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Abstract This paper studies the long-term migration of dis-

turbed regolith materials on the surface of Solar System small

bodies from the viewpoint of nonlinear dynamics. We pro-

pose an approximation model for secular mass movement,

which combines the complex topography and irregular grav-

itational field. Choosing asteroid 101955 Bennu as a repre-

sentative, the global change of the dynamical environment is

examined, which presents a division of the creeping-sliding-

shedding regions for a spun-up asteroid. In the creeping re-

gion, the dynamical equation of disturbed regolith grains is

established based on the assumption of “trigger-slide” mo-

tion mode. The equilibrium points, local manifolds and large-

scale trajectories of the system are calculated to clarify the

dynamical characteristics of long-term regolith movement.

Generally, we find that for a low spin rate, the surface re-

golith grains flow toward the middle latitudes from the po-

lar/equatorial regions, which is dominated by the gradient

of the geopotential. While spun up to a high rate, regolith

grains tend to migrate toward the equator, which happens in

parallel with a topological shift of the local equilibria at low

latitudes. From a long-term perspective, we find the equi-

librium points dominate the global trends of regolith move-

ments. Using the methodology developed in this paper, we

give a prospect or retrospect to the secular motion of re-

golith materials during the spin-up process, and the results

reveal a significant regulatory role of the equilibria. Through

a detailed look at the dynamical scheme under different spin

rates, we achieve a macro forecast of the global trends of

regolith motion during the spin-up process, which explains
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the global geologic evolution driven by the long-term move-

ments of regolith materials.

Keywords Small body · Regolith material · Mass move-

ment · Equilibrium point · Large-scale trajectory

1 Introduction

Remote observations and in situ explorations have revealed

that the natural structures of most Solar System small bod-

ies are gravitational aggregates with unconsolidated regolith

granular materials on their surfaces [1,2,3]. The regolith

layers usually have a depth varying from a few meters to

tens of meters and contain dispersive boulders of different

sizes, which determine the intricate surface morphologies

and diverse landforms of the small bodies [2,3,4]. Geologi-

cal signatures formed by the migrations of regolith materials

have been observed by photometric measurements in previ-

ous asteroid missions, e.g., the longitudinal ridges obscured

by surface materials in the southern hemisphere of asteroid

101955 Bennu, and large boulders indicative of toppling and

downslope movement in its northern hemisphere [5]. And

the mass wasting on Bennu is also evidenced by the infill

of craters [6,7]. Asteroid 162173 Ryugu also exhibits unidi-

rectional regolith deposits on imbricated flat boulders, crater

wall slumping and boulder concentration in topographical

lows, indicating the occurrence of mass movements [8,9].

Similar evidence for landslides and mass transport is ob-

served on the surface of the Martian moon Phobos, including

bright-dark streaks and lineaments of debris, etc. [10,11].

These regolith layer activities highly depend on the dynam-

ical environments near the surfaces of the asteroids, which

are largely governed by the complicated geometries of the

bodies and their irregular gravitational fields. Recent studies

show the global patterns of the mass movements can deci-

pher the surface evolutionary process and contribute to as-

https://www.editorialmanager.com/nody/download.aspx?id=1155962&guid=36b95239-a422-460a-8200-e1669818f034&scheme=1
https://www.editorialmanager.com/nody/download.aspx?id=1155962&guid=36b95239-a422-460a-8200-e1669818f034&scheme=1
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sessing the surface mechanical properties of small bodies

[12,13,14].

The migration of regolith materials on asteroids is pos-

sible to be initiated by some disturbance factors, including

but not limited to global change of the surface dynamical

environment due to varying spin state [15], and exogenous

excitation, such as impact events which could give rise to

stress waves and seismic shaking [16,17]. A slow mecha-

nism that can modify the spin rates and obliquities of small

bodies by thermal radiation forces and torques, referred to

as Yarkovsky-O’Keefe-Radzievskii-Paddack (YORP) effect

[18], plays an important role in driving the surface evolu-

tion process of small bodies. For example, Bennu spins up

with a period rate of change of �1.02 ± 0.15 s per cen-

tury [6], inducing the centrifugal force of surface materials

slowly increasing. As a result, the dynamical slope, i.e., the

supplementary angle of the angle between the outer normal

vector of local surface of a small body and the geopotential

force contributed by the gravitational force and centrifugal

force, varies and probably exceeds the angle of repose of

regolith materials. Then landslides driven by YORP spin-

up occur. Another important mechanism that is suspected

of driving regolith movements to modify the asteroidal sur-

faces is long-term seismic shaking, caused by multiple re-

flections and propagation of impact-induced seismic wave

in the interior of bodies [13,19]. For example, asteroid 433

Eros possesses a heavily cratered surface, indicating rela-

tively frequent impact events. There exists direct evidence

of mass movement such as the erasure of small craters by

regolith particles [2], making impact-induced seismic shak-

ing a plausible explanation.

