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Abstract 

Utilizing the vortex beams, we investigate the entanglement between the triple-quantum dot 

molecule and its spontaneous emission field. We present the spatially dependent quantum dot-

photon entanglement created by Laguerre-Gaussian (LG) fields. The degree of position-dependent 

entanglement (DEM) is controlled by the angular momentum of the LG light and the quantum 

tunneling effect created by the gate voltage. Various spatial-dependent entanglement distribution 

is reached just by the magnitude and the sign of the orbital angular momentum (OAM) of the 

optical vortex beam. 
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1. Introduction  

Intrinsic quantum correlation between different parts of a system leads to a quantum phenomenon 

called entanglement  [1]. Entanglement is a foundation of quantum information processing and 

quantum computing [2], quantum transport  [3–5], quantum dense coding [6], and quantum 

cryptography [7,8]. Among many proposals in the entanglement between particles of a quantum 

system, the generation of atom-photon entanglement has reached a great deal of attention in the 

last two decades. It is well known that atom-photon entanglement has essential applications in 

quantum information theory, such as quantum repeaters and quantum networks [9], that is widely 

investigated both experimentally and theoretically [10–12]. Coherent control of spontaneous 

emission leads to the creation of the controllable entanglement between the atom and its 

spontaneous emission field in Λ- [13], and 𝑉-type [14] atomic systems. Maximally atom-photon 

entanglement has also been reached by the rate of an incoherent pump field and the quantum 

interference created by spontaneous emission and an incoherent pump field [15]. The effect of the 

surrounding environment such as photonic crystal on spontaneous emission and consequently 

dynamical behaver of the atom-photon entanglement is proposed [16]. In another proposal, the 
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entanglement between the quantum dot molecule and its spontaneous emission field is also 

discussed at the rate of an incoherent pump field [17]. In all the above proposals, the entanglement 

between the atom (or quantum dot molecule) and its spontaneous emission field is coherently 

controlled by the laser fields or even by the incoherent pump field. It is interesting to generate a 

spatially dependent entanglement between the atom and its spontaneous emission. In this article, 

using an optical vortex beam, we produce spatially dependent quantum dot-photon entanglement. 

An optical vortex beam is a nonzero orbital angular momentum (OAM) beam with a helical 

wavefront and phase term as that is a function of azimuthal coordinate [18,19]. The interaction of 

an atom with a vortex beam has widely been proposed. Light-induced torque on moving atoms by 

the vortex beam [20], slow light by the vortex beam [21], and transfer and storage of the vortex 

state in light and matter waves [22] are also discussed. OAM-based four-wave mixing [23], 

spatially dependent optical transparency [24,25], and entanglement of OAM states of photon 

pairs [26] are the other potential applications of the vortex beam. Vortex slow light [27] provides 

another issue for manipulating the optical information during slow light storage and retrieval [28]. 

The freedom action of the phase rotation in the vortex beam, which manifests itself in orbital 

angular momentum, leads to an increase in the system capacity and the spectral efficiency of 

wireless communication in millimeter waves [29]. A vortex beam was utilized to obtain images 

with a spatial resolution higher than the natural diffraction limit, i.e., stimulated emission depletion 

microscopy [30]. LG beam is a form of vortex beam with a helical phase structure and a doughnut-

like intensity profile. This beam has recently been employed to narrow the Doppler line-shapes 

[31], atom localization [32], and spatially dependent atom-photon entanglement [33]. Such a beam 

was also exercised for generating entanglement of the orbital angular momentum states of photons 

[34], quantum cryptography [35], and a free-space quantum key distribution mechanism [36]. 

Further, orbital angular momentum can be considered as a suitable degree of freedom to increase 

the communication capacity of open space [37], and the transmission and processing of quantum 

information [38]. 

In this paper, we propose the entanglement between the triple quantum dot molecule and its 

spontaneous emission field using optical vortex beams. We present the spatially dependent 

quantum dot-photon entanglement created by LG fields. The effect of controlling parameters such 

as field intensity and tunneling effect on the entanglement of quantum dot molecule and its 
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spontaneous emission field is then discussed. We prove that the DEM completely depends on the 

position of space points, magnitude, and the sign of orbital angular momentum (OAM) of the 

optical vortex beam. 

In Section 2, we present the quantum dot molecule and the related equations to propose the degree 

of entanglement. We discuss the theoretical results and their physical mechanism in section 3. The 

paper concludes in section 4. 

 

2. Model and equations  

Consider a quantum dot molecule with three dots and various band structures, i.e. QD1, QD2, and 

QD3 as shown in Fig.1. The three dots are coupled  to each other via electron tunneling, where the 

intra-dot tunneling between   "QD 1- QD 2" and "QD 2- QD 3" are denoted by tunneling rates 𝑇𝐴 

and 𝑇𝐵 , respectively [17].  

