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Abstract

Low rank representation is a very effective method, which is often used in
unsupervised learning and semi-supervised classification. Due to the pres-
ence of noise and nonlinearity structure in real data, low rank represen-
tation fails to obtain the global information of the data well, so it can not
be able to get enough discrimination information. For this motivation,
this paper proposes a novel nonlinear low rank representation by estimat-
ing optimal transformations (EOTLRR) which can obtain a better global
structure of the dataset by increasing the correlation among samples
that may belong to the same category. The proposed method establishes
an objective function that maximizes the largest q-ky Fan norm of the
covariance matrix of data samples through estimating optimal transfor-
mations. Alternative Conditional Expectation method is employed to
maximize the conditional expectation of samples, which can increase the
correlation among the samples belonged to the same category. Experi-
mental results on five real datasets and a synthetic dataset show that our
method has superior performance compared with other latest methods.
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1 Introduction

In recent years, subspace clustering has attracted extensive attention from
academia and researchers, and it has many applications in various fields
such as machine learning (Chen, Mao, Zhang, & Yi, 2018; Zhu & Peng,
2020) and computer vision (Du, Ma, Li, & Wang, 2020). For instance, an
image of a cat is composed of hundreds of thousands of pixels, which are
located in a low-dimensional subspace of the surrounding space. The purpose
of subspace clustering is to segment high-dimensional data into correspond-
ing low-dimensional subspaces, so as to understand the intrinsic structure of
high-dimensional data. After decades of development, the current subspace
clustering methods used in computer vision can be divided into algebra-based
methods (Vidal, Ma, & Sastry, 2005), deep learning-based methods (Peng et
al., 2018, 2020), statistical methods (Michael & Christopher, 1999; A.Y. Yang,
Rao, & Yi, 2006) and spectral clustering methods (Lauer & Schnorr, 2009;
J. Zhang, Li, Jing, Liu, & Su, 2018; Zhong & Pun, 2020).

Spectral clustering methods have been widely used because of their excel-
lent performance such as facial recognition and image segmentation (Du et al.,
2020; Feng, Meng, & Wang, 2020), can be achieved by two steps: 1) obtain
the similarity matrix which use the linear combination of each sample; 2)
use the spectral clustering algorithm to obtain the clustering results such as
K-means (Shamir & Tishby, 2010), Normalized Cut (N-cut) (Shi & J.Malik,
2000) and so on. These methods mainly consider the use of Euclidean dis-
tance and Gaussian kernel function to measure the similarity among samples.
Ideally, this similarity matrix should be a block diagonal matrix, i.e., the sim-
ilarity among classes is zero. In other words, how to get a better similarity
matrix is a challenging problem. In fact, numerous clustering methods based
on spectral clustering have been developed over the past few decades. The
most classic methods based on spectral clustering are low rank representation
(LRR) (G. Liu et al., 2010) and sparse subspace clustering (SSC) (Elhami-
far & Vidal, 2013). SSC tries to obtain the sparse similarity matrix. However,
its disadvantage mainly is that it cannot guarantee the sparsity of each data
sample when pursuing the overall sparseness of the similarity matrix.

Low rank representation, as an effective method to obtain the low dimen-
sional structure of high dimensional data, has attracted extensive attention in
multi-classification. The purpose of LRR is to find the lowest rank of the simi-
larity matrix, which is used for various feature learning tasks and has achieved
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impressive clustering results (Chen et al., 2018; G. Liu et al., 2013; Xue et al.,
2019; Yu, Tan, Zhang, Tao, & Rui, 2019; Yu, Tao, Wang, & Rui, 2015). LRR
chooses the data itself as a dictionary to get the similarity matrix. However,
this method may be relatively ill-behaved when the data is insufficient, noisy,
and / or non-linear structure. To solve the problem of noise and the insuffi-
cient data, (G. Liu & Yan, 2011) proposed a latent LRR (lat LRR) method.
The method utilized observed data and hidden unobserved data as a dictio-
nary to learn features. Although lat LRR improves the clustering performance,
it has many solutions. In order to get the best solution, robust latent LRR
(H. Zhang, Lin, Zhang, & Gao, 2014) chooses the most sparse solution as the
final result. Nevertheless, when the number of samples is insufficient, it may
lead to poor results. To overcome this shortcoming, Liu et al. got inspiration
from matrix decomposition and proposed a fixed rank representation (R. Liu,
Lin, la Torre, & Su, 2012) method, which introduced a sparse regular term to
ensure the robustness of the clustering algorithm. When there are noisy data,
it can obtain a closed-form of multi subspace structure.