Different from the landslides on Earth, the movement

of regolith materials induced by above disturbance factors

might involve large spatial scale that is even comparable to

their size [4,9,20]. Low gravity level (e.g. 10�4 m·s�2 on

Ryugu and 10�5 m·s�2 on Bennu) and low friction loss can

make the intermittent regolith flow travel a long distance.

Besides, the time span of mass movements is inordinately

long so it is almost impossible to capture a complete event

or even an ongoing process of regolith migration using on-

board cameras. On the other hand, the effect of Coriolis

force acting on the regolith particles on the surface of a spin-

ning body is weakened owing to their slow migrating veloci-

ties. A theoretical investigation of such regolith movement is

confronted with the non-trivial gravitational field, complex

surface topography, and an extremely large time scale. Pre-

vious studies using different methods have given impressive

results, which enlighten this work and provide references.

Scheeres [21] explored the conditions for regolith landslides

on a gravitating, rotational symmetric body using analysis

method, starting from giving the basic mechanical forces

acting on a stationary regolith particle. Particle movements

are initiated when the local slope angle exceeds the friction

angle. By applying an extended avalanche dynamical model,

Gaurav et al. [22] studied two-dimensional shallow granu-

lar flow on a rotating and self-gravitating ellipse. They de-

rived the criteria of coexistence and transformation of static

and flowing regolith regimes. Cheng et al. [12] simulated

the regolith migration driven by YORP spin-up employing

discrete element method and observed that creeping gran-

ular materials moved from mid-high latitudes toward low

latitudes and formed a pronounced equatorial bulge. Jawin

et al. [4] documented evidence of global patterns of mass

movement on the surface of Bennu based on plenty of high-

resolution images taken by OSIRIS-REx cameras, unravel-

ing the surface modification subject to regolith transport.

In this study, we propose a dynamical model that de-

scribes the long-term movement of disturbed regolith grains

on the surface of a rotating asteroid, which combines the lo-

cal accurate terrains and irregular gravitational field. Based

on the refined modeling, global and local patterns of sur-

face material movements are calculated and analyzed. And

the nonlinear characteristics of the long-term regolith move-

ment offer us a new perspective to understand the surface

evolution process. In Section 2, we describe the extremely

slow physics of the regolith movement using a simplified

model: the surface dynamical environment is formulated in

analytical forms and the influences of the spin rate and fric-

tion are investigated, and then a two-stage-motion model is

proposed to approximate the regolith creeping under exter-

nal disturbances. In Section 3, the equilibria and local man-

ifolds of the dynamical system are calculated and analyzed.

Section 4 presents the trajectories of surface particles at dif-

ferent stages of spin-up process, which exhibit the dominant

roles of the equilibria on the migration of regolith materials.

Section 5 summarizes the results of this work, and discusses

their implications on secular prediction of the regolith move-

ment at a model level, which are expected to enrich our un-

derstanding of the morphological evolution of Solar System

small bodies.

2 Modeling the movement of surface regolith particles

2.1 Global construction of the surface dynamical

environment

In the evolutionary process of some asteroids, variation of

the centrifugal strength induced by YORP spin-up or spin-

down causes global change of the surface dynamical envi-

ronment, which might switch the status of regolith parti-

cles (triggering an avalanche, or stopping it). In this section,

we propose a universal formulation of the planetary surface

dynamical environment, and then we take asteroid 101955

Bennu as an example to show how the dynamical environ-

ment changes over the globe as the spin period of the aster-

oid shifts.
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Considering a regolith particle on the surface of a spin-

ning asteroid, its dynamical behavior is dominated by the

gravitational force, contact force, centrifugal force, Coriolis

force and other perturbation in space which are not consid-

ered in the simplified model. Based on the fact that the time

scale of YORP spin-up evolution for hundred-meter aster-

oids is about million years [6], the YORP spin-up could be

treated as a quasistatic accelerating process, which means

the tangential convected acceleration of a regolith particle

in the body-fixed coordinate is negligible. All the physical

quantities in the following formulas we listed are dimension-

less. The characteristic length and time scale are adopted as

the equivalent radius (the radius of a sphere with the same

volume as the asteroid) and the spin period T of the asteroid.

The acceleration of a unit-mass particle on the surface of an

asteroid is represented as Eq. (1),

aaas = gggg + fff �ωωω ⇥ (ωωω ⇥ rrr)�2ωωω ⇥ vvv, (1)

in which gggg is the gravitation term, fff is the term affected by

contact force containing normal contact force and tangential

friction, ωωω is the vector of angular velocity of the spinning

body with the magnitude 2π in the dimensionless represen-

tation, and rrr and vvv respectively indicate the position vector

and velocity vector in the body-fixed frame.

