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Study of a New 5-DOF Parallel Mechanism for

Multi-directional 3D Printing
Yesong Wang, Changhuai Lyu, Jiang Liu*, Jinguang Zhang and Zhixin Jia

Abstract

This paper first designs a new 5-DOF parallel mechanism with 5PUS-UPU for multi-directional 3D printing,

and then analyses its DOF by traditional Grubler-Kutzbach and motion spiral theory. It theoretically shows that

the mechanism meets the requirement of 5 dimensions of freedoms including three-dimensional movement and

two-dimensional rotation. Basing on this, the real mechanism is built, but unfortunately it is found unstable in

some positions. Grassmann line geometry method is applied to analyze its unstable problem caused by singular

posture, and then an improving method is put forward to solve it. With the improved mechanism, closed loop

vector method is employed to establish the inverse position equation of the parallel mechanism, and kinematics

analysis is carried out to get the mapping relationships between position, speed and acceleration of moving and

fixed platform, Monte Carlo method is used to analyze the workspace of the mechanism, to explore the

influencing factors of workspace, and then to get the better workspace. Finally an experiment is designed to

verify the mechanism working performance to satisfy the spatial motion requirements of multi-directional 3D

printing.

Keywords: Screw theory; Singularity; Inverse position solution; Monte Carlo

1 Introduction

Parallel mechanism (PM) can be defined as a closed-

loop mechanism in which the moving platform and

the fixed platform are connected by at least two in-

dependent kinematic chains. The mechanism has two

or more degrees of freedom, and is driven in parallel.

Common parallel mechanisms are Delta and Stewart.

Unlike traditional series structure, parallel structure

is widely used in automobile, aviation, medical treat-

ment, education and other fields due to its small cumu-
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lative error, high precision, light weight of moving part,

high speed, fast dynamic response, compact structure,

high rigidity and large bearing capacity [1].

3D printing, also known as additive manufacturing,

processes parts by adding materials layer by layer.

Unlike traditional material removal technology, 3D

printing process does not require any dies and ma-

chining, and generates various shapes through sim-

ple trajectory planning, which greatly improves pro-

duction efficiency and reduces production costs [2, 3].

The 3D printer based on parallel mechanism inher-

its the advantages of high rigidity-mass ratio, no ac-

cumulation of position errors and great loading ca-
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pacity of the parallel mechanism, and becomes a hot

spot in robot research and application in the world

[4–8]. At present, many scholars have applied parallel

mechanisms with different postures to 3D printers and

achieved many results. Among them, Delta mechanism

has been successfully applied in cases of 3D printing

technology based on three-dimensional translation and

high accuracy [9]. Guo Xiaobo [10] and others ana-

lyzed the workspace of 3-HSS parallel 3D printer and

Bi Changfei [11] did kinematics analysis and Simu-

lation of 3-HSS parallel 3D printer. These 3D print-

ers based on parallel mechanism have higher precision

and better motion performance than those based on

series mechanism, but for these 3D printers based on

a 3-freedom parallel mechanism, their printing heads

can only maintain one direction. However, during the

printing process, it was found that they cannot print

parts with complex surfaces or slopes with high qual-

ity.

Therefore, with the development of 3D printers, a

concept of multi-directional printing has been pro-

posed. This printing method can accumulate materi-

als in different directions on the formed surface, which

improves the quality of the surface of complex printed

parts, but requires the mechanism with 5 degrees of

freedom. Keating S et al. [12] designed a five-degree-of-

freedom 3D printer to achieve multi-directional print-

ing. However, this robot adopts a serial mechanism,

and the inertia and error of the entire mechanism are

large. At present, there are relatively few studies on

multi-directional 3D printing based on parallel mech-

anisms. Song et al. [13] applied the Stewart paral-

lel mechanism to a 3D printer, but the six-degree-of-

freedom Stewart mechanism achieves a relatively small

working space and has one redundant degree of free-

dom to rotate around the print head. Fang Yuefa et al.

[14] designed a four-degree-of-freedom parallel multi-

directional 3D printer and performed kinematic analy-

sis. Wei Ye et al. [15] designed a reconfigurable parallel

mechanism for multidirectional additive manufactur-

ing, which has four motion modes to choose from, but

can only achieve up to four degrees of freedom in one

mode. Pan Ying et al. [16] designed a five-degree-of-

freedom parallel 3D printer, but with a compound dy-

namic platform, the complex structure is not suitable

for promotion.

With the development of parallel mechanism, the

analysis of singularity and optimization of workspace

of parallel mechanism have become a hot research

topic. J. Wang [17] used a 4 × 4 Jacobian matrix to

analyze the singularity of a spatial 4-DOF parallel

mechanism; J. Gallardo-Alvarado et al. [18] analyzed

the singular configuration of a 4-DOF parallel robot

by using the screw theory; Sheng Guo et al. [19] ana-

lyzed the singularity of a 4-RRCR parallel mechanism

using srew theory; Thomas, M.J. [20] used a numeri-

cal based algorithm to determine the singular points

within the workspace of the 3-PRUS mechanism by

determining points where the determinant of the Ja-

cobian becomes zero; Wolf [21] analyzed the singular-

ity of two kinds of 3-DOF parallel robots by using the

Grassmann line geometry method; Chunxu Tian et al.

