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Abstract
In the experiment, we observed such a phenomenon: the alternating normal force changes the vibration
state of a friction system. A single-degree-of-freedom mathematical model was used in this paper to
discuss the effects of a constant and alternating normal force on the stick-slip vibration characteristics
for different dynamic and static friction coe�cients. Under the condition that the applied constant normal
force continues to increase, the vibration amplitude of the system, the amplitude of the limit cycle, and
the adhesion time of the system increase. When the difference between the dynamic and static friction
coe�cients (DSFC) is small, the system has a complete and clear limit cycle. When the dynamic friction
coe�cient is reduced, the difference between DSFC increases, and the limit cycle of the system is
deformed. The friction system has more abundant dynamic vibration characteristics under an alternating
normal force than a constant normal force. The vibration state of the system presents a single-cycle
stick-slip vibration when the alternating normal force excites the multi-order harmonic response of the
friction system, and the excitation frequency of the alternating normal force is the same as the main
response frequency of the system with the highest energy or the low-order even-order main frequency. In
contrast, the system exhibits various vibration modes when the excitation frequency of the alternating
normal force is dissimilar to the main frequency of the system's highest energy response or is consistent
with the odd-order main frequency. In addition, increasing the difference between DSFC or using very high
excitation frequencies and excitation amplitudes increase the likelihood of the system entering a chaotic
vibration state.

1 Introduction
Friction-induced vibration (FIV) is a common phenomenon in mechanical systems containing friction
pairs or contact pairs, such as automobile or rail braking systems, machine tool chip systems, and gear
transmission systems [1, 2]. In most cases, FIV has adverse effects, such as increasing the instability of
the mechanical system, shortening the service life of parts, altering the friction contact interface, and
increasing the risk of fatigue fractures of parts [3–5]. In addition, frictional vibration typically causes
friction noise, such as car braking noise, resulting in noise pollution [6–9]. For this reason, many scholars
researched the generation and evolution of FIV and have obtained meaningful results [10–13].

In recent years, some scholars have proposed physical mechanisms to explain FIV, such as stick-slip
instability [14], the Stribeck negative slope effect [15, 16], and modal coupling [17–20]. These
mechanisms can explain FIV in a certain frequency range or under certain conditions; however, no single
theory can reasonably and comprehensively explain all FIV phenomena. As a vibration phenomenon with
signi�cant nonlinear characteristics, stick-slip is an important aspect of FIV [21]. The main reason for
stick-slip vibration is the difference between DSFC of the friction system [22] since two motion states
exist: adhesion and sliding. The relative motion speed between two contacting objects in the friction
system is zero during adhesion, whereas relative motion exists between the two objects during sliding
[23]. Stick-slip vibration can have positive effects, i.e., the stick-slip vibration of a string instrument can
produce beautiful music [24], or a friction damper can help reduce vibration [25]. However, stick-slip
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vibration typically has adverse effects, such as the groaning noise of a brake system [26, 27] and the
damage and crack propagation of the drill of a drilling platform [28–30]. On a larger scale, stick-slip
vibration may cause earthquakes and other geological disasters [31, 32]. Thence, it is necessary to carry
out research on stick-slip phenomenon and determine the factors that produce and affect stick-slip.

In recent years, researchers have used different methods to study the stick-slip phenomenon. Popp et al.
[33] used a discrete model with low degrees of freedom (DoF) and discovered the potential bifurcation
and chaos of the stick-slip system. Velde et al. [34] proposed a mathematical model of the stick-slip
phenomenon caused by deceleration. They veri�ed that deceleration motion caused stick-slip and
analyzed the in�uence of different parameter combinations, e.g., the damping coe�cient, deceleration,
stiffness, on predicting the occurrence of stick-slip. Ozaki et al. [35] carried out a numerical analysis of
stick-slip instability using a single-DoF model. The authors veri�ed that a change in the friction coe�cient
had a substantial impact on stick-slip instability and discussed the system’s dynamic characteristics,
such as the quality, stiffness, and driving speed. Elmaian et al. [36] proposed a three-degree-of-freedom
model for characterizing vibration and noise caused by stick-slip, wedge-slip, and modal coupling. By
controlling the system parameters, a single model could describe all distinct vibration and noise
behaviors. Li et al. [37] used the mass-damper-spring system to study the in�uence of the lateral runout
of the elastic disk on the in-plane stick-slip vibration characteristics. Numerical simulation results showed
that the contact separation of the disk and the slider signi�cantly affected the stick-slip vibration and
exhibited nonlinear dynamic behavior. Pascal et al. [38] established a two-DoF model considering dry
friction and harmonic loads and discussed the stability of the three motion trajectories. Wei et al. [39]
constructed a dynamic model of a two-layer braking system to determine the deep reasons for reducing
vibration and noise and stick-slip vibration characteristics.