During the million-year evolution of asteroids, regolith

materials creep down the surface at a minuscule velocity

when affected by disturbance, such as impact-induced seis-

mic activities. The creep velocity of regolith grains main-

tains at a small magnitude, so the Coriolis force could be

negligible. The representation of the normal and tangential

contact force will be given later in this Section. The grav-

itation and centrifugal effect could be viewed as potential

force, which also determine the movement trends of station-

ary particles on the surface of an asteroid. The geopotential

of a unit-mass particle is defined as Eq. (2),

Vs =�
1

2
(ωωω ⇥ rrr) · (ωωω ⇥ rrr)�GT 2σ

ZZZ

1

|rrr� ppp|
dppp, (2)

where G is the gravitational constant, T is the spin period,

σ is the bulk density of the asteroid which is treated as ho-

mogenous, ppp is the position vector of the infinitesimal vol-

ume dppp. So the gravitational and centrifugal acceleration

can be merged as the negative gradient of geopotential and

Eq.(1) is modified as

aaas =�∇Vs + fff , (3)

where ∇ is the gradient operator.

The gravitational potential, i.e., the second term of Eq. (2),

and gravitation contained in the potential force in Eq. (3)

are calculated in a closed form by assuming the asteroid as

a homogeneous polyhedron [23,24,25]. Gravitation derived

by polyhedron, whose calculation error only originates from

the error of polyhedron shape model of an asteroid, could

x

z

ˆ( , )r

( , , )x y zP

y

O

Sketch of  asteroid 

local surface

( , )OP R

Unit Sphere

Fig. 1: Cartoon showing the geometry and coordinate con-

vention to understand the parameterized shape model of as-

teroids. Part of asteroid irregular surface (the light yellow

surface) is drawn as example. Point P on the local irregular

surface can be determined uniquely by the unit orientation

vector r̂rr(θ ,φ) and the radial distance R(θ ,φ).

guarantee the accuracy whether the field point is in the exte-

rior or interior, or on the surface of the shape model.

The irregular shapes of asteroids can be parameterized

using spherical harmonics, which can represent the surface

geometry of an arbitrary connected 3D shape with protru-

sions and intrusions [26]. In order to generate an accurate

shape expression, we first establish a one-to-one mapping

from a point (x,y,z) on the surface of the object to its spher-

ical coordinates (θ ,φ) and radial distance R(θ ,φ) as shown

in Fig. 1. The general form of R(θ ,φ) is

R(θ ,φ) =
∞

∑
l=0

l

∑
m=�l

cm
l Y m

l (θ ,φ), (4)

whose expansion is based on spherical harmonic functions

Y m
l , representing as

Y m
l (θ ,φ) =

s

2l +1

4π

(l �m)!

(l +m)!
Pm

l (cosθ)eimφ , (5)

where Pm
l is the associated Legendre function. The complex

coefficients cm
l of the harmonics are derived by fitting the

Cartesian coordinates of the sample points on the surface

of an irregular asteroid. The degree l determines the spatial

frequency constituents composing the parameterized shape

model. In a certain range, a larger degree l means that higher

frequency components are included and more detailed fea-

tures of the original object appear. More detailed computing

methods about spherical harmonics see the appendix of [27].

Therefore, an arbitrary point on the surface of asteroids can

be represented as

RRR(θ ,φ) = R(θ ,φ) · r̂rr(θ ,φ), (6)

where r̂rr is the unit orientation vector as shown in Fig. 1

(Symbol ˆ indicates an unit vector throughout this paper).
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Fig. 2: The shape model of Bennu in spherical harmonics. The colormap indicates the dimensionless geopotential and the

arrows denote the slope directions with their length in proportion to the magnitude of gggt. Panel (b) is viewed from the north.

Corresponding to the annotations in panel (b), the middle longitude in panel (a) is 0�, whose right locates east longitudes.

The tangent plane of a local surface at the position RRR(θ ,φ)
can be denoted by two partial derivatives of the vector func-

tion RRR(θ ,φ), i.e., R̂RRθ and R̂RRφ . The subscripts denote the par-

tial derivative with respect to θ and φ . Furthermore, the

outer normal orientation of the local surface, r̂rrn, is deter-

mined by the outer product of R̂RRθ and R̂RRφ .

The component of �∇Vs in the orientation of r̂rrn plays a

similar role to the gravity on Earth, expressed as

gggn = (�∇Vs · r̂rrn) r̂rrn. (7)

And the projection of �∇Vs into the tangent plane of the

local surface:

gggt =�∇Vs � (�∇Vs · r̂rrn) r̂rrn, (8)

defines the local slope direction on account of the fact that

an unconstrained particle would move along the direction

of gggt. The contact force of a unit-mass particle on the sur-

face refers to the plane-slider model, i.e., the normal force

is equal to gggn and the tangential friction is calculated us-

ing Coulomb friction model with the friction coefficient µ .

We divide the whole surface into several regions by first ob-

serving the orientation of vector gggn, and then comparing the

magnitude of gt and µgn. If gggn · r̂rrn > 0, this location is di-

vided into shedding region (a particle in this location will

depart from the surface under the action of gggn); else, go to

the next judging criteria: gt �µgn > 0, = 0 and < 0 corre-

spond to the sliding region, critical boundary and creeping

region respectively. The creeping region means that regolith

particles therein will maintain rest if there is no disturbance,

which is a region of our concern. Obviously, the shedding-

sliding-creeping region division depends on the spin period

T and friction coefficient µ .