This quantum dot molecule is similar to a four-level atomic system as depicted in Fig.1. The lower 

and higher conducting band levels of the left quantum dot are displayed by |1⟩ and |2⟩, whereas 

the excited conducting band levels of the second and third quantum dots are denoted by |3⟩ and |4⟩, respectively. The energy difference between the three upper levels and the lowest level is so 

large, thus their tunneling couplings are neglected. Levels |3⟩ and |4⟩ become close to the level |2⟩ if a gate voltage is applied, while level |1⟩ still has a large energy difference with the upper 

levels. A gate electrode placed between nearby quantum dots can adjust the tunnel barrier in triple 

quantum dots. When two laser fields resonantly couple  the lower level |1⟩ to upper levels |2⟩ and |3⟩ in QD1 and QD2, an electron excites from level |1⟩ to the supersession of the upper levels |2⟩ and |3⟩. For electron transition from level |1⟩ to level |3⟩, the thin barrier thickness of QD1 

and QD2 is required.  In addition, tunneling allows an electron also to be transformed from QD1 

to QD2 and from QD2 to QD3 by tunneling rates 𝑇𝐴 and 𝑇𝐵 . As an experimental example, a 

GaAs/AlGaAs heterostructure with a two-dimensional electron gas situated 470 𝐴0 below the 

surface and a sheet density of 3.7 × 1011  𝑐𝑚−2 and mobility 5 × 105𝑐𝑚2/𝑉𝑠   at 10 K, and phase 

coherence length> 20𝜇𝑚 for 𝑇 < 1 𝐾 can be used to create triple quantum dot samples [39]. 
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Fig.1. A four-level quantum dot molecule's band diagram. A triple quantum dot molecule is made 

up of three dots ("QD 1," "QD 2," and "QD 3") with different tunneling rates 𝑇𝐴 and 𝑇𝐵. The 

corresponding energy level structure is denoted by levels |1⟩, |2⟩, |3⟩, and |4⟩. 
 

Now, we present the Hamiltonian for the quantum-dot molecule described in Fig .1. The 

interaction Hamiltonian in rotating wave approximation describes by  ℋ = ℋ0 + ℋ1 + ℋ2.                                                                                                        (1) 

Here, 𝐻0 denotes the free energy part, while 𝐻1 is the interaction Hamiltonian of the QD system 

with the LG fields.  The term 𝐻2 denotes the electron tunneling processes. Then tunneling effect 

may transfer the electron from QD1 to QD2 and QD3. Perturbation theory can be used to describe 

electron tunneling in a barrier, as demonstrated by Bardeen's technique [40]. The tunneling rate 

between two quantum dots can be controlled by the applied current, voltage, and thickness of the 

potential barrier. We assume that the coupling LG field of frequency 𝜈1 is applied in the transition |1⟩ ↔ |2⟩ , while another LG field of frequency 𝜈2 drives transition |1⟩ ↔ |3⟩ . To examine the 

position-dependent quantum-dot photon entanglement, we define the LG field with angular 

frequency 𝜔𝐿𝐺, and Rabi-frequency Ω1 = 𝜇21. 𝑢1/ℏ  and Ω2 = 𝜇31. 𝑢2/ℏ . Here, 𝑢𝑗  (𝑗 =1, 2) denote the amplitude of the 𝐿𝐺 beams that define as  

𝑢𝑗 (𝑟, 𝜙, 𝑧) = 𝑐𝑝𝑙𝑗𝑤0𝑤(𝑧) ( √2𝑟𝑤(𝑧))|𝑙𝑗| 𝑒 −𝑟2𝑤2(𝑧)𝐿𝑝|𝑙𝑗| [ 2𝑟2𝑤2(𝑧)] × 

exp [− 𝑖𝑘𝑟22𝑅(𝑧) + 𝑖(2𝑝 + |𝑙𝑗| + 1)𝑎𝑟𝑐𝑡𝑎𝑛 ( 𝑧𝑧𝑅)] × exp [−𝑖𝑙𝑗𝜙],   (𝑗 = 1. 2)            (2) 

|1⟩ 

𝑄𝐷2 𝑄𝐷3 

 𝑄𝐷1 

Ω2 

Δ2 Δ1 Ω1 

|2⟩ |3⟩ |4⟩ 

𝑇𝐵 𝑇𝐴 
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where 𝑟, 𝜙, 𝑧 are cylindrical coordinates. The parameters 𝑙, 𝑝 are LG beam mode parameters, 𝑧𝑅 =𝑘𝑤022  and 𝑡𝑎𝑛−1(𝜉) are the Riley length and the phase displacement. In addition, 𝑤(𝑧) =𝑤0√1 + 𝜉2
   and 𝑟 = √𝑥2 +  𝑦2

  are beam waist in distance 𝑧,  and radial cylindrical, respectively. 