[22] analyzed singularities of a partially decoupled gen-

eralized parallel mechanism for 3T1R motion; Zongjie

Tao et al. [23] deveoped system design methodology

(LIDeM) for reducing interference among links and in-

creasing workspace of mechanism; Liping Wang et al.

[24] optimized 3-PUU parallel mechanism modules for

different application objectives.

In this paper, a 5-DOF parallel mechanism based

on multi-directional 3D printer is designed. The mech-

anism adopts parallel structure completely and the

printer head is installed on the moving platform of

the parallel mechanism. During the printing process,

as the posture of the moving platform changes, the

print head can realize multi-directional printing. As
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the driving part of the parallel mechanism, two meth-

ods of constant-length link drive and telescopic link

drive are currently adopted. Comparing the two meth-

ods, the fixed-link length driving mode can greatly re-

duce the structural size of the link, which is not easy

to produce interference in the process of movement

[25]. Therefore, this driving mode is used to build par-

allel mechanism in this paper. Finally, we study the

5PUS-UPU five-degree-of-freedom parallel mechanism

from aspects of scheme design, freedom degree verifi-

cation, test equipment construction, singularity analy-

sis, scheme improvement, mechanism motion analysis,

workspace analysis, and experimental verification.

2 Design and verification of the scheme

2.1 Design of the primary scheme

At present, 6-DOF Stewart platform [26] is used as the

prototype for 5-DOF parallel mechanism. The min-

imum degrees of freedom of the 3D printer structure

that meets multi-directional printing is 5–3 movements

and 2 rotations. In the case of satisfying the degree

of freedom requirement, the less degree of freedom of

the mechanism, the simpler mechanical structure, the

lower manufacturing and control costs. Therefore, we

choose to remove one of the six active limbs in the

Stewart platform, and then rearrange the spatial po-

sitions of the five active limbs. However, at this time,

there are only 5 driving modules, while the number of

degrees of freedom of the moving platform is 6. The

number of driving modules is less than the degrees of

freedom of the mechanism, which will cause the motion

of the moving platform to be uncertain. The redundant

degree of freedom of the moving platform is limited by

adding a restraint limb between the moving platform

and the fixed platform. At this time, the number of

degrees of freedom of the moving platform is 5, which

meets the requirement of the degree of freedom.

As for the drive part of parallel mechanism, fixed-

length link drive and telescopic link drive are the

two most widely used ways at present. The driving

mode of the mobile pair with a fixed-length link can

greatly reduce the structural dimension of the link and

avoid interference during the movement [24]. There-

fore, we choose the driving method of the mobile pair

with a fixed-length link in this paper. The five mo-

bile pairs are used as actuators, which are symmetri-

cally distributed in the shape of regular pentagons in

space. The moving platform also adopts the symmet-

rical structure of the positive pentagon. As shown in

Figure 1, the mechanism consists of five PUS limbs

and one UPU limb. Five PUS limbs are called driving

limbs, where P1 ∼ P5 are used as driving elements to

represent the mobile pairs and are distributed on the

corners of the positive pentagon, which called sliders.

U1 ∼ U5 represent Hook joints, connecting 5 sliders

and 5 connecting links. S1 ∼ S5 represent the spheri-

cal hinges, connecting the moving platform and 5 con-

necting links. At the same time, the UPU limb is called

the constrained limb, U6 and U
′

6
represent Hook joints,

which are fixed to the center of the regular pentagon

and the center of the moving platform, respectively. P6

represents the mobile pair, connecting Hook joints U6

and U
′

6
.

2.2 Verification of the primary scheme

2.2.1 Verification of degree of freedom by

Grubler-Kutzbach formula

The number of degrees of freedom determines whether

the designed mechanism meets the requirements, so

the analysis of the degrees of freedom is particularly

important. The traditional Grubler-Kutzbach method

is relatively simple, only depends on the number of

components and kinematic pairs of the mechanism,

and the degree of freedom of the mechanism can be

obtained only through the most basic mathematical

calculations. Therefore, this paper firstly uses Grubler-

Kutzbach method to verify the degree of freedom of the
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Figure 1 Design sketch of parallel mechanism

mechanism. The main contents of Grubler-Kutzbach

method are as follows:

In three-dimensional space, when a component is free

before it is connected with other components by kine-

matic pairs. The n components including the frame

have 6(n−1) degrees of freedom. When one component

is connected to another component with a kinematic

pair, the component is constrained to a certain extent

and its degree of freedom is reduced. When the two

components are connected by a kinematic pair with

fi degrees of freedom, the degree of freedom of the

original system is reduced by 6 − fi due to increased

constraints. When the number of kinematic pairs con-

tinues to increase to g, the degree of freedom of the

system is reduced by

6g −

g
∑

i=1

fi (1)

At this time, the degree of freedom of the mechanism

is

M = 6(n− g − 1) +

g
∑

i=1

fi (2)

Where M is the degree of freedom of the mechanism

(Mobility); n is the total number of components of the

mechanism; g is the number of kinematic pairs of the

mechanism; fi is the number of degrees of freedom of

the ith kinematic pair.

In this mechanism, n = 14, g = 18,
g
∑

i=1

fi = 35,

and without virtual constraints, compound hinges, lo-

cal degrees of freedom and other special circumstances,

so

M = 6(n−g−1)+

g
∑

i=1

fi = 6×(14−18−1)+35 = 5 (3)

That means the mechanism has 5 degrees of freedom,

and the five sliders are used as the driving part, and

the mechanism can achieve a certain movement.