In addition to analyzing stick-slip phenomena using theoretical models with various degrees of freedom,
some scholars also carried out experimental studies. Lee et al. [40] experimentally investigated the
effects of tangential contact stiffness, volume stiffness, relative sliding velocity, and the difference
between DSFC on the intensity and frequency of stick-slip. The test results showed that the intensity and
frequency of stick-slip during low-speed braking were substantially affected by all factors. Chandiramani
et al. [41] studied the stick-slip phenomenon for various excitation frequencies using the friction wedge
damper model and found that the stick-slip phenomenon always occurred around 30 Hz. Park et al. [42]
investigated the in�uence of the brake disc on the stick-slip phenomenon in the case of corrosion. The
experimental results showed that the friction �lm on the material surface enhanced the surface contact
rigidity and worsened the stick-slip instability under humid conditions. Under relatively low pressure, this
phenomenon is more obvious. Dong et al. [43] assessed the relationship between the polymer's
lubrication performance and stick-slip and frictional noise; it was found that materials with better
hydrophilicity, self-lubricity, and viscoelasticity produced less stick-slip and lower friction noise. Wang et
al. [44] experimentally analyzed the in�uence of different damping alloys as friction pair materials on
stick-slip vibration; the results showed that Mn-Cu damping alloys and aluminum alloys provided the best
suppression of stick-slip oscillations. The study also revealed different wear behaviors and clari�ed the
correlation between different wear behaviors and the stick-slip oscillations. Fuadi et al. [45] investigated
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the impact of structural stiffness and contact stiffness on stick-slip and categorized the stick-slip motion
into three regions: no stick-slip motion, transition zone, and stick-slip motion zone.

Researchers have discussed the stick-slip vibration mechanism and the in�uence of various factors on
stick-slip vibration using theoretical analyses and experimental studies. However, most of these studies
used the ideal state of the friction system variables, whereas the parameters change in real time under
actual working conditions. For example, the external load of the friction system changes dynamically
[46]. Simplifying the variables to the ideal state is convenient for research, and the results are more
consistent. However, the conclusions are only suitable for guiding theoretical research and may not be
applicable to practical conditions. The normal force is the excitation input of stick-slip vibration and has
a crucial in�uence on the vibration characteristics [47, 48]; any slight changes may cause changes in the
vibration characteristics. Krallis et al. [49], Papangelo et al. [50] and Pasternak et al. [51] investigated the
impact of changing normal forces on the friction system. To expand, Krallis et al. [49] and Papangelo et
al. [50] discussed the critical conditions for the transition between general sliding friction vibration and
stick-slip vibration of the friction system on the basis of keeping the static friction coe�cient equal to the
dynamic friction coe�cient. And the in�uence of parameters such as the amplitude and frequency of the
normal force on the critical conditions for the transition of these two states was studied. Pasternak et al.
[51] were more inclined to explore how to apply alternating normal forces to eliminate or reduce stick-slip
vibration, that is, to change from a stick-slip vibration state to a general sliding friction state. The scope
of these three papers is between the general sliding friction vibration state and the stick-slip vibration
state, and does not consider that the application of alternating normal force will cause the stick-slip
vibration to evolve into a more complex vibration of multiple vibrations state and chaotic vibration state.

Few studies have reported the stick-slip vibration characteristics of friction systems under dynamic loads.
Therefore, research on the in�uence and mechanism of an alternating normal force on the stick-slip
vibration characteristics can provide theoretical support and guidance for minimizing the damage caused
by stick-slip vibration under actual working conditions. Therefore, this paper uses a discrete
mathematical model to investigate the effect of real-time varying dynamic loads and different friction
coe�cients on the stick-slip vibration characteristics. The results are compared with the stick-slip
vibration behavior of a system under a constant force. The dynamic load is designed as a normal force
that changes according to the sine law, and different amplitudes and frequencies of the normal force are
evaluated in the simulation. The time-domain and frequency-domain characteristics of the stick-slip
vibration of the friction system under an alternating normal force are evaluated using bifurcation
diagrams, phase-space diagrams, spectrograms, and Poincaré diagrams for different excitation
amplitudes   and excitation angle frequencies to determine the potential vibration states of the system.

2 Single-degree-of-freedom Mathematical Model
This paper uses the classic undamped single-DoF mass-conveyor belt model to analyze the in�uence of
the alternating normal force on stick-slip vibration. A qualitative analysis is carried out of the dynamic
characteristics of the system's stick-slip vibration under an alternating normal force. In the mathematical
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model, the friction disc of the test bench in Fig. 1 is simpli�ed as a rigid conveyor belt, and the friction
block, clamps, and the buffer part of the test bench are simpli�ed as a mass m. The horizontal spring k1

represents the constraint of the mass in the tangential direction, as shown in Fig. 2. The mass is
simultaneously subjected to the normal force FN and the frictional force between the rigid belt and the
mass moving at a constant speed. It is assumed that the mass and the conveyor belt remain in contact
without separation. Since this article focuses on the in�uence of the alternating normal force on the stick-
slip vibration performance of the friction system, the basic parameters in the single-DoF model are set to
constants ( m = 1 kg, k1 = 1 N/m, v0 = 1 mm/s) except the normal loading force FN. The parameters were
selected based on theoretical research [33]. The Coulomb friction model with constant dynamic and
static friction coe�cients is used to determine the in�uence of the alternating normal force on the stick-
slip motion. Among various in�uencing factors, the friction coe�cient has the most considerable effect
on the vibration behavior [41, 42, 52]. Since it is impossible to evaluate if the friction coe�cient has a
considerable effect on the vibration behavior of the system under an alternating normal force, we select
two groups of dynamic and static friction coe�cients. The �rst group includes the static friction
coe�cient µs = 0.4 and the dynamic friction coe�cient µk = 0.2; the second group consists of the static
friction coe�cient us=0.4 and the dynamic friction coe�cient µk = 0.1. The simulation calculation is
conducted using MATLAB software. The in�uences of the excitation amplitude (Fω) and the excitation
angular frequency (µ) of the alternating normal force on the stick-slip vibration are investigated.