In addition, various variant methods based on LRR have a poor per-
formance when dealing with data of nonlinear spatial structure. (Wang,
Saligrama, & A., 2011) proposed using kernel technique to transform the
original dataset into linear spatial structure by nonlinear mapping and got
a satisfactory clustering performance. Xiao et al. proposed robust kernel low
rank representation (Xiao, Tan, Xu, & Dong, 2016) to deal with data struc-
tures in nonlinear space. It used kernel technology to map data from original
space to multiple linear subspaces. However, different kernel functions may be
suitable for different datasets. Besides, there are some scholars suggest that
the method of graph regularization is used to deal with the data of nonlinear
structure. For instance, (Yin, Gao, & Lin, 2016) proposed Laplacian regular-
ized LRR (lap LRR) by combining the Laplacian graph with the LRR model.
(Li, Cui, & Dong, 2017) proposed the graph regular non-negative low rank
matrix factorization model (GNLMF) to improve the robustness of data in the
manifold structure.

When the data noise-free and a linear space structure, the traditional LRR
method can effectively obtain the global structure of the data. However, the
noise and nonlinearity of datasets always exist in practical application. To
reduce the influence of nonlinearity and noise in the data on the LRR model,
we find an efficient nonlinear transformation method which can be competent
to do the work proposed in (Breiman & Friedman, 1985a), which is called
by Estimating Optimal Transformations (EOT). EOT is aim to fit the non-
linear transformation function by maximizing the correlation between labels
and samples which have been transformed nonlinearly into linearly space. As
a special case of estimating optimal transformations, Maximally Correlated
Principle Component Analysis (MCPCA) (Feizi & Tse, 2017) considers the
maximum correlation among samples after nonlinear transformation, which
can enhance the correlation among samples in the same class.
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Based on the aforementioned analysis, this paper proposes a nonlinear
low rank representation by estimating optimal transformations (EOTLRR)
method for subspace clustering. The main contributions of this paper are:

1. We propose to use the EOT method to eliminate the influence of non-
linear structure of datasets by maximizing the correlation between nonlinear
transferred data.

2. We propose the EOTLRR method which learns effectively the low rank
affinity matrix of the datasets and has better performance and robustness
compared with other latest methods on several real datasets and a synthetic
dataset.

The remaining part of this paper is organized as follows: In Section 2,
we give a brief introduction about the estimating optimal transformations
fuction and solve it by using alternating conditional expectation. In Section
3, we introduce the proposed EOTLRR algorithm for subspace clustering.
Then, the experimental results and analysis are given in Section 4. Finally, the
conclusions are summarized in Section 5.

2 Related works

EOTmethod is introduced in this section, which can be implemented the Alter-
nating Conditional Expectation (ACE) (Breiman & Friedman, 1985b). ACE
considers maximation amongs samples with conditional expectation, which
can increase the samples correlation of the same category. Besides, the ACE
algorithm as a parameter-free automatic conversion method, it produces the
maximum correlations of between samples and labels.

The EOT method solves the general problem establishing a linear hypoth-
esis of regression analysis and better describes the relationship between the
independent and dependent variables and can best describe the presence of
a nonlinear relationship. Let y be a response variable and x1,x2, . . . ,xp be
predictors. Let θ(y), φ1(x1), . . . , φp(xp) denote the zero mean transformation
function for response and predictors variable. The fraction of variance not
explained is

e2(θ, φ1, . . . , φp) =
E{[θ(y) −

∑p
i=1 φi(xi)]}

Eθ2(y)
(1)

These functions are real values. When the original variable is categorical,
the use of θ or φi assign a real value score to each categorical value. The EOT
method are only based on the data sample {(Yk, Xk1, · · · , Xkp), 1 ≤ k ≤ N}
in which contains minimum assumptions the data distribution regarding the
form of the optimal transformation. The optimal transformations are defined
to be the equator that minimize

e2(θ, φ1, . . . , φp) =
E{[θ(Xp+1) −

∑p
j=1 φj(Xj)]

2}

Eθ2(Xp+1)
(2)
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these data consist of N + p successive observations x = [x1,x2, . . . ,xN+p].
This exists in the form of standard data by defining Yk = xk+p, Xk =
[Xk+p−1, . . . , Xk]. the optimal solution is found by iterations. Suppose the
distribution of the variable y,x1,x2, . . . ,xp is known. Without losing gener-
ality, let the expectation of all functions be zero, and Eθ2(y) = 1. For better
illustration, the unexplained error fraction in bivariate case can be expressed
as

e2(θ, φ) = E[(y) − φ(x)]2 (3)

In view of finding the minimum value of the problem(3) with respect to
θ(y) under a given function φ(x). This solution can be expressed as

θ1(y) = E[φ(x)|y]/||E[φ(x)|y||] (4)

where || · || = [E(·)2]1/2. Next, considered finding the minimum value of the
problem(4) with respect to x under a given function y. This solution can be
expressed as

φ1(x) = E[θ(y)|x] (5)