2.2.2 Verification of degree of freedom by screw

theory

Traditional Grubler-Kutzbach method can only be cal-

culated as 5 degrees of freedom of the mechanism,

which is not clear about the specific situation of the

degree of freedom. Therefore, after a long-term de-

velopment, the idea of solving the degree of freedom

of parallel mechanism by screw theory emerged. The

degree of freedom of 5-PUS-UPU parallel mechanism

is further analyzed by using screw theory. In screw

theory, the screw is generally expressed as (S; S0)or
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plücker coordinates (a b c; l m n) [27]. S is the orig-

inal part of the rotation and S0 is the dual part of

the rotation [16].The reciprocal product of two screws

($1 = (S1; S0

1
), $2 = (S2; S0

2
)) is defined as the sum

of the dot products after the exchange of the original

and dual part

$1 ◦ $2=S1 · S
0

2
+ S2 · S

0

1
(4)

When the reciprocal product formed by $1 and $2 is

0:

$1 ◦ $2=0 (5)

They are reciprocal, and the screw $2 is called the

reciprocal screw of $1. Therefore, the reciprocal screw

can be obtained based on the fact that the reciprocal

product of the two screws is 0.

The parallel mechanism designed in this paper uses

5 identical PUS limbs as the active limbs and 1 UPU

limb as the constrained limb. Now the centre point of

the Hook joint is set as the origin o, the directions of

the two axes are the x-axis and the y-axis, respectively,

and the z-axis is perpendicular to the xoy plane to

establish a coordinate system, as shown in Figure 2.

The kinematic pairs on the active limbs are sequen-

tially decomposed into single-degree-of-freedom mo-

tions, and the achievable motion of active limb 1 is

expressed in a screw form [28]:

$1 = (0 0 0; l1 m1 n1)

$2 = (1 0 0; 0 0 0)

$3 = (0 1 0; 0 0 0)

$4 = (1 0 0; 0 m4 0)

$5 = (0 1 0; l5 0 0)

$6 = (0 0 1; 0 0 0)

Where l1, m1, n1, m4, l5 represent coordinate pa-

rameters that are not zero, and $1 is the screw repre-

sentation of moving pair P1; $2 is the spiral represen-

tation of degree of freedom of rotation of Hook joint

U1 around x-axis; $3 is the screw representation of de-

gree of freedom of rotation of Hook joint U1 around

y-axis; $4 is the screw representation of degree of free-

dom of rotation of spherical hinge S1 around x-axis; $5

is the screw representation of the degree of rotation of

spherical hinge S1 about the y-axis, and $6 is the spi-

ral representation of the degree of rotation of spherical

hinge S1 about the z-axis.

Figure 2 Sketch of limb 1

The screw system consisting of $1, $2, $3, $4, $5, and

$6 has been simplified to:

























1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 l5 0 0

0 0 0 0 m4 0

0 0 0 0 0 n1

























(6)
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The twist of the active limb has a full rank, so there

is no reciprocal screw. Similarly, the other four active

limbs have the same analysis results. It can be seen

that the five active limbs have no restriction on the

moving platform [29].

When analyzing the constraint of the constraint limb

to the moving platform, constrained limb coordinate

system o6−x6y6z6 is established. Similarly, the centre

point of Hook joint is set as origin o, and the two axes

of Hook joint are set as x6-axes and y6-axes respec-

tively, and the z6 axes are perpendicular to the plane

of x6o6y6 to establish coordinate system, as shown in

Figure 3.

Then , the screw system of the restrained limb is

represented as:

$1 = (1 0 0; 0 0 0)

$2 = (0 1 0; 0 0 0)

$3 = (0 0 0; l3 m3 n3)

$4 = (1 0 0; 0 m4 0)

$5 = (0 1 0; l5 0 0)

Where l3, m3, n3, m4, l5 represent coordinate param-

eters and are not 0.

The screw system consisting of $1, $2, $3, $4, and $5

has been simplified to:





















1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 l5 0 0

0 0 0 0 m4 0

0 0 0 0 0 n3





















(7)

Finally, the reciprocal screw of the constrained limb

is: $r = (0 0 0; 0 0 1). From the physical mean-

ing of the screw and the reciprocal screw, when the

screw represents motion, the reciprocal screw repre-

sents constraints, that means, the constraint limb gives

the moving platform a constraint moment rotating

around the z-axis, while the remaining degrees of free-

Figure 3 Sketch of limb 6

dom are unrestricted. That is, the moving platform

can achieve the movement of five degrees of freedom

– moving along the x-axis, y-axis, z-axis and rotating

around the x-axis and y-axis.

2.2.3 Experimental verification

After the above scheme of 5-DOF parallel mecha-

nism is verified by Grubler-Kutzbach and screw the-

ory, the prototype is built for experiment in this study.

The frame of the prototype is built with the 20-

millimetre-long profiles. The screw module and pro-

files are connected by connecting plates. The 5-DOF

parallel mechanism is composed of a moving platform,

upper and lower plates, ball screws, driving limbs, re-

strainting limb, connecting plates, Hook joints and

spherical hinges, as shown in Figure 4. In this paper,

the lower plate is the fixed platform, and the geometric

center of the fixed platform is set as the zero position.

However, after the construction of the prototype, when

the moving platform is directly above the zero point, it

is found that the movement of the moving platform is
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unstable and the degree of freedom is uncertain. The

experimental results show that the scheme needs to be

improved.