We chose asteroid Bennu (the target object of OSIRIS-

REx mission) as an example, which is a top-shaped aster-

oid having distinct equatorial bulge. Bennu spins at a pe-

riod of about 4.30 hours with a period rate of change of

�1.02± 0.15 s per century [6], which makes Bennu a per-

fect candidate for a study of the long-term trends of surface

regolith migration. The shape model of Bennu in spherical

harmonics is shown as Fig. 2, which is truncated to degree

20 (The sample points used for fitting the complex coeffi-

cients of the harmonics were taken from Bennu’s polyhe-

dron model [28]). The origin is the center of mass, and the

axes are the principal axes of the shape model. The z-axis is

the spin axis. The stipulation of Bennu’s geographic coordi-

nate is indicated by latitudes and longitudes in Fig. 2. The

zero meridian and the north pole correspond to the spherical

coordinate φ = 0 and θ = 0 respectively.

Considering a particle on the equator of a spherical as-

teroid with equal volume as Bennu, this particle is about to

depart from the surface when the centrifugal effect weighs

against the gravitation. We choose the spin rate of the spher-

ical asteroid in this critical status as a reference value, ω0 =
q

4
3
πGσ (corresponding to T0 = 2.94 hr) and calculate the

shedding-sliding-creeping region division based on the to-

pography and rotational state of Bennu. Different spin rates,

represented as dimensionless form ω̃ =ω/ω0, are examined

to depict the global change of dynamical region division. As

shown in Fig. 3, with the increase of ω̃ , the asteroid surface

first changes from global creeping region to sliding-creeping

coexistence, and then a shedding region emerges at the equa-

tor. The contour of gt �µgn = 0 (dark solid curves) divides

the creeping region (towards the blue end of the spectrum)

and the sliding region (towards the red end of the spectrum),

and the shedding region is marked out in gray with white

solid curves.

The atlas of Fig. 3 reveals a global shifting of the dy-

namical environment on Bennu’s surface. As the spin-up

proceeding, the creeping region degenerates, which allows
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Saddle point

Stable node

Unstable node
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0t ng g

                     tan 30

0.588  ( 5.00 hr)T

                     tan 30

0.684  ( 4.30 hr)T

                     tan 30

0.888  ( 3.31 hr)T

                     tan 45

0.888  ( 3.31 hr)T

(a)

(b)
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Fig. 3: Global change of Bennu’s surface dynamical environment. The global map is colored according to the dimensionless

value of gt �µgn and the contour gt �µgn = 0 is signified in black. The gray areas in panel (c) and (d) imply the shedding

region. Equilibrium points of different topological classification of the dynamical system described by Eq. (15) are also

plotted – the circle crosses, squared crosses and rhombus crosses denote the saddle points, stable nodes and unstable nodes

respectively, which will be introduced in Sec. 3.
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the regolith materials in the midlatitudes start to move spon-

taneously. Regolith shedding first appears at the equatorial

region. Note that the sprout of shedding region at ω̃ = 0.888,

less than 1, is attributable to the conspicuous equatorial bulge

of Bennu, where the radius is larger than that of the equal-

volume sphere. Besides, larger friction angle obviously min-

ishes the area of sliding region [see Fig. 3(c) and Fig. 3(d)].

In this study, we focus on the trajectory analysis of migrat-

ing grains, and the change of Bennu’s shape caused by re-

golith movement is not considered. A study on the variation

of regolith layer thickness is left to future work.

2.2 An approximate dynamical equation of the surface

particle movement

Regolith particles in the creeping region (gt�µgn < 0) might

start to move subject to the disturbance in the environment,

such as long-term geological activities induced by impact

events. Different from the slope angle [its value is equal to

arctan(gt/gn)] variation induced by YORP spin-up, small

perturbations like stress waves or seismic shaking could make

regolith materials leave from the surface temporarily and

slightly. Hence, we propose a dynamical approximation to

this “trigger-slide” process, a two-stage model covering pro-

jectile motion left the surface and decelerating motion on the

surface as shown in Fig. 4. The main body of the asteroid is

viewed as a rigid body covered with regolith materials, and

their interface spontaneously exerts disturbances on the re-

golith grains, causing them gravitated toward the potential

lows like sand in the Chladni plate experiment [29]. We first

establish the equation of a disturbed particle in the creeping

region.

n
g

R̂
R̂

1L

2L

n
g

n
g

t
g

u

n t
g g

t
g

Fig. 4: Approximate dynamical model of a disturbed par-

ticle. On the tangent plane of a local surface of asteroids

identified by R̂RRθ and R̂RRφ , the “trigger-slide” process of a dis-

turbed regolith particle is simplified as two stages: the pro-

jectile motion and decelerating motion.

