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Abstract

The vibration characterization is directly associated with the system’s
physical properties, such as mass, damping, and stiffness. For over a cen-
tury, vibration resonator or dynamic absorber has been used for vibration
control and mitigation in many sectors of engineering. A limitation of
this device is that it acts as a notch filter, which is only effective over a
narrow band of frequencies. Therefore, researchers have designed the call
metamaterial, which in this case, targets the improvement of vibration
attenuation and induces locally resonant bandgaps. This work investi-
gates the broadband vibration mitigation of a beam under tensile load
with periodically attached dynamic absorbers. The study uses the modal
analysis approach, a simple formulation that only depends on the res-
onator target frequency and total mass ratio to investigate single and
multiple-frequency bandgap formation. Metamaterial and rainbow meta-
material beam under tensile load are employed to widen the gap. In
practical designs, a finite number of resonators is required for the open
bandgap, and this ideal number is explored in the paper. Additionally, a
tensiled beam (cable) virtual twin is built from a physical system to fore-
cast its broadband vibration mitigation with the metamaterial approach.
Numerical investigations are conducted regarding the effects of mass ratio
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and the ideal mass ratio on the open and on the gap convergence, as well
as resonators in single and multiple arrangements inducing multiple gaps.

Keywords: Metamaterial, Rainbow metamaterial, Digital Twin, Conductor
cable, Bayesian identification

1 Introduction

The design and development of metamaterial for engineering applications has
grown over the decade thanks to advances in the manufacturing process. The
application of metamaterials in general, including electromagnetic, optical,
and acoustic implementations is present in a variety of economy sectors, as
shown by a recent study published by Grand View Research. It estimates
that the metamaterial market will be worth 4,634.8 Million USD by 2025 [5].
Noise and vibration cause fatigue and subsequent mechanical and structural
failures that can lead to accidents, system degradation, human discomfort,
and catastrophic failures. Targeting this problem, metamaterials offers a large
application in vibration control, from attenuating vibration to inducing an
isolation and mitigation broadband, known as bandgaps. The metastructure
design to control the vibration concept, as a structure attached to a periodical
number of discrete spring-mass-damper absorbers, proved to be an efficient
design in application aiming to vibration broadband control that works also
for elastic waves of short and long wavelengths[4].

A comprehensive overview of materials and their applications was pub-
lished by [6] while [7] explored metamaterials for vibration control. Local
resonators (LR) is based on the concept of mechanical dynamic vibration
absorbers (DVAs) [1, 8]. Several researchers have explored the functionality
and efficiently of locally resonant elastic-acoustic metamaterials on a variety
of structures. The theory of metamaterial beam designed for broadband vibra-
tion control was published in [8], and Dianlong et. al. [10] explored the flexural
vibration band gaps in Euler-Bernoulli beams with locally resonant structures
with two degrees of freedom. The mechanism of bandgap formation in a beam
was presented in Sugino et. al.[13] and a general theory for bandgap estimation
in locally resonant metastructures was published in [12]. Xiao et al.[9, 11] inves-
tigated the bandgap behaviour and the formation mechanisms of beams with
periodically attached vibration absorbers and, in [16], the authors expanded
on previous studies by introducing multiple periodic arrays of local resonators
into a LR beam to explore the broadband vibration attenuation. Timoshenko
beams attached with single- and multi-resonator were investigated in [14, 15].
Instabilities and non-linearities in locally resonant metamaterial beam were
investigated in [27, 28].

Aside from the numerical methods commonly used to analyze the meta-
materials, e.g. finite element method, spectral element method, plane wave
expansion, wave finite elements, among others, Sugino et al. [12, 13] proposed
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an analytical solution based on the modal analysis of bandgap formation. The
modal analysis approach [1, 19] incorporates the modal parameter information
and the dependence of the bandgap width on the number and spatial distribu-
tion of attachments in a finite structure. In this case, lattice-based dispersion
characteristics of local resonator and the modal interaction between a primary
structure and its attachments is covered by [12]. The authors managed to
derive (in closed form) the expression for the bandgap edge frequencies using
the resonant frequency of the resonators and the ratio of the resonator mass to
the plain structure mass. This technique has been used in structures as strings,
rods, shafts, bare beams, membranes, and plates. Zhong et al. [40] investi-
gated the metamaterial I-Girder beam for vibration absorption of composite
stayed bridges and Singleton et al.[41] designed a resonator-based metamate-
rial for broadband control of transverse taut string vibration. Zhou et al[29]
also investigated the tunable flexural wave band gaps in a prestressed elastic
beam with periodic smart resonators.