According to Newton's second law, the dynamic equation of a single-DoF system in the x-direction is
expressed as:

mẍ+k1x=Ff

1

The friction force Ff is the product of the friction coe�cient and the normal contact force FN between the
mass m and the conveyor belt, where Ff = µFN

FN = F0 + Fωsin(ωt)

2

The ode45 solver in MATLAB is used to solve the time-domain response signal of the system. Due to the
interface stick-slip dynamic behavior of the system, the switch model algorithm [53] is used to solve the
response of the non-smooth system. It is assumed that the relative speed between the mass block and
the conveyor belt is vr; and its expression is shown in Eq. (3):

vr = v0 − ẋ

3
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If vr > ς, where ς is the set minimum error value (10− 6), relative sliding occurs between the friction

block and the conveyor belt, and the system is in the slip state. The expression of the dynamic friction
force Ff−slip is shown in Eq. (4):

Ff −slip = μkFN

4

If vr < ς, the friction block and the conveyor belt remain relatively static, and the friction system is in

the stick state. The static friction force Ff−stick is the combination of the spring force and the maximum
static friction force Fmf−stick. Two conditions can occur, as shown in Eq. (5):

Ff −stick = {
k1x Spring force⩽

5

3 Test Equipment, Results And Discussion

3.1 Test equipment and parameters
The experiment is conducted on the CETR-UMT-3 multifunctional friction and wear testing machine using
a typical pin-disk surface contact mode. The equipment consists of a test device and a signal acquisition
device. The friction block sample and the friction disk sample are attached to the test device with a
friction block clamp and friction disk clamp, respectively. The friction block consists of composite
material, with dimensions of 9 mm × 9 mm × 15 mm and roughness of 0.4 µm. The friction disc is forged
steel with a diameter of 25 mm, a thickness of 3 mm, and roughness of 0.06 µm. The friction radius
between the friction block and the friction disc, i.e., the distance between the two components, is 6.1 mm.
The normal force and friction force during the test are measured by the built-in two-dimensional force
sensor (sensitiveness: 0.025 N; range: 5 ~ 500 N) inside the CETR, and the data are stored in the computer
that controls the CETR machine. The tangential vibration velocity of the friction block is measured by a
laser vibrometer (model: Polytec PDV-100; sensitivity: 8 mv/mm/s; range: ±500 mm/s; frequency
response: 0.5 ~ 22 kHz). The measured data are collected by an 8-channel data acquisition instrument
(DH5922N), and the sampling frequency is 10 kHz. The normal, tangential, and radial vibration
acceleration signals of the friction block are measured by a three-dimensional acceleration sensor
(model: KISTLER 8688A50; sensitiveness: 100 mV/g; frequency response: 0.5 ~ 5 kHz), and the measured
data are collected by the 8-channel data acquisition instrument; the sampling frequency is 10 kHz. The
test is conducted in a dry environment under standard atmospheric pressure (room temperature: 24 ~ 
27℃; relative humidity: 60 ± 10%).

The test is divided into two parts. First, a constant normal force of 160 N, 180 N, and 200 N is applied.
Second, an alternating normal force is applied with the following parameters: median force F0 = 180 N,

| |

| |
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amplitude Fω=20 N, and excitation frequencies of 0.25 Hz, 0.5 Hz, 1 Hz, and 2 Hz (the relationship
between the excitation frequency f and the excitation angular frequency ω is: f = ω/2π).In the process of
test, the rotation speed of the friction disc remains constant at 2.5 rpm, the duration of each group of
tests is 2 minutes, and each set of tests is repeated 3 times.

3.2 Test results and discussion
The tangential velocity signal measured by the laser vibrometer is integrated in the frequency domain to
obtain the tangential displacement signal. Figure 3 shows the phase diagrams of the system in the stable
phase of 50 s-52 s under three constant normal forces. The velocity in the stick stage is not constant, but
there are slight �uctuations due to the inevitable jitter of the test equipment during the test. Under the
condition that the applied constant normal force continues to increase, the displacement of the system in
the stick state increases. After the displacement reaches the maximum value, it decreases, and with the
rapid decrease in speed, the displacement increases rapidly. Since the rotation speed of the friction disc is
constant, the greater the normal force, the greater the frictional force of the friction interface is. Thus, the
system must accumulate more tangential elastic potential energy to overcome the frictional force.
Therefore, since the maximum static friction of the interface was not been exceed by the elastic potential
energy, the tangential displacement of the system continues to increase, and more kinetic energy is
accumulated for release in the slip phase. As a result, the speed amplitude of the system increases in the
slip phase, corresponding to an increase in the amplitude of the middle limit cycle, as shown in Fig. 3.

Figure 4 shows the tangential vibration acceleration signal and the root mean square (RMS) value of the
system in the stable phase of 50 s-52 s under the constant normal force. The tangential acceleration
signal of the system exhibits periodic relatively constant values and peaks. When the acceleration is zero,
the friction block and the friction disc are in a relatively static state, and a sudden change in acceleration
means that the friction block and the friction disc are in a sliding state. Under the constant normal force,
the acceleration amplitude depends on the magnitude of the applied normal force. The greater the
applied normal force, the greater the acceleration amplitude is, i.e., the system is transitioning to a more
intense stick-slip vibration state. The acceleration RMS increases with an increase in the normal force.

Figure 5 exhibits the phase diagram in the stable phase of 50 s-55 s under the four alternating normal
forces. The amplitude of the limit cycle of the system is signi�cantly lower under the alternating normal
force than the constant normal force, and the shapes of the limit cycle are different. Limit cycles exist in
the system at excitation frequencies of 0.25 Hz, 0.5 Hz, and 1 Hz, but the numbers are different. This
result shows that the system exhibits periodic stick-slip motion in these three states, but the motion
patterns are different. There is no limit cycle at an excitation frequency of 2 Hz, and the motion
trajectories are complex. Figure 5 exhibits that the motion state changes from stable periodic stick-slip
vibration to irregular vibration as the frequency of the applied alternating force increases.

