desired joint references up to the third derivatives, the output joint displacement and its derivative, and the joint 
torque measurement assuming all the kinematic variables (displacements, velocities and accelerations) are bounded. 
However, in this paper, we will see that the requirement of presence of derivative of desired joint in Eq. (10a) makes 
the dynamic response of the input control jumping abruptly at the beginning of the transient region response. 
Therefore, Albu-Schäffer et al. [23] have avoided using this term in their control law. In this work, an approximation 
for the derivative is proposed as follows. 

      �̇�� = ��� � ������� , i=1,2,3,…,n    (11) 



where s is Laplace variable and  ��  is a time constant for the low-pass transfer function of (11). This time constant 
should be smaller than the time constant of the system dynamics.   
 
Theorem 1. The dynamic modeling described in Eq. (3) with the control law, and closed-loop dynamics introduced in 
Eqs. (7), (10a), (8) and (10c) respectively is stable according to Lyapunov theory provided that: ��̇� = −��������� 
            ��̇� = −��������� (12b) 
 �������� > �� �����, ��� ≥ Γ���, and �� ≥ 0. (13) 

where �(.)�� ∈ ���×��  is an adaptation diagonal matrix that is important in estimation process, Γ�  and Γ�  are both 
positive definite matrices such that  Γ� = Γ�� > 0, and [21] Γ����Γ� ≤ ��̅ 
 ����� ≤ ���Γ����� + ���Γ� �� ≤ ���Γ����� + ��̅ (14) 

where ��̅ is a lower bound for and ��.  
 
Proof: 

To prove the validity of Theorem 1, let us consider the following non-negative Lyapunov function 
 � = �� ������ + �� ������� + �� ������������ + ���������� + ����������� (15) 

Taking the time derivative of the above equation to get 
 �̇ = �����̇� + �� ����̇�� + ������̇� + �� ���������̇� + ��������̇�� + 2����������̇� (16) 

Substituting Eqs. (8) and (11) in Eq. (16) to get �̇ = ���������� + �� + �� − �(�, �̇)�� − ������ + 12 ����̇�� + ���������� + �� − ���� − ������ + 2����������̇�+ �� ���������̇� + ��������̇��     = ���������� + �� + �� − �(�, �̇)�� − ����� − � ���(��)� + �� ����̇�� + ���������� + �� − ���� − ė�����ė� � −������������� + �� ���������̇� + ��������̇��  (17) 
Using the property of skew matrix of (�̇ − 2�) with some manipulations to obtain �̇ = −�������� + ����� − ������������� − � ���(��) + ����� − �������� − ������� + ����� + �� ����� ������ +����̇�� + ���� ������ + ����̇���  (18) 

 �̇ = −���� ����� ����� � + ����� − � ���(��) − �������� − ������� + ����� + �� ����� ������ + ����̇�� +���� ������ + ����̇���  (19) 
with  � = � ��� − �� ��− �� �� ���������  

Since the matrix R is a symmetric, the first inequality of Eq(13) is satisfied according to [3]. By substituting Eqs. 
(12a,b) and substituting Eqs. (14a,b) we can get 

 �̇ = −���� ����� ����� � + ����� − ∑ �� ������ + −������� + −���(���−Γ���)�� + ��̅ (20) 

To ensure stability, it is required that �� ≥ ��+��� and ��� ≥ Γ��� such that �̇ is lower bounded guaranteeing the 
asymptotic system stability when t→ ∞ according to Barbalat’s lemma [20], [22]. 

 
Remark 5. In effect, the overall control structure including control laws and the corresponding update laws (Eqs. (7), 
(10a), and (12)) are fully decoupled with diagonal parameter and gain matrices. Therefore, it is easy to be applied to 
high DoF robotic manipulators .  



RESULTS AND DISCUSSIONS 

In this section, simulation experiments are performed using MATLAB/SIMULINK software on a 2-DoF planar 
flexible-joint robotic manipulator (see Fig. 1(b)). The physical parameters of the investigated robot are selected as 
follows: �� = �� = 0.8 [�], �� = �� = 0.75 [��], �� = �� = 0.4 [�], �� = �� = 0.03 [��. ��], ��� = ��� =[0.024 ��. ��], �� = �� = 0.01[���/���], �� = �� = 100 [��/���]. It is important to note that the stiffness of 
the flexible joint is considered constant (not changeable stiffness) and the source of flexibility is developed due to the 
harmonic drive mechanism. For detailed derivation of modeling of a 2-DoF planar robot with flexible joints, see e.g. 
[1, 3, 22]. To verify the effectiveness of the proposed controller. The following assumptions are imposed for all 
simulation experiments: 

 The modeling (approximation) error is neglected. 
 The number of terms of basis functions (�) used for simulation experiments is equal to 11. It is well-known 

in the field of numerical analysis that increasing the number of terms of approximation polynomials � could 
lead to better accuracy, selecting � = 11 is enough for our experiments. 

