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Sebastião Simões da Cunha Jr.1 and Guilherme Ferreira Gomes1 
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Abstract. The optimization of five different responses of an auxetic model was considered: 

mass; critical buckling load under compression effort; natural frequency; Poisson’s ratio; and 

failure load. The Response Surface Methodology was applied, and a new meta-heuristic of 

optimization called the Multi-Objective Lichtenberg Algorithm was used to find the optimized 

configuration of the model. It was possible to increase the failure load by 26,75% in 

compression performance optimization. Furthermore, in the optimization of modal 

performance, it was possible to increase the natural frequency by 37.43%. Finally, all 5 

responses analyzed simultaneously were optimized. In this case, it was possible to increase the 

critical buckling load by 42.55%, the failure load by 28.70% and reduce the mass and Poisson’s 

ratio by 15.97% and 11%, respectively. This paper shows something unprecedented in the 

literature to date when evaluating in a multi-objective optimization problem, the compression 

and modal performance of an auxetic reentrant model. 

 

Keywords: Auxetic Structure; Lichtenberg Algorithm; Multi objective optimization; 
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NOMENCLATURE 

ԑ 

ν 

G 

K 

E 

ϒ 

φ 

Normal strain 

Poisson’s ratio 

Shear modulus 

Bulk modulus 

Young’s modulus 

Shear Strain 

Deformation angle 

ρ Mass density 

ω Natural frequency 

E1  Elasticity modulus direction longitudinal 

E2  Elasticity modulus direction transverse 

G12  Shear modulus plane  

k Number of design parameter 

R² Indicator of model fit 

xi Design factor i 

y RSM response 

S Standard Deviation 

ANOVA Analysis of Variance 

CCD Central composite design 

FEM Finite Element Method 

DOE Design of Experiments 
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1. INTRODUCTION 

 Auxetic structures are those that contract transversely when subjected to compression 

forces in the axial direction or expand when subjected to traction (Burns,1987). These structures 

are called auxéticas and several studies have been published on this topic. According to 

Francisco et al. (2021), the relationship between transverse and longitudinal deformations is 

called Poisson's ratio and the auxetic structures have a negative Poisson's ratio (NPR). 

 The NPR makes auxetic models have several improved properties, such as: shear, 

indentation and fracture resistance, energy absorption, etc. All these properties have been 

explored by several authors and several applications have been suggested, for example, 

bulletproof vests, car bumpers, impact absorbers, among others. Two important works showing 

some applications was done by Duncan et al. (2018) and Francisco et al. (2021). The first 

carried out a review with several auxetic for sports applications and the second make a review 

of auxetics applied in energy absorption problems. 

               In the same line, Dong et al. (2019) carried out an experimental and numerical studies 

on the compressive mechanical properties of the metallic auxetic reentrant honeycomb. The 

authors asses the effect of the negative Poisson's ratio and the cell-wall thickness on the 

crushing stress using quasi-static compressive experiment. Thus, they developed a finite 

element model and compared the numerical and experimental results. The conclusion of the 

work shows that the cell-wall thickness and the NPR has significant influence on the results 

and the number of auxetic cell in the structure has great significance too. 

             Equally important, Xiao et al. (2019) assessed the insight into the negative Poisson’s 

ratio effect of auxetic reentrant honeycomb under dynamic compression. The authors proposed 

to carry out a deep study of the NPR effect on shrinkage deformation and crushing stress. They 

developed a new theoretical formula and use it together with finite element analysis. The results 

shows that the crushing stress can be underestimated when the nominal stress-strain curve 

method is applied. 

             Several studies have been done recently. Wang et al. (2019) developed a novel re-

entrant auxetic honeycomb with enhanced in-plane impact resistance, Lekesiz et al. (2017) 

carried out a mechanical characterization of auxetic stainless steel thin sheets reentrant 

structure, Bronder (2021) focused on a design study for multifunctional 3D reentrant auxetics, 

Jiang et al. (2020) studied the crashworthiness of novel concentric auxetic reentrant honeycomb 

with negative Poisson's ratio biologically inspired by coconut palm and Baertsch et al. (2021) 



4 

 

carried out a finite element modeling and optimization of 3D printed auxetic reentrant structures 

with stiffness gradient under low velocity impact. 

 Auxetic structures are extensively studied submitted to compression, as for example, 

Yang et al. (2018) studied the behavior of auxetic structures under compression and strong 

impact. Furthermore, reentrant structures are widely applied due to their ease of construction 

and because they are widely known. There are several types of reentrant structures as shown in 

the review by Kelkar et al. (2020) on cellular auxetic structure for mechanical metamaterials. 

Due the hexagonal reentrants have excellent performance, Guo et al. (2020) studied the 

deformation behavior and energy absorption of hexagonal auxetic cylindrical structures under 

axial crushing load and obtained excellent results. 