Figure 6 shows the tangential vibration acceleration signal and the RMS value of the acceleration when
the system is in the stable phase of 50 s-55 s under the alternating normal force. At excitation
frequencies of 0.25 Hz, 0.5 Hz, and 1 Hz, a phenomenon similar to that of applying a constant normal
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force is observed, i.e., the tangential acceleration signal of the system exhibits relatively constant values
interrupted by periodic peaks, and the system is in the stick-slip-stick vibration state. However, the
difference is that the stick-slip vibration period becomes shorter, and the magnitude of the vibration
reduces with an enlargement in the excitation frequency. The RMS values are similar at excitation
frequencies of 0.25 Hz, 0.5 Hz, and 1 Hz (Fig. 6(b)), indicating similar vibration intensities of the system.
In contrast, the tangential vibration acceleration signal of the system is more complex at an excitation
frequency of 2 Hz, exhibiting a more chaotic vibration signal. Thus, the acceleration RMS value is
signi�cantly higher at 2 Hz than at the other three excitation frequencies, indicating that the vibration
intensity and shape of the system are not solely stable stick-slip vibrations. Figure 6 indicates that
increasing the excitation frequency of the alternating normal force causes the system to change from
stable stick-slip vibration to unstable friction vibration.

4 The Stick-slip Vibration Characteristics Obtained From A Single-
degree-of-freedom Theoretical Model

4.1 The stick-slip vibration characteristics of the system
under a constant normal force
The �rst set of dynamic and static friction coe�cients (µs = 0.4, µk = 0.2) is selected to research the stick-
slip vibration characteristics of the system under a constant normal force. Figure 7 exhibits the phase
diagram and bifurcation diagram under different constant normal forces. The external normal force
gradually increases from 10 N to 40 N in steps of 5 N. As the constant normal force increases, stick-slip
vibration appears in the system, and the amplitude of the limit cycle of the stick-slip vibration increases
sequentially. It is manifest from the Fig. 7(b) that under the condition that the normal force keeps
increasing, the balance point of the mass block produces a slight offset, whose value is calculated
according to Eq. (6). Under the condition that the normal force keeps increasing, the offset and the
amplitude of the mass block increase. The reason is that an increase in the normal force increases the
maximum static friction force, inducing the system to generate a greater spring force to get over the static
friction. The force ultimately promotes an increase in the adhesion time of the mass block, which stores
and releases more energy in a single cycle.

{x_s}={\mu _k}{F_N}{\text{/}}{k_1}
6
The differential equations of the system are solved by MATLAB's ode45 solver. The initial parameter
values are different; therefore, the system requires a different number of steps to reach a stable state. In
this paper, the duration of each calculation is 100 πs, and the results of the �rst 300 s are shown in the
graph. Only the data after t1 (62.8 s) are selected for the frequency-domain analysis to prevent an
in�uence of the initial value on the analysis of the system motion state. Figure 8 exhibits the time-domain
and frequency-domain signals of the stick-slip vibration of the friction system under normal forces of 20
N and 25 N.
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Under a constant normal force, the time-velocity curve of the mass shows a constant single-period
motion state, and as the normal force increases, the amplitude and period of the system vibration
increase. The frequency spectrum of the vibration velocity in t1 ~ 300 s exhibits that the fundamental
frequency of the system response reduces with an increase in the normal force. When the normal force is
20 N (25 N), the system produces a multi-order harmonic response with a fundamental frequency of
0.0855 Hz (0.0738 Hz). Table 1lists the fundamental frequencies of the system responses under different
constant normal forces. As the normal force increases, the fundamental frequency of the vibration
response decreases, and the vibration period of the system increases.

Table 1
The basic frequency of the stick-slip vibration response of the friction system under different constant

normal forces
Normal force
/FN

Response fundamental
frequency

Normal force /
FN

Response fundamental
frequency

10 N 0.1243 Hz 30 N 0.0661 Hz

15 N 0.1010 Hz 35 N 0.0583 Hz

20 N 0.0855 Hz 40 N 0.0505 Hz

25 N 0.0738 Hz — —

Figure 9 shows the displacement-velocity two-dimensional phase diagram of the mass motion, the three-
dimensional phase-space diagram expanded according to the motion cycle (the polar diameter and polar
angle of the two-dimensional polar coordinate system respectively represent the displacement and the
motion period, and the Z axis represents the speed), and the Poincaré cross-section based on the
projection of the three-dimensional phase-space trajectory on a plane with a polar angle of π and parallel
to the Z-axis (O in the �gure represents the pole of the polar coordinates, and θ represents the polar
angle). The Poincaré cross-section diagram is used to distinguish the periodic motion, quasi-periodic
motion, chaotic motion, and other motion behaviors of the system according to the dynamic differential
equations of nonlinear systems. Under the constant normal force, the motion state of the system shows
stable single-period stick-slip vibration. The two-dimensional phase diagram indicates a single-period
limit cycle, which is expanded in the three-dimensional phase-space with only one motion trajectory; thus,
only one point is shown in the Poincaré cross-section in Fig. 9(c). Therefore, under the constant forces of
20 N and 25 N, the masses exhibit single-period stick-slip motion.