A practical application involving beam under tensile load system is the
cable structures. The mathematical model of the cable conductor available
in the literature goes to the simplest mathematical based on the taut strings
without bending stiffness to more complex where a homogeneous elastic beam
with constant bending stiffness and subjected to a constant tensile load is con-
sidered [20–22]. A review of the mechanical models of cables was published by
Cardou [23] and Spak et al. [24, 25]. The stockbridge damper is a tuned mass
damper commonly used for vibration suppression in conductor cable. The con-
trol is over one to two resonant frequencies and its effectiveness can be affected
by the installation position on the conductor and overall characteristics [26].
The concept of the Stockbridge damper is similar to the local resonators that
were thoroughly investigated on the acoustic metamaterial used to induce
bandgaps. Digital twin technology is an emerging concept whose application
has gained prevalence in the industry and academia [35]. A digital twin is a
computed model of a physical device or system that represents all functional
features and continually adapts to operational changes based on the collected
online data and information. It can also forecast the future of the correspond-
ing physical counterpart [34, 36]. Despite numerous applications and models
exploring vibration control on the beam under tensile load system (cables),
to date, studies on the metamaterial and rainbow metamaterial beam under
tensile load exploring their dynamic response and the broadband bandgap
formation in single to multiple frequencies are still unheard of in the literature.

This paper proposes a metamaterial beam under tensile load to induce
single- and multiple-frequency local bandgap formation and a efficient way to
wide them. Modal analysis approach is used based on the available theory
present in [12] is extended to a beam under tensile load and multi-frequency
frameworks. The objectives of the present study are to address three major
issues: (i) formulating the modal analysis of single and multiple bandgap
formation to a beam under tensile load; (ii) investigating the efficiency of meta-
material and the rainbow metamaterial to broadband gap widening related to
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the ideal mass ratio; and (iii) demonstrating the application of the broadband
vibration mitigation in a real system by applying the concept of the digital
twin. The metamaterial’ numerical models would be developed based on the
analytical modal analysis to carry out an accurate yet computationally effi-
cient analysis. The cable’s digital twin run from the physical system to forecast
its broadband vibration mitigation and associated implication.

2 Beam under tensile load

Analytical solution of vibrations in a beam under effect of tensile load and other
external forces f(x, t) that induces lateral vibrations illustrated in Fig. 1a was
formulated in Rao[3]. Free-body diagram of an infinitesimal element draft is
shown in Fig. 1b, the external forces per unit length are the bending moment,
M(x, t), shear force V (x, t), and axial or tensile load T (x, t).

(a) (b)

Fig. 1: Slender flexural beam under tensile load effect(a) and infinitesimal
element (b) [3].

Applying the dynamic equilibrium equation, the vertical motion is

− (V + dV ) + fdx+ V + (T + dT ) sin (θ + dθ)− T sin θ = ρA dx
∂2w

∂t2
(1)

where dV = ∂ V/∂ x dx, A is the cross-section area, ρ the material mass
density, w and θ are the vertical and the rotational displacements, respectively.
The motion equation around the point O is expressed by

(M + dM)− (V + dV ) dx+ fdx
dx

2
−M = 0 (2)

where dM = ∂ M/∂ x dx. By using the relationship V = ∂ M/∂ x dx and
from the Euler-Bernoulli thin beam theory, the relationship between bending
moment and deflection yields

M = EI
∂2w

∂x2
(3)
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where E is the elastic modulus and I is the moment of inertia. Assuming small
displacement and combining Eqs. (1) and (2), the tensioned beam’s differential
equation of motion will be

∂2

∂x2

[

EI
∂2w

∂x2

]

+ ρA
∂2w

∂t2
− T

∂2w

∂x2
= f (x, t) (4)

or in the homogeneous form

EI
∂4w (x, t)

∂x4
− T

∂2w (x, t)

∂x2
+ ρA

∂2w (x, t)

∂t2
= 0 (5)

The solution of Eq. (5) can be obtained via separation of variables tech-
nique. Assuming harmonic solution w(x, t) = w(x)(A cos ω t + B sin ω t) ,
where w(x) = Csx. For a simply supported beam under axial force, the natural
frequency can be written as

ωn =
π2

L2

√

EI

ρA

(

n4 +
n2TL2

π2EI

)
1

2

, n = 1, 2, . . . . (6)

and modal shape
φn = sin(nπx/L) (7)

where ρ A is the mass per unit of length, EI is the uniform bending rigidity, L
is the cable length, and (x, t) is the tensioned beam displacement as a function
of the position x and time t.