2.2.4 Problem analysis of parallel mechanism

Parallel mechanism has the characteristics of strong

bearing capacity, large stiffness and high motion accu-

racy. However, in practical application, it appears stiff-

ness degradation, motion instability, bearing capacity

reduction and other phenomena when it is at some

special positions, which is revealed in the experimental

verification. In the study of this paper, the uncertainty

of degree of freedom appears when the moving plat-

form is directly above the zero point. The reduction of

mechanism performance is not only related to the de-

sign, manufacture and assembly of the mechanism, but

also closely related to the unique singularity and the

dynamic stability of the singularity. The singularity of

the mechanism generally refers to the situation that

the inverse kinematics solution of the mechanism does

not exist, the mechanism motion is unstable, and the

driving force in the limb suddenly increases at some

positions [30]. The analysis of singularity is the basis

to verify the design and avoid the motion in singular

space.

2.3 Singularity analysis

The essence of singularity of parallel mechanism is

force screw failure of partial limbs acting on the mov-

ing platform. Based on this, the force of limbs acting

on the moving platform is defined as line vector. The

linear correlation between these line vectors is ana-

lyzed by using Grassmann line geometry method and

the maximum linear independent number of these line

vectors is defined as rank of line cluster.

The rank of the line cluster can be divided into 1 to

5 [31]. When the rank of the line cluster is 1, there is a

line in the three-dimensional space. When the rank of

a line cluster is 2, it includes two types of spatial dis-

tribution: (a) A pair of skew lines; (b) A flat pencil of

lines. When the rank of the line cluster is 3, there are 4

kinds of spatial distribution: (a) A regulus; (b) All lines

through a point; (c) The union of two flat pencils hav-

ing a line in common but lying in distinct planes and

with distinct centers; (d) All lines in a plane . When

the rank of the line cluster is 4, the spatial distribu-

tion is 4 kinds: (a) Elliptic congruence; (b) Parabolic

congruence; (c) Hyperbolic congruence; (d) Degener-

ate congruence. When the rank of the line cluster is

5, there are two spatial distributions: (a) Non singular

complex: generated by five skew lines ; (b) Singular

complex: all the lines meeting one given line.

The singularity of this scheme occurs when the mov-

ing platform is parallel to the fixed platform and the

moving platform is directly above the zero point, the

force line vector extension lines of the five limbs inter-

sect at one point, as shown in Figure 5. In this case,

the singular form of the rank of the line cluster belongs

to the (b) spatial distribution with rank 3 of the line

cluster. It is the case that all lines through a point. At

this time, the rank of the five force line vectors is 3.

In theory, for a compound screw system composed of

force line vectors and couple-vectors, if the force line

vectors are linearly independent of each other, and the

couple-vectors are independent of each other, after the

force line vectors are translated, the new force couple

system composed of the resulting additional force cou-

ple and the original force couple system is also linearly

independent. However, the specific research object of

this paper is five force line vectors and a couple-vector.

From the specific form of plücker coordinate, the rank

of the composite screw system is equal to the rank of

a directional vector matrix composed of five force line

vectors plus one couple-vector rank [32]. Therefore, the

rank of the five force line vectors is 3, plus the rank 1

of the couple-vector, so that the rank of the final com-

posite screw system is 4. The corresponding physical
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(a) three-dimensional model (b) physical prototype

Figure 4 three-dimensional model and physical prototype

Figure 5 Singular position of preliminary scheme

meaning is that the movement of the moving platform

along the X, Y and Z axes and the rotation around

the Z-axis are effectively constrained while the rota-

tion around the X and Y axes is not limited, resulting

in a singularity. This kind of singularity is called the

”structural singularity” of the mechanism since both

fixed and moving platforms are regular pentagons.

2.4 Scheme improvement and singularity analysis

2.4.1 Scheme improvement

Based on the singular defect caused by the same shape

of fixed platform and moving platform in the prelim-

inary scheme, the moving platform is changed from

pentagon to quadrilateral. The mechanism sketch is

shown in Figure 6.

In the improved scheme, the fixed platform also uses

5 mobile pairs as input and presents a positive pen-

tagonal symmetrical distribution in space, while the

moving platform uses a rectangular structure.
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Figure 6 Mechanism schematic diagram of the improved

scheme

2.4.2 Singularity analysis of improved parallel

mechanism

Singularity is an inherent property of parallel mecha-

nism [33]. it is found that the improved parallel mech-

anism scheme still has singularity, which occurs at the

position shown in Figure 7. At this time, the singular-

ity of the line cluster rank belongs to the (b) spatial

distribution of line cluster rank 4, which is parabolic

congruence. The rank of the five force line vectors is

4, plus the rank of the constraining force couple, the

final composite screw system has a rank of 5. The cor-

responding physical meaning is that after fixing 5 input

sliders, the rotational freedom of the moving platform

around the line connecting the spherical hinges S1 and

S2 is not effectively constrained, and the singularity

occurs. However, after carefully studying the position

of the singularity occurring in the new scheme, it is

found that due to the restriction of the spherical hinge

angle in the parallel mechanism, the moving platform

cannot move to this position. That means, the posi-

tion of the posture has exceeded the workspace of the

moving platform. It can be seen from this that the im-

proved parallel mechanism has no singularity in the

workspace, and each position can be uniquely deter-

mined by the mechanism.