Problem(4) and (5) form the basis of (ACE) concerning iterative optimization
process. In the basic ACE algorithm, the function is minimized alternately
while keeping the other function fixed, thereby reducing problem(2) in each
iteration. Then discuss the case of multiple predictors x1,x2, . . . ,xp and con-
duct direct analogy with the basic ACE algorithm. The minimization function
can be expressed by the following,

e2(θ, φ1, . . . , φp) = E[θ(y) −

p
∑

j=1

φj(xj)]
2 (6)

where keeping Eθ2 = 1, Eθ = Eφ1, . . . ,= Eφp = 0 by minimizing a series
of single functions involving bivariate conditional expectation. As for given
functions φ1(x1), . . . , φp(xp), minimize the value of problem(6) with respect
to φ(y)

θ1(y) = E
[

p
∑

i=1

φi(xi)|y
]

/||E[

p
∑

i=1

φi(xi)|y||] (7)

Then for a given θ(y) and a given set φ1, . . . , φk, . . . , φp a single function
φk(xk) Problem(6) minimization. The solution is

θk,1(xk) = E
[

θ(y) − E
∑

i ̸=k

φi(xi)|xk

]

(8)

For the function φk, k = 1, . . . , p, each iteration of the inner loop For both
of problem (6) is minimized, other functions are fixed. The iteration of outer
loop will continue until the predictor variables with one complete pass fails to
decrease e2. The specific details of the ACE are in Algorithm1.
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Algorithm 1 ACE

Input: Matrices x,y and φ1(x1), . . . , φp(xp) = 0.
1: Initial matrices θ(y) = y/|y|. x and y are the response and predictor

variables respectively.
2: while e2(θ, φ1, . . . , φp) fails to decrease do
3: while e2(θ, φ1, . . . , φp) fails to decrease do
4: for i = 1 : p do
5: θk,1(xk) = E

[

θ(y) − E
∑

i ̸=k φi(xi)||xk

]

replace φk(xk) with θk,1(xk).
6: end for
7: end while
8: θ1(y) = E[

∑

i=1 φi(xi)|y]/||E[
∑p

i=1 φi(xi)|y||]
9: replace θ(y) with θ1(y).

10: end while
Output: θ, φ1, . . . , φp are the solutions θ∗, φ∗

1, . . . , φ
∗
p.

3 Nonlinear Low Rank Representation by
Estimating Optimal Transformations

In this section, a detailed description of the EOTLRR method for subspace
clustering is given. Our purpose is to gain a similar matrix by using LRR
technology efficiently utilizing the transformed data. Let a set of data X =
[x1,x2, . . . ,xn] ∈ R

m×n (i = 1, 2, . . . , n) be the original data, each column of
which is a sample (xi denotes the i−th sample), m and n are the number of
features and sample, respectively.

3.1 Estimating Optimal Transformations

Estimating optimal transformations aims at finding possibly nonlinear trans-
formations of the data, which can minimize the mean squared error between
the transformed data and its low rank approximation by p orthonormal vec-
tors v1, . . . , vp. The mean square error between the low rank approximations
obtained by this vector is as follows

min
{vi}

p

i=1
,{ϕi}

p

i=1

1

n

n
∑

k=1

||ϕ(xk)− ϕ̂(xk)||
2 (9)

s.t. ϕ̂(xk) =

p
∑

i=1

(

vT
i ϕ(xk)

)

vi, 1 ≤ k ≤ n

ϕ(xk) = (ϕ1(Xk,1), . . . , ϕq(Xk,q)) ,

vT
i vj = 0, 1 ≤ i ̸= j ≤ p,

vT
i vi = 1, 1 ≤ i ≤ p,
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1

n

n
∑

k=1

ϕi(Xk,i) = 0, 1 ≤ i ≤ q,

1

n

n
∑

k=1

ϕi(Xk,i)
2 = 1, 1 ≤ i ≤ q.

Where the additional constraint 1
n

∑n
k=1 ϕi(Xk,i) = 0 is analogous to the

normal process, in which columns of the data matrix are transformed to be
zero means with experience. The additional constraint 1

n

∑n
k=1 ϕi(Xk,i)

2 = 1
enable columns of the transformed matrix to have the same norms. Let
F = [F1, . . . , Fq] be a discrete variable and G = [G1, . . . , Gq] be q finite dis-
crete random variables. PF1,...,Fq

and PH1,...,Hq
are expressed by represent the

joint distribution of F and the joint probability distribution of G, respectively.
PH1,...,Hq

is equal to the observed empirical distribution samples. i.e.,

Pr(H1 = j1, . . . , Hp = jq) =
1

n

n
∑

k=1

1{Hk,1 = j1, . . . , Hk,p = jq} (10)

Besides, the estimating optimal transformations method can be calculated
by using the empirical pair joint distribution, but the calculation cost of
this method is very expensive. Therefore, estimating optimal transformations
optimization can be written as

max
{ϕi}

q

i=1
,{vi}

p

i=1

p
∑

r=1

q
∑

i=1

q
∑

i′=1

vr,ivr,i′

(

1

n

n
∑

s=1

ϕi(Xs,i)ϕi′ (Xs,i′ )

)

(11)

1

n

n
∑

s=1

ϕi(Xs,i) = 0, 1 ≤ i ≤ q,

1

n

n
∑

s=1

ϕi(Xs,i)
2 = 1, 1 ≤ i ≤ q,

vT
r vs = 0, 1 ≤ r ̸= s ≤ p,

vT
r vr = 1, 1 ≤ r ≤ p

The specific details of the Solving estimating optimal transformations are in
Algorithm2.