 Nevertheless, to the best of the authors’ knowledge, very few efforts have been 

devoted to the development of hexagonal 2D auxetic multi objective optimization, specially by 

considering five objectives (structural responses). The authors of this work have so far found 

no article that analyzed several simultaneous responses to a hexagonal reentrant at the same 

time and this work aims to fill this gap in the present literature. 

 More specifically, the major contributions of this article are the results obtained by 

optimization of five different responses at the same time for a hexagonal auxetic model. It is 

noticed that optimal configurations for a response can be not good for another. In real-world 

applications, the structure is subjected to several types of simultaneous loads, and it cannot be 

neglected in its design. In addition, a new optimization algorithm (Multi-objective Lichtenberg 

Algorithm) is applied in this work. 

   This manuscript is organized as follows: section 2 presents the background of auxetic 

hexagonal model, response surface methodology and Lichtenberg algorithm. Section 3 shows 

the methodological procedure of this work. Section 4 presents the main results and discussion. 

Finally, Section 5 draws the conclusions. 

2. THEORETICAL FRAMEWORK 

2.1. Auxetic Reentrant Structures 

 In 80’s, Gibson et al. (1982) was one of the pioneers to study the hexagonal reentrant 

auxetic structures. The mechanical properties of these types of structures were verified via 

analytical and experimental methods. The author developed models that describe the desired 

properties in terms of bending, elastic buckling and plastic collapse. The Figure 1a shows the 

structure proposed by the author. 
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 The design parameters of the structure proposed by Gibson et al. (1982) are shown in 

Figure 1a and are the length of the horizontal bar (b), length of the oblique bar (l) and angle 

between bars (θ). This angle can be positive, forming a conventional hexagonal structure, or 

negative, forming a structure with auxetic behavior. When the structure is subjected to 

compression, the angle tends to increase, reducing the diameter of the structure as well. 

 

 

(a) 

 

(b) 

Figure 1 – a) Re-entrant auxetic unit cell showing geometric parameters and b) Auxetic cellular 

structure. 

 An auxetic structure is formed by several equal unit cells, thus, evaluating only one 

cell it is possible to describe the behavior of the complete structure. In this way, Gibson et al. 

(1982) developed analytical models that could explain the deformations of a single cell when 

subjected to stress. The authors considered that each part of the unit cell is a bar and described 

Equations 1 to 4 that describe, respectively, modulus of elasticity in the direction of force, 

modulus of elasticity in the direction transverse to force, Poisson's ratio, and the shear modulus 

of the structure. 

 

𝐸1 =  𝐾𝑓(𝑏𝑙 + 𝑠𝑒𝑛𝛳)ℎ𝑐𝑜𝑠³𝛳  

 

(1) 

𝐸2 =  𝐾𝑓𝑐𝑜𝑠𝛳ℎ (𝑏𝑙 + 𝑠𝑒𝑛𝛳) 𝑠𝑒𝑛²𝛳 
 

(2) 

𝜈12 =  𝑠𝑒𝑛𝛳(𝑏𝑙 + 𝑠𝑒𝑛𝛳)𝑐𝑜𝑠²𝛳  

 

(3) 
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𝐺12 =  𝐾𝑓(𝑏𝑙 + 𝑠𝑒𝑛𝛳)ℎ (𝑏𝑙 )2 (1 + 2𝑏𝑙 ) 𝑐𝑜𝑠𝛳 

 

(4) 

 

The modulus of elasticity and Poisson’s ratio in direction 1 and 2 can be related by 

Equation 2. 

                                                  E1 ν21 = E2 ν12                                                            (5) 

 

 In addition, Gibson et al. (1982) made some considerations to develop the 

analytical model: i) the bars deform only along the axis ii) there is no angular movement 

of the bars and iii) the structure is under stretching efforts. Thus, considering that the cell 

is subjected to tensile stresses in the vertical direction, the force exerted due to the applied stress 

σ2 is given by Equation 6 and the P component of w that acts along the diagonal bar is given by 

Equation 7. 

 

w = h∙(l∙sinϴ + b) ∙cos ϴ  (6) 

P = h∙σ2∙ (l∙sinϴ + b) ∙cos ϴ (7) 

 

 Equation 7 can be represented as follows: P = Ks∙δ where Ks is a constant selected so 

that δ is given by Equation 8. Dividing this Equation by the initial length we have the 

deformation in direction 2 given by Equation 9. Furthermore, using the law of Hooke, if we 

divide the strain (Equation 8) by the stress σ2 we find the Young's modulus in direction 2, given 

by Equation 9. 𝛿 =  ℎ𝜎2(𝑙𝑠𝑒𝑛𝛳 + 𝑏)𝑐𝑜𝑠𝛳𝐾𝑠  
 (8) 

𝜀2 =  ℎ𝜎2(𝑙𝑠𝑒𝑛𝛳 + 𝑏/𝑙)𝑐𝑜𝑠𝛳𝐾𝑠  
 (9) 

𝐸2 =  𝐾𝑠ℎ(𝑙𝑠𝑒𝑛𝛳 + 𝑏/𝑙)𝑐𝑜𝑠𝛳 
  (10) 