4.2 The stick-slip vibration characteristics of the system
under an alternating normal force
Figure 10 shows the bifurcation diagram of the displacement of the mass with the angular frequency of
excitation at a median alternating normal force of F0 = 25 N and an amplitude of Fω=5 N. As the exciting
angular frequency increases, the mass exhibits multiple motion states, such as chaos, single-period
vibration, and multi-period vibration. The bifurcation diagram is divided into seven regions. In region 'I',
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the movement state of the system is disordered; in regions 'II', 'IV', and 'VI', the system is in a single-period
motion state; in regions 'III', 'V', and 'VII', the system exhibits multiple motion states, including single-
period, multi-period, quasi-period, and chaos states. Non-classical bifurcation phenomena are observed
near critical points, such as sudden boundary changes and jumps. For example, when the excitation
angular frequency is 1.35 rad/s (the critical point of regions 'IV' and 'V'), the single-period motion state of
the mass block suddenly changes.

Further, we discuss the stick-slip vibration characteristics of the friction system for different angular
frequencies. An excitation angular frequency of ω = 0.27 rad/s is selected in the chaotic stage, and ω = 
0.5 rad/s is selected in the single-period stage, and ω = 0.69 rad/s and ω = 1.65 rad/s are chosen in the
vibration stage.

Figure 11 displays the phase diagram, phase-space diagram, and Poincaré cross-section diagram of the
stick-slip vibration of the friction system at different angular frequencies. At ω = 0.27 rad/s, multiple limit
cycles are observed in the phase diagram. As the calculation time increases, the number of limit cycles
increases, and the phase-space trajectory becomes more chaotic. Multiple discrete points are observed,
and the system is in chaotic stick-slip motion at this time. At ω = 0.5 rad/s, the phase diagram exhibits a
single-period limit cycle, the phase-space diagram has only one trajectory, and only one point is visible in
the Poincaré cross-section diagram. Under this circumstances, the system is in a single-period stick-slip
motion state. At ω = 0.69 rad/s, the system is in a two-period vibration state. The phase diagram and
phase-space diagram show an additional trajectory, and the Poincaré cross-section diagram exhibits two
discrete points. At ω = 1.65 rad/s, the Poincaré cross-section depicts a straight line, and the system is in a
quasi-periodic stick-slip state.

Figure 12 shows the external excitation signal, vibration velocity signal, and fast Fourier transform (FFT)
analysis results of the system for four excitation angular frequencies. The value of t1 is the same in Fig.
12 and Fig. 8. In Fig. 12(c), the left Y-axis depicts the FFT results of the speed signal, and the right Y-axis
shows the stress vibration frequency (dashed line). The friction system produces multiple main response
frequencies at an excitation angular frequency of 0.27 rad/s and an excitation frequency of 0.0430 Hz.
The highest response frequency of the system is 0.0725 Hz, and the vibration behavior of the mass block
is complex. At 0.5 rad/s, the friction system produces a multi-order harmonic response with a
fundamental frequency of 0.0796 Hz. At this time, the excitation frequency is consistent with the
response frequency of the system with the highest energy, and the system is in a single-cycle stick-slip
state (Fig. 10). At 0.69 rad/s, the excitation frequency is 1.5 times of the response frequency of the
system with the highest energy. At this time, the system is in a two-period stick-slip state. At 1.65 rad/s,
the excitation frequency is in keeping with the third-order vibration frequency component of the system’s
response fundamental frequency, and the system is in a quasi-periodic stick-slip motion state.

Further, we select an excitation angular frequency in each region in Fig. 10 and calculate the response
frequency of the system with the highest energy. The frequency data is exhibited in Table 2. The
excitation angular frequency of 0.67 rad/s in area 'III is greater than the highest response frequency but
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less than the second-order response frequency of the system. The value is three-half of the main
frequency of the highest response of the system. At this time, area 'III' is the transition area between the
single-period stick-slip motion areas 'II' and 'IV'. In area 'IV', the excitation angular frequency is 1 rad/s,
which is consistent with the second-order response frequency of the system. The system is in a single-
period stick-slip state. In region 'V', the excitation angular frequency is 1.7 rad/s, which is consistent with
the third-order response frequency of the system. However, Fig. 10exhibits that the system is in a multi-
period stick-slip motion state at this time. In area 'VI', the excitation angular frequency is 2.25 rad/s, which
is consistent with the fourth-order response frequency of the system; the system is still in a single-period
stick-slip motion state. In area 'VII', the excitation angular frequency is 3.15 rad/s, which is equal to the
�fth-order response frequency of the system. As the excitation frequency increases, the system goes
through different vibration states, including single cycle, multi-period, quasi-period, and chaotic vibration
states.

Table 2
Response frequency of the system for different excitation angular frequencies

  Area Excitation angular
frequency ω(rad/s)

Excitation angular
frequency(Hz)

The main frequency with
the highest energy(Hz)

Median force:
25 N

Excitation
amplitude: 5 N

I 0.20 0.0318 0.0732

II 0.52 0.0828 0.0828

III 0.67 0.1066 0.0720

IV 1.00 0.1592 0.0796

V 1.70 0.2706 0.0902

VI 2.25 0.3581 0.0901

VII 3.15 0.5013 0.1003

These results show that the condition of the system is chaotic vibration when the excitation magnitude is
constant, the excitation frequency does not cause a harmonic response of the system, and the excitation
frequency is not a multiple of the main frequency of the system with the highest energy response. When
the excitation frequency causes a harmonic response of the system, the system is in a single-cycle
motion state if the excitation frequency is in keeping with the main frequency of the system with the
highest energy response or an even-order multiple (second-order, fourth-order) of the main frequency. The
system can have various vibration states if the frequency is the same as the dominant frequency of the
highest odd-order (third-order) of the system, or the excitation frequency is greater than the dominant
frequency of the higher-order (�fth-order) response of the system.