3.2 EOTLRR

The affinity matrix obtained from LRR is a linear representation of each data
point under the global low-rank constraint. Consequently, LRR is suitable for
obtaining the global structure of the linear structure data. The LRR can be
expressed as

min
Z,E

||Z∥l + λ||E||l, s.t. X= AZ+E (12)
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Algorithm 2 Solving estimating optimal transformations

Input: the dataset X ∈ R
m×n and width of smoothing kernel q.

1: while j = 0, 1, . . . do
2: while k = 1, . . . , p do

3: compute: w
(j)
k =

∑p
r=1

∑k−1
i=1 v

(j)
r,kv

(j)
r,i ϕ

(j)
i (xi)

4: +
∑p

r=1

∑q
i=k+1 v

(j−1)
r,k v

(j−1)
r,i ϕ

(j−1)
i (xi)

5: update: ϕ
(j)
k = E[w

(j)
k |Yk]/||E[w

(j)
k |Yk]||,

6: end while
7: compute: K(j) where K(j)(i, i

′

) = 1
n

∑n
s=1 ϕ

(j)
i (Xs,i)ϕ

(j)

i′
(Xs,i′ )

8: update: v
(j)
r = ur(K

(j)), for 1 ≤ r ≤ p

9: ρ
(j)
p =

∑p
r=1 λr(K

(j))
10: end while
Output: X∗ is the result of the estimating optimal transformations of the

dataset X

Where || • ||l is the regularization strategy nuclear and A is the dictionary,
generally A = X. λ > 0 is parameter used to balance low rank terms and E is
the error matrix for noise. Z = [z1, . . . , zn] is the representation matrix of the
data. EOT can be used to increase the similarity between samples belonging to
the same category, so a “good” affinity matrix can be obtained. The estimating
optimal transformations can map the same dimensional data original nonlinear
into linear, fully considering the global structure of the observation sample.
ϕ(·) is defined as the estimating optimal transformations function, which can
be solved by ACE in Section 2. Hence the representation matrix of nonlinear
transformed data can be expressed as

ϕ(Xi,j) = ϕ(Xi,j)Zi,j (13)

where Xi,j represents the pixel of the image, and Zi,j is the correlation coef-
ficient between the i-th and j-th samples. Z is the similarity matrix of LRR
gained through problem (12). ϕ(X) represents the data mapped by the estimat-
ing optimal transformations. Combining the equation(13) and LRR models,
the EOTLRR model can be defined as

min
Z

||Z∥∗ s.t. ϕ(X) = ϕ(X)Z (14)

In fact, there is always noise within data. This may result in a bad similarity
matrix Z. Therefore, we introduce matrix E into the method to eliminate the
effect of noise, and the problem(14) can be changed to,

min
Z,E

||Z∥∗ + λ||E∥2,1 s.t. ϕ(X) = ϕ(X)Z+E (15)
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where || · ||2,1 is the l2,1-norm and λ is the balance coefficient. To optimal
solution of EOTLRR, we first introduce an auxiliary matrix H so that in the
method can be separable, and then rewrite the problem(15) as

min
Z,E

||Z∥∗ + λ||E∥2,1 s.t. ϕ(X) = ϕ(X)Z+E Z = H (16)

3.3 solving EOTLRR

The optimization of problem (16) can be solved by using the augmented
Lagrange function (J. Yang & Yuan, 2013).The augmented Lagrange function
of the problem (16) can be expressed as follows,

L( Z,E,H,M1,M2, µ)

= ∥Z∥∗ + λ∥E∥2,1 + ⟨M1, ϕ(X)− ϕ(X)Z−E⟩+ ⟨M2,Z−H⟩

+
µ

2
(∥ϕ(X)− ϕ(X)Z−E∥2F + ∥Z−H∥2F ) (17)

Where M1, M2 is the Lagrange multiplier, µ > 0 is the penalty coefficient,
∥·∥F is the Frobenius norm of the matrix, and ⟨·, ·⟩ refers to the inner product.
Problem (17) can be simplified into

L( Z,E,H,M1,M2, µ) (18)

= ∥H∥∗ + λ∥E∥2,1 +
µ

2
(∥ϕ(X)− ϕ(X)Z−E+

M1

µ
∥2F + ∥Z−H+

M2

µ
∥2F )

Alternating Direction Method (ADM) can be used to alternately solve the
optimization of the problem (18). We can fix other variables to alternately
update Z,E,H, the process is as follows,

