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Abstract:  The Hilbert transform (HT) is an important method for signal demodulation and 

instantaneous frequency (IF) estimation. The modulus of the analytic signal constructed by the HT is 

regarded as the amplitude, and the derivative of the instantaneous phase of the extracted pure frequency 

modulation signal is the IF. When the spectrums of the amplitude function and the oscillation term 

overlap so as not to satisfy the Bedrosian condition, the instantaneous amplitude (IA) and frequency 

calculated by the Hilbert transform will contain errors. The recursive Hilbert transform (RHT) is an 

effective method to overcome this problem. The RHT regards the pure frequency modulation signal 

obtained by the previous HT as a new signal and recursively computes its Hilbert transform until 

convergence. The final pure frequency modulation signal of the recursive procedure has the same zero-

crossing points as the original signal, and its corresponding quadrature error signal vanishes. We 

emphasize the convergence analysis of the algorithm and study the convergent tendency of the 

quadrature error signal in each recursive step. The key to the proof is that the discrete Fourier transform 

value of the quadrature error signal is regarded as a vector, and the length/norm of the vector decreases 

with the recursion process. Finally, three examples are used to demonstrate the effective application of 
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this method in signal demodulation, IF identification and damped vibrating signal analysis, which 

indicate the application potential of the RHT method in mono-component signal processing. 

1. Introduction 

The IF contains the current state information of the physical system and it is an important monitoring 

parameter for evaluating whether the state of the system is healthy[1–4]. Therefore, an important issue 

of non-stationary signal analysis is estimating the IF of the signal. To identify the IF, it is necessary to 

demodulate the signal in the form of 𝑥(t) = 𝐴(𝑡)cos[𝜙(𝑡)] and to obtain the derivative of the phase 

function of the pure frequency modulation signal as the IF. According to the number of components that 

make up the signal, the general monitored signals fall into two categories: 1) a mono-component signal 

and 2) a multi-component signal. A single-component signal is also called an intrinsic mode function 

(IMF), it has good mathematical properties and clear physical meanings. The mathematical 

characteristics of the amplitude and phase of the IMF are defined in [5]. In general, the amplitude 

function of a good IMF should be a slow-varying signal, and also the IF should be smooth. Various 

methods can be used to demodulate the IMFs. For multi-component signals, it is often necessary to 

decompose the signal first to obtain IMFs. The most famous decomposition method is the empirical 

mode decomposition (EMD) proposed by Huang et al [6]. The widely used Hilbert-Huang transform 

(HHT) decomposed the multicomponent signals into a series of IMFs with the EMD method. Then, the 

HT is utilized to calculate the instantaneous amplitude and IF for each IMF. The EMD has the problem 

of mode mixing in its use, and the ensemble empirical mode decomposition can partially solve this 

problem[7,8]. Based on the HT, many signal decomposition methods have been constructed, such as 

Hilbert vibration decomposition [9,10], iterated Hilbert transform [11,12], analytical mode 

decomposition [13,14]. All of these methods demonstrate the versatility of the HT. 

Once the single-component signals are decomposed, the IF of the signals can be calculated. There are 

many ways to calculate the IF[15], in which the  HT is the most popular one. The HT can demodulate 
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the signal and extract the amplitude function and phase function [16]. For a real signal, the HT can 

define its analytical signal and the derivative of the phase function can be regarded as the IF. However, 

when the amplitude function and pure frequency modulation term do not meet the requirements of the 

Bedrosian product theorem[17,18], the signal cannot be demodulated correctly using the HT. From the 

perspective of signal demodulation, HT performs amplitude and phase demodulation at the same time 

[19]. Thus, in general, the HT cannot give accurate demodulation results. When the HT is used to 

calculate the IF of a mono-component signal, the difference between the HT of the signal and its 

quadrature signal is called the quadrature error signal. Nuttall et al. have given the energy calculation 

formula of the quadrature error signal and pointed out that the energy of the quadrature error signal is 

not zero for most realistic signals [20]. If the energy of the quadrature error signal is not zero, the IF 

cannot be accurately calculated using the HT. 

This paper introduces a recursive Hilbert transform method, which can extract the instantaneous 

amplitude/IF when the spectrum of the amplitude function and the spectrum of the oscillating term 

overlap.  The RHT uses the pure frequency modulation signal obtained in the previous step as a new 

signal, and recursively uses HT to calculate a new pure frequency modulation signal. The RHT method 

is similar to the normalized Hilbert transform method [21], but it is not necessary to use the extreme 

value fitting method when calculating the amplitude. The RHT does not require that the amplitude 

function and the oscillation term strictly satisfy the condition of the Bedrosian product theorem, so it has 

a larger application range in signal demodulation. The pure frequency modulation signal finally obtained 

by RHT has the same zero-crossing point as the original signal. The characteristic that the signal zero-

crossing point remains unchanged has important physical meanings, which guarantee that the obtained 

IF can be close to the true IF. Liu et al. have used RHT  in conjunction with the synchrosqueezing 

wavelet transform and analytical mode decomposition to form a combined method for IF identification 

of low-frequency structures[22]. Ge et al. have used RHT to improve the accuracy of Hilbert square 
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demodulation (HSD) and identify the IF of a structure with a nonlinear bolted joint[23]. These recent 

applications have proven the potential ability for vibrating signal processing. 