3 Modal analysis of bandgap formation in a
beam under tensile load

Applying the assumption of an infinite number of resonators placed on the
structure, the locally resonant bandgap edge frequencies are derived in closed
form. This expression for the bandgap edge frequencies only depends on the
resonant frequency of the resonators and the ratio of resonator mass to plain
structure mass, and it can be used for any typical vibrating structure (strings,
rods, shafts, beams, membranes, or plates). To tie this work to other research in
the field, the bandgap expression is validated numerically with the band struc-
ture obtained from the plane wave expansion method. To demonstrate that
the derived bandgap expression is useful for design, we validate the bandgap
expression for a finite number of uniformly distributed resonators. We also
discuss the performance of metastructures with non-uniform resonator distri-
butions, as well as the effect of parameter variation in the resonant frequencies
of the resonators.
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3.1 Single frequency bandgap formation

The general equation of motion of a forced, undamped system with distributed
parameters is of the form of [1]

L(x)w(x, t) +mẅ(x, t)−

S
∑

p=1

kpup(t)δ(x− xp) = f(x, t) (8)

where m = ρA is the mass per unit of length and, for the beam under tensile
load, the stiffness operator is

L =
d2

dx2

[

EI
d2w

dx2

]

− T
d2w

dx2

The equation for the resonators yields

mpüp(t) + kpup(t) +mpẅ(x, p, t) = 0 p = 1, 2, ..., S. (9)

where w(x, p, t) is the displacement of a point with position vector p related to
the beam, L is the linear homogeneous stiffness differential operator, m is the
mass density of the structure, kp, mp, and up(t) are, respectively, the stiffness,
mass, and displacement of the pth resonator, xp is the attachment location of
the pth resonator, δ(x− xp) is the spatial Dirac delta function, S is the total
number of resonators, and f(x, t) is the external force. The ˙denotes the partial
differentiation with respect to time. The general solution of the Eq.(8) of the
form,

w(x, t) =

N
∑

j=1

φj(x)yj(t) (10)

by replacing Eq.(10) into Eq.(8) gives

N
∑

j=1

L(x)φj(x)yj(t) +m

N
∑

j=1

φj(x)ÿj(t)−

S
∑

p=1

kpup(t)δ(x− xp) = f(x, t) (11)

The normalized mode shape of the bare structures satisfy the orthogonality
condition [1],

∫ L

0

mφj(x)φi(x)dx = δij = 1

∫ L

0

L(x)φj(x)φi(x)dx = ω2
j δij

where phij(x) and φi(x) are the j-th and i-th normalized mode shapes of the
bare structure, δij is the Kronecker delta, and ω2

j is the resonant frequency of
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the j-th mode of the bare structure. Multiplying Eq. (11) by φi(x) and applying
the orthogonality conditions of the mode shapes gives

ÿj(t) + ω2
j yj(t)−

S
∑

p=1

kpup(t)φj(xp) = qj(t) (12)

where qj(t) =
∫ L

0
φi(x)f(x, t)dx. Assuming yj(t) = Yje

iωt, up(t) = Upe
iωt,

f(x, t) = Fδ(x − xp)e
iωt, Qj = Fφj(xe), and substituting those variables in

Eq. (12) yields

(ω2
j − ω2)Yj −

S
∑

p=1

kpUpφj(xp) = Qj (13)

with the general solution in Eq. (9), one has

− ω2mpUp + kpUp− ω2mp

N
∑

i=1

φi(xp)Yi = 0 (14)

and

Up =
ω2mp

kp − ω2mp

N
∑

i=1

φi(xp)Yi (15)

Replacing Eq. (15) in (13) expresses the bare beam coupled to the
resonators in a modal base as

(ω2
i − ω2)Yj −

S
∑

p=1

kpφj(xp)
ω2

ω2
p − ω2

N
∑

i=1

φi(xp)Yi = Qj (16)

where ω2
p = kp/mp, for mp = ǫm∆L[2], for ∆Lj =

∫

Lj
dL is the length of the

subdomain Lj , therefore Eq. (13) becomes

(ω2
i − ω2)Yj −

S
∑

p=1

−ǫm∆Lω2
pφj(xp)

ω2

ω2
p − ω2

N
∑

i=1

φi(xp)Yi = Qj (17)

rearranging Eq.( 17) yields in a system equation of N coupled linear equations
that cannot be solved for a simple analytical expression due to the coupling
introduced by absorbers[2]. This case requires a numerical solution for the
response of a given system.

(ω2
i − ω2)Yj − ǫω2

N
∑

i=1

S
∑

p=1

ω2
p

ω2
p − ω2

mφj(xp)φi(xp)∆LYi = Qj

(ω2
i − ω2)Yj − ǫω2

N
∑

i=1

ω2
p

ω2
p − ω2

(

S
∑

p=1

mφj(xp)φi(xp)∆L

)

Yi = Qj (18)
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A simplification proposed by Sugino et al.[2] of the system given in
Eq. (18) relies on the consideration that S → ∞ while mass ratio m is
kept unchanged. The domain region becomes infinitesimal and the resonators
scatter throughout the entire domain, so that

lim
S→∞

S
∑

p=1

mφj(xp)φi(xp)∆L ≈

∫ L

0

mφj(x)φi(x)dx = δij (19)

Hence, the simplification proposed in Eq. (19) is exact when S → ∞, but
can be used as a good approximations considering

