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In this paper, we investigate the third-order nonlinear Schrödinger equation which is

used to describe the propagation of ultrashort pulses in the subpicosecond or fem-

tosecond regime. Based on the independent transformation, the bilinear form of

the third-order NLSE is constructed. The multiple soliton solutions are constructed

by solving the bilinear form. The multi-order rogue waves and interaction between

one-soliton and first-order rogue wave are obtained by the long wave limit in multi-

solitons. The dynamics of the first-order rogue wave, second-order rogue wave and

interaction between one-soliton and first-order rogue wave are presented by selecting

the appropriate parameters. In particular parameters, the positions and the maxi-

mum of amplitude of rogue wave can be confirmed by the detail calculations.
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I. INTRODUCTION

Recently, finding exact solutions of nonlinear partial differential equations plays an im-

portant part in nonlinear science and engineering1–4. Among these exact solutions, solitary

and rogue waves have already gained widely applications in studying natural phenomena,

such as fluids, engineering, nonlinear optics and plasmas5–8. The phenomena of rogue waves

can create huge water walls taller than 20-30 meters and make great damage to ships,

coastal oil platform and marine industries9–11. Sometimes these massive rogue waves will

become tsunamis, due to underwater disturbance such as earthquakes, volcanic eruptions,

typically with the aid of nuclear explosion or asteroids10. There are many powerful meth-

ods proposed for rogue wave solution, such as the Hirota bilinear method12–23, the Darboux

transformation24,25 and the extended homoclinic test method26. To describe complex phys-

ical phenomena, the interactions between multi-solitons and rogue waves are getting more

attention.

In nonlinear theory, the nonlinear Schrödinger equation (NLSE) is one of a traditional

equation, has been widely studied in some literatures as a model of soliton transmission

in the optical fiber21,27–29. The generalized NLSE has been a considerable interest in the

experimental and theoretical of Bose-Einstein condensates30. The (1+1)-dimensional NLSE

has the following form

iut + uxx + 2|u|2u = 0. (1)

The higher order nonlinear terms in Eq. (1) are increased with the transmission speed of

optical pulses in optical fibres in the picosecond or femtosecond regime27,31. This phenomena

have been observed in both experimental and numerical simulations.

In this paper, we consider a third-order nonlinear Schrödinger equation (NLSE) with the

following form21,32,

iux − α2(utt − 2u|u|2) + iα3(uttt − 6ut|u|
2) = 0, (2)

where u(x, t) represents the soliton envelope amplitude, α2 is the group velocity dispersion

and α3 is the third-order dispersion. Our main goal is to obtain the multi-solitons, multi-

order rogue waves and their interaction solutions by using the Hirota bilinear method and

long wave limit.

2



With the aid of transformation

u =
g

f
, (3)

Eq. (2) is transformed into the following bilinear form

(iα3D
3
t − α2D

2
t − i6ρρ∗α3Dt + iDx)g · f = −2ρρ∗α2gf,

D2
t f · f = 2ρρ∗f 2 − 2gg∗, (4)

where Dx and Dt are the Hirota bilinear operators defined by

Dn
xD

m
t f · g = (∂x − ∂x′ )n(∂t − ∂t′ )

mf(x, t)g(x
′

, t
′

) |x′=x,t
′=t, (5)

and ρ is an arbitrary constant and the asterisks denote complex conjugate.

This paper is organized as follows. In Sec. II, the multi-solitons of Eq. (4) are given

by using the Hirota bilinear method. By taking N = 4 and selecting the appropriate

parameters, the dynamics of four-soliton solution is presented in Fig. 1. In Sec. III, the

multi-order rogue waves of the third-order NLSE are obtained by using long wave limit to

multi-soliton solutions. By taking M = 1, N = 2 and M = 2, N = 4 and selecting the

appropriate parameters, first-order and second-order rogue wave solutions are given. In Sec.

IV, the interaction between one-soliton and first-order rogue wave is presented by selecting

N = 3 in the multi-solitons. The last section contains a conclusion.

