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Abstract We study the propagation of voltage in a
model of the conventional right-handed transmission
line with a nonlinear symmetric capacitor. Applying the

quasidiscrete approximation to the nonlinear voltage
equation of the line, we derive a nonlinear Schrödinger
equation and find the bright and dark solutions which

are used as the initial condition for the integration of
the nonlinear lattice model. The full integration of the
lattice shows the propagation of the nonlinear voltage

in the right-hand side and its robustness in the time.
The density energy of the lattice at each time has a
node around which bright voltage is localized while in

the case of dark voltage, it has a node where it seems
to drop to zero at the soliton centre.

Keywords Electrical transmission lines · Waves and

wave propagation · Soliton

1 Introduction

The use of discrete nonlinear electrical transmission

lines as a theoretical or experimental tool to investi-
gate soliton properties has been the focus of consider-
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able research since the pioneering works by Hirota and
Suzuki [1,2]. The ability of solitons to propagate with
small dispersion can be used as an effective means to

transmit data, modulated as short pulses over long dis-
tances justify in part its grown interest. Solitons finds
an application in many areas including fibre-optic com-

munications, Bose-Einstein condensation, DNA double-
strand modelling and electronic circuits [3,4]. Nonlinear
transmission lines (NLTLs) which is a part of the latter

mentioned area have become extremely active in recent
years. This is due in part of the fact that they can be
characterized using inexpensive laboratory equipment

such as function generators and oscilloscopes; the avail-
ability of strongly nonlinear circuit elements. NLTLs
are used for parametric amplification and pulse genera-

tion [5], for the management of localized energy [6], for
nerve model with self-excitable membrane [7,8], for the
studies of diatomic lattice solitons [9,10] and as a model

of Microtubule [11], for the study of double-negative
metamaterial[12], just to mention some examples.

It is known that solitary wave results from the bal-
ance of dispersion and nonlinearity effects. In NLTLs

the nonlinearities come generally from the voltage de-
pendence of the capacitance. The nonlinear capacitor
can be in the form of logarithmic function as in the

Toda lattice [13–20]. Marquié et al. have observed ex-
perimentally localized mode the electrical lattice with
this form of nonlinear capacitor. The exponential [6] or

the results of the Taylor expansion of an experimentally
double exponential [21] function has been proposed . In
the case where the nonlinear capacitance is the voltages

reverse-biased diode, its expression has an asymmetric
quadratic expression as in refs. [22–27].

More recently, the fabrication, measurement, and
modelling of radio-frequency, tunable interdigital ca-

pacitors with ferroelectric barium strontium titanate
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[28] have open the way for the new studies in the electri-

cal line. The voltage-dependent, symmetric capacitance
of the material developed allows to constructing non-
linear left-handed metamaterials electrical line which

supports rogue wave [29] and bright breathers [30]. It
is then natural to see the behavior of the conventional
transmission with this new type of nonlinear capacitor.

To explore this way is the main purpose of this paper.
In the next section, we present the theoretical model,

the energy of the lattice, the linear and nonlinear anal-

ysis. Numerical results are presented in Section 3. In
Section 4 we summarize our results and conclude.

2 Mathematical description of the model

2.1 Model description

Following Refs. [13–19], let us consider a unit cell of a
dispersive nonlinear transmission line shown in Figure
1 as our model under investigation. Each unit cell, such

as the nth one, contains a linear inductor L1 in the se-
ries branch, and a linear inductor L2 in parallel with a
nonlinear capacitor C(Vn) in the shunt branch. Vn(t)

denotes the voltage across the capacitor which capaci-
tance is C(Vn), In the current through the inductor in
the series branch, I

′

n the current through C(Vn) and I”n
the current through the inductor in the shunt branch.