 

 It is also possible to calculate the displacement in direction 1; The deformation in this 

direction can be given by Equation 11. Furthermore, dividing Equation 8 by Equation 11, we 

have the Poisson’s ratio which is given by Equation 12. 
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𝜀1 =  ℎ𝜎2𝑠𝑒𝑛𝛳𝑐𝑜𝑠𝛳𝐾𝑠  
(11) 

𝜈12 =  − 𝑠𝑒𝑛𝛳𝑠𝑒𝑛𝛳 + 𝑏𝑙  
(12) 

 

 It is also possible to find all the parameters of the structure when it is subjected to 

stresses in the horizontal direction. This procedure will not be presented in this work, as the 

objective is not to develop the analytical model of the problem. The Equations shown in this 

work show that the Poisson’s ratio depends on the length of the horizontal bar (b) of the cell, 

the length of the diagonal bar (l) and the angle between them (θ). Thus, this manuscript aims to 

optimize the properties of an auxetic structure with hexagonal reentrant cells varying the 3 

parameters mentioned. 

 

2.2. Response Surface Methodology 

 Design of experiments is a statistical method for optimally performing experimental 

tests. This technique has several arrangements, among them the response surface methodology 

(RSM). Through the RSM it is possible to model the data and find Equations that represent 

each of the responses of interest, as shown in Equation 13 (First order) and Equation 14 (Second 

order). 

y = 𝛽0 +  ∑ 𝛽𝑖𝑥𝑖𝑘𝑖=1 + ∈ (13) 

y = 𝛽0 +  ∑ 𝛽𝑖𝑥𝑖𝑘𝑖=1 +  ∑ ∑ 𝛽𝑖𝑗𝑥𝑖 𝑥𝑗 + ∑ 𝛽𝑖𝑖𝑥𝑖2𝑘𝑖=1 + ∈ (14) 

 where x = (x1, x2, …, xk) is the vector of control variables, β is the Equation coefficients and ε 

is the model error. The β coefficients are found by analytical methods (three-level factorial 

design, box-Behnken design, central composite design, and Doehlert design). The authors of 

this work adopted the central composite design (CCD). Considering k as the number of 

controllable factors, we have that the CCD has 2k factorial points, 2k axial points and one central 

points. 

 The present work consists of 23 factorial points, 6 axial points and one central points 

with 5 replicates. An analysis will also be done through the analysis of variance (ANOVA) to 

verify which factors are important for the process and which can be eliminated. The model fit 

is checked by the adjusted R² parameter, the closer to 100%, the better. 
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2.3. Multi-objective Lichtenberg Algorithm Optimization (MOLA) 

 The Multi-objective Lichtenberg Algorithm has trajectory and population 

characteristics and was created by Pereira et al. (2021). The single-objective version of the 

algorithm was proposed by the same author (Pereira et al. 2020) and the results shown in several 

works are promising. Some of the works published using the algorithm are: Fabrication and 

mechanical characterization of red mud based AL2025-T6 MMC using Lichtenberg 

optimization algorithm and Whale optimization algorithm (Challan et al. 2021), A powerful 

Lichtenberg Optimization Algorithm: a damage identification case study (Pereira et al. 2020), 

Lichtenberg optimization algorithm applied to crack tip identification in thin plate-like 

structures (Pereira et al. 2020), Design optimizations of carbon fiber reinforced polymer isogrid 

lower limb prosthesis using particle swarm optimization and Lichtenberg algorithm (Francisco 

et al., 2020), among others. 

 MOLA is based on Lichtenberg's Figures (LF), i.e., the algorithm creates these 

Figures using the diffusion-limited aggregation theory, and the various points covered by the 

Figure are evaluated. In order to have greater reliability and coverage of the search space, LF 

has its size and orientation modified at each iteration. Furthermore, the optimal point of each 

iteration is used as a trigger for the next iteration. 

 The Lichtenberg Figure generated by the algorithm in a two-dimensional and three-

dimensional problem are shown in Figure 2. The population is chosen by the MOLA user and 

is distributed, forming the FL. Furthermore, the size of the Figure is modified in each iteration 

to have great exploitability. The Figure is built in every iteration; however, its size can be larger 

or smaller and it can be rotated to increase the refinement of the search. 

 

(a) 

 

(b) 

Figure 2 – Example of (a) 2D and (b) 3D Lichtenberg Figures created in MOLA (Pereira 

et al., 2021). 
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 The Lichtenberg Algorithm parameters are Figure creation radius, number of particles 

used in its construction, adhesion coefficient that determines the density of the cluster, local 

search refinement, small print or not to improve result refinement, construction or not of a new 

Lichtenberg Figure at each iteration. All the values must be adopted take into account the 

complexity of the problem. 