Figure 13 shows the bifurcation diagram of the mass displacement with the excitation angular frequency
for an excitation amplitude value of Fω=10 N. Increasing the excitation amplitude increases the
displacement extremum of the bifurcation diagram of the system, which agrees with the results in Fig. 7.
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The bifurcation diagram is divided into three regions, and the main frequency of the system response for
different excitation angular frequencies is analyzed. The results are listed in Table 3. In area 'I', the
excitation angular frequency is 0.15 rad/s. This excitation frequency does not cause a harmonic
response of the system and is less than the main frequency response of the system with the highest
energy. The movement state of the system is disordered. In area 'II', the excitation frequency is in keeping
with the dominant frequency of the system’s highest energy response, and the system is in a single-cycle
stick-slip state. Two excitation angular frequencies (1.35 rad/s and 4.15 rad/s) are selected in area 'III'. At
1.35 rad/s, the excitation frequency is equal to the third-order response frequency of the system, and at
4.15 rad/s, the excitation frequency is in keeping with the seventh-order response frequency of the
system. In area 'III', the motion state of the system changes from a single cycle to two cycles and
ultimately enters a chaotic motion state as the excitation angular frequency increases. These results
indicate that an increase in the excitation amplitude of the alternating normal force increases the area
where the system is in multiple vibration states; the system is more likely to be in a state of chaotic
motion.

Table 3
Response frequency of the system for different excitation angular frequencies

  Area Excitation angular
frequency ω(rad/s)

Excitation angular
frequency(Hz)

The main frequency with
the highest energy(Hz)

Median force:
25 N

Excitation
amplitude: 10
N

I 0.15 0.0239 0.0743

II 0.55 0.0875 0.0875

III 1.35 0.2149 0.0716

4.15 0.6605 0.1247

The in�uence of the excitation amplitude value on the system motion state is analyzed for an excitation
angular frequency of 0.5 rad/s. The bifurcation diagram of the mass displacement response is shown in
Fig. 14. The bifurcation graph is divided into two regions. In region 'I', the system is in a multi-period stick-
slip motion state, and the excitation frequency does not cause a higher energy response frequency of the
system. In region 'II', the system is in a single-period stick-slip motion status, and the excitation frequency
is in keeping with the response frequency of the system with the highest energy (see Table 4for the
details).
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Table 4
Response frequency of the system for different excitation amplitudes

  Area Excitation
amplitude
Fω(N)

Excitation
frequency

ω(Hz)

The main frequency with the
highest energy(Hz)

Median force: 25 N

Excitation angular
frequency: 0.5 rad/s

I 0.8 0.0796 0.0756

II 5.0 0.0796 0.0796

10.0 0.0796 0.0796

Figure 15 exhibits the bifurcation diagram of the displacement response of the mass with the excitation
amplitude at an excitation angular frequency of 1.65 rad/s. Similarly, the bifurcation graph is divided into
three regions. The vibration form of the friction system is more complex for the excitation angular
frequency of 1.65 rad/s than of 0.5 rad/s. In area 'I', the system is in a state of multi-period stick-slip
motion. At this time, the external excitation frequency does not cause a multi-order harmonic response of
the system and a higher energy response of the main frequency. In area 'II', the system is in a single-
period stick-slip state, and the excitation frequency is equal to the fourth-order response frequency of the
system. The displacement response of the mass block undergoes abrupt changes and increases at the
critical points of regions 'II' and 'III'. In area 'III', the system is in a variety of vibration states prior to a
normal force of 13.1 N. Subsequently, the system begins to bifurcate into two motion states, which can
be approximated as a combination of two multi-period motions.

Different excitation amplitude values in area 'III' are chosen to calculate the response frequency of the
system, as listed in Table 5. A state of motion exists where the excitation frequency stimulates the
harmonic response of the system and is in keeping with the third-order response frequency. A harmonic
response whose excitation frequency does not affect the system is also observed, resulting in a state of
motion in keeping with the highest response frequency of the system. In addition, the friction system also
has a two-period-like motion state in which two multi-period motions are combined, and the excitation
frequency of the system is in keeping with the second-order response frequency of the system. At the
same excitation amplitude, increasing the excitation frequency complicates the system's vibration form,
and it becomes more di�cult to transition to a single-period stick-slip state. 
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Table 5
Response frequency of the system for different excitation amplitudes

  Area Excitation
amplitude
Fω(N)

Excitation
frequency

ω(Hz)

The main frequency with the
highest energy(Hz)

Median force: 25 N

Excitation angular
frequency: 1.65 rad/s

I 1.0 0.2626 0.1472

II 2.8 0.2626 0.1313

III 4.2 0.2626 0.0875

5.1 0.2626 0.0875

7.5 0.2626 0.0915

8.5 0.2626 0.0875

10.0 0.2626 0.2626

11.5 0.2626 0.2626

14.0 0.2626 0.1313

5 In�uence Of An Alternating Normal Force On The System Vibration
Characteristics For Different Friction Coe�cients

5.1 The stick-slip vibration characteristics of the system
under a constant normal force
Figure 16 exhibits the phase diagram and bifurcation diagram of the vibration response of the friction
system under different constant normal forces for the coe�cients µs = 0.4 and µk = 0.1. As the normal
force increases, a slight deviation of the system equilibrium point occurs in the positive tangential
direction, and the vibration amplitude of the mass limit cycle increases. In addition, the displacement of
the mass shows a signi�cant increase in the negative tangential direction (minimum point of
displacement). It is manifest from Fig. 16(a) that the vibration form of the friction system does not
change signi�cantly when the constant normal force is changed. However, the motion form of the mass
of the friction system changes after increasing the difference between the dynamic and static friction
coe�cients from (µs = 0.4, µk = 0.2) to (µs = 0.4, µk = 0.1). The reason is that an increment in the difference
between DSFC increases the negative displacement of the mass block, affecting the compression state
of the tangential spring as the mass block changes from the slip state to the stick state. When the
external force generated by the spring is much greater than the dynamic friction force, the mass has



Page 15/32

faster acceleration in the positive tangential direction, increasing the speed of the mass, as shown in Fig.
16(a).