II. MULTI-SOLITON SOLUTIONS OF THIRD-ORDER NLSE

In this section, we shall construct the multi-soliton solutions of Eq. (2) by taking the

Hirota bilinear method. The auxiliary functions f and g assume the expansions form in

terms of ϵ by the Hirota bilinear method21

f = 1 + ϵf1 + ϵ2f2 + ϵ3f3 + · · ·+ ϵnfn + · · · ,

g = g0(1 + ϵg1 + ϵ2g2 + ϵ3g3 + · · ·+ ϵngn + · · · ). (6)

Substituting Eq. (6) into the bilinear form (4) and eliminating the coefficients of all powers

of ϵ, the series of equations are obtained. By solving these equations, the multi-soliton
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solutions are obtained

fN =
∑

µ=0,1

exp




N∑

i=1

µiξi +

(N)∑

i<j

µiµjBij


 ,

gN = g0
∑

µ=0,1

exp




N∑

i=1

µi(ξi + Ai) +

(N)∑

i<j

µiµjBij


 , (7)

where

g0 = ρ exp(i2ρρ∗x),

ξi = ωit+ kix+ ϕi,

eAi =
i6ωiα3ρρ

∗ − iω3
i α3 − α2ω

2
i − iki

i6ωiα3ρρ∗ − iω3
i α3 + α2ω

2
i − iki

,

eBij =
18ρρ∗α2

3ω
2
i ω

2
j (ωi − ωj)

2 −Nij −Mij − (kiωj − kjωi)
2

18ρρ∗α2
3ω

2
i ω

2
j (ωi + ωj)2 −N

′

ij −M
′

ij − (kiωj − kjωi)2
,

Nij = ω2
i ω

2
j (ωi − ωj)

2
[
α3(ωi − ωj)

2 + ωiωj + α2
2

]
,

N
′

ij = ω2
i ω

2
j (ωi + ωj)

2
[
α3(ωi + ωj)

2 − ωiωj + α2
2

]
,

Mij = α3ωiωj(ωi − ωj)
[
kjω

2
i + 2ωiωj(ki − kj)− kiω

2
j

]
,

M
′

ij = α3ωiωj(ωi + ωj)
[
kjω

2
i + 2ωiωj(ki + kj) + kiω

2
j

]
,

ki = ωi

(
6ρρ∗α3 − α3ω

2
i ±

√
4ρρ∗α2

2 − α2
2ω

2
i

)
, (8)

and ωi, ki and ϕi are arbitrary constants. The notation
∑

µ=0,1 indicates summation over

all possible combinations of µi = 0, 1, (i = 1, 2, · · · , N). The summation
∑(N)

i<j is over all

possible combinations of the N elements with the specific condition i < j.

One take the four-soliton solution of Eq. (2) as an example by taking N = 4 to Eq. (7).

The four-soliton solution reads as

f = 1 + f1 + f2 + f3 + f4,

g = g0(1 + g1 + g2 + g3 + g4), (9)
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where