 

3. METHODOLOGY 

3.1. Numerical Modelling using Finite Element Method 

 The structure was numerically modeled in a software based on the finite element 

method that encompasses everything from the creation of the structure to the creation of the 

mesh and the results. The chosen beam element is based on Timoshenko beam theory that is an 

extension of Euler-Bernoulli beam theory that allows the shear-deformation effects and has six 

degrees of freedom at each node. Figure 3 shows the geometry, node locations, and coordinate 

system of the element that will be used in this work.  

 

Figure 3 – 3D linear finite strain beam (element). 

 Vyavahare and Kumar (2020) compared the influence of two different materials on 

the construction of reentrant structures. The authors performed numerical modeling and 

experimental tests on models made of PLA and acrylonitrile Butadiene Styrene (ABS). They 

concluded that the compressive strength of PLA is greater than ABS. Yang et al. (2018) also 

evaluated the influence of different materials on auxetic structures under compression and 

impact forces. PLA and thermoplastic polyurethane material (NinjaFlex and SemiFlex) were 
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evaluated and concluded that PLA achieved excellent results. Because of the mentioned above, 

PLA was adopted to carry out this work. 

 The 3D printing manufacturing is a process that changes the properties of the original 

material due to the build-orientation selected for fabrication and anisotropic nature of the fused 

deposition modeling (FDM) process. In this way, to find the properties of the material used, 5 

specimens were built (Figure 4a) using the same process and the same parameters that will be 

used to build the auxetic structure, the property data found will be used to feed the numerical 

model according to ASTM D695 (Figure 4b). Resultant materials properties are listed in Table 

1 and the values are used in the Finite Element Analysis. 

 

                                 (a) (b) 

Figure 4 – a) PLA specimens and b) Compression test according to ASTM D695 

                                                    Table 1 – Properties of PLA. 

Propriety Unit Value Standart 

E GPa 3.45 ASTM D695 

 Tangent modulus MPa 27 ASTM D695 

σesc MPa 20 ASTM D695 

σu MPa 33.5 ASTM D695 𝜀𝑢 mm/mm 0,0714 ASTM D695 

ρ kg/m³ 1.35 ASTM D695 

 
-- 0.36 ASTM D695 

 

 The structure has a rectangular cross section of 110.00 × 49.52 mm² and a depth of 30 

mm. Furthermore, the construction of the reentrant cell depends on 3 parameters: angle (θ), 

oblique length (l) and base length (b), as shown in Figure 1.       

12
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 To find the best possible mesh for the model, several tests were performed with 

different number of elements (mesh sizes) and the best result came from the mesh with 5 

elements per line. The numerical simulation was done according to an experimental test, in this 

way, the model was locked on one side and the force was applied at the opposite site. Boundary 

conditions are illustrated in Figure 5a and Figure 5b shows the model used for the finite element 

analysis. 

  

(a) (b) 

Figure 5 – (a) Boundary conditions applied to the model and (b) FEM model. 

 Numerical modeling was done according to experimental tests to be a faithful 

representation of reality. The numerical analyzes were according to ASTM C365 which is a 

standard test method for flat-wise compression properties of sandwich cores and the crosshead 

speed is equal to 5mm/min. A study of buckling in the structure was made using the eigenvalue 

associated with the structure stiffness matrix, i.e., the maximum buckling load is given by the 

eigenvalue multiplied by the applied load. Equation 15 and 16 shows the relationship between 

eigenvalue (Λ) and critical buckling load (λ). 

 

      [[K] – Λ [KG]{𝜃} = 0                                                                                                                        (15) 

λ = Λ ∙ Fi                                                                               (16) 

where [K] is the global stiffness matrix of the structure and [KG] is the global geometric stiffness 

matrix and the value is proportional to the initial force Fi. Thus, the eigenvector θ correspond 

the buckling mode and the eigenvalue Λ is associated to the buckling load (λ). 

3.2. Response Surface Design 

 The objective of this work is to find the optimal set of parameters for the reentrant 

cell so that the structure has the best possible performance. As already mentioned, the cell 
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parameter set is formed by the length of the oblique bar, the length of the horizontal bar and the 

angle between them (the parameters are represented in Figure 1). 

 There are two types of variables: continuous and categorical (Montgomery, 2017): 

continuous can take any value within a range, and categorical ones take a limited number of 

values. In the present work, the 3 chosen variables are continuous. Guo et al. (2020) studied a 

reentrant structure under axial crushing load. The author adopted 16mm, 8mm and 60° for the 

base length, oblique length and auxetic cell angle, respectively. The author carried out 

experimental tests and obtained excellent results with this configuration. Thus, the present work 

will vary these parameters and verify how they influence the response. Remembering that the 

other dimensions remain constant: the length, height and width are equal to 110mm, 49.52mm 

and 30mm, respectively. The author adopted 7 cells in the horizontal and 3 in the vertical 

direction. Table 2 shows the parameters adopted by Guo et al. (2020). 