S
∑

p=1

mjφj(xp)φi(xp) ≈ m

∫ L

0

mφj(x)φi(x)dx = mδij (20)

this approximation is crucial for bandgap formation with a finite number of
resonators, which become continuous in space with the assumption. Assuming
the limits established in Eq. (20), Eq. (18) turn into

(ω2
j − ω2)Yj − ǫω2 ω2

ω2
p − ω2

Yj = Qj (21)

where the displacement in a modal base is given by

Yi =
Qj

(ω2
j − ω2)− ǫω2

ω2

ω2
p − ω2

(22)

The system of equations decouples and yields the transfer matrix of the
bare structure coupled to resonators, given as

α(ω) =
w(xr, ω)

f(xe, ω)
=

N
∑

j=1

φj(xr)φj(xe)

ω2
j − ω2

(

1 + ǫ
ω2

p

ω2
p−ω2

) (23)

Modal parameters of a beam under tensile load are described in section 2,
Eqs. (6) and (7).

3.2 Multi-frequency bandgap formation

The general equation of motion for the beam under tensile load, attached to
multiple periodic arrays of spring-mass local resonators, is of the form of

L(x)w(x, t) +mẅ(x, t)−

N̄
∑

n̄=1

S
∑

p=1

kn̄pu
n̄
p (t)δ(x− xp) = f(x, t) (24)
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where L(x)w(x, t) is the stiffness operator described in Eq. 9, and w(x, p, t) is
the displacement of a point with position vector p, m is the main structure
mass. For multiple periodic arrays of attached single-DOF spring-mass local
resonators, the δ(x − xp) is the Dirac delta function. The equations for the
n̄−resonators are expressed by

m(1)
p ü(1)

p (t) + k(1)p u(1)
p (t) +mpẅ(x, p, t) = 0

m(2)
p ü(2)

p (t) + k(2)p [u(2)
p (t)− u(1)

p (t)] + k(3)p [u(3)
p (t)− u(2)

p (t)] = 0

:

m(n̄)
p ü(n̄)

p (t) + k(n̄)p [u(n̄)
p (t)− u(n̄−1)

p (t)] = 0 p = 1, 2, ..., S, n̄ = 1, 2, ..., N̄

(25)

where kn̄p , m
n̄
p , and un̄

p (t) are, respectively, the stiffness, mass, and displace-

ment of the pth resonator at n̄-DOF, xp is the attachment location of the pth

resonator, δ(x− xp) is the spatial Dirac delta function, S is the total number
of resonators, N̄ is the total number of degree of freedom. Similar assumptions
made in section 3.1 are validated here, and the general solution presented in
Eq. (10) into Eq.(24) gives

N
∑

j=1

L(x)φj(x)yj(t) +m

N
∑

j=1

φj(x)ÿj(t)−

N̄
∑

n̄=1

S
∑

p=1

kn̄pu
n̄
p (t)δ(x− xp) = f(x, t)

(26)
Multiplying Eq. (26) by the normalized mode shapes φi(x) and applying

the orthogonality conditions, the equation of motion became

ÿj(t) + ω2
j yj(t)−

N̄
∑

n̄=1

S
∑

p=1

kn̄pu
n̄
p (t)φj(xp) = qj(t) (27)

as expressed in section 3.1, qj(t) is the modal force, yj(t) and up(t) assume
harmonica solution, Qj = Fφj(xe), and substituting Eq. (12) yields

(ω2
j − ω2)Yj −

N̄
∑

n̄=1

S
∑

p=1

kn̄pU
n̄
p φj(xp) = Qj (28)

the multiple resonators’ general solution in Eq. (25) under modal basis is
expressed as

−

N̄
∑

n̄=1

ω2mn̄
pU

n̄
p + kn̄pU

n̄
p − ω2mn̄

p

N
∑

i=1

φi(xp)Yj = 0 (29)
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and the modal displacement as

U n̄
p =

ω2mn̄
p

kn̄p − ω2mn̄
p

N
∑

i=1

φi(xp)Yj (30)

Substituting Eq. (30) into (28) it gives the beam attached to multiples
resonator in a modal base solution. Thus, the main structure coupled to the
multiple resonators is then

(ω2
i − ω2)Yj −

N̄
∑

n̄=1

S
∑

p=1

kn̄pφj(xp)
ω2

(ωn̄
p )

2 − ω2

N
∑

i=1

φi(xp)Yj = Qj (31)

Assuming similar arrangement, simplification, and orthogonality properties
described from Eq (16) to (20), one has

(ω2
j − ω2)Yj − Yj

N̄
∑

n̄=1

ǫn̄ω2 ω2

(ωn̄
p )

2 − ω2
= Qj (32)

where the displacement in a modal base is represented by

Yi =
Qj

(ω2
j − ω2)−

∑N̄
n̄=1 ǫ

n̄ω2
ω2

(ωn̄
p )

2 − ω2

(33)

The system of decoupled equations return the metamaterial beam transfer
matrix as

α(ω) =
w(xr, ω)

f(xe, ω)
=

N
∑

j=1

φj(xr)φj(xe)

ω2
j − ω2

(

1 +
∑N̄

n̄=1 ǫ
n̄ ω2

p

(ωn̄
p )2−ω2

) (34)

4 Numerical application

This section first explores a numerical application on the broadband bandgap
formation. These studies investigate an ideal number of resonators on the
single- and multi-frequency local bandgap formation. A digital twin is then
performed from an experimental application of an overhead transmission
conductor. From the digital twin investigations on broadband vibration,
mitigation is performed.