The early version of the RHT was proposed by Hu and Ren in 2016 [24], but the convergence property 

of the method has not been studied thoroughly. This paper emphasizes the theoretical analysis on the 

convergence of RHT. It has been proven that the energy of the quadrature error signal in the recursive 

process decreases with the increase of the number of recursive steps, so the convergence of RHT can be 

guaranteed. In the process of proof, the update process of the Fourier transform of the quadrature error 

signal is regarded as a vector autoregressive process, and the singular values of the coefficient matrix 

are all less than 1, so the recursive process can be converged [25,26]. Finally, three examples are used to 

prove the convergence and application potential of RHT, including exploring the application of RHT in 

IF estimation, and amplitude/frequency computation of damped free vibrating signal. Due to the 

robustness and convergence of the RHT, it is expected to be widely used for non-stationary signal 

processing. 

2. Methods 

2.1 HT 

The Hilbert transform of the signal 𝑥0(t) = 𝐴(𝑡)cos[𝜙(𝑡)] involves calculation the convolution of 𝑥0(𝑡) and 1/𝜋𝑡, i.e., 

�̃�0(𝑡) = H[𝑥0(𝑡)] = 1𝜋 P. ∫ 𝑥0(𝜏)𝜏−𝑡 d𝜏+∞−∞                                               （1） 

where P. indicates that the above formula is the principal value integral, both �̃� and H[𝑥] denote the HT 

of 𝑥. The HT is usually used to construct the analytic signal 𝑧0(𝑡) as 

𝑧0(𝑡) = 𝑥0(𝑡) + 𝑗 ∙ �̃�0(𝑡) = 𝐴0(𝑡) exp[−𝑗𝜙0(𝑡)].                            （2） 
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In this definition, the imaginary part of the analytic signal is the Hilbert transform of the real part, and 

the modulus and the phase of the analytic signal can be computed by 

𝐴0(𝑡) = √𝑥02(𝑡) + �̃�02(𝑡)                                                       （3） 

𝜙0(𝑡) = atan[�̃�0(𝑡)/𝑥0(𝑡)]                                                   （4） 

Therefore, the original signal can be expressed by the product of the modulus of the analytic signal and 

a pure frequency modulation signal  

𝑥0(𝑡) = A0(𝑡)cos[𝜙0(𝑡)]                                                      （5） 

Using the phase 𝜙0(𝑡), one can derive the IF as 

𝜔0(𝑡) = �̇�0(𝑡)                                                              （6） 

The above steps are the process of using HT to demodulate the mono-component signal and calculate 

the IF. When the frequency spectrum of the amplitude function and the oscillation term meet the 

Berdosian condition, the original signal can be demodulated accurately by the HT [17]. However, in 

general, the spectrum of the amplitude function may overlap with the oscillation term. Thus  𝐴0(𝑡) may 

not equal to 𝐴(𝑡) , and the demodulated amplitude and phase by the HT will contain an obvious error. 

To achieve successful signal demodulation with the HT, there are rigorous conditions for mono-

component signals. Therefore, it is necessary to study demodulation algorithms for a wider range of 

signals. 

2.2 RHT 

Regard the pure frequency modulated signal obtained by the HT, 𝑥1(𝑡) = cos[𝜙0(𝑡)], as a new signal, 

and perform Hilbert transform on 𝑥1(𝑡) to get a new amplitude function and pure frequency modulation 

signal. The recursive formula is 
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𝑥𝑘+1(𝑡) = cos[𝜙𝑘(𝑡)] = 𝑥𝑘(𝑡)/√𝑥𝑘2(𝑡) + �̃�𝑘2(𝑡)                           （7） 

where �̃�𝑘(𝑡) is the Hilbert transform of 𝑥𝑘(𝑡), and the recursive step 𝑘 = 0, 1, 2,⋯ , 𝐾. When 𝑘 = 0, the 

calculation is the original Hilbert transform, and 𝐾  is the total step number. In each step, the 

corresponding amplitude function 𝐴𝑘 and phase function 𝜙𝑘 can be obtained by 

𝐴𝑘(𝑡) = √𝑥𝑘2(𝑡) + �̃�𝑘2(𝑡)                                                   （8） 

𝜙𝑘(𝑡) = atan[�̃�𝑘(𝑡)/𝑥(𝑡)]                                               （9） 

With the increase of the recursive step, the shape of the new pure frequency modulated signal cos[𝜙𝑘(𝑡)] changes gradually. The quadrature error signal [20] of step 𝑘 is defined by 