Here  𝑤0 is beam waist in 𝑧 = 0. The parameter 𝐿𝑝|𝑙𝑗|( 2𝑟2𝑤2(𝑧)) represents the generalized Laguerre 

polynomial, 𝐶𝑝𝑙  is a required normalization constant, and 𝑎𝑟𝑐𝑡𝑎𝑛 ( 𝑧𝑧𝑅) shows the Gouy phase at 

position z. The radius curvature of the wavefront R(z) in the spherical approximation is expressed 

as  

R(z) = z (1 + (zRz )2).                                                                                                                                                                              (3) 

At point 𝑧 = 0, the amplitude of the LG beam converts to  

𝑢𝑗 (𝑟, 𝜙, 0) = 𝑐𝑝𝑙 (√2𝑟𝑤0 )|𝑙𝑗| 𝑒−𝑟2𝑤02 𝐿𝑝|𝑙𝑗| [2𝑟2𝑤02 ] exp[−𝑖𝑙𝑗𝜙],                                                             (4) 

and the transverse view of LG beam intensity is 

I(r) = I0 exp (− 2r2w0 ) (2r2w02 )|lj| (L pl (2r2w02))2.                                                                                                                           (5) 

Here I0 is the normalized intensity of the LG beam. Now the detailed form of equation (1) is given 

by  ℋ0 = ℏ𝜔1|1⟩⟨1| + ℏ𝜔2|2⟩⟨2| + ℏ𝜔3|3⟩⟨3| + ℏ𝜔4|4⟩⟨4|, ℋ1 = −ℏΩ1|2⟩⟨1| − ℏΩ1∗|1⟩⟨2| − ℏΩ2|3⟩⟨1| − ℏΩ2∗ |1⟩⟨3|,  ℋ2 = 12 ℏ𝑇𝐴|2⟩⟨3| + 12 ℏ𝑇𝐴|3⟩⟨2| + 12 ℏ𝑇𝐵|3⟩⟨4| + 12 ℏ𝑇𝐵|4⟩⟨3|.                                    (6) 

Here, ℏ𝜔𝑖 and Ω𝑖  represent the energy of level |𝑖⟩  and the Rabi-frequencies, respectively.   

The density matrix elements in an arbitrary multilevel QDs system can be obtained using the  

Liouville equation as 

∂𝜌∂t = − 𝑖ℏ [𝐻, 𝜌] + 𝐿𝜌,                                                                                              (7) 
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where 𝐿𝜌 represents the relaxation terms such as spontaneous emission that are added to the density 

matrix equation phenomenologically. Substituting equations (6) in equation (7) provides the 

density matrix elements as �̇̃�11 = − 12 𝑖Ω1�̃�12 − 12 𝑖Ω2�̃�13 + 12 𝑖Ω1∗ �̃�21 + γ21�̃�22 + 12 𝑖Ω2∗ �̃�31 + γ31�̃�33 + γ41�̃�44, 

�̇̃�12 = − 12 𝑖Ω1∗ �̃�11 − (𝑖Δ1 + 12 Γ21) �̃�12 + 12 𝑖𝑇𝐴�̃�13𝑒−𝑖𝛿𝑡 + 12 𝑖Ω1∗ �̃�22 + 12 𝑖Ω2∗ �̃�32, 

�̇̃�13 = − 12 𝑖Ω2∗ �̃�11 + 12 𝑖𝑇𝐴�̃�12𝑒𝑖𝛿𝑡 − (𝑖Δ2 + 12 γ31) �̃�13 + 12 𝑖𝑇𝐵�̃�14 + 12 𝑖Ω1∗ �̃�23 + 12 𝑖Ω2∗ �̃�33, 

�̇̃�14 = 12 𝑖𝑇𝐵�̃�13 − (𝑖(Δ2 − 𝜔43) + 12 γ41) �̃�14 + 12 𝑖Ω1∗ �̃�24 + 12 𝑖Ω2∗ �̃�34, 

�̇̃�22 = 12 𝑖Ω1�̃�12 − 12 𝑖Ω1∗ �̃�21 − γ21�̃�22 + 12 𝑖𝑇𝐴�̃�23𝑒−𝑖𝛿𝑡 − 12 𝑖𝑇𝐴�̃�32𝑒𝑖𝛿𝑡, 

�̇̃�23 = 12 𝑖Ω1�̃�13 − 12 𝑖Ω2∗ �̃�21 + 12 𝑖𝑇𝐴�̃�22𝑒𝑖𝛿𝑡 + (𝑖(Δ1 − Δ2) − 12 Γ32) �̃�23 + 12 𝑖𝑇𝐵�̃�24 − 12 𝑖𝑇𝐴�̃�33𝑒𝑖𝛿𝑡, 

�̇̃�24 = 12 𝑖Ω1�̃�14 + 12 𝑖𝑇𝐵�̃�23 + (𝑖(Δ1 − Δ2 + 𝜔43) − 12 Γ42) �̃�24 − 12 𝑖𝑇𝐴�̃�34𝑒𝑖𝛿𝑡, 