                                      Table 2 – Parameter of the auxetic beam design 

Variable Unit Value 𝜃 Degrees 60,00 

l mm 8,00 

h mm 16,00 

Total length  mm 110,00 

Total height mm 49,52 

Total width mm 30,00 

N° of horizontal cells - 7 

N° of vertical cells - 3 

 

 Based on the values in Table 2, the 3 parameters that will serve as input to the RSM 

will be varied. Thus, the length of the oblique bar of the unit cell will vary from 6 to 10mm, the 

angle will vary between 50 and 70°, the length of the base will vary between 14 and 18. The 

central composite design (CCD) using RSM was developed considering the bounds for the three 

variables as related before as shown in Table 3. 
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Table 3 – Response surface model considering four manufacturing (design) factors. 

 Variables  Responses 

Exp. θ(°) b(mm) l (mm)  ν QU (N) λ (N) ωn (Hz) M(g) 

1 50 14 6  -1,24 19350 101100 342,4 57,42 

2 70 14 6  -1,98 18330 110900 332,0 57,42 

3 50 18 6  -1,25 17990 133200 320,2 66,42 

4 70 18 6  -2,00 16200 129700 294,9 66,42 

5 50 14 10  -1,38 7643 32390 125,2 74,70 

6 70 14 10  -2,59 7989 44350 146,1 74,70 

7 50 18 10  -1,39 9422 37650 132,1 83,70 

8 70 18 10  -2,61 8366 45240 137,8 83,70 

9 50 16 8  -1,33 13800 58830 202,5 70,56 

10 70 16 8  -2,35 9191 67770 204,2 70,56 

11 60 14 8  -1,77 12260 60390 204,1 66,06 

12 60 18 8  -1,78 12290 62650 193,9 75,06 

13 60 16 6  -1,61 17640 104100 356,2 61,92 

14 60 16 10  -1,89 8564 39200 134,1 79,20 

15 60 16 8  -1,78 12570 62040 199,8 70,56 

16 60 16 8  -1,79 12280 60660 195,4 71,22 

17 60 16 8  -1,78 12350 60510 195,9 70,77 

18 60 16 8  -1,77 12790 63620 203,9 70,35 

19 60 16 8  -1,77 12630 62050 199,6 70,78 

20 60 16 8  -1,78 12410 60540 195,7 70,99 

 

4. NUMERICAL RESULTS AND DISCUSSION 

4.1. Model Validation 

 Numerical analysis was performed to represent reality. The authors took all possible 

precautions so that the numerical model had results that were faithful to the experimental tests. 

Thus, the ASTM C365 standard was adopted as a rule for the analysis, this is a standard test 

method for flat-wise compression properties of sandwich cores. For example, the crosshead 

speed in compression analysis was equal to 5mm/min. The results obtained by the numerical 

and experimental analyzes are shown in Table 4 (θ = 60°, b = 16mm and l = 8mm). Figure 6 

shows the deformation of the part during the experimental test. 

Table 4 – Comparison between the results of numerical and experimental analyzes. 

 Qu (N) 𝜔𝑛 (Hz) M (g) 

Experimental 12467 198,7 70,00 

Numerical 12570 199,8 70,56 

Error 0,8% 0,5% 0,7% 
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(a) t = 0s 

 

(b) t = 20s 

 

(c) t = 40s 

 

(d) t = 60s 

 

(e) t = 80s 

 

(f) t = 100s 

 

(g) t = 120s 

 

(h) t = 140s 

Figure 6 – Experimental model performance in compression test. 
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 It is possible to notice that the errors obtained between the experimental tests and the 

numerical model are low, as shown in Table 4. This difference obtained is normal in this type 

of analysis, as there are some experimental errors and some errors in the numerical calculations 

that influence the results. Furthermore, the deformation of the structure was analyzed, and the 

final results are shown in Figure 7. Note the similarity that exists between Figures 6g and 6h 

with Figures 7a and 7b, showing that the numerical model is in accordance with the 

experimental analysis. 

 

(a) 

 

(b) 

                      Figure 7 – Numerical model deformation in compression test. 

4.2. RSM Analysis 

 The objective functions that will be used in the optimization were obtained from the 

response surface methodology, five different models that represent each of the responses of the 

hexagonal reentrant auxetic structure will be analyzed and shown in Table 5. The five responses 

are: mass (M), Poisson's ratio (ν), Critical buckling load (λ), natural frequency (ωn) and failure 

load (Qu). All these models were analyzed to verify the fit to the data and the results are shown 

in Table 6. 

Table 5 – Regression coefficients for fit regression model. 

Response X1      X2 X3 X1
2 X2

2 X3
2 X1X2 X1X3 X2X3 C 

M  2,25 4,32       0,066 

ν 0,0681  0,1385 0,0006  0,0078  0,0059  -2,537 

λ -5297 14153 -48851 47  3264   -1398 343939 

ωn -3,19 -18,02 -231,2   8,15  0,389 1,809 1589 

Qu -81,3 -1477 -8769   223,1   176,4 74049 
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Table 6 – Model Summary Table for fit regression model. 