𝑒𝑘(𝑡) = H{cos[𝜙𝑘(𝑡)]} − sin[𝜙𝑘(𝑡)]                                    （10） 

The quadrature error signal will decrease as the number of recursions increases. The energy of the 

quadrature error signal ‖𝑒𝑘(𝑡)‖ can be used as the index for the convergence judgment. Also, the 

variation of the pure frequency modulation signal obtained in the recursive process can be used as the 

index for the convergence judgment. The variation is given by 𝑣𝑘(𝑡) = 𝑥𝑘+1(𝑡) − 𝑥𝑘(𝑡). If ‖𝑣𝑘(𝑡)‖ 

trends to 0, the pure frequency modulation signal obtained by the recursive process no longer changes, 

and the calculation can be stopped. The calculation process of the RHT is shown in Figure 1, wherein 

the infinitesimal number ϵ is set to be 10−15 in this work. The convergence of the recursive process will 

be analyzed in the next section. Denote 𝑥𝐾+1(𝑡) = cos[𝜙𝐾(𝑡)] as the final pure frequency modulation 

signal whose Hilbert transform equals to its quadrature signal, i.e., 

H[𝑥𝐾+1(𝑡)] = H{cos[𝜙𝐾(𝑡)]} = sin[𝜙𝐾(𝑡)]                                  （11） 

 And the IF of the signal cos[𝜙𝐾(𝑡)] is 

𝜔𝐾(𝑡) = �̇�𝐾(𝑡)                                                              （12） 
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Considering all the recursive steps, the original signal can be expressed as the product of the amplitude 

functions and the final pure frequency modulation signal. 

𝑥0(𝑡) = (∏ 𝐴𝑘𝐾𝑘=1 ) cos[𝜙𝐾(𝑡)]                                               （13） 

It can be seen that the RHT can decompose the original signal into two parts, the amplitude function and 

the pure frequency modulation signal. Obviously, the final pure frequency modulation signal has the 

following properties: 

(1) cos[𝜙𝐾(𝑡)] has the same zero-crossing points with the original signal 𝑥0(𝑡). 

(2) 𝜙𝐾(𝑡) eauals to 𝜙(𝑡) at zero-crossing points. According to the Lagrange mean value theorem, 

there is at least one point between the two zero-crossing points at which the instantaneous 

frequency is true. 

(3) The complex signal 𝑧𝐾(𝑡) = cos[𝜙𝐾(𝑡)] + 𝑗 ∙ sin[𝜙𝐾(𝑡)] is an analytic signal. 

The true IF of the original signal 𝑥0(𝑡) is 𝜔(𝑡) = �̇�(𝑡), and the computed IF given by the RHT is 𝜔𝐾(𝑡) = �̇�𝐾(𝑡). According to property (2), for a vibration signal with a slow-varying IF, the RHT 

can be used to estimate an accurate IF. The natural frequencies of many actual systems change 

slowly over time, so the RHT has a broad application prospect. 
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Fig1. Algorithm flow chart of the RHT 

2.3 Convergence analysis 

The quadrature signal of cos 𝜙𝑘 is sin𝜙𝑘, and the corresponding quadrature error signal 𝑒𝑘 is computed 

by Eq.(10). Here the phase 𝜙𝑘(𝑡) is a function of time 𝑡, it is abbreviated as 𝜙𝑘  for concise, other 

functions are treated in the same way. When 𝑒𝑘 ≠ 0 , the complex signal cos𝜙𝑘 + 𝑖 sin𝜙𝑘 

(corresponding to the pure frequency modulated signal cos𝜙𝑘) is not an analytic signal. Meanwhile, the 

complex signal cos𝜙𝑘 + 𝑖H[cos𝜙𝑘] constructed by the HT is an analytic signal, and its phase function 

is 

𝜙𝑘+1 = atan H[cos𝜙𝑘]cos𝜙𝑘                                                        （14） 

Thus we can obtain a new pure frequency modulation signal cos𝜙𝑘+1, its corresponding quadrature 

error signal is 

𝑒𝑘+1(𝑡) = H[cos𝜙𝑘+1] − sin𝜙𝑘+1                                    （15） 
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To study the evolution of the quadrature error signal as the recursive step increases, the reciprocal of the 

amplitude 𝐴𝑘 is first expanded into Taylor series, i.e., 

1𝐴𝑘 = 1√cos2 𝜙𝑘+(Hcos𝜙𝑘)2 = 1 − sin𝜙𝑘 ∙ 𝑒𝑘 + 𝑂(𝑒𝑘2)                                 （16） 

where 𝑂(𝑒𝑘2) represents the second-order infinitesimal of the quadrature error signal, and the analysis is 

restricted to terms of the first order of 𝑒𝑘. With this expansion, one can obtain 

cos 𝜙𝑘+1 = cos𝜙𝑘𝐴𝑘 = cos𝜙𝑘 − 12 sin 2𝜙𝑘 ∙ 𝑒𝑘 + 𝑂(𝑒𝑘2)                                （17） 

sin𝜙𝑘+1 = H[cos𝜙𝑘]𝐴𝑘 = sin𝜙𝑘 + 12 𝑒𝑘 + 12 cos 2𝜙𝑘 ∙ 𝑒𝑘 + 𝑂(𝑒𝑘2)                      （18） 

Hence, substitute Eq.(17) and (18) into Eq.(15), the relationship of 𝑒𝑘+1 and 𝑒𝑘 can be established as 

𝑒𝑘+1 = 12 𝑒𝑘 − 12 (H[sin 2𝜙𝑘 ∙ 𝑒𝑘] + cos 2𝜙𝑘 ∙ 𝑒𝑘) + 𝑂(𝑒𝑘2)                    （19） 

From this equation, the effect of the recursive progress to the quadrature error signal can be investigated. 