The numerical analyses consider an aluminum beam simply supported at
both ends and whose properties are: diameter of 50 mm, mass per unit length
of ρA = 1.305 kg/m, flexural rigidity of EI = 1472 Nm2, tensile load of T =
2700 Kgf, and span of L=20 m. Figure 2 shows the metamaterial beam under
tensile load designed to mitigate vibration in a single (Fig 2a) and multiple
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(Fig 2b) frequency band. A unitary excitation force is located at the right edge
(interface point-0), and the receptance responses estimated along the beam’s
interface are guided by the point from 0 to 10.

(a)

(b)

Fig. 2: Slender flexural metamaterial beam under tensile load designed to
mitigate vibration in (a) single frequency and (b) multi-frequency.

This study analyzes the beam with and without control receptance response
estimated at point-10 with unitary excitation force located at point-0. The
resonators are designed to vibrate at 4.92 and 19.92 Hz, similar resonant fre-
quency of the beam’s 4th and 11th vibration mode shape, respectively. Figure 3
shows the control effect performed by attaching the resonators in a periodical
arrangement. In those cases, the mass ratio is ǫ = 50%. Figures 3a and 3c show
the receptance responses of the resonators at each desired frequency. Figures 3b
and 3d are the dynamic responses of the bare and metamaterial beam. A sin-
gle LR-bandgap opens around the designed frequencies. The bandgap width
induces a broadband vibration band isolation. Therefore, neither the energy
nor the elastic wave can propagate within the bandgap region. Moreover, wave
energy is reflected or temporarily stored in resonators, which isolates the vibra-
tion in a local frequency. The control beam’s dynamic response shows new
resonance pick or a shift on the pick towards the neighbour modes; the result
of shifting the resonance response spectrum is caused by changing the time of
the shock. Similar behaviour was observed in the shock response spectrum.

Figure 4 shows the results of three cases regarding multi-frequency isolation
that allows simultaneous vibration mitigation on multiple mode shapes. The
first case, LR-bandgap formation, happens at 4.92 and 19.92 Hz and is shown
in Fig 4a. In both frequency ranges, the vibration was mitigated, two shifting
resonance picks appeared at 5.7 and 24.5Hz, and no disturbance on the other
mode shapes occurred because of the LR-gap property, as shown in Fig 4b.
Acoustic metamaterial relies on the infinite-resonator concept that considers
the simple bandgap expression is exact when S −→ ∞. However, in practical
applications, S will assume a finite number. The mass ratio directly affects the
attenuation bandwidth, which saturates and cannot be widened by increasing
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(a) (b)

(c) (d)

Fig. 3: Receptance responses of the resonators with natural frequencies set
at (a) 4.92 Hz and (b) 19.92Hz; responses of the bare and metamaterial beam
with induced bandgap at (c) 4.92 Hz and (d) 19.92Hz.

the mass. Once it is the desire to widen the bandwidth, the use of graded or
rainbow metamaterial [30, 31] is an alternative. Both techniques refer to the
variation in the natural frequencies of the local resonators that act together in
a close range. In graded metamaterial, the resonator’s mass remains the same
and the stiffness changes its values to achieve the designed resonate frequency
and, in a rainbow metamaterial, the resonators are developed to vibrate in
specific frequency without limitation of the structural parameters. Hence, the
second study case investigates the rainbow metamaterial beam under tensile
load LR-bandgap widening.

Figure 4c is the resonator’s response designed at frequencies 4.72, 4.82,
4.92, 5.02, and 5.12 Hz, and Fig 4e is the resonators resonating simultaneously
at 19.72, 19.82, 19.903, 20.02, and 20.12 Hz. Figure 4d shows the receptance
response for the bare beam, the metamaterial beam, and the rainbow meta-
material beam with the bandwidth gap given in each case. It is notorious that
the rainbow metamaterial can wide the bandgap region. The shifting reso-
nance picks emerge at 9.2Hz. Analogous receptance responses comparison, but
with the LR-bandgap induce at around 19.92 Hz, is exhibited in Fig 4d. Given
the rainbow multi-frequency configuration, the bandwidth does not affect the
position of this gap because the resonant behaviour of local absorbers domi-
nates such a resonance gap, but it affects the mode neighbourhood, induces
an amplitude vibration reduction, and dissipates the shifting frequency.