�̇̃�33 = 12 𝑖Ω2�̃�13 − 12 𝑖𝑇𝐴�̃�23𝑒−𝑖𝛿𝑡 − 12 𝑖Ω2∗ �̃�31 + 12 𝑖𝑇𝐴�̃�32𝑒𝑖𝛿𝑡 − γ31�̃�33 

+ 12 𝑖𝑇𝐵�̃�34 − 12 𝑖𝑇𝐵�̃�43 

�̇̃�34 = 12 𝑖Ω2�̃�14 − 12 𝑖𝑇𝐴�̃�24𝑒−𝑖𝛿𝑡 + 12 𝑖𝑇𝐵�̃�33 + (𝑖𝜔43 − 12 Γ43) �̃�34 − 12 𝑖𝑇𝐵�̃�44, �̃�11 + �̃�22 + �̃�33 + �̃�44 = 1,                                                                                                              (8) 

where 𝜌𝑖𝑗 = |𝑖⟩⟨𝑗| (𝑖, 𝑗 = 0, 1, 2, 3 𝑖 ≠ 𝑗) are the coherence term, and 𝜌𝑖𝑖 = |𝑖⟩⟨𝑖|(𝑖 = 1, 2, 3, 4) 

represent the population. Detuning parameters defined by the Δ1 = 𝜈1 − 𝜔21 and Δ2 = 𝜈2 − 𝜔31,  
where the frequency difference between two applied fields is 𝜈1 − 𝜈2 = 𝛿 .The terms 𝜔𝑖𝑗  (𝑖, 𝑗 =1, 2, 3, 4  𝑖 ≠ 𝑗) declare as the frequency of the transitions |𝑖⟩ ↔ |𝑗⟩. The total decay rates, Γ𝑖𝑗 (𝑖 ≠𝑗), are given by Γ21 = 𝛾212 + 𝛾21𝑑𝑝ℎ, Γ32 = 𝛾21+𝛾312 + 𝛾32𝑑𝑝ℎ, Γ42 = 𝛾21+𝛾412 + 𝛾42𝑑𝑝ℎ 𝑎𝑛𝑑 Γ43 =𝛾31+𝛾412 + 𝛾43𝑑𝑝ℎ,  which are determined by electron-electron interface roughness, phonon scattering 

processes, and 𝛾𝑖𝑗𝑑𝑝ℎ
are the dephasing rate of quantum coherence in |𝑖⟩  ⟷ |𝑗⟩  pathway. The 
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spontaneous emission from level |𝑖⟩ (𝑖 = 2,3,4) to level |1⟩ is also denoted by 𝛾𝑖1. Note that all 

the incoherent processes that appeared in the density matrix element are imported through the 

parameters 𝐿𝜌 defined in equation (7). 

Now, we will determine the entanglement between the quantum dot molecule and its spontaneous 

emission field via the quantum entropy. Von-Neumann entropy utilizes for determining the DEM 

as 

 𝑆𝑖(𝑡) = −𝑇𝑟(𝜌 𝐿𝑜𝑔2𝜌),                             (𝑖 = 𝑑, 𝑓)                                                                   (9) 

where 𝜌 is the reduced density matrix operator. Here 𝑑 and 𝑓 stand for quantum dot molecule and 

photon. The total entropy of the quantum-dot molecule and the spontaneous emission field is also 

determined by [41] 𝑆𝑑(𝑓) = −𝑇𝑟 (𝜌𝑑(𝑓) 𝐿𝑜𝑔2𝜌𝑑(𝑓)).                                                                                                 (10) 

To measure the degree of entanglement of a pure state 𝜌, we only need the quantum dot molecule 

entropy 𝑆𝑑(𝑡), given in equation (6). The quantum-dot molecule entropy can also be represented 

according to the term of eigenvalues 𝜆𝑖(𝑡) of the reduced density operator as a DEM. The degree 

of quantum dot-photon entanglement is then given by 𝐷𝐸𝑀(𝑡) = 𝑆𝑑(𝑡) = 𝑆𝑓(𝑡) = − ∑ 𝜆𝑖𝑁𝑖=1 log2 𝜆𝑖,                                                                   (11) 

where 𝜆𝑖 denotes the eigenvalues of the reduced density matrix operator.  

3. Results and discussion  

Now, we analyze the position-dependent entanglement between the quantum dot molecule and its 

spontaneous emission using the LG beam. For a paraxial beam such as the Laguerre Gaussian 

wave, the angular momentum can be divided into two categories: spin angular momentum relates 

to polarization and orbital angular momentum which is due to the spatial distribution of the 

wavefront  [42]. The entanglement of the quantum dot-photon system depends on the intensity 

profile and the orbital angular momentum of the applied LG field. So different angular momentum 

implies various entanglement designs depending on spatial locations. Density matrix equations (8) 

along with equations (2) and (11) are numerically solved to reach the optimal 𝐷𝐸𝑀. We chose the 