Zk+1 = (ϕ(X)Tϕ(X)+I)−1(ϕ(X)Tϕ(X)−ϕ(X)TEk+Jk+(ϕ(X)TM1 k−M2 k)/µ1 k)
(19)

Ek+1 = argmin
E

∥E∥2,1 +
µ

2
∥ϕ(X)− ϕ(X)Zk −Ek +

M1 k

µ
∥2F (20)

Hk+1 = argmin
H

∥Zk −Hk +
M2 k

µ
∥2F (21)

Although the problem (20) and (21) are convex problems, they can get
closed-form solution. Problem (21) can be solved by the Singular Value Decom-
position (SVD) operator (Drineas, Frieze, Kannan, Vempala, & Vinay, 2004),
and problem (20) can be solved by the following lemma 1.

1 Let S is a given matrix. If the optimal solution of

minα∥J∥2,1 +
1

2
∥J− S∥2F (22)

is J∗, then the i-th column of J∗ is

[J∗]:,i =

{

∥[S]:,i∥2−α
∥[S]:,i∥2

S:,i, if∥[S]:,i∥2 > α;

0, otherwise.
(23)
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The iteration of other parameters is shown in the following formulas,

M1 k+1 = M1 k + µ1 k(X−AZk+1 −Ek+1) (24)

M2 k+1 = M2 k + µ1 k(Zk+1 −Hk+1) (25)

µ1 k+1 = min(ρµ1 k, µ2) (26)

In the EOTLRR algorithm, firstly, we use the estimating optimal transfor-
mations for nonlinear data transformation to enhance the correlation between
samples belonging to the same class. The specific procedure of realizing the
nonlinear transformation is shown in algorithm 2. After that, the similarity
matrix is obtained using the transformed data and it can be found in Algo-
rithm3. After obtaining the similarity matrix Z∗ through the EOTLRR model,
then the affinity matrix through W = (|Z∗|+ |Z∗|′)/2 is constructed. Finally,
we use unsupervised classification methods N-cut method to obtain the final
clustering results.

Algorithm 3 EOTLRR

Input: the dataset X∗ and parameter λ.
1: Initial: Z = H = 0,E = 0,M1 = M2 = 0, ρ = 1.1, µ1 = 10−6, µ2 =

106, ε = 10−8

2: while j = 0, 1, . . . do
3: updata H by H = argmin 1

µ1

||H||∗ +
1
2 ||H− (Z+M2/µ1)||

2
F

4: update Z = (ϕ(X)Tϕ(X) + I)−1(ϕ(X)Tϕ(X) − ϕ(X)TE + J +
(ϕ(X)TM1 −M2)/µ1)

5: update E by E = argmin λ
µ1

||E||2,1 +
1
2 ||E− (X∗ −AZ+M1/µ1)||

2
F

6: update M1 and M2 by
7: M1 = M1 + µ1(X

∗ −AZ−E)
8: M2 = M2 + µ1(Z−H)
9: update µ1 by µ1 = min(ρµ1, µ2)

10: end while
Output: Similarity matrix Z∗.

4 Experiments

In this section, to verify the effectiveness of our proposed algorithm on the
clustering problem, the proposed method has been tested on five real datasets
and an artificial dataset. All the experiments are implemented on MATLAB
2018b, a PC with Intel (R) Xeon (R) Platinum 8269 cy CPU, 2.5 GHz, RAM
16.00 Gb and windows 10 operating system.

In the experiment, the datasets we tested include Swiss, Extended Yale B,
ORL, COIL20, MNIST, and USPS. Among them, the Swiss Roll is a synthetic
dataset. The Extended Yale B and ORL are two facial image datasets. The
COIL20 contains different objects. The MNIST and USPS are two handwritten
datasets composed of numbers.
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4.1 Image clustering

On each dataset, we compare the proposed method with the following methods:

• Sparse Subspace Clustering (SSC) (Elhamifar & Vidal, 2012)
• Low-Rank Representation (LRR) (G. Liu et al., 2010)
• Dual Graph Regularized LRR (DGLRR) (Yin, Gao, Lin, Shi, & Guo, 2015)
• Non-Convex LRR (NLRR) (Jie & Ping, 2016)
• Robust Kernel LRR (RKLRR) (Xiao et al., 2016)
• Hierarchical Weighted LRR (HWLRR) (Fu, Zhao, Chang, & Wang, 2021)
• Adaptive Low-Rank Representation (ALRR) (Chen, Mao, Wang, & Zhang,
2021)