The receptance response is estimated along with the bare and controlled
beam’s interface (point 0-10) with unitary excitation force located at point -
0. Figure 5a shows the receptance responses map of the beam without control
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(a) (b)

(c) (d)

(e) (f)

Fig. 4: Receptance responses of the resonators with natural frequencies set
at (a) 4.92 and 19.92Hz; (b) Responses of the bare and metamaterial beam
with induced bandgap at 4.92 and 19.92Hz; (c) Rainbow resonator receptance
response with tuned frequencies around 4.92 Hz; (d) Responses of the bare,
metamaterial, and rainbow metamaterial beam with induced bandgap around
4.92. (e) Rainbow resonator receptance response with tuned frequencies around
19.92 Hz; (f) Responses of the bare and metamaterial beam with induced
bandgap at 4.92 and 19.92Hz.

obtained over the beam’s interface, the red marks on the map represent the
highest amplitude of each mode resonance pick and the blue area is the valley
representing anti-resonance, or the bandwidth gap. From Fig 5b to 5f are the
maps of the controlled beam. In those cases, LR-bandgap opening at similar
resonators’ tuned frequencies is evident and remain along with the map. For
the multiple frequencies, mitigation displayed in Fig 5b opening bandgaps are
simultaneous at 4.92 and 19.92 Hz. One can also see the shifting resonance
frequencies towards the neighbourhood modes. By comparing metamaterial
and rainbow metamaterial beam map response for a tuned resonator at 4.92Hz,



Springer Nature 2021 LATEX template

14 Multi-frequency broadband vibration mitigation of a beam under tensile load

(a) (b)

(c) (d)

(e) (f)

Fig. 5: Receptance map response for:(a) Bare beam; (b) Multi-frequency meta-
material beam with tuned frequencies at 4.92 and 19.92Hz; (c) Metamaterial
beam with tuned frequency at 4.92Hz; (d) Metamaterial beam with tuned
frequency at 19.92 Hz; (e) Rainbow metamaterial beam with tuned frequen-
cies around 4.92Hz; (f) Rainbow metamaterial beam with tuned frequencies
around 19.92Hz.

the gain in bandwidth and valley amplitude is evident on the rainbow beam and
the disorder of shifting frequency input on close mode shapes (Figs 5c and 5e).
Analogous behaviours are seen in Figs 5d and 5f, which are the map response
for a tuned resonator at 19.92Hz. Those studies demonstrate the efficiency of
both metamaterials on mitigating vibration and the LR-bandgap formation.
The bandgap attenuating and isolating vibration in a frequency region also
induces other resonance frequencies near the isolating frequency band region.
Therefore, it is a common problem induced by vibration control based on
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dynamic vibration absorbers that can be manipulated in some frequency range
with the rainbow metamaterial.

4.1 Ideal mass ratio on bandgap formation

The infinite-resonator approximation described in Eq. 20 is exactly when S −→
∞. Therefore, the ideal number of resonators in most applications does not
rely on such conditions. In preview analyses, we investigated an efficient design
of metamaterial beam under tensile load. Here the ideal number of resonators
related to the mass ratio is investigated to show the bandwidth gap changes
with a reduced number of ǫ. It is also important to understand how the required
mass ratio attachments change target frequency and the neighbour modes.
Since the beam under tensile load is uniform, the mass of each resonator is
expressed as mp = mL/S. Figures 6a to 6d show a map relating receptance
response with the mass ratio and properly demonstrate the nature of bandgap
formation in a finite structure.

In all cases, the bandgap is indicated by black dashed lines. Bandgap forma-
tion of the metamaterial beam with designed LR bandgap at 4.92Hz initiated
in 10% of ratio mass and converges its bandwidth at around 50%, when its
largest broadband remains this size regardless of the ratio mass addition. The
rainbow metamaterial beam presented a mass ratio reduction up to the conver-
gence, which occurs in 20% of cases (Fig 6b). The mitigation in higher modes
required more mass attached to the main system for bandwidth convergence.
Figure 6c is the metamaterial beam and Fig 6d the rainbow metamaterial,
both considerations render a bandwidth gap convergence at 65 and 30% of
ratio mass, respectively. A bandgap formation map of multi-frequency meta-
material beam tuned at 4.92 and 19.92Hz is shown in Fig 6e, which converges
the bandwidth around 50 and 65% mass ratio. Without exception, the shift-
ing resonance frequency effect is observed in the form of a red line vertically
crossing the map, varying its mode shape position as the mass ratio increases.
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(a) (b)

(c) (d) (e)

Fig. 6: Bandgap formation map: (a) Metamaterial beam with designed
LR bandgap at 4.92Hz; (b) Rainbow metamaterial beam with designed LR
bandgap around 4.92Hz; (c) Metamaterial beam with designed LR bandgap at
19.92Hz; (d) Rainbow metamaterial beam with designed LR bandgap around
19.92Hz; (c) Multi-frequency metamaterial beam with tuned frequencies at
4.92 and 19.92Hz.