Response S R2 (adj) 

M 0,198716 99,92% 

ν 0,019170 99,76% 

λ 4334,500 97,87% 

ωn 9,363410 98,37% 

Qu 785,6230 95,30% 

 

 It is noticed that the adjustments found were high, all above 95%. Thus, the models 

shown in Table 5 will be used to perform the multi objective optimization of the model. 

Furthermore, Pareto charts were constructed (Figure 8) to verify which factors influence the 

studied responses. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

 

(e) 

Figure 8 – Pareto’s chart for (a) Mass (b) Natural frequency (c) Critical load (d) Fail load (e) 

Poisson’s ratio (Legend: A = angle θ; B = Length of horizontal bar (b) and C = length of 

oblique bar (l) of the unit cell). 
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 As shown in Figure 8a, only the angle is not statistically significant for mass. This is 

because the amount of material deposited does not change with varying the angle. Furthermore, 

in Figure 8b it is possible to notice that the angle has no influence on the natural frequency 

either, this is because ωn is strongly influenced by the mass and, as the angle has no significance 

for the mass, neither for the natural frequency. In Figure 8c, it is possible to see that all factors 

are important for the critical buckling load. Furthermore, it can be noted that the length of the 

oblique bar is the factor that most influences this response, and the angle is the factor that has 

the least influence. 

 Along the same lines, Figure 8d shows that the length of the horizontal bar of the unit 

cell has no influence on the failure load and the length of the oblique bar has a very large 

influence on this result. Thus, it is possible to notice that the modification of length l is what 

has the most influence for the failure load and for critical buckling load. However, the length 

of the horizontal bar has no significance for the failure load. Finally, Figure 8e shows that the 

angle has a great influence on the Poisson’s ratio and the length of the horizontal bar has no 

significance for this response. This happens because the angle plays a fundamental role in the 

deformation of the structure, i.e., the variation of the angle generates a greater or lesser 

deformation of the model. 

 It is important to emphasize that the angle has a great importance for the Poisson’s 

ratio, that is, the modification of ϴ causes great interference in the results of ν. However, this 

same significance of the angle is not seen for the other responses. It is not significant for mass 

and natural frequency and has little significance (relative to other factors) for failure load and 

critical buckling load. On the other hand, the length of the oblique bar is the factor with the 

greatest influence on all answers, except for the Poisson’s ratio, which has the angle at this 

position. 

 Furthermore, the length of the horizontal bar b has discrete influence on some 

responses. It is not the most influential, but it does influence mass, natural frequency, and 

critical buckling load. And it has no influence on failure load and Poisson’s ratio. This happens 

because the load is being applied perpendicularly to this bar, meaning that it does not play an 

important role in the failure resistance of the structure or in the deformation of the model. Figure 

9 shows how each of these factors impact responses. 
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(d) 

 

(e) 

Figure 9 – Main effect plot for (a) Mass (b) Natural frequency (c) Critical load (d) Fail load 

(e) Poisson’s ratio (Legend: A = angle ϴ; B = length of the horizontal bar (b) and C = length 

of oblique bar (l) of the unit cell). 

 Figure 9 shows how the factors influence the response, for example, in Figure 9a it is 

possible to notice that increasing the length of the horizontal and vertical bar also increases the 

structure's mass. This is because the construction of a structure with a longer length requires a 

greater amount of material. On the other hand, in Figure 9b, it is possible to notice that the 

increase in the length of the oblique bar decreases the natural frequency, this is because ωn is 

inversely proportional to the square root of the mass, that is, the increase in mass causes a 

decrease in the natural frequency, as if you can notice in that case. 

 Figures 9c and 9d reinforce the analysis made earlier that the length of the oblique bar 

has a great influence on failure load and critical buckling load. Increasing length l decreases 
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both responses, that is, to maximize fail load and critical load it is necessary to keep the length 

of the oblique bar at the smallest values. Finally, from Figure 9e, it is possible to notice that 

increasing the angle of the unit cell decreases the value of the Poisson’s ratio. 

 It is possible to notice that the modification of some factors impacts on several 

answers at the same time, which is why a multi objective analysis of the problems is very 

important. Furthermore, the alteration of several simultaneous responses when a factor is 

modified may indicate a correlation between them. Thus, an analysis was carried out to assess 

whether there is (or not) correlation between the responses and the results are shown in Table 

7. Figure 10 shows the dendrogram to assess the similarity between the responses. 

 

 

                 Figure 10 - Dendogram showing the similarity between the responses. 

  

 From Figure 10, the greatest degree of similarity is between critical buckling load, 

failure load and natural frequency. These three responses are farther from Poisson's ratio and 

mass. The quantification of the correlation between the responses is shown in Table 4. The 

lower value corresponds to the p-value of the correlation test, thus, if the value is less than 0.05, 

it means that there is a correlation between the response. The higher number is the Pearson 

coefficient, the closer to unity (negative or positive) the stronger the correlation. 
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Table 5 – Correlation analysis for five responses. 