3 Kinematic analysis

3.1 Establishment of inverse kinematics equations

The coordinate systems of the mechanism consists of a

moving coordinate system and a fixed coordinate sys-

tem, as shown in Figure 6. The transformation matrix
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Figure 7 Singularity of improved scheme

of the moving coordinate system ob − xyz relative to

the fixed coordinate system Op −XY Z is:

T = Trans(x, y, z) ·Rot(α, β, γ)

=















1 0 0 x

0 1 0 y

0 0 1 z

0 0 0 1















·















cosβ sinβsinα sinβcosα 0

0 cosα −sinα 0

−sinβ cosβsinα cosβcosα 0

0 0 0 1















=















cosβ sinβsinα sinβcosα x

0 cosα −sinα y

−sinβ cosβsinα cosβcosα z

0 0 0 1















(8)

Where x, y and z represent the moving distance of

the moving coordinate system along the X, Y and Z

axes of the fixed coordinate system respectively; α, β

and γ represent the rotating angles of the coordinate

system along the X, Y and Z axes of the fixed coor-

dinate system respectively. Any point in the moving

coordinate system can be converted into a specific co-

ordinate value in the fixed coordinate system by





Si

1



 = T





si

1



 (9)

Where Si is the coordinate value of 5 spherical hinges

in the fixed coordinate system; si is the coordinate

value of 5 spherical hinges in the fixed coordinate sys-

tem, and T is the coordinate transformation matrix.

The coordinate values of Hook joint Ui(i = 1 ∼ 5) on

the fixed platform and spherical hinge Si(i = 1 ∼ 5)

on the moving platform in their respective coordinate

systems are obtained through geometric relationship.

Then the coordinate values of each point of the moving

platform Si(i = 1 ∼ 5) in the fixed coordinate system

can be obtained from Eqs. (8). During the movement

of the moving platform, the link length remains un-

changed. Any drive limb has the following closed-loop

vector diagram shown in Figure 8:

Figure 8 Closed-loop vector diagram
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Closed loop vector equation is established for Figure

8:

SiUi = OpU
′

i + U
′

iUi −OpSi, i = 1, 2, ...5 (10)

Among them, Op is the origin of fixed coordinate sys-

tem, Si is the geometric center of spherical hinge on

moving platform, Ui is the geometric center of Hook

joint fixed on slider, U
′

i is the projection of Ui on the

plane of fixed coordinate system XOY , and the mod-

ulus of the vector corresponds to the length from the

center of the Hook joint to the center of the spherical

hinge on each driving limb of L1 ∼ L5, and this length

is a fixed value during the movement of the moving

platform.

Li =
∣

∣SiUi

∣

∣ =

√

(XU
i −XS

i )
2
+ (Y U

i − Y S
i )

2
+ (ZU

i − ZS
i )

2

(11)

Where XU
i , Y U

i , and ZU
i represent the X, Y and Z

coordinates of Ui; X
S
i , Y

S
i , and ZS

i represent the X,

Y and Z coordinates of Si.

The mapping equation for the position of five driv-

ing sliders and the posture coordinates of the moving

platform is simplified as follows:

ZU
i = ZS

i ±

√

Li
2 − (XU

i −XS
i )

2
+ (Y U

i − Y S
i )

2
(12)

Specific inverse equations can be obtained by incor-

porating coordinate values of Ui and Si. Considering

that the five sliders must be above the moving plat-

form during the movement, the position inverse solu-

tion equation only takes positive signs.

The velocity equation of the mechanism is obtained

by taking the derivative of Eq. (12) with respect to

time. Similarly, the acceleration equation of the mech-

anism is obtained by taking the derivative of the ve-

locity equation with respect to time.
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(13)

Where Uiz(i = 1, 2, ..., 5) represents the coordinate

of the Z axis of the five sliders in the static coordinate

system.

3.2 Algorithm simulation

In this mechanism, radius of outer circle of geometric

center of Hook joint fixed on five sliders R = 135 mm.

The distance from the spherical hinge to the geometric

center of Hook joint Li = 205 mm. The coordinate

values of the five spherical hinges rotation centers in

the moving coordinate system are x1 = 35 mm, y1 =

51 mm, x2 = −35 mm, y2 = 51 mm, x3 = −51 mm,

y3 = −35 mm, x4 = 51 mm, y4 = −35 mm, x5 = 0

mm and y5 = 51 mm. On the premise of x = 0 and

β = 0 ◦, the trajectory curve equation of the center

point of the moving platform is:















α = π
3
+ 1

30
πt, (0 < t < 10)

y = 50 cosα

z = −50 sinα

(14)

The geometric center target track of the moving plat-

form is shown Figure 9.

The position change trajectories of the five sliders

corresponding to this condition are obtained by in-

verse position solution formula as shown in Figure 10.

The simulation results of the position curve show that

the position change curves of the five sliders on the

ball screw can be obtained by inverse position solution
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Figure 9 The motion path of the moving platform

equation as long as the motion path of the moving plat-

form is known, which lays a foundation for the control

of the mechanism.

The velocity curves of the five sliders under this con-

dition are obtained by taking the derivative of the in-

verse position equations with respect to time, as shown

in Figure 11.

The acceleration curves of the five sliders under this

condition are obtained by taking the second derivative

of the inverse position equations, as shown in Figure

12.