In brief, one can expect that low-frequency bandgaps will have a relatively
small structural response in the bandwidth and its convergence with less mass
ratio and that high-frequency bandgaps will have a wider gap, but a bigger
mass ratio is needed for the convergence. Indeed, it is inevitable that any
damping in the structure will limit the extent of vibration reduction and affect
the responses. This, however, was not examined in this study. It is expected
that this dynamic characteristic of the metamaterials would differ for different
combinations of boundary conditions and low resonator values because the
modal parameters will be different.

4.2 Experimental application

Cable experimental measured inertance responses are compared with the
numerical model based on the spectral element method (SEM) [33, 37, 38] and
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on Modal analysis technique applied in this paper. The digital twin is a com-
puterized model of a physical system that represents all functional features
and links with the working elements [34]. This section is devoted to validating
the numerical model employed here and building the digital twin cable, which
will be a reference model for the physical–virtual convergence. The cable’s
structural parameters used to compute the virtual cable were estimated from
the experimental data using Bayesian identification and Markov Chain Monte
Carlo methods, briefly described in Appendix A. Further analysis used the
virtual cable to investigate its vibration mitigation and the bandgap formation.

Fig. 7: Experimental set-up: general overview of the CEPEL’s laboratory span
(left) and schematic experimental set-up(right) [32, 33].

The experimental test illustrated in Fig. 7 was performed at the laboratory
span of the Electric Power Research Center (CEPEL). The simply-supported
cable under analysis is an ACSR Grosbeak with a nominal diameter of D =
25.15 mm, a mass per unit length of ρA = 1.3027 kg/m, and the length of
L = 51.950 m. The estimated cable’s Young’s Modulus was E = 2.01 GPa,
as given in Appendix A, and density of ρ = 3000 kg/m3. In the experimental
tests, the tensile load was set at 1680 kgf, about 19% of the Grosbeak rated
tensile strength. The cable was excited by an electrodynamic shaker at 1.606
m from the support and measured with four accelerometers nominated Ac4,
Ac1, Ac2, and Ac3, placed at 1.606 m, 26 m, 34 m, and 39 m, respectively. The
force transducer used is a Bruel-Kjäer-model 8230-002, and the accelerometers
are IEPE Bruel-Kjäer-model Deltatron 4519-001 with 1 gr mass (more details
of experimental set up in [32, 33]).
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Fig. 8: Comparison of experimental inertance response to numerical response
calculated using SEM and Modal Analyse. Inertance response are obtained at
accelerometer Ac3 (LHS) and at the point of the accelerometer Ac4 (RHS).

Figure 8 is the comparison of numerical response calculated using SEM
and Modal Analysis, with the experimental inertance response of the cable
without attachments, all obtained on accelerometer Ac3 and Ac4. The curves
show a good approximation among them, and the numerical models did not
consider any damping, which explains the sharp resonance picks. The vibration
control simulation was performed by the constructed local resonant absorbers
using the digital twin of the cable. Designed resonators vibrated at the tuned
frequencies of 9.51 and 15.48 Hz, attached uniformly along the cable within
1.73 m resulting in a total of 28% of mass ratio
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(a) (b)

(c) (d)

Fig. 9: Experimental and numerical inertances with and without control.
Metamaterial beam with designed LR bandgap at 9.51 Hz obtained at
accelerometers Ac3 (a) and Ac4 (b). Metamaterial beam with designed LR
bandgap at 15.48Hz obtained at accelerometers Ac3 (c) and Ac4 (d)

.

Fig. 10: Experimental and numerical inertances with and without control.
Metamaterial beam with designed LR bandgap at 9.51 Hz and 15.48Hz
obtained at accelerometers Ac3 (LHS) and Ac4 (RHS).

Figures 9a and 9b are, respectively, the inertance responses obtained at
accelerometers Ac3 and Ac4. The images show the plain cable experimen-
tal response (without attachments), numerical inertance for the plain virtual
cable, and metamaterial cable with designed LR bandgap at 9.51 Hz. Herein,
only the metamaterial was applied given the the existence of ADV, known
as Stocksbridge, which commonly works in two frequency ranges. Figures 9c
and 9d show the plain cable experimental response on the Ac3 and Ac4
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points and the numerical response of the plain virtual cable and the meta-
material with a tuned frequency at 15.48 Hz. Assuming the mass ratio of
28%, a bandgap was generated and isolated the vibration at desired frequen-
cies. The shift frequency effect impacted the closest mode shapes, slightly
increasing the amplitude and inducing other resonance points. Aside from this
disorder, the cable’s dynamic maintained its modal characteristic. By imply-
ing multiple frequencies, as shown in Fig 10, two open bandgaps were formed
simultaneously.