typical decay rate 𝛾 = 10 μeV  , and all the parameters are scaled in a unit of 𝛾   [43]. Thus, the 
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total decay and the spontaneous emission rates are Γ21 = 1.6𝛾 , Γ32 = 0.05 𝛾 , Γ42 =0.025 𝛾 , Γ43 = 0.005𝛾  and 𝛾21 = 1 𝛾 , 𝛾31 = 0.6 𝛾 , 𝛾41 = 0.1𝛾 , respectively. Note that the 

maximum value of the entanglement for the N-level quantum system is 𝐷𝐸𝑀𝑚𝑎𝑥 = log2 𝑁. For 

the proposed four-level quantum dot molecule, the maximum value of the expected entanglement 

must be 𝐷𝐸𝑀𝑚𝑎𝑥 = log2 4 = 2. We first examine the effect of quantum tunneling effect on 

quantum dot-photon entanglement to obtain the optimum values of 𝑇𝐴 and 𝑇𝐵. Thus, the three-

dimensional entanglement diagram as a function of tunneling effects is plotted in Fig. 2(a). We 

observe that for 𝑇𝐴 = 2, and 𝑇𝐵 = 7  the maximum entanglement reaches DEM≅ 1.97. These 

tunneling effects can be controlled by the applied voltage to the quantum dot molecule [44]. 

Therefore, the applied voltage can directly control quantum dot-photon entanglement. Physically 

this is an important mechanism, where the quantum coherence is produced just by the tunneling 

effect that is controlled by the gate voltage.  

We also propose the optimum value of Ω1 and Ω2 in Fig. 2(b). It is observed that for 𝑇𝐴 = 2, and 𝑇𝐵 = 7, the DEM will be maximized for  Ω1 = 3 𝛾  and Ω2 = 7.5 𝛾 .  
This is due to the fact that the maximum entanglement can be reached by evenly population 

distribution in four-level of the proposed quantum dot system (Fig.2 (c)). Then, this leads to 

maximum quantum dot-photon entanglement, as can be viewed in Fig. 2(a, b). Note that amount 

of entanglement is limited by 0 ≤ 𝐷𝐸𝑀 ≤ 𝑙𝑜𝑔2𝑁, where 𝑁 = 4 represents the dimension of the 

Hilbert space H. Thus, for the maximally mixed state with  𝜌 = 1N I, where I denote an identity 

matrix [45], the DEM will be maximized.  
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Fig.2. (a) DEM plots as a function of 𝑇𝐴 and 𝑇𝐵. Parameters are Ω1 = 3 𝛾, and Ω2 = 7.5 𝛾. (b) 

DEM plots as a function of Ω1 and Ω2 for 𝑇𝐴 = 2, and 𝑇𝐵 = 7. (c) Evolution of the population 

distribution a function of normalized time 𝑡𝛾 for 𝛺1 = 3 𝛾, 𝛺2 = 7.5 𝛾, 𝑇𝐴 = 2, and 𝑇𝐵 = 7. Other 

parameters are 𝛿 = Δ1 = Δ2 = 0 and 𝜔43 = 0.6 𝛾.  

 

Now, we are interested in studying the spatial distribution of the DEM in the x-y plane for different 

intensities of the applied LG fields. We consider LG modes for the applied fields and investigate 

the steady-state behavior of DEM at various points. The intensity profiles of LG modes for the 

first field Ω1(with 𝑙 = 2) and  second field Ω2 (with 𝑙 = 1) are displayed in Fig.3 (a and b). The 

(𝑐) 

(𝑎) (𝑏) 
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corresponding density plot of DEM is also displayed in Fig.3(c). From Fig.3(c), we observe that 

for x=2.9 mm and y=-0.01, the maximum DEM=1.93 is obtained. These points coincide with 

optimum values of  Ω1 = 3 𝛾  and Ω2 = 7.5 𝛾  as can be viewed by Fig.2 (b). For other parameters 

of  Ω1  and Ω2, the DEM will be decreased. As an example for x=-6.91mm and y=-0.01, the DEM 

is approaching zero, and at this point, the quantum dot-photon will be disentangled. These results 

are justified by the population distribution of four proposed levels as depicted in Fig.3 (d). For 

x=2.9 mm, a quarter of the population is approximately populated in each of the four-level, i.e 

y=0.238. 
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Fig .3. Intensity profiles of applied LG fields  𝛺1 (a) and 𝛺2(b). DEM density plots as a function 

of x-y (c), and population distribution as a function of x (d). Parameters are 𝑇𝐴 = 2, and 𝑇𝐵 = 7, ω0 = 2 𝛾 , Cpl = 1, λ = 532 × 10−9, ωLW = 10 𝛾, δ = Δ1 = Δ2 = 0 and ω43 = 0.6 𝛾. The 

parameter y represents the population distribution in presented levels. 