Let 

𝑒𝑘 = 𝑒𝐿,𝑘 + 𝑒𝐻,𝑘 = ∑ 𝑐𝑗cos𝜙𝑒,𝑗𝑙1 + ∑ 𝑐𝑗cos𝜙𝑒,𝑗𝑀𝑙+1 = ∑ 𝑐𝑗cos𝜙𝑒,𝑗𝑀1           （20） 

where 𝑒𝐿,𝑘 = ∑ 𝑐𝑗cos𝜙𝑒,𝑗𝑙1  and 𝑒𝐻,𝑘 = ∑ 𝑐𝑗cos𝜙𝑒,𝑗𝑀𝑙+1  are low-frequency components and high-

frequency components contained in 𝑒𝑘 , respectively. And𝑀 is the total number of the components. 

They satisfy the Bedrosian product theorem below 

H[sin 2𝜙𝑘 ∙ 𝑒𝐿,𝑘] = H[sin 2𝜙𝑘] ∙ 𝑒𝐿,𝑘 ≈ −cos 2𝜙𝑘 ∙ 𝑒𝐿,𝑘                     （21） 

H[sin 2𝜙𝑘 ∙ 𝑒𝐻,𝑘] = sin 2𝜙𝑘 ∙ H[𝑒𝐻,𝑘]                                         （22） 
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Substituting Eq.(21) into Eq.(20) one finds that the low-frequency component in 𝑒𝑘  is eliminated. 

Therefore, the update formula of the quadrature error signal can be expressed as 

𝑒𝑘+1 ≈ 12 𝑒𝑘 − 12 ∑ 𝑐𝑙 cos(𝜙𝑒,𝑙 − 2𝜙𝑘)𝑀𝑙+1                                       （23） 

With Eq.(23), the convergence trend of the quadrature error signal can be guaranteed.  The frequency of 

the high-frequency components in the quadrature error signal continues to decrease (2�̇�𝑘  in each 

recursive step, and multiplied by -1/2). These components become low-frequency components after their 

frequencies are less than 2�̇�𝑘 . When the quadrature error signal does not contain high-frequency 

components, the signal amplitude will continue to halve as the recursive step increases, and the energy 

of  𝑒𝑘 will continue to attenuate.  

To quantitatively analyze the changes of the quadrature error signal, the analysis is performed for a 

signal with unchanged IF (�̇�𝑘 = 𝜔 is a constant number). Under this condition, the Fourier transform of 

the quadrature error signal can be derived as 

𝐹𝑘+1(𝜔𝑗) ≈ 12 𝐹𝑘(𝜔𝑗) − 12 𝐹𝑘(𝜔𝑗 + 2𝜔)                                          （24） 

The evolution of the Fourier coefficient of 𝑒𝑘 is illustrated in Fig.2, where the dimension of the circles 

depicts the absolute value of the Fourier coefficients at each frequency point, and the colour of the 

circles represents its sign (Blue denote positive, orange denote negative). After each recursion, the 

amplitude of high-frequency components is reduced to 1/2, and new signal components are produced at 

the frequency point �̇� − 2𝜔  (and multiplied by -1/2). The low-frequency components are simply 

reduced by half. Since there is a region wherein only signal energy attenuation occurs, as shown in Fig.2, 

one can qualitatively determine the energy attenuation trend of the quadrature error signal as the 

recursive step increases. 
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Fig.2 Evaluation diagram of the Fourier coefficient of the quadrature error signal 

 

Fig.3. An example of matrix 𝐀 with 𝑛2𝜔 = 4 and 𝑀 = 10 

The changing of the Fourier transform value of the quadrature error signal can be regarded as a vector 

autoregressive process[25],  

𝑭𝑘+1 ≈ 𝐀𝑭𝑘                                                                （25） 

where 𝑭𝑘 is the vector formed by the Fourier transform coefficients at discrete frequency points, and the 

matrix 𝐀 is the coefficient matrix. The elements in 𝐀 are given by  

𝐀𝑖𝑗 = { 0.5if𝑗 = 𝑖−0.5if𝑗 = 𝑖 + 𝑛2𝜔0else                                                （26） 
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where 𝑛2𝜔  is the number of the frequency point 2𝜔. In Fig.3, a simple example of the matrix 𝐀 is 

shown with 𝑛2𝜔 = 4 and total frequency point number 𝑀 = 10. In general, the matrix 𝐀 has the form 

below: 

𝐀 =
[  
   
  0.5 −0.50.5 −0.5⋱ ⋱0.5 −0.50.5 0.5 0.5 0.5 ]  

   
  
 