Applying the Kirchhoff’s laws at the nth section leads
to the following set of conservation laws of the current
and the charge:

L1

∂In
∂t

= Vn−1 − Vn; (1)

L2

∂I”n
∂t

= Vn; (2)

I”n = In − In−1 − I
′

n; (3)

I
′

n =
∂Qn

∂t
(4)

where Qn denotes the charge in the nonlinear ca-
pacitor and allows to determine the type of nonlinearity
within the lattice. The nonlinear capacitor can be in the

form of Toda lattice [13–20] or its expression can be ob-
tained from the Taylor expansion of an experimentally
double exponential form [21]. In that case, the nonlin-

ear capacitance of the diode varactor has an asymmet-
ric quadratic expression as in the low voltages reverse-
biased diode [22–27]. The choice of charge here is moti-

vated by the recent development of strongly nonlinear
and voltage symmetric barium strontium titanate thin
film capacitors and the charge along the capacitance is

given in the following [29,30]:

Qn = C(Vn).Vn = C0(1 + aV 2
n ).Vn, (5)

n

L1

Vn

In

L2C (Vn)

In+1

In"In’

Fig. 1 Model for the unit-cell circuit of the lattice.

with a =
16

9V 2
0

. Here C0 is the zero bias capacitance and

V0 has the units of voltage. The form of the nonlinear

charge (5) can be also found in split-ring resonator [32].
Using equations (1), (2), (3), (4) and (5), we can obtain
the discrete voltage propagation equations of the lattice

given by:

∂2

∂t2
(Vn + aV 3

n ) = u20(Vn+1 + Vn−1 − 2Vn)− ω2
0Vn, (6)

where u20 =
1

L1C0

and ω2
0 =

1

L2C0

are the characteris-

tic frequencies of the lattice. For the numerical experi-

ment, the following parameters are used [14]

L1 = 680µH, L2 = 470µH, C0 = 470pF, V0 = 2V.(7)

2.2 Energy of the lattice

The local energy in the different capacitive and induc-
tive elements will be derived following refs [30,31] as:

En =
1

2
L1I

2
n +

1

2
L2(I

”
n)

2 + C0(
1

2
V 2
n +

3

4
aV 4

n ). (8)

The current In and I”n will be derived numerically using
equations (1) and (2) respectively.

2.3 Linear analysis: linear dispersion and group

velocity

Linear oscillation in the lattice with angular frequency
ω and wave number k are described by the following
linear dispersion law:

ω2 = ω2
0 + 4u20 sin

2(
k

2
). (9)

The linear dispersion curve corresponding to equation

(9) is depicted in figure 2. It appears a lower cutoff
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Fig. 2 Dispersion relation curves defined by Eq. (9).
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Fig. 3 Group velocity (10).

mode frequency f0 = ω0/2π at k = 0 and an upper

frequency fmax = (
√

ω2
0 + 4u20)/2π at k = π. The latter

is a consequence of the discretization of the lattice; this
means that it does not exist in the continuum.

The group velocity relation associated with the wave
packet is defined by

Vg =
∂ω

∂k
=
u20
ω

sin(k). (10)

Figure 3 depicts the variation of the frequency as a

function of the group velocity. One can observe the
positive values of the group velocity which imply the

positive product of the phase velocity Vph =
ω

k
and Vg.

In fact, the transmission line is a conventional lattice
then, adopts right-handed (RH) behavior and the waves

propagating in media are known as forward-waves [20,
33]. Different types of solitary waves in the RH trans-
mission line can be found in the literature [34,35,?,37,

38].

Frequency(MHz)
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Fig. 4 Dispersion coefficient (13) as a function of the fre-
quency.

2.4 The Nonlinear Schrödinger equation and solutions

Due to the symmetric nature of the capacitor, only one
harmonic in the semi-discrete rotating-wave approxi-

mation can be used as the solutions of Eq. (6). Let us
consider the solution as follows:

Vn(t) = ϵψ(x, τ) exp(iθn) + ϵψ∗(x, τ) exp(−iθn), (11)

where θn = kn − ωt and ψ stands for a complex un-

known envelope function depending on the slow scales
x = ϵ(n − Vgt) and τ = ϵ2t. Inserting expression (11)
in (6), we obtain the dispersion relation (9) and the

group velocity (10) by keeping term of ϵ exp(−iωt) and
ϵ2 exp(−iωt) respectively. Finally, we obtain a nonlinear
evolution equation for the unknown function ψ namely,

the NLS equation by keeping the terms of order ϵ3 exp(−iωt)
as follows:

i
∂ψ

∂τ
+ P

∂2ψ

∂x2
+Q | ψ |2 ψ = 0 (12)

with dispersion and nonlinearity coefficients, P and Q
respectively, given by the following expressions:

P =
1

2

∂Vg
∂k

= −
1

2ω
(V 2

g − u20 cos(k)); (13)

Q =
3aω

2
. (14)

Nowadays, it not secrecy for anybody that the soli-

ton solution of equation (12) depends on the sign of
the product PQ. Then we have to analyze the behav-
ior of PQ in the function of the frequency within the

first Brillouin zone. Figure 4 shows the dependence of
the dispersion coefficient (13) as a function of the fre-
quency (f0 ≤ f ≤ fmax): it appears that P > 0 for

f ∈ [f0, fs[ and P < 0 for f ∈ ]fs, fmax]. There is a
particular frequency fs for which P=0. This frequency
induces maximum group velocity (see figure 3) and im-

ply the resonance of the nonlinearity coefficient Q. The
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Fig. 5 Nonlinear coefficient (14) as a function of the fre-
quency.

dispersion which generally tends to prevent wave steep-

ening do not exist and equation (12) do not allow soliton
solution. The nonlinear coefficient is depicted in figure
5 and it is observed the positive value of Q in a function

of the frequency within the first Brillouin zone. With
this observation, one can conclude that the sign of the
product PQ depends exclusively on that of P as in the

vertical dust grain oscillations in dusty plasma crystals
[39] and the Schrödinger equation supports following
known bright soliton solution [40]

ψ(x, τ) = α sech[β(x−Vτ)] exp(Kx− Ωτ), (15)

for f0 ≤ f ≤ fs dark solitons solution

ψ(x, τ) = α tanh[β(x−Vτ)] exp(Kx− Ωτ), (16)

for fs ≤ f ≤ fmax. In the equations (15) and (16), α

is the soliton’s amplitude, β = α
√

| Q
2P

| is the inverse

width of the solitons, K is the soliton’s wave number,
V is the soliton’s velocity and Ω = (1/2)(K2 − β2) the
frequency. Following the solutions (15) and (16), the

unknown voltages Vn(t) in equation (6) in terms of the
original coordinates can be given respectively by:

Vn(t) ≃ Vin sech[ϵβ(n−Vgt)] cos(kn− Ω0t), (17)

Vn(t) ≃ Vin tanh[ϵβ(n−Vgt)] cos(kn− Ω0t), (18)

where Vin is the soliton’s amplitude and Ω0 the fre-

quency given respectively by:

Vin = 2ϵβ

√

|
2P

Q
|, (19)

Ω0 = ω + 2ϵ2ΩP. (20)

3 Numerical experiments

The numerical simulations of this section consist of the
integration of the exact discrete equation (6) govern-

ing the voltage propagation along the lattice, the local
(8)and total energies (8) of the line with the experi-
mental parameters given by Eq. (7). The parameters

related to the soliton’s amplitude are ϵ = 0.021 and
β = 1. Figure 2 shows that the frequency is in order of
106Hz. That means that the integration time is in or-

der of 10−6 seconde (µs). The numerical experimental
will be performed with 300µs as maximum experimen-
tal time.

Any frequency chosen in the phonon band transmis-
sion allows obtaining the wave number k using Eq. (9)
, the group velocity using Eq. (10) , the dispersion co-
efficient using Eq. (13) , the nonlinear coefficient using

Eq. (14) and the initial voltage gives by the Eqs. (17)
and (18). As found above, the line adopts alternatively
RH and LH behaviors. These behaviors will be studied

separately in the next sub-sections. For every chosen
frequency f in the pass band (f0 ≤ f ≤ fmax), the wave
vector k can be determined using the dispersion rela-

tion (9) as: k = 2arcsin

(
√

4π2f2
−ω2

0

4u2

0

)

and the group

velocity using (10). Knowing the frequency, wave vector

and the group velocity, it is easy to obtain the value of
the dispersion coefficient P (13) and the nonlinear co-
efficient Q (14) whose values will be used within the

initial conditions.