                 

Fig.4 shows the spatial distribution of DEM for various modes of LG beams, i.e 𝑙𝑖 = −2, … + 2 (𝑖 = 1, 2). For a certain mode, the maximum DEM depends on the intensity profile of the LG 

modes. It is different for various presented modes. The corresponding population distribution is 

(𝑎) (𝑏) 

(𝑐) (𝑑) 
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also displayed in Fig.5, where the population is equally distributed in four-level, DEM reaches its 

maximum. However, for unequal distribution of population, the quantum dot and its spontaneous 

emission photon is will be disentangled. 
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Fig.4. DEM density plots as a function of x and y for different modes for 𝑙𝑖 = −2, . . . +2 (𝑖 = 1, 2). 

Parameters are   𝜔0 = 2 𝛾, 𝐶𝑝𝑙 = 1, 𝜆 =  532 × 10−9, ω𝐿𝑊 = 10 𝛾,   𝛿 = Δ1 = Δ2 = 0, 𝜔43 =0.6 𝛾, 𝑇𝐴 = 2  𝑎𝑛𝑑 𝑇𝐵 = 7. 
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Fig.5. Steady-state behavior of population versus x for 𝑙𝑖 = −2, . . . +2 (𝑖 = 1, 2). Parameters are ω0 = 2, Cpl = 1, λ = 532 ∗ 10−9, ωLW = 10 𝛾, δ = Δ1 = Δ2 = 0, ω43 = 0.6 𝛾, TA =2, and TB = 7. 
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For further discussion of the tunneling rate between neighbor quantum dots on quantum 

dot-photon entanglement, we show the DEM density plot for various tunneling rates in Fig. 

6. For 𝑇𝐴 = 2   and 𝑇𝐵 = 7   at  x=2.78mm and y=-0.01mm, and x=-2.32mm and y=-0.01mm, 

the population of the four presented levels are equally distributed (Fig. 6 (a)), and the DEM 

at these points are maximum (Fig. 6 (b)). So, the quantum dot and its spontaneous emission 

photon are entangled.  In fact, a large tunneling effect between QD2 and QD3 populates level |4⟩ leading to the equality population distribution in four presented levels. This may also 

lead to strong quantum dot-photon entanglement as can be expected by 0 ≤ 𝐷𝐸𝑀 ≤𝑙𝑜𝑔2𝑁, where 𝑁 = 4. 

However, for 𝑇𝐴 = 6   and 𝑇𝐵 = 1  and at the same points, the population are not equally 

distributed in four proposed levels as can be viewed in Fig. 6 (c). It is clear that the two strong 

coupling LG fields along with the tunneling rate 𝑇𝐴 lead to population trapping in three levels |1⟩, |2⟩, |3⟩; thus the population in level 4 tends to zero. This may lead to disentanglement 

between the quantum dot and its spontaneous emission photon (Fig. 6 (d)) .  These results 

show that the tunneling rates have a direct effect on population distribution and also on the spatial 

distribution of the quantum dot-photon entanglement. 
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Fig.6. Steady-state population distribution as a function of x (a, c), and DEM density plots as a 

function of x and y (b, d) for TA = 2, and TB = 7 (a, b) and TA = 6, and TB = 1. Other parameters 

are   l2 = −2, l1 = −1   𝜔0 =  2𝛾, 𝐶𝑝𝑙 = 1, 𝜆 =   532 × 10−9  ω𝐿𝑊 = 10 𝛾,   𝛿 = Δ1 = Δ2 =0, 𝑎𝑛𝑑 𝜔43 = 0.6 𝛾. 
 

4. Conclusion 

The entanglement between the triple quantum dot molecule and its spontaneous emission field is 

theoretically investigated by the LG fields. It is observed that the degree of entanglement and its 

position-dependent distribution are affected by the angular momentum of the LG lights. Thus, the 
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position-dependent distribution of the DEM for various angular momentums of the LG fields is 

demonstrated. It is also shown that the spatial distribution of entanglement can be controlled by 

the tunneling rates between the two neighboring quantum dots. The presented results can be 

utilized in optical communications and information storage via preparing high-dimensional Hilbert 

space. 

 

References 

[1] A. Einstein, B. Podolsky, and N. Rosen, Can Quantum-Mechanical Description of 

Physical Reality Be Considered Complete?, Phys. Rev. 47, 777 (1935). 

[2] J. L. O’Brien, Optical Quantum Computing, Science (80-. ). 318, 1567 (2007). 

[3] C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres, and W. K. Wootters, 

Teleporting an Unknown Quantum State via Dual Classical and Einstein-Podolsky-Rosen 

Channels, Phys. Rev. Lett. 70, 1895 (1993). 

[4] D. Boschi, S. Branca, F. De Martini, L. Hardy, and S. Popescu, Experimental Realization 

of Teleporting an Unknown Pure Quantum State via Dual Classical and Einstein-

Podolsky-Rosen Channels, Phys. Rev. Lett. 80, 1121 (1998). 

[5] R. Ursin, A. Zeilinger, M. Lindenthal, M. Aspelmeyer, T. Jennewein, P. Walther, and R. 