The acceleration simulation results of five sliders

show that the position, speed and acceleration images

of the sliders correspond to each other, and the ab-

solute value of acceleration increases when the slope

of the speed curve increases. The maximum absolute

acceleration of the five sliders is 0.47 mm/s2, and this

position is the end of the curve. The larger acceler-

ation value is caused by the smaller angle between

the fifth limb and the XOY plane of the fixed coordi-

nate system. If the movement continues according to

this trend, the fifth limb will be parallel to the fixed

platform, and a singularity will occur. Therefore, when

planning the target curve of the moving platform, the

Figure 10 Position curves of sliders

Figure 11 Velocity curves of sliders
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Figure 12 Acceleration curves of sliders

workspace of the mechanism should be fully consid-

ered and the target curve should be strictly controlled

within the workspace. The simplest way is to ensure

the position of five sliders above the moving platform.

On this basis, the speed and acceleration values of the

five sliders are analyzed to provide basis for motor

drive control in the later stage.

3.3 Research on the return home algorithm

As the initial position of the whole mechanism, the

zero position corresponds to the reference point in the

motion model. The accuracy of the zero position has a

great influence on the motion accuracy of the mecha-

nism. Therefore, it is very important to design reliable

return home function and strictly guarantee the accu-

racy of return home position. Different from the actual

coordinate axis of series mechanism, parallel mecha-

nism is also called virtual axis mechanism, and there

is no actualX,Y, Z axis, so the method of setting refer-

ence point on X,Y, Z axis is not feasible. In this paper,

one position is chosen in each of the five driving parts

of the parallel mechanism as the reference point for the

return home of each axis of the parallel mechanism, as

shown in Figure 13. Through the zero return button

in the control program, the five sliders driven by the

driving motor move to a fixed limit position in the co-

ordinate system of the parallel mechanism. The fixed

limit position is a reference point of the zero point of

the parallel mechanism, and is a fixed value relative to

the origin of the fixed platform mechanism. The spe-

cific method is to set the motor speed so that the five

sliders move in the same direction and at the same

speed. If the sliders move to the limit position first,

they will stop moving. Until all the sliders move to

the corresponding limit position, the mechanism will

return to the zero reference point.

The position of the reference point is determined by

the position of the zero switch installed on the lead

screw module. When the zero return button on the

control panel is triggered, each driving shaft starts to

seek zero along the positive direction of Z axis and

at the same speed, and the moving platform moves in

the positive direction of Z axis. When a drive shaft

triggers the zero switch, a command is sent to control

the shaft to stop moving. Until the five drive shafts

reach the reference point, the moving platform is in a

fixed position, and this position is directly above the

true zero point of the parallel mechanism. Then, drive

5 motors to move down a fixed distance to make the

moving platform coincide with the zero point of the

parallel mechanism. At this time, clear the position

information of each drive shaft through the zero clear-

ing function to complete the return home operation.

4 Workspace analysis

4.1 Influencing factors of workspace

The main factors that affect the workspace of parallel

robot are:

(1) The limitation of the length of link. The link

lengths of each limb is not random and must be lim-

ited to a certain range. When the length of the link is

the minimum, the moving platform and the five limbs

are in the same plane, and the mechanism has a sin-

gularity. When the length of the link is the maximum,
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Figure 13 Diagram of go home process

the moving platform and the fixed platform coincide,

the five sliders are located at the top of the lead screw,

and the whole mechanism is locked.

(2) Limit of slider stroke. The influence of slider

stroke range on workspace is mainly concentrated on

Z dimension of workspace.

(3) The limitation of the position and angle of the

spherical hinge. Because the movement range of the

spherical hinge is in a certain range, and the change

of the position of the spherical hinge arrangement will

change the position where the spherical hinge reaches

the limit.

(4) Limit of link interference. In the actual proto-

type, each link has a certain size, so interference should

be avoided.

4.2 Monte Carlo method

Monte Carlo method is based on the idea of ran-

dom sampling to solve mathematical problems. The

flowchart of solving mechanism workspace by Monte

Carlo method is shown in Figure 14. The analysis pro-

cess is as follows:

Step 1. The random function is used to traverse the

value in the initially set workspace.

Step 2. These values are introduced into the inverse

kinematics solution Eq. (12) to obtain the

variable values of each kinematic pair.

Step 3. Record the corresponding traverse points of

each motion pair in the workspace. These

recorded traverse points are the points that

the geometric center of the moving platform

can reach, and finally constitute the three-

dimensional point cloud map of the workspace.

4.3 Algorithm simulation of optimal workspace

(1) Based on the influencing factors of workspace, the

simulation parameters are changed to obtain the opti-

mal workspace. The parameters are set as follows: the

geometric centers of Hook joints on sliders are evenly

distributed on the circle with radius R = 135 mm.

Since the length of link affects the size of workspace,

the length of five driving links is set as L = 165 mm,

185 mm, 205 mm and 225 mm respectively, and the

projection of workspace on the XOY plane is shown

in Figure 15.