Figure 17 exhibits the time-domain diagram and frequency spectrum diagram of the vibration velocity of
the friction system at normal forces of 20 N and 25 N. Increasing the difference between DSFC does not
change the motion state; the system has the stick and slip motion states. At a normal force of 20 N (25
N), the system’s vibration response frequency is a multi-order harmonic response with a fundamental
frequency of 0.0738 Hz (0.0637 Hz). Figure 18 shows the phase diagram, phase-space diagram, and
Poincaré cross-section diagram of the vibration response of the friction system under the two normal
forces. The phase diagram exhibits a single limit cycle, and the phase-space diagram depicts a single
motion trajectory, but the limit cycle and phase-space trajectory are slightly deformed. The Poincaré
cross-section diagram shows only one discrete point.

5.2 The stick-slip vibration characteristics of the system
under an alternating normal force
Figure 19 shows the bifurcation diagram of the vibration displacement response of the mass of the
friction system with the excitation angular frequency for coe�cients µs = 0.4 and µk = 0.1. The median
force is F0 = 25 N, and the excitation amplitude is Fω=5 N. When the difference between DSFC (µs = 0.4, µk 
= 0.1) is increased, the vibration state of the system is similar to that at µs = 0.4 and µk = 0.2, exhibiting
single-period, multi-period, quasi-period, and chaotic vibration states. However, the chaotic vibration range
is signi�cantly increased. When the excitation angular frequency is close to 0.5 rad/s, the system exhibits
smaller and larger vibration amplitudes. When the excitation angular frequency is within the other ranges,
the range of the vibration amplitude changes slightly. The excitation angular frequencies of 0.51 rad/s,
1.25 rad/s, and 3.98 rad/s are selected for further analysis.

Figure 20 shows the phase diagram, phase-space diagram, and Poincaré cross-section diagram of the
mass motion of the friction system for excitation angular frequencies of 0.51 rad/, 1.25 rad/s, and 3.98
rad/s. At 0.51 rad/s, multiple limit cycles occur in the phase diagram, and the phase-space trajectory
shows very chaotic conditions. The Poincaré cross-section diagram shows irregularly distributed points.
Under this circumstances, the system is in a chaos vibration state. At 1.25 rad/s, there are three limit
cycles in the phase diagram of the friction system; correspondingly, there are three motion trajectories in
the phase-space diagram and three discrete points on the Poincaré cross-section diagram. At this time,
the system is in a three-period vibration state. The vibration type of the friction system at 3.98 rad/s is
similar to that at 0.51 rad/s. There are multiple limit cycles in the phase diagram, and the phase-space
trajectory is chaotic. Multiple discrete points are randomly distributed in the Poincaré cross-section
diagram, and the system is in a state of chaotic vibration.

Figure 21 shows the normal force time-domain diagram of the friction system, the vibration velocity time-
domain signal, and the FFT analysis results for excitation frequencies of 0.51 rad/s, 1.25 rad/s, and 3.98
rad/s. The meaning of t1 in Fig. 21 is consistent with that in Fig. 8, and the details of the graph in Fig.
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21(c) are consistent with that in Fig. 8(c). At an excitation angular frequency of 0.51 rad/s, the excitation
frequency does not cause a harmonic response of the system, and the system has multiple response
main frequencies. At 1.25 rad/s, the excitation frequency stimulates a multi-order harmonic response of
the system and is consistent with the third-order response frequency of the friction system. At 3.98 rad/s,
although the excitation frequency stimulates a multi-order harmonic response of the system, it is equal to
the high-order response of the system, and the vibration state of the system is disordered. Increasing the
difference between the friction coe�cients from (µs = 0.4, µk = 0.2) to (µs = 0.4, µk = 0.1) results in the
deformation of the limit cycle of the mass movement and an increase in the range in which the system is
in a state of chaotic vibration.

Figure 22 shows the bifurcation diagram of the displacement response of the mass block with the
excitation amplitude at an excitation angular frequency of 0.5 rad/s. The bifurcation graph is
decomposed into four sections: 'I', 'II', 'III', and 'IV'. In area 'I', the system diverges from a single cycle to
multiple cycles and �nally enters a chaotic state as the excitation amplitude enhances. The excitation
amplitude values of 1.8 N, 2.8 N, and 3.6 N are chosen to calculate the response frequency of the system.
In area 'I', the external excitation frequency does not cause a higher response frequency of the system
(see Table 6), and the system remains in a state of chaotic motion. In area 'II', the system has a smaller
vibration amplitude. The excitation amplitude values of 5.8 N, 6.9 N, and 7.8 N are chosen to calculate the
response frequency of the system. At this time, the external excitation frequency does not produce a
harmonic response and a higher energy response frequency (see Table 6) of the system. In area 'III', the
system enters a single-cycle motion state, and the external excitation frequency is consistent with the
response frequency of the system with the highest energy (see Table 6). As the excitation amplitude value
further increases, the system bifurcates into a two-period motion state in area 'IV', and the external
excitation frequency remains the same as the response frequency of the system with the highest energy.
These results show that increasing the difference between DSFC increases the likelihood of the system
being in a multi-period vibration state or chaotic motion state. When the excitation amplitude value is very
large, the system may branch into a multi-period vibration state, even if the external excitation frequency
is consistent with the main response frequency of the system with the highest energy.
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Table 6
Main response frequency of the system for different excitation amplitudes