f1 =eξ1 + eξ2 + eξ3 + eξ4 ,

f2 =eξ1+ξ2+B12 + eξ1+ξ3+B13 + eξ1+ξ4+B14

+ eξ2+ξ3+B23 + eξ2+ξ4+B24 + eξ3+ξ4+B34 ,

f3 =eξ1+ξ2+ξ3+B12+B13+B23 + eξ1+ξ2+ξ4+B12+B14+B24

+ eξ1+ξ3+ξ4+B13+B14+B34 + eξ2+ξ3+ξ4+B23+B24+B34 ,

f4 =eξ1+ξ2+ξ3+ξ4+B12+B13+B14+B23+B24+B34 ,

g1 =eξ1+A1 + eξ2+A2 + eξ3+A3 + eξ4+A4 ,

g2 =eξ1+ξ2+A1+A2+B12 + eξ1+ξ3+A1+A3+B13 + eξ1+ξ4+A1+A4+B14

+ eξ2+ξ3+A2+A3+B23 + eξ2+ξ4+A2+A4+B24 + eξ3+ξ4+A3+A4+B34 ,

g3 =eξ1+ξ2+ξ3+A1+A2+A3+B12+B13+B23 + eξ1+ξ2+ξ4+A1+A2+A4+B12+B14+B24

+ eξ1+ξ3+ξ4+A1+A3+A4+B13+B14+B34 + eξ2+ξ3+ξ4+A2+A3+A4+B23+B24+B34 ,

g4 =eξ1+ξ2+ξ3+ξ4+A1+A2+A3+A4+B12+B13+B14+B23+B24+B34 , (10)

where ξi, Ai, g0 and Bij, (i, j = 1, 2, 3, 4), are given by Eq. (8). By selecting the appropriate

parameters

ρ = 1, ω1 =
3

4
, ω2 =

1

2
, ω3 =

1

3
, ω4 =

1

4
, (11)

ϕ1 = 1, ϕ2 = 10, ϕ3 = 15, ϕ4 = 20, α2 = 1, α3 = 1,

the three-dimensional and density plots of four-soliton solution |u|2 are presented in Fig. 1.

III. MULTI-ORDER ROGUE WAVES OF THIRD-ORDER NLSE

In order to obtain multi-order rogue waves, we take a long wave limit with the provision

each exp(ϕi) = −1 to Eq. (7). Then fN and gN can be written as

fN =
∑

µ=0,1

N∏

i=1

(−1)µi exp(µiηi)

(N)∏

i<j

exp(µiµjBij),

gN = g0
∑

µ=0,1

N∏

i=1

(−1)µi exp(µiηi)
N∏

i=1

exp(µiAi)

(N)∏

i<j

exp(µiµjBij), (12)
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FIG. 1. (Color online) Profile of a four-soliton solution |u|2 of Eq. (2). Fig. (a) is three-dimensional

plot, (b) is density plot.

where ηi = δiξi. Taking a limit of δi → 0 and considering δi the same asymptotic order, fN

and gN can be expanded as

fN =
∑

µ=0,1

N∏

i=1

(−1)µi(1 + µiδiθi)

(N)∏

i<j

(1 + µiµjδiδjDij) +O(δN+1), (13)

gN =g0
∑

µ=0,1

N∏

i=1

(−1)µi(1 + µiδiθi)
N∏

i=1

(1 + µiδiCi)

(N)∏

i<j

(1 + µiµjδiδjDij) +O(δN+1).

The leading terms of fN and gN are factorized by
∏N

i δi. Omitting the constant factor
∏N

i δi

for simplicity, the multi-soliton solutions in the long wave limit are express as

f̂N =
N∏

i=1

θi +
1

2

(N)∑

i,j

Dij

N∏

l ̸=i,j

θl + · · ·+
1

M !2M

(N)∑

i,j,...,m,n

M︷ ︸︸ ︷
DijDkl . . . Dmn

N∏

p ̸=i,j,...,m,n

θp + · · · , (14)

and ĝN is given by changing θk, (k = i, l, p, . . .) to θk + Ck in f̂N and multiply by g0, where

θi = ωit+ kix,

Ci = −
2α2ω

2
i

i6α3ωiρρ∗ − iki

Dij =
2ω2

i ω
2
j (36ρρ

∗α2
3ωiωj − 2α2

2ωiωj − 3α3kiωj − 3α3kjωi)

(kiωj − kjωi)
2 . (15)

With selecting θM+i = θ∗i , (i = 1, 2, . . . ,M) for N = 2M , we can get a class of nonsingular

rational solutions which are named as rogue wave solutions.
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A. First-order rogue wave solution