From the comparison of Figure 15(a)-(d), it can

be seen that when the length of the link is changed

from 165 mm to 205 mm, the projection of the three-

dimensional workspace on the XOY plane is signifi-
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Figure 14 The flowchart of solving mechanism workspace by Monte Carlo method
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(a) L = 165 mm, Z = 0 mm (b) L = 185 mm, Z = 0 mm

(c) L = 205 mm, Z = 0 mm (d) L = 225 mm, Z = 0 mm

(e) L = 205 mm, Y = 0 mm (f) L = 225 mm, Y = 0 mm

Figure 15 Limitation of link length interference
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cantly larger, but there is no obvious change from 205

mm to 225 mm. Figure 15(e) and Figure 15(f) show

the projection of the three-dimensional workspace on

the XOZ plane when the α, β, and Y coordinates of

the moving platform are all zero. After comparison, it

is found that when L = 205 mm, the workspace has

a better Z direction space. Therefore, we choose the

link length of the limb to be 205 mm.

(2) After determining the length of the link L = 205

mm, the position of spherical hinge is optimized as

shown in Figure 16 and the simulation result is shown

in Figure 17.

When the length of the link and distribution radius

of the Hook hinge are the same, and the spherical

hinge is distributed according to Figure 16(a), the pro-

jected area of the working space on the XOY plane is

120 mm × 180 mm. When the spherical hinge is ar-

ranged according to Figure 16(b), the projection area

of the corresponding workspace in the XOY plane is

160 mm × 120 mm, and the workspace is heavily bi-

ased to the negative direction of the Y axis, as shown

in Figure 17(b). Comparing the two schemes of spher-

ical hinge, it is found that scheme 1(Figure 16(a)) has

better isotropy in the workspace of XOY plane, so this

scheme will be adopted in the subsequent mechanism

construction, and the previous chapters are based on

the analysis of this solution.

(3) Fixed posture workspace

As an important form of workspace, fixed posture

workspace studies the size of workspace when the mov-

ing platform is in a fixed posture. When α equals 5 ◦,

10 ◦, 15 ◦ and 20 ◦, the fixed posture workspace is an-

alyzed to study the influence of single posture angle

on workspace. The results are shown in Figure 18.

Similarly, when β changes from 5 ◦ to 20 ◦, the

change in the fixed posture workspace is shown in Fig-

ure 19.

Finally, when both two posture angles are 0 ◦, the

size of the three-dimensional workspace is studied on

the basis of the optimized length of the link and the

position of the spherical hinge. The results are shown

in Figure 20.

From Figure 18 and Figure 19, we can see that the

5-DOF parallel mechanism consists of two degrees of

freedom of rotation, and the size of the two posture

angles affects the size of the workspace, showing a gen-

eral rule that the size of fixed posture workspace de-

creases with the increase of the posture angle and de-

viates from one direction of the coordinate axis. As to

whether any variable attitude curve in space is within

the workspace, we can reverse the kinematics of the

subdivision points of the target curve to judge if the

position of the sliders and the angle of spherical hinges

corresponding to each subdivision point are within the

range of motion.

The overlapping part of the simulation results of the

fixed posture workspace satisfies the two cases, so ac-

cording to the symmetry and superposition of the sim-

ulation results of α and β, the workspace size of the

mechanism is 80 mm × 150 mm × 300 mm, when α

and β are in the range of ±5 ◦. It is known from Figure

20 that when α = 0 ◦ and β = 0 ◦, the size of the fixed

posture workspace is 120 mm × 175 mm × 300 mm.

5 Experiment

The whole prototype is made of profiles with side

length of 20 mm, and the lead screw module and pro-

files are connected by connecting plates. The whole

5-DOF parallel mechanism is composed of moving

platform, upper and lower plates, ball screws, driving

limbs, restraining limb, connecting plates, Hook joints

and spherical hinges. The lower plate in this paper is

also called fixed platform. The 3D model and physical

model are shown in Figure 21.

The size of the profile is shown in Figure 22; the

diameter of the link is 8 mm, the length of the link
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(a) Scheme 1 (b) Scheme 2

Figure 16 Distribution of spherical hinges on the moving platform

(a) Scheme 1 (b) Scheme 2

Figure 17 Workspace diagrams of the distribution of spherical hinges for schemes 1 and 2
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(a) α = 5 ◦ (b) α = 10 ◦

(c) α = 15 ◦ (d) α = 20 ◦

Figure 18 Fixed posture workspace of α
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(a) β = 5 ◦ (b) β = 10 ◦

(c) β = 15 ◦ (d) β = 20 ◦

Figure 19 Fixed posture workspace of β
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Figure 20 Fixed posture workspace

is 205 mm; Diameter, lead and effective stroke of ball

screw are 16 mm, 5 mm and 205 mm respectively; the

base size of the moving platform is a square with a side

length equal to 80 mm, and the coordinates of the cen-

ter positions of the five spherical hinges are (35, 51),

(−35, 51), (−51, −35), (51, −35), (0, 51); the slider

is connected to the Hook joint on the driving limb

through the inclined plate, and the angle between the

two planes of the inclined plate is 120 ◦. In addition,

the center points of five Hook joints connected with the

slider are evenly distributed on a circle with a radius

of 135 mm.

In order to check the degree of freedom of the mech-

anism and measure the motion accuracy of the mov-

ing platform actuator, the posture angles of the mov-

ing platform are now set to α = 0 ◦, β = 0 ◦ and

α = 0 ◦, β = −5 ◦. We use a pencil to replace the

printing nozzle, and the axis of the pencil is required

to be perpendicular to the plane of the drawing paper

and a circle with a radius of 30 mm is drawn to ver-

ify the space motion function of the device. The track

of the circle is planned and the reference speed of the

moving platform is 10 mm/s.