  Area Excitation
amplitude
Fω(N)

Excitation
frequency(Hz)

The main frequency with the
highest energy(Hz)

Median force: 25 N

Excitation angular
frequency: 0.5 rad/s

I 1.8 0.0796 0.0637

2.8 0.0796 0.0637

3.6 0.0796 0.0637

II 5.8 0.0796 0.2188

6.9 0.0796 0.0637

7.8 0.0796 0.1591

III 8.9 0.0796 0.0796

10.5 0.0796 0.0796

12.6 0.0796 0.0796

IV 14.2 0.0796 0.0796

6 Conclusion
The experiments demonstrated that an alternating normal force changed the vibration state of the
system. We selected two sets of dynamic and static friction coe�cients and used a single-DoF model to
investigate the in�uence of the normal force on the vibration characteristics of the system. The system
had more abundant dynamic vibration characteristics under an alternating normal force than a constant
normal force. Furthermore, the effects of different excitation amplitudes and excitation angular
frequencies on the alternating normal force on the system’s vibration characteristics were obtained. The
main conclusions are as follows:

1. For both sets of dynamic and static friction coe�cients, as the constant normal force increased, the
vibration amplitude of the system, the amplitude of the limit cycle, and the adhesion time of the system
increased. When the difference between DSFC was small, the system had a complete and clear limit
cycle. Reducing the coe�cient of dynamic friction led to an increase in the difference between DSFC, and
the limit cycle of the system was deformed.

2. Under the in�uence of changing excitation angular frequency and excitation amplitude, the system
might be in a single-period, multi-period, and chaotic stick-slip vibration state. When the external
excitation frequency caused a harmonic response of the system and was consistent with the system's
highest energy response frequency or coincided with the low-order even-order (second-order, fourth-order)
main frequency, the system was in a single-cycle stick-slip vibration state. When the excitation frequency
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was different from the system's highest energy response frequency, or when the excitation frequency was
in keeping with the odd-order main frequency of the system, the system could enter various vibration
states. In addition, when the excitation frequency and excitation amplitude were very too high, the system
could enter multiple vibration states earlier.

3. Under the in�uence of changing excitation angular frequency and excitation amplitude, the system was
more likely to enter a chaotic vibration state or period-doubling bifurcation state when there was a large
difference between DSFC.
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Figures

Figure 1

The test device; (a) photo and (b) schematic diagram
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Figure 2

The single-DoF mathematical model

Figure 3

The phase diagram of the system under a constant force (a) 160 N, (b) 180 N, (c) 200 N

Figure 4

(a) Acceleration signal and (b) acceleration RMS value of the system under a constant force
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Figure 5

The phase diagram of the system under an alternating force (a) 0.25 Hz, (b) 0.5 Hz, (c) 1 Hz, (d) 2 Hz
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Figure 6

(a) Acceleration signal and (b) acceleration RMS value of the system under the alternating force

Figure 7

(a) Phase diagram and (b) bifurcation diagram of the system under different constant forces 

Figure 8
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(a) Vibration velocity time-domain signal and (b) FFT analysis results of the friction system under
constant forces of 20 N and 25 N

Figure 9

(a) Phase diagram, (b) phase-space diagram, and (c) Poincaré cross-section diagram of the system under
different normal forces
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Figure 10

Bifurcation diagram of the system displacement with the excitation angular frequency at an excitation
amplitude of 5 N

Figure 11

(a) Phase diagram, (b) phase-space diagram, and (c) Poincaré cross-section diagram of the system for
different excitation angular frequencies

Figure 12
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(a) Normal force time-domain diagram, (b) velocity time-domain diagram, and (c) frequency spectrum
diagram of the system for different excitation angular frequencies

Figure 13

Bifurcation diagram of the system displacement with the excitation angular frequency at an excitation
amplitude of 10 N
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Figure 14

Bifurcation diagram of the system displacement with the excitation amplitude value at an excitation
angular frequency of 0.5 rad/s
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Figure 15

Bifurcation diagram of the system displacement with the excitation amplitude at an excitation angular
frequency of 1.65 rad/s

Figure 16

(a) Phase diagram and (b) bifurcation diagram of the system vibration response under different constant
normal forces
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Figure 17

(a) Time-domain diagram and (b) frequency spectrum diagram of the system vibration response under a
constant normal force 
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Figure 18

(a) Phase diagram, (b) phase-space diagram, and (c) Poincaré cross-section diagram of the system under
a constant normal force

Figure 19

Bifurcation diagram of the vibration displacement of the friction system with the excitation angular
frequency at an excitation amplitude of 5 N

Figure 20

(a) Phase diagram, (b) phase-space diagram, and (c) Poincaré cross-section diagram of the system for
different excitation angular frequencies

Figure 21
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(a) Normal force time-domain diagram, (b) velocity time-domain diagram, and (c) frequency spectrum
diagram of the system for different excitation angular frequencies

Figure 22

Bifurcation diagram of the system displacement with the excitation amplitude at an excitation angular
frequency of 0.5 rad/s  