3.1 Bright voltage propagation

It is important to point out on the experimental point

of view that bright voltage has been realized with elec-
trical lattice with asymmetric nonlinear capacitor [22]
and logarithmic capacitor name as Toda lattice [14].

The initial condition of the bright voltage in our nu-
merical experiment is given by (17).

In figure 6 a), we depict the spatiotemporal contour

plots of the discrete voltage of the lattice governed by
Eq.(6) for the frequency f=0.62MHz and Eq. (18) (for
t=0) as the initial condition. As our lattice is a conven-

tional transmission line (parallel group and phase veloc-
ities ), the wave travel in the right-hand side. One can
also observe that the initial pulse maintains its shape,

which demonstrates the robustness of the bright volt-
age soliton solution. Figure 6 b) The time evolution of
bright voltage in cell 10. The modulation of the volt-

age within the time is observed. Its constant amplitude
confirms its stability. Figure 6 c) depicts the spatiotem-
poral propagation of the local energy (8). Firstly, it is

evident to observe the propagation of the energy of the
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bright in the right-hand side. This is in agreement with

the positive group velocity and the increasing disper-
sion relation with the wave number. Secondly,there is a
localization of energy in the middle of the lattice. This

is confirmed by the spatial distribution of the local en-
ergy along the line at the integration time t= 100µs
given by figure 6 d). The left-handed nonlinear trans-

mission line with Josephson junction [41] has also the
localization on the spatial distribution of the local en-
ergy observed there but with energy higher than that

obtained here.

3.2 Dark voltage propagation

For the dark voltage propagation, the initial condition
used is Eq. (18) (for t=0) for frequency fs ≤ f ≤ fmax.
Figure 7 a) shows the spatiotemporal evolution of the
dark voltage of Eq. (6) with frequency f=0.62MHz. One

can see the robustness of the dark voltage within the
lattice and the propagation in the right-hand side con-
firming the fact that our line is the conventional right-

handed transmission line. Figure 7 b) The evolution of
dark voltage in cell 10. We observe the modulated dark
voltage as a function of time. In figure 7 c), we depict

the spatiotemporal evolution of the local energy (8). In
agreement with the left-handed nonlinear transmission
line with Josephson junction, local energy drop to zero

at the soliton centre (see 7 d)).

4 Conclusions

In summary, we have studied analytically and numer-
ically discrete voltage in an electrical lattice with a
nonlinear symmetric capacitor. In the linear approxi-

mation, the angular frequency increases with the wave
number, induces a positive value of the group velocity
and predicts the forward waves. By studying analyt-

ically the nonlinear lattice using the quasidiscrete ap-
proximation, we derived in the small amplitude approx-
imation the nonlinear Schrödinger equation and found

that the system supports bright soliton with constant
width over time and stable dark soliton. The numerical
experiment shows that both voltage and energy travel

on the right-hand side. We expect that the results pre-
sented in this work may be useful to the enhancement
of microwave devices and for phenomenon travelling ro-

bust wave.
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Fig. 6 a) Spatiotemporal of voltage propagation results
the full numerical integration of Eq. (6) for the frequency
f=0.42MHz and Eq. (17) (for t=0) as the initial condition.
b)The evolution of bright voltage in cell 10. c) Spatiotempo-
ral propagation of the local energy (8). d) The energy density
of the bright voltage computes at t = 100µs.

(a)

(b) t[s] ×10-4

0 0.5 1 1.5 2 2.5 3

V
10

(t
)

-0.6

-0.4

-0.2

0

0.2

0.4

0.6
Voltage f=0.62MHz

(c)

(d) n
0 10 20 30 40 50 60 70 80 90 100

E
ne

rg
y

×10-11

0

1

2

3

4

5

6

7

8

9

t=20µs

Local energy. f=0.62MHz

Fig. 7 a) Spatiotemporal of voltage propagation results
the full numerical integration of Eq. (6) for the frequency
f=0.62MHz and Eq. (18) (for t=0) as the initial condition. b)
The evolution of dark voltage in cell 10. c) Spatiotemporal
propagation of the local energy (8). d) The energy density of
the dark voltage computes at t = 20µs.