Performing singular value decomposition to 𝐀, we have 𝐀 = 𝐔𝐒𝐕𝑇 , where both 𝐔 and 𝐕 are unitary 

matrices, 𝐒 is a diagonal matrix that contains the singular values of 𝐀. It is proved that all singular 

values of matrix 𝐀 are less than 1, thus 𝐒𝑗𝑗 < 1, 𝑗 = 1,2, … ,𝑀 (See Appendix A for the proof). Now for 

a vector 𝑿 ∈ 𝑪𝑀×1, 

‖𝐒𝑿‖ = √∑ 𝑺𝑗𝑗2 |𝑿𝑗|2𝑀𝑗=1 < √∑ |𝑿𝑗|2𝑀𝑗=1 = ‖𝑿‖                                   （27） 

where ‖∎‖  means the Euclidean norm of ∎. This shows that the norm (length) of a vector decreases 

after multiplied by 𝐒. Meanwhile, any vector multiplied by a unitary matrix remains its norm (length) 

unchanged, i.e., ‖𝐕𝑇𝑿‖ = ‖𝑿‖，‖𝑼𝑿‖ = ‖𝑿‖. With these properties, we have 

‖𝐀𝑭𝑘‖ = ‖𝐔𝐒𝐕𝑇𝑭𝑘‖ = ‖𝐒𝐕𝑇𝑭𝑘‖                                                （28） 

‖𝐒𝐕𝑇𝑭𝑘‖ < ‖𝐕𝑇𝑭𝑘‖ = ‖𝑭𝑘‖                                                      （29） 

Finally, combining the above two formulas we have 

‖𝐀𝑭𝑘‖ < ‖𝑭𝑘‖                                                           （30） 
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It can be seen that after one recursion, the norm of the vector corresponding to the Fourier transform of 

the quadrature error signal becomes smaller, which indicates that the energy contained in the quadrature 

error signal decreases with the recursive progress. This certifies the convergence of the RHT. 

3. Experiments and result discussions 

In this section, three examples are represented to demonstrate the performance of the RHT algorithm. In 

the first example, it is shown that the RHT can give good demodulation results for signals that violate 

the Bedrosian condition. In the second example, the RHT is used to estimate the IFs of time-varying 

signals, and its performance is compared to the HT and the Teager operator method [15]. In the third 

example, the RHT is used for processing the damped vibrating signal processing. These examples are 

helpful to understand the characteristics of RHT. The convergence of the RHT is also validated in the 

examples. 

3.1 RHT for signals that violate the Bedrosian condition 

In this example, we focus on a simple AM signal 𝑥(𝑡) = 𝐴(𝑡) cos[𝜙(𝑡)],wherein 𝜙(𝑡) = 𝜔𝑡 + 𝜑0, the 

frequency 𝜔  is constant, and 𝜑0  is the initial phase. The amplitude function satisfies 𝐴(𝑡) > 0. To 

correctly demodulate this signal with HT, the highest frequency of the components in the amplitude 

should not be greater than 𝜔. This limitation is often not met in actual signal processing, making the HT 

demodulation results contain errors. A well-designed amplitude function that contains high-frequency 

components is considered, as shown in Fig.4. The carrier frequency of the oscillation term is 𝜔 = 20𝜋 

(𝑓 = 10  Hz), while the highest frequency of the components of 𝐴(𝑡)  is 𝜔ℎ = 40𝜋  (𝑓ℎ = 20  Hz). 

Therefore, the 𝐴(𝑡) fluctuates more intensely than the oscillation term itself. The Fourier amplitude 

spectrum of the oscillation term cos(𝜔𝑡 + 𝜑0) and its amplitude 𝐴(𝑡) are both shown in Fig.4b. We can 

inspect that 𝐴(𝑡) contains high-frequency harmonic components whose frequency are greater than 10 

Hz. The amplitude is generated by  
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𝐴(𝑡) = 1 + ∑ 𝑎𝑙cos(𝑙 ∙ ∆𝜔 ∙ 𝑡 + 𝜑𝑙)𝜔ℎ/∆𝜔𝑙=1                            （31） 

where ∆𝜔 = 2𝜋𝑇  is the frequency resolution of the discrete Fourier transform and 𝑇 is the total signal 

time;  𝑎𝑙 and 𝜑𝑙 are amplitude and initial phase of each harmonic component, respectively. Their values 

are generated from uniform distributions, 𝑎𝑙~𝑈(0, 𝛾 ∆𝑓𝑓ℎ)，𝜑𝑙~𝑈(0, 2𝜋). Thus the extreme values of 

𝐴(𝑡) are also random variables. The degree of fluctuation is controlled by the parameter 𝛾. In the first 

simulation, we choose 𝛾 = 3.  

To compare the error of the obtained pure frequency modulation signals more clearly, the formula for 

calculating the demodulation error is given as follows 

𝑟HT(𝑡) = cos[𝜙0(𝑡)] − cos[𝜙(𝑡)]                                              （32） 

𝑟RHT(𝑡) = cos[𝜙𝐾(𝑡)] − cos[𝜙(𝑡)]                                             （33） 

where 𝑟HT(𝑡) and 𝑟RHT(𝑡) denote the error of the HT and the error of the RHT, respectively. 