When a particle obtains an initial velocity to leave the

surface, which is assumed to be perpendicular to the local

surface, it will fall down affected by gggn and go ahead under

the action of gggt (see Fig. 4). Once the particle has landed

again, it will be influenced continuously by friction until its

movement ceases, causing a deceleration µgggn � gggt. Repre-

senting the forward distance in the slope direction of these

two stages as ∆L1 and ∆L2, they can be calculated as

∆L1 =
1

2
gt∆t2

1 ,∆L2 =
(gt∆t1)

2

2(µgn �gt)
, (9)

in which ∆t1 and ∆t2 correspond to the time in two stages.

And ∆t2 is proportional to ∆t1:

∆t2 =
gt∆t1

µgn �gt
. (10)

Introducing ∆τ =(∆t1 +∆t2)
2

to characterize the scaled time,

define the normalized velocity as the ratio of the distance to

the scaled time:

v = lim
∆τ!0

∆L

∆τ
=

gt (µgn �gt)

2µgn
, (11)

where ∆L = ∆L1 +∆L2. We propose a vector function vvv to

measure the velocity of disturbed particles, whose magni-

tude is v and orientation is along the slope direction gggt which

determines the steepest descent direction of the geopotential

on the surface. vvv could also be derived in terms of the deriva-

tive of position coordinate with respect to the scaled time τ ,

i.e.,

vvv = vĝggt =
dRRR(θ ,φ)

dτ
, (12)

where ĝggt is the unit vector in the slope direction. Project vvv

onto the direction of R̂RRθ and R̂RRφ :

vĝggt =
gt (µgn �gt)

2µgn

⇥

(ĝggt · R̂RRθ )R̂RRθ +(ĝggt · R̂RRφ )R̂RRφ

⇤

, (13)

RRR0 = RRRθ θ 0+RRRφ φ 0 = |RRRθ |θ
0R̂RRθ + |RRRφ |φ

0R̂RRφ . (14)

The operator 0 in this paper represents d/dτ . Contrasting the

magnitude in the direction of R̂RRθ and R̂RRφ of these two repre-

sentations, the first-order differential equations about θ and

φ are acquired and expressed as



f (θ ,φ ; µ, ω̃)

g(θ ,φ ; µ, ω̃)

�

:=



θ 0

φ 0

�

=
(µgn �gt)

2µgn



gggt ·RRRθ/|RRRθ |
2

gggt ·RRRφ/|RRRφ |
2

�

.

(15)

Equation (15) governs the movement of a grain driven

by surface triggering events and determines a global flow

map on the shape model of an asteroid. Considering the

spin-up time scale of an asteroid, the whole migrating pro-

cess of a regolith grain usually takes a long term, thus the

flow map can be regarded as a prediction of the secular

trends of regolith movement. In the model as described by

Eq (15), the friction µ and spin rate ω̃ are two major param-

eters that influence the dynamical behaviours of the whole

system. The rest part of this paper will take a detailed look

at them.
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3 The equilibria and local manifolds

The equilibrium points and the local manifolds in their vicin-

ity reflect the dynamical characteristics of the system. The

equilibria of Eq (15) are obtained by solving


f (θ ,φ ; µ, ω̃)

g(θ ,φ ; µ, ω̃)

�

= 000. (16)

While searching for the exact solution of Eq (16), we find

the zeros of f , g essentially depend on two simpler equa-

tions, i.e., µgn � gt = 0 and gt = 0. As shown in Fig. 3,

µgn�gt = 0 depicts the boundaries of creeping region, which

are continuous curves. And the isolated equilibria are deter-

mined by equation gt = 0, which locate in the creeping re-

gion and dominate the migrating trajectories. As a numeric

scheme, we first calculate the values of gt on the nodes of a

global grid (θi,φ j) (i, j = 1,2, ...; 0 < θi < π, 0 < φ j < 2π).

Then we screen out the nodes (θi,φ j) on which gt is suf-

ficiently small as the initial guesses for the next iteration.

Note that numerically not all equilibrium points are guar-

anteed to be found. We use dense grid and relaxed thresh-

old values to improve the coverage of our scheme. Through

repeated attempts of grid density and iteration settings, we

located the equilibrium points over the globe for different

system parameters, µ and ω̃ . These zero-velocity points are

plotted using black “⇥” in Fig. 3, Fig. 7 and Fig. 8. The cir-

cles, squares and rhombus covering the black “⇥” denote

the topological classification of the equilibrium points (see

next paragraph for a detailed discussion).