Response M v λ ωn 

v 
-0,300 

0,199 
 

  

λ 
-0,760 

0,000 

0,218 

0,356 

  

ωn 
-0,887 

0,000 

0,311 

0,182 

0,931 

0,000 

 

Qu 
-0,857 

0,000 

0,463 

0,040 

0,888 

0,000 

0,956 

0,000 

 

 From the results shown in Table 5, the mass is negatively correlated with the critical 

buckling load, failure load and natural frequency. This means that the increase in mass causes 

these responses to decrease. This is mainly because of the length of the oblique bar. The increase 

in the length l causes the mass to increase, however, this same increase causes a decrease in the 

three responses mentioned above. The Poisson’s ratio is only correlated with the failure load, 

i.e., the greater the failure load, the greater the Poisson’s ratio. This happens because increasing 

the angle and the length of the oblique bar, both Qu and v decrease. 

 Furthermore, the critical load is positively correlated with the failure load and natural 

frequency and negatively with the mass. That is, increasing the critical buckling load means 

increasing the failure load, increasing the natural frequency and decreasing the mass. This result 

is very important, as it shows that by modifying one response (critical buckling load), all the 

others will improve together, since the focus is on a structure with greater resistance to 

compression (greater λ and greater Qu) and far from resonance (greater 𝜔). The full 

optimization analysis will be done in the next topic. 

 

4.3. Multi Objective Design Optimization 

 The multi objective Lichtenberg Algorithm was used to find the set of optimal 

parameters of the model studied in this work. The five answers were divided into three cases: 

compression performance, modal performance and multi objective optimization. Several non-

dominated solutions (optimal points) have been found and will be demonstrated via the Pareto’s 

fronts. The criterion chosen to determine the best point among the best was TOPSIS. 
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Case I: Compression performance 

 This section is focused on evaluating the compression performance of the auxetic 

structure. The objective is to maximize the critical buckling load, maximize failure load and 

minimize the Poisson’s ratio. It is important to point out that there are many great points in a 

multi-objective optimization, and it is impossible to improve all the answers simultaneously. In 

this case, increasing the buckling load and failure load means increasing the value of the 

Poisson’s ratio. All results obtained by MOLA are shown at the Pareto’s front (Figure 11). 

 

Figure 11 – Pareto’s front for Poisson ratio, failure load and critical buckling load. 

 All points shown in Figure 11 are considered optimal and the best choice depends on 

the application of the structure. It is possible that a structure with a lower Poisson’s ratio or a 

structure with a higher failure load is needed and there are different configurations for each of 

these options. In the present work, the TOPSIS criterion was adopted to decide the optimal 

configuration of the optimal ones and the result is shown in Table 6 and Table 7. 

Table 6 – Optimum configuration for compression performance. 

Configuration 

θ (°) 70 

b (mm) 16 

l (mm) 6 
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Table 7 – Results for the optimum configuration under compression efforts. 

Response MOLA FEM results Error (%) 

Qu 17089 17160 0,4% 

λ 119927 108500 9,5% 

ν -2 -1,99 0,5% 

 

 It is noticed that the MOLA generated results very consistent with the finite element 

analysis, i.e., the relative error between the responses was small. It is important to emphasize 

that the results found are quite expressive, showing that the structure is resistant to buckling 

and withstands a high load before failure, in addition to having a low Poisson’s ratio. Figure 12 

shows the of the initial and the optimized structure. 

 

 

(a) 

 

(b) 

Figure 12 – The model of (a) Initial and (b) optimized structure for compression. 

 Finally, it is important to note that a small change in structure causes a large change 

in the results, which is why optimization analysis is so important these days. Furthermore, Table 

11 shows the results obtained in the structure initially proposed and the structure optimized in 

this section. Realize that it was possible to improve all the answers in the structure. 

 

Table 11 – Comparison between the initial and the optimized structure results (compression 

performance) 

Response 
Initial structure 

results 

Optimized structure 

results 
Improvement 

Qu (N) 12570 17160 26,75% 

λ (N) 62040 108500 42,82% 

ν -1,78 -1,99 10,55% 𝜔n (Hz) 199,80 312,88 36,14% 

M (g) 70,56 61,92 12,24% 
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        Case II: Modal performance 

 The focus of this section is to optimize the modal performance of the structure. The 

objective is to minimize the mass and Poisson's ratio, while the natural frequency is maximized. 

All the great results found are shown on the Pareto’s front shown in Figure 13. 

 

Figure 13 – Pareto’s front for Poisson ratio, natural frequency, and mass. 

 All the responses found are optimal configurations of the structure, however, each 

configuration has different results. There is no gain without loss, so improving one requirement 

means making the other worse. Using the TOPSIS decision criterion, we have the configuration 

shown in Table 12 and the results are shown in Table 13. 

Table 12 - Optimum configuration for modal performance. 

Configuration 

θ (°) 70 

b (mm) 14 

l (mm) 6 
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Table 13 – Results for the optimum configuration under modal efforts. 