Both the HT and the RHT are used to demodulate the signal 𝑥(𝑡). The pure frequency modulation signal 

obtained by the HT is cos[𝜙0(𝑡)]. It is compared to the true oscillation term cos(𝜔𝑡) in Fig. 5a. A 

distinct difference between cos[𝜙0(𝑡)] and cos(𝜔𝑡) can be found. The amplitude computed by the HT 

is plotted in Fig. 5b, which is different from the original amplitude. The pure frequency modulation 

signal and amplitude obtained by the RHT method are shown in Fig. 6. It is found that the resulting pure 

frequency modulation signal cos[𝜙𝑅(𝑡)] is almost identical with cos(𝜔𝑡); the demodulated amplitude is 

also almost identical with true amplitude. The error 𝑟HT(𝑡) and 𝑟RHT(𝑡) are shown in Fig. 7a and Fig. 7b, 

respectively. The former is remarkable, while the latter is a negligible numerical calculation error. The 

comparison of the results of the HT and the RHT shows that the latter is more robust for demodulating 

signals. 
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Fig. 4. The AM signal 𝑥(𝑡) and its amplitude 𝐴(𝑡). (a): waveform of and amplitude; (b): The Fourier 

amplitude of the amplitude oscillation term and the amplitude 

The evolution of the quadrature error signal 𝑒𝑘(𝑡)  and the variation 𝑣𝑘(𝑡)  of the pure frequency 

modulation signal are shown in Fig. 8. With the increase of the recursive step, the amplitude of the 

quadrature error signal gradually decreases. As shown in Fig. 8a, the 𝑒𝑘(𝑡)  approximately decreases by 

1/2 after each recursion, which indicates that the quadrature error signal mainly contains low-frequency 

components. The trend of the norm of the quadrature error signal is shown in Fig. 8b, its energy is 

decreased to below 1e-10 after 30 steps.  The variations 𝑣𝑘(𝑡) of different recursive step are shown in 

Fig. 8c. The trend of the energy of the variation, ‖𝑣𝑘(𝑡)‖, is shown in Fig. 8d. After about 50 recursions, 

both ‖𝑣𝑘(𝑡)‖  and ‖𝑒𝑘(𝑡)‖  approximate to zero. This case is a typical demonstration of RHT’s 

convergence characteristics. 
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Fig. 5. Results obtained by the HT. (a): Pure frequency demodulation signal result; (b): Amplitude 

function result. 

 

Fig. 6. Results obtained by the RHT. (a): Pure frequency demodulation signal result; (b): Amplitude 

function result. 
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Fig. 7. Demodulation errors for oscillation term. (a): 𝑟HT(𝑡);  (b): 𝑟RHT(𝑡). 

 

Fig. 8 Convergence trend of the RHT for demodulation of  𝑥(𝑡). (a): 𝑒𝑘(𝑡); (b): ‖𝑒𝑘(𝑡)‖; (c): 𝑣𝑘(𝑡); (d): ‖𝑣𝑘(𝑡)‖.  

To answer the question of whether the convergent results are unique, the Monte-Carlo (MC) method is 

implemented to analyze 𝑁m = 1000 sets generated signals. In each MC simulation, the amplitude 

functions are generated by Eq.(31) with 𝛾 = 2. Let 𝑥𝑅,𝑚(𝑡) = cos[𝜙𝑅,𝑚(𝑡)] denote the RHT result of 

the 𝑚𝑡ℎ simulation, 𝑥𝑅̅̅ ̅(𝑡) denote the mean value of all results. With different amplitude functions, we 
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expect that the obtained pure frequency modulation signals are identical. To represent the variance of 

the pure frequency modulation signal obtained in the Monte-Carlo simulations, an index is defined as 

𝐷 = √1𝑁 ∑ 𝜎2(𝑡𝑗)𝑁𝑗=1                                                   （34） 

where 𝜎2(𝑡𝑗) is the result’s variance at time 𝑡𝑗, given by 

𝜎2(𝑡𝑗) = 1𝑁m−1 ∑ [𝑥𝑅,𝑚(𝑡𝑗) − 𝑥𝑅̅̅ ̅(𝑡𝑗)]2𝑁m𝑚                                    （35） 

The index 𝐷 will decrease to 0 as the recursive step increases if the result of cos[𝜙𝑅(𝑡)]  is unique. The 

decreasing trend of the index 𝐷 is shown in Fig. 9. The value of index 𝐷 keeps decreasing in the first 40 

steps of recursion, which demonstrates the convergence property of the RHT method. In the last several 

steps, the value of 𝐷 is generally stable yet its magnitude is very small (below 10−14). Ignoring the 

numerical calculation error, it can be concluded that for mono-component signals, the result of the pure 

frequency modulation signal demodulated by the RHT is unique. This trend ensures the stability of RHT 

for signal demodulation. 

 

Fig. 9. The trend of index 𝐷 

It should be noted that the above results are obtained when the sampling frequency is 1000Hz. Since the 

RHT has the characteristic of keeping the zero-crossing position unchanged, the increase of the 
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sampling frequency benefits the improvement of calculation accuracy. In Fig. 10, the values of 𝐷 for 

different sampling frequencies are shown. The horizontal axis in the figure is the sampling frequency of 

the simulated signal, and the vertical axis is the index 𝐷. In the calculation, the number of recursions 𝑅 = 100  and amplitude control parameter 𝛾 = 2 . And for each sampling frequency, 1000 MC 

simulations are performed. Then the corresponding uniqueness index 𝐷 is counted. When the sampling 

frequency is low, there are remarkable differences in the obtained demodulated pure frequency 

modulation signals when different amplitude functions are generated in the MC simulation. As the 

sampling frequency increases, the index 𝐷 quickly decreases. When the sampling frequency reaches 

600Hz, the index 𝐷  reaches a stable small value less than 10−14 . This shows that increasing the 

sampling frequency benefits the performance of RHT. 