Kaltenbaek, Communications Quantum Teleportation across the Danube, Nature 430, 849 

(2004). 

[6] X. Li, Q. Pan, J. Jing, J. Zhang, C. Xie, and K. Peng, Quantum Dense Coding Exploiting a 

Bright Einstein-Podolsky-Rosen Beam, Phys. Rev. Lett. 88, 047904 (2002). 

[7] A. K. Ekert, Quantum Cryptography Based on Bell’s Theorem, Phys. Rev. Lett. 67, 661 

(1991). 

[8] T. Jennewein, C. Simon, G. Weihs, H. Weinfurter, and A. Zeilinger, Quantum 

Cryptography with Entangled Photons, Phys. Rev. Lett. 84, 4729 (2000). 

[9] H.-J. Briegel, W. Dür, J. I. Cirac, and P. Zoller, Quantum Repeaters: The Role of 

Imperfect Local Operations in Quantum Communication, Phys. Rev. Lett. 81, 5932 

(1998). 



18 

 

[10] B. B. Blinov, D. L. Moehring, L.-M. Duan, and C. Monroe, Observation of Entanglement 

between a Single Trapped Atom and a Single Photon, Nature 428, 153 (2004). 

[11] S. J. D. Phoenix and P. L. Knight, Establishment of an Entangled Atom-Field State in the 

Jaynes-Cummings Model, Phys. Rev. A 44, 6023 (1991). 

[12] J. Volz, M. Weber, D. Schlenk, W. Rosenfeld, J. Vrana, K. Saucke, C. Kurtsiefer, and H. 

Weinfurter, Observation of Entanglement of a Single Photon with a Trapped Atom, Phys. 

Rev. Lett. 96, 030404 (2006). 

[13] M.-F. Fang and S.-Y. Zhu, Entanglement between a -Type Three-Level Atom and Its 

Spontaneous Emission Fields, Phys. A Stat. Mech. Its Appl. 369, 475 (2006). 

[14] M. Abazari, A. Mortezapour, M. Mahmoudi, and M. Sahrai, Phase-Controlled Atom-

Photon Entanglement in a Three-Level V-Type Atomic System via Spontaneously 

Generated Coherence, Entropy 13, 1541 (2011). 

[15] B. Sangshekan, N. Einali Saghavaz, A. Hamrah Gharamaleki, and M. Sahrai, Maximal 

Atom-Photon Entanglement by the Incoherent Pumping Fields, Eur. Phys. J. Plus 134, 274 

(2019). 

[16] M. Sahrai and V. T. A. Boroojerdi, Dynamical Behavior of Atom–Photon Entanglement 

for a Four-Level Atom near the Band Edge of a 3D-Anisotropic Photonic Crystal, 

Quantum Inf. Process. 16, 145 (2017). 

[17] M. Sahrai, B. Arzhang, D. Taherkhani, and V. T. A. Boroojerdi, Control of the 

Entanglement between Triple Quantum Dot Molecule and Its Spontaneous Emission 

Fields via Quantum Entropy, Phys. E Low-Dimensional Syst. Nanostructures 67, 121 

(2015). 

[18] L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P. Woerdman, Orbital Angular 

Momentum of Light and the Transformation of Laguerre-Gaussian Laser Modes, Phys. 

Rev. A 45, 8185 (1992). 

[19] A. M. Yao and M. J. Padgett, Orbital Angular Momentum: Origins, Behavior and 

Applications, Adv. Opt. Photonics 3, 161 (2011). 



19 

 

[20] M. Babiker, W. L. Power, and L. Allen, Light-Induced Torque on Moving Atoms, Phys. 

Rev. Lett. 73, 1239 (1994). 

[21] J. Ruseckas, A. Mekys, and G. Juzeliūnas, Optical Vortices of Slow Light Using a Tripod 

Scheme, J. Opt. 13, 064013 (2011). 

[22] Z. Dutton and J. Ruostekoski, Transfer and Storage of Vortex States in Light and Matter 

Waves, Phys. Rev. Lett. 93, 193602 (2004). 

[23] G. Walker, A. S. Arnold, and S. Franke-Arnold, Trans-Spectral Orbital Angular 

Momentum Transfer via Four-Wave Mixing in Rb Vapor, Phys. Rev. Lett. 108, 243601 

(2012). 

[24] H. R. Hamedi, V. Kudriašov, J. Ruseckas, and G. Juzeliūnas, Azimuthal Modulation of 

Electromagnetically Induced Transparency Using Structured Light, Opt. Express 26, 

28249 (2018). 

[25] N. Radwell, T. W. Clark, B. Piccirillo, S. M. Barnett, and S. Franke-Arnold, Spatially 

Dependent Electromagnetically Induced Transparency, Phys. Rev. Lett. 114, 123603 

(2015). 

[26] Q.-F. Chen, B.-S. Shi, Y.-S. Zhang, and G.-C. Guo, Entanglement of the Orbital Angular 

Momentum States of the Photon Pairs Generated in a Hot Atomic Ensemble, Phys. Rev. A 

78, 053810 (2008). 