All the codes involved in the comparison algorithm are from their respec-
tive authors. To make a fair comparison, the comparison algorithm achieves
the best result by manually adjusting the parameters according to the parame-
ter settings provided in the corresponding paper. LRR and SSC are two classic
model-based representations. DGLRR take the geometric structure of data
manifold and feature manifold into consideration and obtains better cluster-
ing results. NLRR decomposes the regularization of the kernel norm, which
improves the clustering performance. After mapping the original samples from
nonlinear space to multiple linear low dimensional subspaces using the ker-
nel technology through RKLRR, we can obtain a better similarity matrix.
HWLRR defines a matrix through the affinity propagation to find samples that
may belong to the same subspace. By using an adaptive dictionary learning
strategy that employs orthonormality constraint and integrated into the LRR
model, ALRR is gained. Each comparision method obtains a representation
matrix through corresponding algorithm. Based on this, we can adopt N-cut to
get the sample label. Since most clustering evaluation criteria are determined
by the accuracy, so we use it as the reference. All algorithms are performed 10
times, and then the average clustering results are analyzed and compared. The
clustering result of different methods on the data set is shown in Table 1 − 6.

4.2 Datasets

4.2.1 Experiments on the Synthetic Dataset

We test the performance of different algorithms on clean noisy synthetic data
by adding different degrees of noise to Swiss data. The data generation process
is as follows: a 2× 2 covariance matrix is generated by the Gaussian mixture
model, and it is comprised of 2 dimensional point set for 4 categories. 400
linear separable data are collected from each point set to form a 1600 × 2
matrix, and then 2−D data is mapped to 3-D space by smooth mapping to
form Swiss. What we get is a clean data matrix that is nonlinear separable. Fig
2 shows the visualization of the dataset. Next, we further destroy the data by
adding different degrees of normal distribution random numbers to all clean
data. Table 1 shows the average accuracy of the five methods relative to the
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a

b

c

Fig. 1 Example images of multiple individuals from the USPS dataset, MNIST dataset
and the COIL20 dataset. (a)partial images of the USPS; (a)partial images of the MNIST;
(b)partial images of the COIL20.

Fig. 2 Three-dimensional Swiss roll data generated by random numbers, with different
colors indicating different categories.

corruption rate. It can be seen from Table 1 that the proposed method has the
best performance and can better handle non-linear and noisy data.

4.2.2 Experiments on the Extended Yale B

The extended Yale B dataset (http://www.cad.zju.edu.cn/home/dengcai/
Data/FaceData.html) is a standard dataset for the facial clustering task. It
includes 2414 face images of 38 people. We downsampled the original image of
192× 168 pixels to 48× 42 pixels to reduce the computation time. Therefore,
each face image can be vectorized into a 2016 dimensional vector as a sample.

http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
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Table 1 Clustering performance index (average) of different methods in Synthetic
dataset. Bold numbers indicate the best results. P denotes the percentage of corruptions

P (%) 0 20 40 60 80 100

SSC 0.4732 0.4881 0.4838 0.4606 0.4800 0.4912
LRR 0.3975 0.3962 0.3919 0.3887 0.3869 0.3825
DGLRR 0.4569 0.4531 0.4522 0.4511 0.3925 0.3875
NLRR 0.5269 0.5194 0.5144 0.4925 0.4912 0.4719
RKLRR 0.5269 0.5794 0.5144 0.4925 0.4912 0.4719
HWLRR 0.5094 0.4985 0.4933 0.4921 0.3912 0.3879
ALRR 0.4867 0.4294 0.4313 0.4463 0.4569 0.4319
EOTLRR 0.9594 0.9581 0.9569 0.9563 0.9544 0.9519

Table 2 Clustering performance index (average) of different methods in ExtYale B dataset.
Bold numbers indicate the best results. K denotes the number of category of dataset.

K 2 4 6 8 10

SSC 0.9766 0.9896 0.9453 0.8535 0.7766
LRR 0.9766 0.9609 0.9688 0.9082 0.8797
DGLRR 0.9609 0.8805 0.7464 0.6836 0.5328
NLRR 0.6688 0.6328 0.6250 0.6140 0.5766
RKLRR 0.6688 0.6406 0.6354 0.6328 0.5109
HWLRR 0.9766 0.9733 0.9625 0.9640 0.7333
ALRR 0.9922 0.9922 0.9896 0.9785 0.9750

EOTLRR 1.0000 0.9922 0.9714 0.9629 0.9609

Table 3 Clustering performance index (average) of different methods in ORL dataset.
Bold numbers indicate the best results. K denotes the number of category of dataset.

K 5 10 15 20 25 30 35 40

SSC 0.8400 0.7200 0.7133 0.7700 0.7800 0.7560 0.7343 0.7175
LRR 0.4400 0.3000 0.2667 0.2550 0.2200 0.2200 0.1943 0.1875
DGLRR 0.7800 0.7200 0.6933 0.6950 0.6400 0.6633 0.6314 0.6175
NLRR 0.8600 0.7700 0.7733 0.7950 0.7560 0.7900 0.7771 0.7175
RKLRR 0.7800 0.7700 0.7667 0.7600 0.7440 0.7567 0.7571 0.7225
HWLRR 0.4600 0.4200 0.3000 0.1950 0.2080 0.1767 0.2514 0.2200
ALRR 0.9200 0.8300 0.8533 0.7900 0.7680 0.7667 0.7914 0.7625
EOTLRR 1.0000 0.9940 0.9933 0.9900 0.9720 0.9693 0.9497 0.9453

Table 4 Clustering performance index (average) of different methods in COIL20 dataset.
Bold numbers indicate the best results. K denotes the number of category of dataset.