To understand the effect of sampling frequency on the uniqueness of the result, we should inspect the 

characteristic of the discrete signal. Suppose 𝑥𝑟(𝑡𝐿) and 𝑥𝑟(𝑡𝐿 + ∆𝑡) are values corresponding to the left 

and right sides of a zero-crossing point. The zero-crossing time can be approximately estimated by 

𝑡𝑧𝑝 = 𝑡𝐿 + ∆𝑡 ∙ |𝑥𝑟(𝑡𝐿)||𝑥𝑟(𝑡𝐿)|+|𝑥𝑟(𝑡𝐿+∆𝑡)|                                         （36） 

Since the zero-crossing position changes within the range of ∆𝑡, at a lower sampling frequency, the 

obtained waveforms are more unconstrained. Thus the results are not unique. The higher the sampling 

frequency, the smaller the ∆𝑡, thus the RHT can accurately capture the true position of the zero-crossing 

points, and the demodulated waveforms are closer to the real waveform. Therefore, a high sampling 

frequency should be required for the RHT to accurately demodulate the signal. 
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Fig. 10. Effect of sampling frequency on index 𝐷 

3.2 RHT for IF estimation 

 In order to verify the performance of the RHT for IF estimation, the following signals are considered: 

Signal 1: 𝑥1(𝑡) = [1 + 0.1 cos(2𝜋𝑡)] ∙ cos[4𝜋𝑡 + sin(0.5𝜋𝑡)] 
Signal 2: 𝑥2(𝑡) = [2 + 0.2 cos(6𝜋𝑡)] ∙ cos[4𝜋𝑡 + sin(0.5𝜋𝑡)] 

The oscillation terms in signal 1 and signal 2 are the same, and the Ifs are identical, 𝑓(𝑡) = 2 +0.25 cos(0.5𝜋𝑡). Yet the amplitudes of these two signals are different. Compared with the oscillating 

term, the amplitude function of signal 1 is a slow-varying signal, and the amplitude function of signal 2 

contains higher frequency components. Therefore, the amplitude function and the oscillation term of 

signal 1 can be demodulated by the HT, but signal 2 can not be demodulated successfully.  

In order to quantitatively demonstrate the estimation accuracy of different methods for estimating signal 

amplitude and IF, the error indexes are defined as 

𝐼𝑓 = √∫ [𝑓id(𝑡)−𝑓(𝑡)]2d𝑡𝑇0√∫ [𝑓(𝑡)]2d𝑡𝑇0                                 (37) 
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𝐼𝑎 = √∫ [𝐴id(𝑡)−𝐴(𝑡)]2d𝑡𝑇0√∫ [𝐴(𝑡)]2d𝑡𝑇0                                 (38) 

where 𝑓id and 𝐴id are estimated IF and amplitude function, respectively. The closer the estimated result 

is to the real result, the smaller the error indexes. The error indexes obtained by different calculation 

methods are shown in Tab.1. In Fig.11, the amplitude functions decomposed by several signal 

demodulation methods are shown and compared.  The IF calculated by the above demodulation methods 

are compared in Fig.12. 

For signal 1, the amplitude function error indicators calculated by the RHT and HT methods are 0.006 

and 0.010, respectively, and the IF error indicators are 0.013 and 0.017, respectively. It is seen that the 

calculated value and the actual value are relatively close. The IF contains a remarkable error at two ends 

of the signal, which is caused by the end effect of the HT. In practical applications, the error caused by 

the end effect can be suppressed by signal mirroring or extension [27]. The amplitude function obtained 

by the TEAGER method is also close to the actual value but contains high-frequency fluctuations. The 

error indexes of the TEAGER method are greater than indexes obtained by the HT and RHT methods. In 

fact, the TEAGER method can only calculate accurate results when the signal amplitude and frequency 

are constant. The above discussion shows that for slow-varying signals satisfying the Bedrosian theorem, 

all three methods can get acceptable results. 
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(a)  (b)  

(c)  (d)  

Fig.11 Comparison of the amplitude functions of signal 1 and signal 2 by different methods. (a): True 

value; (b): HT results; (c): TEAGER results; (d): RHT results.  

(a)  (b)  

(c)  (d)  

Fig.12 Comparison of the instantaneous frequencies of signal 1 and signal 2 by different methods. (a): 

True value; (b): HT results; (c): TEAGER results; (d): RHT results. 

The amplitude function of signal 2 contains high-frequency components, thus the HT method cannot 

effectively demodulate such signals. The signal amplitude and IF obtained by the HT method are very 

different from the actual amplitude and IF, and the error indicators are increased to 0.051 and 0.058 
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respectively. The TEAGER method also has large errors in amplitude and IF estimation. Therefore, 

neither HT nor TEAGER methods can effectively decompose the signal 2. It can be seen from the 

calculation results that only the RHT method can demodulate signal 2 accurately, and the error indexes 

are the same as the results of signal 1. This reflects the stability of the RHT method and also shows that 

RHT is not restricted by the Bedrosian product conditions.  