The first-order rogue wave is obtained by taking M = 1, N = 2 and exp(ϕi) = −1,

(i = 1, 2). By using Eq. (7), we have

f = 1− eη1 − eη2 + eη1+η2+B12 ,

g = ρei2ρρ
∗x(1− eη1+A1 − eη2+A2 + eη1+η2+A1+A2+B12), (16)

where ηi = δi(ωit+ kix), (i = 1, 2). Taking the long wave limit method of δi → 0, (i = 1, 2)

and δ1
δ2

= O(1), one yield

eAi = 1−
2δiα2ω

2
i

i6α3ωiρρ∗ − iki
,

eBij = 1 +
2δ1δ2ω

2
i ω

2
jRij

(kiωj − kjωi)
2 +O(δ4),

Rij = 36ρρ∗α2
3ωiωj − 2α2

2ωiωj − 3α3kiωj − 3α3kjωi, (17)

and

f = δ1δ2(θ1θ2 +D12 +O(δ)). (18)

The long wave limit of g is obtained simply by substitute θi for θi + Ci in f ,

g = δ1δ2 [(θ1 + C1)(θ2 + C2) +D12 +O(δ)] ρei2ρρ
∗x, (19)

where

θi = ωit+ kix,

Ci = −
2α2ω

2
i

i6α3ωiρρ∗ − iki
,

ki = ωi

(
6ρρ∗α3 − α3ω

2
i ±

√
4ρρ∗α2

2 − α2
2ω

2
i

)
, i = 1, 2,

D12 =
2ω2

1ω
2
2R12

(k1ω2 − k2ω1)
2 ,

R12 = 36ρρ∗α2
3ω1ω2 − 2α2

2ω1ω2 − 3α3k1ω2 − 3α3k2ω1. (20)

In the long wave limit, the solution is yielded by using Eqs. (18) and (19)

u = ρei2ρρ
∗x (θ1 + C1)(θ2 + C2) +D12

θ1θ2 +D12

. (21)

The first-order rogue wave solution is obtained by choosing θ2 = θ∗1 and D12 > 0. By

selecting the appropriate parameters as ρ = 1
2
, ω1 =

2
3
+ 1

2
i, ω2 =

2
3
− 1

2
i, α2 =

1
3
and α3 =

1
3
,

the first-order rogue wave solution is presented explicitly in Fig. 2.
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FIG. 2. (Color online) Profile of a first-order rogue wave solution of Eq. (21). (a) is three-

dimensional plot, (b) is density plot, (c) the wave propagation pattern along the x-axis by selecting

different times t = −10 (red), t = 0 (blue) and t = 10 (green).

B. Second-order rogue wave solution

By taking M = 2 and N = 4 to Eq. (14), the second-order rogue wave f and g has

following forms

f =θ1θ2θ3θ4 +D12θ3θ4 +D13θ2θ4 +D14θ2θ3 +D23θ1θ4

+D24θ1θ3 +D34θ1θ2 +D12D34 +D13D24 +D14D24, (22)

and g is given by changing θi to θi +Ci, (i = 1, 2, 3, 4), and multiplying by g0 of solution f .

The second-order rogue wave solution could be obtained by choosing θ2 = θ∗1 and θ4 = θ∗3.

The selection of parameters are ρ = 1
2
, ω1 = 0.8 + 2

3
i, ω2 = 0.8− 2

3
i, ω3 =

1
2
+ i, ω4 =

1
2
− i,

α2 =
1
4
and α3 =

1
4
. The second-order rogue wave of |u|2 is shown in Fig. 3. By solving the

relations (|u|2)t = 0 and (|u|2)x = 0, the positions of the maximum amplitude of rogue wave

are at (t = 0.37, x = −4.85) and (t = −0.37, x = 4.85).