K 2 4 6 8 10 12 16 20

SSC 0.9792 0.8715 0.7500 0.7326 0.2920 0.7188 0.6944 0.6333
LRR 0.9688 0.9297 0.8218 0.7934 0.7694 0.7176 0.6667 0.6292
DGLRR 0.9514 0.8542 0.7986 0.6319 0.7736 0.6887 0.7595 0.7111
NLRR 0.9635 0.8333 0.6157 0.6285 0.6097 0.6412 0.6389 0.6528
RKLRR 0.9931 0.8056 0.6296 0.6042 0.6236 0.6505 0.7109 0.6854
HWLRR 0.9722 0.9688 0.9297 0.8142 0.7903 0.8032 0.6345 0.7771
ALRR 0.9200 0.8300 0.8600 0.7700 0.7680 0.7633 0.8029 0.7253
EOTLRR 0.9931 0.9861 0.9306 0.9340 0.9542 0.9421 0.9297 0.9021
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Table 5 Clustering performance index (average) of different methods in MNIST dataset.
Bold numbers indicate the best results. #Tr denotes the number of selected samples of
each subject.

#Tr 30 50 100 150 200 250 300

SSC 0.4933 0.4200 0.4060 0.4287 0.4390 0.4120 0.4450
LRR 0.6000 0.6640 0.5720 0.5430 0.5650 0.5420 0.5500
DGLRR 0.4500 0.4860 0.4580 0.4467 0.4785 0.4672 0.4513
NLRR 0.6133 0.5740 0.5620 0.5213 0.6050 0.5132 0.5563
RKLRR 0.6333 0.6240 0.5950 0.6033 0.5845 0.6252 0.6170
HWLRR 0.5800 0.5340 0.5340 0.5150 0.5213 0.5368 0.5547
ALRR 0.7700 0.7140 0.7980 0.7453 0.8410 0.7952 0.7913
EOTLRR 0.8933 0.9360 0.9420 0.9587 0.9755 0.9676 0.9875

Table 6 Clustering performance index (average) of different methods in USPS dataset.
Bold numbers indicate the best results. #Tr denotes the number of selected samples of
each subject.

#Tr 50 100 200 300 500 800

SSC 0.4980 0.5510 0.6030 0.4463 0.4043 0.3622
LRR 0.5500 0.8080 0.7220 0.8960 0.5030 0.4865
DGLRR 0.3430 0.4810 0.4860 0.4397 0.4434 0.4126
NLRR 0.5500 0.5160 0.5080 0.5017 0.5030 0.4865
RKLRR 0.5260 0.5990 0.6225 0.5800 0.5908 0.5340
HWLRR 0.4540 0.6480 0.6700 0.6347 0.6288 0.3965
ALRR 0.5720 0.6790 0.6820 0.6903 0.6832 0.7263
EOTLRR 0.8100 0.8120 0.8200 0.8827 0.8960 0.9559

In the experiments, we randomly select 2, 4, 6, 8, 10 classes from 38 kinds of
face images for experiments. For each selected cluster class K, the experimen-
tal results are revealed in Table 2, it can be seen that our method has a higher
recognition rate in most cases.

4.2.3 Experiments on the ORL Dataset

ORL face dataset (Samaria & Harter, 1994) (http://www.cl.cam.ac.uk/
research/dtg/attarchive/facedatabase.html) is composed of 400 face images,
each category of 10 face images, 40 people included. According to the process-
ing of the ORL face dataset in the paper (Cai, He, Hu, Han, & Huang, 2007),
the ORL dataset is downsampled, and the original image is sampled from
112× 92 to 32× 32. For each category, these images are gained under different
expressions and conditions like open/close eyes, smile/no smile. Experiments
randomly select 5, 10, 15, 20, 25, 30, 35, 40 classes from whole 40 kinds of face
images for experiments. Clustering on this dataset is a challenging problem
because of many different expressions and details. The clustering results of dif-
ferent methods are shown in Table 3. It can be seen that our proposed method
performs best.

http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
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4.2.4 Experiments on the COIL20 Dataset

COIL20 is an object image dataset (http://www.cs.columbia.edu/CAVE/
software/softlib/coil-20.php), which contains 1440 images of 20 objects, includ-
ing duck, car model, and others. Each object is photographed every five
degrees horizontally, and 72 images are obtained for each subject. For improv-
ing the computational efficiency, we adjust the 128× 128 pixels of the original
image to 32 × 32 pixels of the gray image and then convert each image into
1024 dimensional feature vectors. Examples of partial images of two objects
selected from the COIL20 dataset are shown in Fig 1. We randomly select
2, 4, 6, 8, 10, 12, 16, 20 classes from all kinds of object images for experiments.
As demonstrated in Table 4, the proposed method presents a higher clustering
accuracy.