The stability of the equilibrium points is examined pur-

suant to the linear approximate system of Eq. (15), i.e.,



θ 0

φ 0

�

=

"

∂ f (θ⇤,φ⇤)
∂θ

∂ f (θ⇤,φ⇤)
∂φ

∂g(θ⇤,φ⇤)
∂θ

∂g(θ⇤,φ⇤)
∂φ

#



θ

φ

�

, (17)

in which small quantities of the expansion form above the

second order are negligible. The system properties are ap-

proximated using the linearized coefficient matrix [30,31],

in which the superscript ⇤ denotes the coordinates of the

equilibrium point. The eigenvalues and eigenvectors of the

linearized coefficient matrix in Eq. (17) are solved numer-

ically. The local topology of each equilibrium point can be

determined from the spectrum of the eigenvalues, which leads

to a classification of the equilibrium points [32]. In all the

cases considered in this study, i.e., Bennu’s shape with vary-

ing ω̃ and µ , we find only three topological types of equi-

libria, the saddles (marked in circled crosses), stable nodes

(marked in squared crosses) and unstable nodes (marked

in rhombus crosses), as shown in Fig. 3, Fig. 7 and Fig. 8.

The topological equivalence between the linearized system

and the original system is guaranteed by theory for these

equilibrium types, which enables us to understand the local

behaviours of the creeping flow around the equilibria from

the eigen-structure of Eq. (17). Table 1 lists the locations of

three representative equilibria, together with the geographic

coordinates and the corresponding eigenvalues of the coef-

ficient matrix, calculated using µ = tan30� and ω̃ = 0.684

(T = 4.30 hr). Equilibria E1, E2 and E3 all possess two real

eigenvalues: E1 has one positive and one negative, determin-

ing a saddle point; E2 has two negative, determining a stable

node; E3 has two positive, determining an unstable node.

Among the three types, only the stable node E2 is asymp-

totically stable (all negative real eigenvalues), and the other

two types are unstable, which applies to the original nonlin-

ear system.

Table 1: Locations of three representative equilibria and

eigenvalues of the linearized coefficient matrix

Equil. Pt. (θ , φ ) Geo. Coord. λ1 λ2

E1 (1.74, 3.35) (9.41�S, 168.06�W) -36.30 25.63

E2 (1.37, 6.21) (11.75�N, 3.94�W) -83.44 -24.42

E3 (2.45, 2.17) (50.23�S, 124.10�E) 24.27 115.17

* Equil. Pt. and Geo. Coord. in the first line are the abbreviations

for Equilibrium Point and Geographic Coordinate respectively.

Figure 5 spotlights the local manifolds around the equi-

libria, which determine the local behaviours of the triggered

regolith grains. The stable invariant subspace of the linearized

system is spanned by the eigenvectors corresponding to neg-

ative eigenvalues, and the unstable subspace, by the eigen-

vectors corresponding to positive eigenvalues [33]. In the lo-

cal zoomed Fig. 5, the stable manifolds (blue solid lines) and

the unstable manifolds (red solid lines) of equilibria E1, E2

and E3 are illustrated using the eigenvectors of the linearized

system, and the flow vector fields (black arrows) and migra-

tion paths (dash-dot curves in rainbow color) are calculated

in terms of the original nonlinear system. The vicinal flow

characteristics of equilibria of different topological classifi-

cations are obviously distinct. For the saddle point, the tra-

jectories approach the equilibrium along the direction of the

vector of stable subspace and move away from it following

the direction of the vector of unstable subspace, implying a

regulatory effect of the saddle point on the nearby regolith

migration. For the stable and unstable nodes, the trajecto-

ries consistently approach and depart from the equilibria,

respectively, which indicate the convergent and emanative

movement tendencies of the surface regolith materials in the

vicinity.

We examine the location and topology shifting of equi-

libria on the surface as the asteroid spins up under YORP

effect. In a spin-up path from ω̃ = 0.684 (T = 4.30 hr) to

ω̃ = 0.788 (T = 3.73 hr), the evolution of equilibrium points

is displayed using the results of four different spin rates,

which are marked in different colors as shown in Fig. 6(a).

The curves show the contour of gt�µgn = 0, i.e., the bound-
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(b)

(a)

(c)

Fig. 5: Local manifolds of equilibria E1, E2 and E3. Black

markers “⇥” in three panels locate E1, E2 and E3 respec-

tively. Invariant subspace of the linearized system is plot-

ted, blue lines and arrows portraying stable subspace and

the red corresponding to unstable subspace. Local vector

fields and trajectories of the original nonlinear system are

depicted using black arrows (whose length is proportional

to the magnitude of local normalized velocity) and rainbow

colored dash-dot lines respectively.

ary between the creeping and sliding region. We observe

continuous changes in the location of equilibrium points,

which look like chains. For instance, two equilibrium point

chains are formed in the black box of Fig. 6(a) as the equi-

librium points constantly shift during the spin-up process.

Figure 6(b) calculated this evolutionary path in greater de-

tail: the saddle point and stable node first generate at T =

6.50 hr and T = 5.70 hr, respectively, and both annihilate

at T = 3.73 hr when the two chains nearly collide. The en-

larged view panel (b) demonstrates the full-process migra-

tion of equilibria in the extended spin-up path. Besides, we

notice some equilibrium chains gradually vanish in the ω̃

range we checked, and some emerge from vain, which ex-

hibit the complex interaction between the gravitational po-

tential and centrifugal potential on the asteroid’s irregular

surface. However, a common tendency can still be found: as

the asteroid spun up, the total number of equilibrium points

decreases and their locations become more concentrated around

the equator. Because for high spin rates the small-scale topo-

graphic relief has little contribution to the geopotential gra-

dient, which is dominated by the overall top-like shape of

Bennu.