Fig. 11: Bandgap formation map of the metamaterial cable with designed LR
bandgap at 9.51Hz (LHS) and at 15.48Hz (RHS).

The bandwidth is determined by the ratio of the total mass of the absorbers
related to the plain cable mass, as demonstrated in section 4.1. For the cable
application, mass ratio versus bandgap formation is displayed in g 11. Stabi-
lization of the bandwidth occurred around 30% for the LR gap set at 9.51Hz
and 45% at 15.48Hz. From the relation mp = mL/S, it is easy to calculate
the number of resonators needed. Therefore, 28% of mass ratio corresponds to
S=30 of resonators periodically attached to the cable, and ǫ = 45% is near 47
resonators.

5 Conclusion

This work investigated broadband vibration mitigation employing a metama-
terial and rainbow metamaterial beam under tensile load. We calculated the
theory for bandgap estimation proposed in [12], which was extended to a beam
under tensile load application and presented for a multi-frequency application.
Local resonant bandgap formation for simple and multiple frequencies was
directly influenced by the mass ratio, which saturated, and could not widen
the band above a certain mass. When we wished to widen the gap, the con-
cept of rainbow metamaterial proved a solid alternative. The results show the
concept of rainbow metamaterial through the beam’s receptance responses,
and the bandgap map shows the gain when using the rainbow metamaterial,
which influences the bandwidth and the shifting resonant frequency effects.
Bandgap formation related to the mass ratio was also explored. In lower modes,
the bandgaps presented a small structural response in the bandwidth and it
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converged with less mass ratio while, for higher modes, the bandgaps were
wider but a bigger mass ratio was needed. We expected that this dynamic
feature of the metamaterials would differ for different combinations of bound-
ary conditions and low resonators values because the modal parameters were
different.

For an application study case, we considered a cable metamaterial. The
digital twin cable was derived from a physical cable installed at CEPEL’s lab-
oratory, representing all functional features and links with the working system.
The cable’s structural parameters used to computerize the digital model were
estimated from the experimental data by Bayesian identification theory. The
virtual twin of the cable was used to investigate its vibration characteristics,
mitigation, and bandgap formation. This proved to be a powerful model to
monitor and design the optimum vibration control system for the cable.
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Appendix A Cable parameter estimation

The process of building a computational model (M) is considered to describe
the physical system (B). In addition, a set of measurements (y) is known and
the structuring process occurs from the identification of the parameters’ vector
of interest (θ). Where y and θ are modelled as a random variable, the model’s
predictive response is given by ym = ym(θ). The a posterior probability dis-
tribution function(PDF), which relates the PDFs of the experimental data to
the vector of parameters of interest π(θ|y), is based on the Bayes theorem
expressed in terms of probability distributions, and takes the following form

π(θ|y) =
π(y|θ)π(θ)

π(y)
(A1)

where π(y|θ) represents the system’s likelihood function, π(θ) prior PDF, and
π(y) is the PDF associated with the experimental data. The information about
the likelihood PDF can be obtained using a particular model of observation of
the system. It is considered that the relationship between the observed data (y)
and the predictions of the (y(θ)m) model can be described from an observation
model with additive noise (ν) as yexp = y(θ)m+ν. The additive noise describes
the difference between an experimental observation and the prediction of the
model, represented by a random vector. Therefore, given that y, θ and ν are
random variables will be related to a joint PDF π(y, θ, ν). By considering that
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the noise is stationary, Gaussian with known variance σ2
ν , then the likelihood

function can be represented as

π(yexp|θi) =
1

(2π)
n/2

σn
ν

exp

(

−
1

2

(yexp − ym (θi))
T
( yexp − ym (θi))

σ2
ν

)

(A2)

which corresponds to the probability of having measured data yexp given a
specific model y(θ)m, defined by the parameter set θ. To obtain information
about the unknown parameters, we used the Monte Carlo Markov Chain from
the UQLab toolbox [39].

(a) (b)

(c) (d)

Fig. A1: Bandgap formation map of the metamaterial cable with designed
LR bandgap at 9.51Hz (LHS) and 15.48Hz (RHS).

In the estimation operated with 20 chains, each one contained 5000 sam-
ples. Prior distribution of Young’s modulus and mass were assumed as uniform
Uρ(2.8e3, 3.2e3) and UE(190e9, 210e9), respectively. Figures A1(a-b) are the
scatterplots of prior and posterior distribution related to their respective
discrepancy parameter pi(σ2) of each parameter. Figures A1(c-d) are the con-
vergence graph of the expected parameter values over all chains. Results show
that Young’s modulus converges to E = 2.01GPa and density to 3000 kg/m3

estimated from the experimental data.
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