Response MOLA algorithm FEM results Error (%) 

M (g) 57,48 57,42 0,1% 𝜔n (Hz) 334,95 332,10 0,8% 

ν -2,00 -1,98 1% 

 

 The results obtained by the MOLA algorithm were close to those obtained by the 

finite element method. This shows that the model generated was very faithful to the data and 

the results are reliable. The model on initial and optimized structure are shown in Figure 14. 

 

 
(a) 

 
(b) 

 

Figure 14 – The model of (a) initial and (b) optimized structure for modal performance. 

 The optimal configuration is 2mm less both in the length of the oblique bar and in the 

length of the horizontal bar and angle between bars a little larger. Thus, the model was chosen 

according to the TOPSIS criterion and the comparison between the results of the initial and the 

optimized structures is shown in Table 14. Note that all answers have been improved in relation 

to the initial configuration. 

Table 14 – Comparison between the initial and the optimized structure results (Modal 

performance). 

 

Response 
Initial structure 

results 

Optimized structure 

results 
Improvement 

Qu (N) 12570 18330 31,42% 

λ (N) 62040 110900 44,06% 

ν -1,78 -1,98 10,10% 𝜔n (Hz) 199,80 332,10 39,83% 

M (g) 70,56 57,42 18,62% 
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4.3.1. Case III: Multi objective optimization 

 The purpose of this section is to optimize the five responses simultaneously, that is, 

one must minimize mass, Poisson's ratio and maximize failure load, critical buckling load and 

natural frequency. It is not possible to construct the Pareto’s front in 5 dimensions, however 

there are also several optimal points and, using the TOPSIS criterion, the configuration shown 

in Table 15 was reached and the results are shown in Table 16. 

 

Table 15 - Optimum configuration for torsion performance. 

Configuration 

θ (°) 70,000 

b (mm) 14,687 

l (mm) 6,077 

 

Table 16 – Results for the optimum configuration under torsion efforts. 

Response Metamodel results Numerical results Error (%) 

M 59,36 59,30 0,1% 𝜔n 323,95 319,33 1,4% 

ν -2,02 -2,00 0,9% 

Qu 17359 17630 1,0% 

λ 110209 108000 2,0% 

 

 It can be noted that the results obtained by MOLA and by finite element analysis are 

very close, showing reliability in the results. The comparison of the results of the optimal 

configuration and the initial configuration is shown in Table 17. It is possible to notice that all 

the responses were improved with the optimization process in relation to the initially proposed 

structure. The smallest improvement was the Poisson’s ratio, which was 11% lower, and the 

biggest improvement was the critical buckling load, which was more than 42% higher. 
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Table 17 – Comparison between the initial and the optimized structure results (multi 

objective optimization). 

Response 
Initial structure 

results 

Optimized structure 

results 
Improvement 

Qu (N) 12570 17630 28,70% 

λ (N) 62040 108000 42,55% 

ν -1,78 -2,00 11,00% 𝜔n (g) 199,80 319,33 37,43% 

M (g) 70,56 59,29 15,97% 

  Finally, this section shows how an optimization process can generate a major 

improvement in the product without impairing its performance. the Figure 15 show the initial 

and the optimized structure. 

 

(a) 

 

(b) 

Figure 15 – The model of (a) initial and (b) optimized structure. 

       

5. CONCLUSIONS 

 The optimization of an auxetic reentrant structure was performed using the response 

surface methodology in conjunction with the finite element method and the Multi objective 

Lichtenberg Algorithm. In addition, a comparison was made with an auxetic reentrant model 

proposed by another author to assess the improvement in structure. 

 The models generated by RSM proved to be fully accurate and reliable. The results 

obtained by the optimization of the Equations were close to the results obtained by the finite 

element analysis. The R2 (adj) parameters of all models were above 95%, and this was an 

important factor for the continuity of the work. 

 The model created for the finite element analysis was validated with experimental 

data and generated acceptable results. The RSM was able to adjust well to the data which means 

that the model generated reliable data for each proposed configuration. The FEM proved to be 
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an especially important technique in this project, as it was possible to carry out several 

experiments at a low cost. 

 The MOLA was able to find optimal points that proved to be reliable, since both the 

results generated by the algorithm and the ones generated by the finite element model were 

close. MOLA is an algorithm recently developed that can be exploited in several problems of 

mechanical optimization. 

  Finally, the results obtained in this work show the best possible structures considering 

more than one objective simultaneously. With the optimization analysis, it was possible to 

increase the critical buckling load by 42.82% and the failure load in compression performance 

by 26.75%. Furthermore, in the optimization of modal performance, it was possible to increase 

the natural frequency by 37.43% and decrease the mass by 15.97%. Finally, all 5 responses 

analyzed simultaneously were optimized. In this case, it was possible to increase the critical 

buckling load by 42.55%, the failure load by 28.70% and reduce the mass and Poisson’s ratio 

by 15.97% and 11%, respectively. 
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