4 Global migration tendency under the regulation of the

equilibria

Solutions of Eq. (15) are obtained numerically, which out-

line the large-scale trajectories of the regolith particles in the

creeping region. Considering a quasistatic migrating process

of the regolith materials (see Sec. 2), we realize the time

span for a whole migrating trajectory could be extremely

long, and these trajectories can roughly be regarded as a

prediction of the long-term tendency of the regolith migra-

tion. We notice that the global behaviors of these trajecto-

ries are obviously regulated by the equilibria, whose loca-

tions and topologies are changing as the asteroid is spun

up. The migrating trajectories under different spin rates are

then calculated. When the spin rate is slow, e.g., ω̃ = 0.294

(T = 10 hr), high geopotential locates at high latitudes and

in the equatorial regions [see Fig. 7(a)]. So when some lo-

cations at high latitudes and in the equatorial regions are

set to the initial values of trajectory integration (called “re-

leasing positions” in the following), particle movements to-

ward mid-latitudes are observed. At current spin period 4.30

hr, disturbed high-latitude materials move toward equato-

rial regions as shown in Fig. 7(b). Except for flowing toward

the equator, some trajectories stop at the boundary of slid-

ing regions at higher spin rate [see Fig. 7(c)], which means

that Eq. (15) is no longer active and surface materials could

spontaneously move because of gt > µgn. In consistent with

the local dynamical characteristics near the equilibria plot-

ted in Fig. 5, global trajectories released from high latitudes

and equatorial regions change their direction when encoun-

tering the saddle points (approach and then depart from the

saddle points) and converge in the vicinity of the stable nodes.

Besides, we remark that the friction coefficient µ have no

influence on the locations of equilibria, because the parame-

ter µ only appears in the scalar coefficient term of Eq. (15).

And calculations show that different µ will not change the

topological classification of equilibria. This fact leads to a
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Spin up path

T=3.73 hr

T=5.70 hr

T=6.50 hr

4.30 hr

4.09 hr
3.90 hr
3.73 hr

(a) (b)

Fig. 6: Equilibrium evolution during spin-up process. (a) Dividing lines between the sliding and creeping regions and equi-

libria evolve along the spin-up path (ω̃=0.684, 0.719, 0.754 and 0.788, i.e., T =4.30, 4.09, 3.90 and 3.73 hr), distinguished

by four colors. Circles, squares and rhombuses represent saddle points, stable nodes and unstable nodes, respectively. (b)

Full-process evolution of two equilibrium point chains. The spin-up path is extended to present the evolution of equilibrium

points in the black box of panel (a), from their generation to annihilation.

deduction that the regolith movement in the creeping region

is independent on the friction between the regolith grains,

which favours a common evolutionary path for asteroids of

different chemical compositions.

Next we attempt to interpret the change of regolith move-

ment trends during spin-up process. As the spin rate increases,

the creeping region is gradually minishing, resulting in the

variation of accessible area for the moving regolith materials

overall. When the asteroid spins at an extremely low angular

rate, the gravitational potential is dominated in the geopo-

tential. In topographical highs (where the elevation is high),

such as the equatorial bulges, polar regions and local high-

lands, the gravitational potential is at a relative high level.

Hence, the colormap of the geopotential displays patchy dis-

tributions, such as Fig. 7(a). In accordance with the gradient

of the geopotential, the movements of regolith particles from

polar regions and equatorial regions toward middle latitudes

are observed in the calculating results, coexisting with lo-

calized flow induced by local terrain. Therefore, zeros of

normalized velocity, i.e., the equilibrium points, distribute

in a large latitude range and are of large quantity, as shown

in Fig. 7(a). Observations have proved signs of mass move-

ment from the equatorial ridge toward the higher latitudes on

the surface of Ryugu (a top-shaped asteroid, with an equato-

rial radius of 502 m and a period of 7.63 hr [34]), which are

consistent with the current geopotential of Ryugu [8]. When

the spin rate reaches a high level, the effect of the centrifugal

potential in the geopotential is powerful, which even makes

the geopotential level parallel with the latitude and decreases

the geopotential difference at the same latitude. As a result,

the global flow trends are uniformly toward the equator and

the equilibrium points are lessened and concentrate on the

equator, as shown in Fig. 7(c).