4.2.5 Experiments on the MNIST Dataset

MNIST (Lecun, Bottou, Bengio, & Haffner, 1998) is a handwritten digi-
tal dataset (http://yann.lecun.com/exdb/mnist/) that contains images of 10
handwritten digits from 0 to 9. This dataset contains 60000 training images
and 10000 test images. Each image is 28 × 28 pixels in size. We establish a
784 dimensional vector for all pixels of every image. Some images of each digit
from the MNIST are shown in the first row in Fig 1. We randomly select
30, 50, 100, 150, 200, 300 for each number as sample sets for clustering. The
experimental results are displayed in Table 5. It can be seen from the data in
the table that EOTLRR can get the best performance.

(a) Synthetic Dataset (b) Extended Yale B (c) COIL20

(d) ORL (e) MNIST (f) USPS

Fig. 3 Line graphs of experimental results of different methods on synthetic dataset and
five real datasets.

http://www.cs.columbia.edu/CAVE/software/softlib/coil-20.php
http://www.cs.columbia.edu/CAVE/software/softlib/coil-20.php
http://yann.lecun.com/exdb/mnist/
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4.2.6 Experiments on the USPS Dataset

USPS (Hull, 1994) is a handwritten dataset containing 9828 samples. It
consist of 10 categories of samples, which are numbers 0 − 9, a propor-
tion images for each number are shown in Fig 1. Each sample is a 16 × 16
normalized gray image, so each sample image can be represented as a 256
dimensional vector. Given the data sample is too many, we randomly select
50, 100, 200, 300, 500, 800 images for each number as the sample sets to exper-
iment. It can be seen from Table 6 that our proposed method has better
performance than the comparing methods.

4.3 Experimental results analysis

Fig 3 shows the clustering results of the proposed method and comparison
methods on a synthetic dataset and the five benchmark datasets. It can be
seen from the Fig 3 that the proposed method obtains the best clustering
performance in most cases, and the proposed method has better stability with
the increase of samples or categories, which proves that the nonlinear mapping
of the original data can better measure the similarity among samples.

The results on the Swiss show that the proposed EOTLRR method is more
robustness for data with nonlinear structure and Gaussian noise. Compared
with experimental results of other methods on the Swiss, it can be seen that
the proposed method can better deal with nonlinear structure and Gaussian
noise data. Among them, the purpose of the methods RKLRR and DGLRR
are to handle nonlinear structure data. Nevertheless, the experimental results
on Swiss show that their ability to handle nonlinear data is not ideal, it may
be because the selected kernel function and regular graph are not suitable for
this dataset.

In addition, the experimental results on real datasets show that the pro-
posed method is the best in most cases. Because the noise and nonlinear
structure in the real dataset is uncertain, which is enough to demonstrate that
EOTLRR is an effective method. We observed that ALRR achieved the more
result in the ExtYaleB dataset when the number of samples increases. This
indicates that the adaptive dictionary learning strategy of ALRR plays an
important role in its data matrix representation when the number of data sam-
ples is being increased. But the clustering results on the other datasets show
that EOTLRR exhibits a stronger data clustering ability than the competing
algorithms as the number of clusters grows.

We also noticed that the performance of the proposed method has been
significantly improved when the number of samples in each category is small
on the other datasets. For instance there are only 10 samples per people in
the ORL, it can be seen in Fig 3(d) that the accuracy of our proposed method
is the highest. Besides, in the USPS and MNIST handwritten digit datasets,
the proposed method still has the best-fit result when the number of samples
used is small, and the accuracy rate will increase with the samples of increas-
ing. Furthermore, when the number of samples is sufficient, as the categories
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increases, the proposed method can still get a better result. In a word, the
EOTLRR is suitable for data with nonlinear spatial structure and noisy data.
The main reason is that EOTLRR can map nonlinear structure data to linear
structure data, which effectively improves the correlation of samples belong-
ing to same class, and can remove the influence of some outliers and noise,
thereby constructing a more discriminative affinity matrix.

5 Conclusions

In this paper, a new nonlinear low-rank representation method is proposed,
using the estimating optimal transformations to increase the correlation
between samples that may belong to the same category. In EOTLRR, the data
is first mapped from a non-linear structure to a linear structure by estimating
the optimal transformation function, and the ACE method is used to optimize
this nonlinear transformation function. Using a nonlinear transformation func-
tion on the original data can enhance the correlation between samples that may
belong to the same category in the proposed method. Obtained by the method
proposed by affinity matrix and well preserved both the global structure data,
but also better capture the local structure of the entire data. Experimental
results on multiple datasets show the effectiveness of this method.
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