During the experiment, the tip of the pen starts from

the coordinate origin o. Firstly, the moving platform

moves 5 mm in the positive direction of Z-axis, then

moves to the right first above point A. The moving

platform moves 5 mm in the negative direction of Z

axis and the pen tip falls at point A. Then, go through

B,C,D counterclockwise and back to point A. Finally,

the moving platform moves up, the pen tip leaves the

paper, and the experiment is completed. Among them,

when drawing a circle with the posture angle α = 0 ◦

and β = −5 ◦ and the moving platform moves from

directly above the origin to directly above point A,

not only does the distance change, but also β changes

from 0 ◦ to −5 ◦ during this process. From this, the

rotational freedom of the parallel mechanism can be

verified.

The experimental results of drawing a circle in two

situations with posture angles α = 0 ◦, β = 0 ◦ and

α = 0 ◦, β = −5 ◦ are shown in Figure 23.

The coincidence point A of the circular trajectory

can indicate that the trajectory of the parallel mech-

anism has good coincidence, and the successful draw-

ing of circles in two cases of α = 0 ◦, β = 0 ◦ and

α = 0 ◦, β = −5 ◦ illustrates the mechanism meets

the design requirements of three-dimensional move-

ment and two-dimensional rotation freedom. Due to

the gap of hook joint and spherical hinge and the error

of connecting link length, the motion error of moving

platform is large. When the posture angle is α = 0 ◦

and β = 0 ◦, the roundness error of the circle is 2mm,

and when the posture angle is α = 0 ◦ and β = −5 ◦,

the roundness error of the circle is 1.5mm. How to

further improve the motion accuracy of the moving

platform is worthy of further study in the next step.

6 Conclusions

(1) In this paper, based on the requirement of multi-

dimensional 3D printing, two 5PUS-UPU paral-

lel mechanisms with five degrees of freedom are
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(a) 3D model of prototype (b) Physical model of prototype

Figure 21 Prototype of parallel mechanism

Figure 22 The size of profile
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(a) α = 0 ◦, β = 0 ◦ (b) α = 0 ◦, β = −5 ◦

Figure 23 Circular trajectories

designed, and their degrees of freedom are ana-

lyzed by using Grubler-Kutzbach and the screw

theory. Based on the singularity analysis, the op-

timal scheme was determined in the two schemes.

(2) The coordinate system and coordinate transfor-

mation matrix are established for the optimal

scheme. Based on the idea of inverse kinematics so-

lution, the inverse position equation is established.

The working condition that can reflect the 5-DOF

movement of the mechanism is designed, and the

position analysis, speed analysis and acceleration

analysis of the working condition are carried out.

(3) The realization method of go home function is pro-

posed. Five sliders are first searched for zero point

at the same speed in the positive direction of the

Z-axis of the fixed platform, and then stop mov-

ing after reaching their respective preset reference

points. After the five sliders reach the reference

point, the moving platform returns to the go home

reference point. Finally, move the five sliders down

a fixed distance from the reference point so that

the moving platform reaches zero point.

(4) Monte Carlo method is applyed to analyze the

workspace of the mechanism and to study the

influencing factors of the workspace. Among the

many influencing factors in the workspace, two fac-

tors are chosen: the length of the link and the posi-

tion of the spherical hinge. The mechanism is opti-

mized to obtain the optimal link length of 205mm

and the optimal position of the spherical hinge. It

is concluded that the workspace size is 120 mm

× 175 mm × 300 mm when the fixed posture is

α = 0 ◦ and β = 0 ◦, and 80 mm × 150 mm × 300

mm when α and β are within ±5 ◦.

(5) Design the experiment, set the posture angle of

the moving platform in α = 0 ◦, β = 0 ◦ and α =

0 ◦, β = −5 ◦, use a pencil replace the printing

nozzle to draw a circle. By drawing the circular

trajectory, it can be concluded that the mechanism

meets the design requirements for the freedom of

three-dimensional movement and two-dimensional

rotation.

(6) In the experimental analysis, although the exper-

imental results basically meet the design require-

ments, the kinematic accuracy of the mechanism
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is low due to the gap of hook joint and spheri-

cal hinge and the error of connecting link length.

Therefore, how to further improve the motion ac-

curacy of the mechanism will be the focus of the

next work.
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Figures

Figure 1

Design sketch of parallel mechanism



Figure 2

Sketch of limb 1



Figure 3

Sketch of limb 6



Figure 4

Three-dimensional model and physical prototype



Figure 5

Singular position of preliminary scheme



Figure 6

Mechanism schematic diagram of the improved scheme



Figure 7

Singularity of improved scheme



Figure 8

Closed-loop vector diagram



Figure 9

The motion path of the moving platform



Figure 10

Position curves of sliders



Figure 11

Velocity curves of sliders



Figure 12

Acceleration curves of sliders

Figure 13



Diagram of go home process

Figure 14

The �owchart of solving mechanism workspace by Monte Carlo method



Figure 15

Limitation of link length interference



Figure 16

Distribution of spherical hinges on the moving platform

Figure 17

Workspace diagrams of the distribution of spherical hinges for schemes 1 and 2



Figure 18

Fixed posture workspace of α



Figure 19

Fixed posture workspace of  β



Figure 20

Fixed posture workspace



Figure 21

Prototype of parallel mechanism

Figure 22

The size of pro� le



Figure 23

Circular trajectories
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