Special attention is paid to the trajectories connected to

the vicinity of the equilibria, i.e., as the scaled time τ in-

creases, the migrating regolith particles are approaching or

departing from the equilibria under the regulation of the sta-

ble/unstable manifolds. For example, we check the trajec-

tories stretching out from the vicinity of stable nodes with

descending integral time series at spin period T = 4.30 hr

(the observed rotational period of Bennu), suggesting the

historical migrating paths of regolith materials toward the

stable nodes. As shown by the white lines in Fig. 8, conver-

gent migrating trajectories of regolith materials around the

stable nodes in the equatorial region are mainly from high-

latitude regions and the vicinity of the unstable nodes at low

latitudes. The origins at high latitudes are proved to be un-

stable nodes in terms of the supplementary verification. Sim-

ilarly, the trajectory integrations initialized from the vicinity

of unstable nodes with respect to ascending τ are also calcu-

lated to track the movement paths of regolith materials. Uni-

formly, emanative materials flow toward nearby stable nodes

along the black lines. Not only in Fig. 8 but also in Fig. 7,

saddle points have certain effects on the trajectories, such

as deflecting flow direction. Generally speaking, the global

mass movement reveals an overall tendency toward equa-

tors, coexisting with the redistribution of regolith materials

at low latitudes. The calculating results for Bennu at cur-

rent spin period have been supported by the identifications

of mass movements based on the mission images [4]. Com-

bined with the elevation colormap in Fig. 8, in low-latitude

region stable nodes locate at relatively low-lying areas while

unstable nodes are in topographic highs. In some degree, the

regolith migration from unstable nodes to stable nodes might

reduce the difference in terrain height.
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(c)

(a)

(b)

    =0.294 

(T=10.00 hr)

    =0.788 

(T=3.73 hr)

    =0.684 

(T=4.30 hr)

Fig. 7: Trajectories of high-latitude and equatorial releas-

ing regolith particles. Releasing positions are marked using

small black circles and the white lines denote the trajecto-

ries of disturbed particles. Orange arrows are set to assist in

identifying the migrating direction. The colormap indicates

the dimensionless geopotential of Bennu at different spin pe-

riod. And the sliding regions are distinguished in black. The

friction angle in these cases is 30�. The equilibrium point

markers represent the same topological categories as those

in Fig. 3.

From a long-term perspective, the equilibrium points dom-

inate the global trends of regolith movements. Using the

methodology developed in this work, we can give a prospect

or retrospect to the secular motion of regolith materials, by

tracking the solution trajectories forward or backward along

the time axis. The three types of equilibria prove to play a

significant regulatory role: the migrating regolith grains con-

verge and end up in the vicinity of the stable nodes, and es-

cape from the unstable nodes; for saddle points, the situation

is more complex because the trajectories in different direc-

tions show opposite migration trends due to their distance

from the stable manifold or the unstable manifold respec-

tively. In a typical case, when a trajectory is approaching the

saddle along the stable manifold, it will be deflected rapidly

as it passing by, exhibiting a “slingshot” motion. Combin-

ing the discussion on the evolution of equilibria in Sec. 3,

we achieve a macro forecast of the global trends of regolith

motion during the spin-up process, i.e., the generation, mi-

gration and annihilation of the equilibria imply the turning

points of global geologic processes, which are driven by the

long-term migration of surface regolith materials.

5 Conclusion

In this paper, we establish a dynamical model to describe the

long-term migration of regolith materials on the surface of

small bodies, considering the influences from the complex

shape and irregular gravitational field of the small body. We

analyze the global change of the surface dynamical environ-

ment during the spin-up process and for different surface

friction coefficient. The approximate dynamical equation of

disturbed regolith grains is obtained by assuming a slowly

intermittent migrating pattern, which governs the long-term

movement of surface regolith materials on a specific aster-

oid. Taking asteroid Bennu as an example, we examine the

equilibrium points of the creeping motion, and the large-

scale migrating trajectories of the regolith materials. The lo-

cal manifolds of the equilibria and the morphology of the

large-scale trajectories reveal a detailed map that manifests

the long-term geological evolution caused by regolith migra-

tion on the surface of the asteroid. The topological structures

of the equilibria are employed to distinguish the evolutional

trends of the local regolith depth, i.e., the local flow map

indicates the convergent or emanative behaviors of surface

materials, which might explain the formation mechanisms

of small-scale ridges, hillocks and pits. We see the predic-

tion of our simplified model agrees with several observed

identifications of mass movements based on images returned

from the OSIRIS-REx mission, which contributes to our un-

derstanding of the long-term trends of regolith movement on

Solar System small bodies. Future work will be organized to

combine a depth variation model with our global migration

model, which is expected to give a better explanation to the

small body’s reshaping process.

Acknowledgements Y.Y. acknowledges financial support provided by

the National Natural Science Foundation of China Grant No. 12022212.

Compliance with ethical standards



Long-term Trends of Regolith Movement on the Surface of Small Bodies 11

E
le

v
at

io
n
 (

m
)

Fig. 8: Trajectories flowing toward stable nodes (white lines) and departing from unstable nodes (black lines) at current

spin period 4.30 hr and µ = tan30�. White arrows indicate the trajectory direction. And the trajectories between stable and

unstable nodes are uniformly from the unstable to the stable, as shown in the schematic at the bottom right. The colormap

indicates the elevation distribution of Bennu. The equilibrium point markers represent the same topological categories as

those in Fig. 3.
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