IV. INTERACTION BETWEEN SOLITON AND ROGUE WAVE OF

THIRD-ORDER NLSE

In order to get the interaction between one-soliton and first-order rogue wave, one take the

long wave limit procedure just in ξ1 and ξ2. By the long wave limit provision exp(ϕi) = −1,

ωi = δiωi, ki = δiki, (i = 1, 2), δi → 0 and N = 3, the interaction between one-soliton and

8



FIG. 3. (Color online) Profile of a first-order rogue wave solution |u|2 of Eq. (2). (a) is three-

dimensional plot, (b) is density plot, (c) the wave propagation pattern along the x-axis by selecting

different times t = −3 (red), t = 0 (blue) and t = 3 (green).

first-order rogue wave is obtained as

f =θ1θ2 +D12 + (θ1θ2 +D13θ2 +D23θ1 +D12 +D12D23)e
ξ3 ,

g =ρei2ρρ
∗x[θ1θ2 + C1θ2 + C2θ1 + C1C2 +D12 + (θ1θ2 + (C1 +D13)θ2

+ (C2 +D23)θ1 + (C1 +D13)(C2 +D23) +D23 +D13 +D12)e
ξ3+A3 ], (23)

where θi, Ci, Dij, ξ3 and A3, (i = 1, 2; j = 1, 2, 3) are given by Eqs. (8) and (15). The

interaction solution between one-soliton and first-order rogue wave is obtained with θ2 = θ∗1.

To display the solution of |u|2, the parameters are selected as ρ = 1
2
, ω1 =

4
5
+ 2

3
i, ω2 =

4
5
− 2

3
i,

ω3 = 1
2
, α2 = 1

4
and α3 = 1

4
. The positions of rogue wave and one-soliton can be adjusted

by selecting the phases ϕ3. The interaction between first-order rogue wave and one-soliton

happens around ϕ3 = 0. By solving the solutions of (|u|2)t = 0 and (|u|2)x = 0, the extreme

points can be obtained as (tm, xm). The maximum amplitude of rogue wave is calculated by

A = | lim
x→∞

|u(tm, x)|
2 − |u(tm, xm, )|

2|. (24)

Fig. 4 presents the separating state of first-order rogue wave and first-order soliton with

ϕ = −10. The maximum amplitude of rogue wave is around A = 0.25 and the corresponding

extreme point is around (tm = 0, xm = 0) . In Fig. 5 presents overlap state of two waves.

The maximum amplitude is around A = 0.11 and the corresponding extreme point is around

(xm = −2.02, tm = 0.09). The rogue wave and one-soliton will be separated with selecting

lager phase ϕ3.
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FIG. 4. (Color online) Profile of the interaction solution between first-order rogue wave and one-

soliton of Eq. (2) of φ3 = −10. (a) is three-dimensional plot, (b) is density plot, (c) the wave

propagation pattern along the x-axis by selecting different times t = −10 (red), t = 0 (blue) and

t = 10 (green).

FIG. 5. (Color online) Profile of the interaction solution between first-order rogue wave and one-

soliton of Eq. (2) of φ3 = 0. (a) is three-dimensional plot, (b) is density plot, (c) the wave

propagation pattern along the x-axis by selecting different times t = −10 (red), t = 0 (blue) and

t = 10 (green).

V. CONCLUSION

In this paper, we have investigated the multi-soliton solutions, rogue waves, interaction

between rogue wave and one-soliton by the solving the bilinear form of the third-order NLSE.

The dynamics of the four-soliton solution are demonstrated by taking N = 4 in the multi-

solitons. Based on the long wave limit of the multi-soliton solutions, the multi-order rogue

waves are derived. By taking M = 1, N = 2 and M = 2, N = 4 to the multi-order rogue

10



waves, the first-order and second-order rogue waves are analyzed in details. By selecting

the appropriate parameters, the dynamics of these solutions are demonstrated through by

three-dimensional, density and the wave propagation pattern along the x-axis plots. The

interaction between one-soliton and first-order rogue wave is given by applying the long wave

limit procedure just in ξ1 and ξ2. In order to show more details of the interaction solution,

the different states are demonstrated in Figs. 4 and 5. The energy of first-order rogue wave

transfers to one-soliton with the phase ϕ3 = 0. The obtained results are expected to help

the study of nonlinear optics.
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