[27] J. Ruseckas, V. Kudriašov, I. A. Yu, and G. Juzeliūnas, Transfer of Orbital Angular 

Momentum of Light Using Two-Component Slow Light, Phys. Rev. A 87, 053840 (2013). 

[28] D. Moretti, D. Felinto, and J. W. R. Tabosa, Collapses and Revivals of Stored Orbital 

Angular Momentum of Light in a Cold-Atom Ensemble, Phys. Rev. A 79, 023825 (2009). 

[29] Y. Yan, G. Xie, M. P. J. Lavery, H. Huang, N. Ahmed, C. Bao, Y. Ren, Y. Cao, L. Li, Z. 

Zhao, A. F. Molisch, M. Tur, M. J. Padgett, and A. E. Willner, High-Capacity Millimetre-

Wave Communications with Orbital Angular Momentum Multiplexing, Nat. Commun. 5, 

4876 (2014). 

[30] L. Yan, P. Gregg, E. Karimi, A. Rubano, L. Marrucci, R. Boyd, and S. Ramachandran, Q-



20 

 

Plate Enabled Spectrally Diverse Orbital-Angular-Momentum Conversion for Stimulated 

Emission Depletion Microscopy, Optica 2, 900 (2015). 

[31] B. C. Das, D. Bhattacharyya, and S. De, Narrowing of Doppler and Hyperfine Line 

Shapes of Rb – D2 Transition Using a Vortex Beam, Chem. Phys. Lett. 644, 212 (2016). 

[32] S. H. Kazemi, M. Veisi, and M. Mahmoudi, Atom Localization Using Laguerre–Gaussian 

Beams, J. Opt. 21, 025401 (2019). 

[33] Z. Amini Sabegh, R. Amiri, and M. Mahmoudi, Spatially Dependent Atom-Photon 

Entanglement, Sci. Rep. 8, 13840 (2018). 

[34] A. Mair, A. Vaziri, G. Weihs, and A. Zeilinger, Entanglement of the Orbital Angular 

Momentum States of Photons, Nature 412, 313 (2001). 

[35] Q. K. Wang, F. X. Wang, J. Liu, W. Chen, Z. F. Han, A. Forbes, and J. Wang, High-

Dimensional Quantum Cryptography with Hybrid Orbital-Angular-Momentum States 

through 25 Km of Ring-Core Fiber: A Proof-of-Concept Demonstration, Phys. Rev. Appl. 

15, 1 (2021). 

[36] S. K. Goyal, A. H. Ibrahim, F. S. Roux, T. Konrad, and A. Forbes, The Effect of 

Turbulence on Entanglement-Based Free-Space Quantum Key Distribution with Photonic 

Orbital Angular Momentum, J. Opt. 18, 064002 (2016). 

[37] K. S. Morgan, J. K. Miller, B. M. Cochenour, W. Li, Y. Li, R. J. Watkins, and E. G. 

Johnson, Free Space Propagation of Concentric Vortices through Underwater Turbid 

Environments, J. Opt. 18, 104004 (2016). 

[38] A. C. Peacock and M. J. Steel, The Time Is Right for Multiphoton Entangled States, 

Science (80-. ). 351, 1152 (2016). 

[39] F. R. Waugh, M. J. Berry, D. J. Mar, R. M. Westervelt, K. L. Campman, and A. C. 

Gossard, Single-Electron Charging in Double and Triple Quantum Dots with Tunable 

Coupling, Phys. Rev. Lett. 75, 705 (1995). 

[40] H. J. Reittu, Fermi’s Golden Rule and Bardeen’s Tunneling Theory, Am. J. Phys. 63, 940 

(1995). 



21 

 

[41] H. Araki and E. H. Lieb, Entropy Inequalities, in Inequalities (Springer Berlin Heidelberg, 

Berlin, Heidelberg, 2002), pp. 47–57. 

[42] R. A. Beth, Mechanical Detection and Measurement of the Angular Momentum of Light, 

Phys. Rev. 50, 115 (1936). 

[43] X.-Q. Luo, Z.-Z. Li, T.-F. Li, W. Xiong, and J. Q. You, Tunable Self-Focusing and Self-

Defocusing Effects in a Triple Quantum Dot via the Tunnel-Enhanced Cross-Kerr 

Nonlinearity, Opt. Express 26, 32585 (2018). 

[44] A. Vafafard, M. Sahrai, H. R. Hamedi, and S. H. Asadpour, Tunneling Induced Two-

Dimensional Phase Grating in a Quantum Well Nanostructure via Third and Fifth Orders 

of Susceptibility, Sci. Rep. 10, 1 (2020). 

[45] J. ur Rehman and H. Shin, Purity-Based Continuity Bounds for von Neumann Entropy, 

Sci. Rep. 9, 13912 (2019). 

 

 

 

 

 

 

 

 

 

 

 

 

 