 Chebyshev polynomials are used for approximation purposes. 
During all investigated experiments, the task of the robot is commanded to move from rest to constant desired 

angles (��� = 60�, ��� = 90�). To regulate the motion of the target robot considering joint flexibility, parameters 
uncertainty and unmodeled dynamics, a control structure including two nested loops are established, recall Sect. 3. 
The control parameters and adaptation gains used are introduced in Table 1 considering three cases. In these 
experiments, investigation of the effect of sliding mode time constant (see Eq. (5b)) on the response speed and stability 
are presented. According to Fig. 3, selection of a large time constant parameter related to the position loop (��� =��� = 1  [�]) leads to slow response; however, decreasing ���  to some smaller values (e.g., ��� = ��� = 1/70  [�]) 
could cause some oscillations in transient response. On the other hand, the time constant parameter related to joint 
torque loop (���) should be smaller than ��� , otherwise undesired performance can be obtained. This behavior occurs 
since the inner torque loop should be faster than the outer position loop. Among the three experiments, experiment 2 
shows better behavior with well fast response. Figure 4 shows the input control vector under the conditions of 
experiment 2. As mention previously, due to the presence of derivative of desired joint torque (�̇�) in the control laws 
described in Eq. (10a), there is an abrupt jump in the control inputs at the beginning of the dynamic response. Using 
the approximation proposed in Eq. (11), the noise effects are reduced. On the other hand, high values are required for 
(���) associated with outer position loop while lower value is required for the inner torque loop (���), a detailed 
comparison for the effect of these parameters is cancelled due to limited space of the paper. It should be noted that for 
all above experiments the control structure does not need a precise prediction (estimation) for the physical parameters. 
In effect, sufficient definite orthogonal basis terms are enough to get a feasible control performance [14-19, 22]. On 
the other hand, the cascade control can improve the stability the system and give some perception for the robot by 
integration of joint torque with the control structure. However, some constraints on control parameters could be 
imposed such that the dynamics of the inner loop maybe faster than the outer loop and this could limit the system 
bandwidth. 

 
Table 1. Control parameters used in simulation experiments 
Case No. Gain values 

1 �� = ��, ��� = 100��, ���� = 300 ��,  �� = 70��, ��� = 20��, ���� = 300 ��.  
2 �� = 20��, ��� = 100��, ���� = 300 ��,  �� = 70��, ��� = 20��, ���� = 300 ��.  
3 �� = 70��, ��� = 100��, ���� = 300 ��,  �� = 70��, ��� = 20��, ���� = 300 ��.  

 



 
Figure 3. Step position response showing the effect of the sliding mode time constant on response speed. 

 
Figure 4. Control inputs with corresponding enlarged views. 

CONCLUSIONS 

This paper proposes a cascade position/torque control approach based on adaptive approximation technique. Two 
nested loops are designed with ensured stability based on Lyapunov theory. Two important points are recognized in 
the current proposed controller: 1) it is a model free control working well in the presence of model uncertainty, and 
2) It is easily to be implemented in decentralized way such that it is qualified for complex robotic systems with high 
number of DoFs. Despite of the strength of the proposed control structure, the following issues are noted: 

 A fully decentralized torque control can be designed to consider the damping effect with flexible elements. 
 Design of a generalized controller that deals with flexible components with variable stiffness and damping. 
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 Considering more complex robotic systems are important such as humanoid robots. 
 Tuning of the control parameters such that the nested loops have ensured stability. 
 Experiment work is require in near future to verify the results practically. 

LIST OF SYMBOLS AND NOMENCLATURES �(�) : a symmetric and positive definite inertia matrix, ∈ ��×�. �(�, �̇) : a centripetal and Coriolis matrix, ∈ ��×� . �(�) : a gravity vector, ∈ ��×�. � : the angular position of the joints, ∈ ��×�. �� : a diagonal spring stiffness, ∈ ��×�. � : the angular position of the motors, ∈ ��×�. �� : a diagonal equivalent inertia matrix of the rotor/gear transmission, ∈ ��×�. �� : an equivalent diagonal viscous damping matrix, ∈ ��×�. � : the control input vector, ∈ ��×�. � : the joint torque vector , ∈ ��×�. �� : an identity matrix, ∈ ��×� . (. )�  : refers to estimation. �� : the desired joint trajectory, ∈ ��×�. �(.) : the velocity error, ∈ ��×�. �(.) : a reference velocity, ∈ ��×�. �(.) : a sliding mode time constant. �(.) : a diagonal constant gain matrix function of sliding mode time constants, ∈ ��×� . �(.) : the modelling (approximation) error, ∈ ��×�. (. )�  : the difference between the estimated and actual values. ��  : a time constant associated with low-pass filter. ��(.)  : a positive definite feedback gain matrix,  ∈ ��×�. �(.)�� : an adaptation diagonal matrix, ∈ ���×�� . � : the number of terms of the basis functions. Γ(.)  : a constant positive definite diagonal matrix, ∈ ��×�. � : Lyapunov function. �(.) : the link length, (m). �(.) : the link mass, (kg). �(.) : the distance of center of mass of a link, (m). �(.) : the viscous damping coefficient of a joint, (������ ). 
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