Tab.1 Error indexes of amplitude and frequency identification 

Methods 
𝐼𝑎 𝐼𝑓 

Signal 1 Signal 2 Signal 1 Signal 2 

HT 0.006 0.051 0.013 0.058 

TEAGER 0.021 0.347 0.020 0.196 

RHT 0.010 0.010 0.017 0.017 

 

3.3 RHT for damped vibrating signal processing 

The damped free vibrating signal is the most common in vibration testing. A well-measured free 

vibration contains the damping ratio information and frequency information of the structure. For a long 

time, the use of HT to demodulate the damped vibration signals has been a common practice. The 

Fourier transform of the exponential decay function 𝑓(𝑡) = 𝑒−2𝜋𝑓𝜉𝑡 is F(𝜔) = 12𝜋𝑓𝜉+𝑗𝜔, where t ≥ 0, 𝜉 

is the damping ratio and 𝑓 is the natural frequency of the system. Theoretically, when 𝜔 → ∞, F(𝜔) is 

still greater than 0. Therefore, a damped vibrating signal always violates the Bedrosian theorem. A 

simple damped vibrating signal is plotted in Fig. 13a, its damping ratio and frequency are 0.02 and 5 Hz, 

respectively. In Fig.13b, both the Fourier amplitude spectrums of the amplitude function and the 

oscillation term are plotted. The amplitude function contains frequency components higher than the 

oscillation term. In this case, the signal violates the Bedrosian product theorem, which will cause a 

demodulation error in the HT. 
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Fig.13 Damped Free vibration. (a): The damped vibration signal and its amplitude; (b): Fourier 

amplitude spectrums of the amplitude function and the oscillation term. 

The extracted amplitudes from the HT and the RHT method are compared in Fig.14. The results show 

that at two ends of the signal, the amplitude function obtained by HT deviates from the real value; while 

the amplitude function given by RHT is closer to the real amplitude, but there are small glitches at some 

zero-crossing points. The glitches can be easily identified and eliminated in real applications. In Fig. 15, 

the Fourier transforms of the amplitude functions calculated by HT and RHT are compared. It can be 

seen that the result obtained by the RHT is closer to the true value. Therefore, this simple example 

shows that the RHT is more suitable for processing damped vibration signals. 

 

Fig.14 Demodulation results. (a): Amplitude result comparison; (b): Local zoon on demodulation results. 
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Fig.15 Fourier transform of the amplitude function obtained by HT and RHT 

4. Conclusion 

This article introduces the recursive Hilbert transform method for mono-component signal processing. 

For signals that do not satisfy the Bedrosian condition, the HT cannot accurately extract the amplitude 

and oscillation terms of the signal. The RHT method can overcome this problem. By analyzing the 

energy change of the quadrature error signal corresponding to the demodulated pure frequency 

modulation signal, we try to prove the convergence of the recursive process. The evolution of the 

discrete Fourier transform of the quadrature error signal is regarded as a vector autoregressive process. 

By proving that all singular values of the coefficient matrix of the autoregressive process are less than 1, 

the convergence of the RHT is guaranteed. A mathematical property about the eigenvalues of the 

tridiagonal Toeplitz matrices is used in the proof. However, since the proof of the convergence of RHT 

ignores the higher-order perturbation of the quadrature error signal, a rigorous proof of the convergence 

is still an open topic for future study.  

On the other hand, the pure frequency modulation signal obtained by the RHT has the structure that its 

phase function 𝜙𝐾 makes exp(j𝜙𝐾) automatically becomes an analytical signal. The analytic signal with 

fixed zero-crossing points and constant amplitude seems to be unique, and the RHT can help us find out 

this analytic signal. Therefore, the RHT has important potential for analyzing analytic signals. In terms 

of application, since the RHT has the same zero-crossing position as the original signal, it can be known 
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from the median theorem that it is suitable for demodulating and identifying signals with slow-varying 

instantaneous frequencies. The calculation examples in the paper also verified these application aspects. 
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Appendix A. Singular values of Matrix 𝑨 

Considering the characteristic of the matrix 𝑨, let 

𝑩 = 𝑨𝑨T                                                                （39） 

According to matrix theory, the singular values of the matrix are 𝑨 the square roots of the eigenvalues of 

the matrix 𝑩. The matrix 𝑩 is a positive definite matrix, whose elements are given by 

𝐁𝑖𝑗 = {0.5if𝑖 = 𝑗 ≤ 𝑀 − 𝑛2𝜔0.25if𝑖 = 𝑗 > 𝑀 − 𝑛2𝜔−0.25if|𝑖 − 𝑗| = 𝑛2𝜔0else                                        （40） 

The first 𝑀 − 𝑛2𝜔 diagonal elements equal to 0.5, and the rest 𝑛2𝜔 diagonal elements equal to 0.25; in 

addition, at the positions (𝑖, 𝑗), if |𝑖 − 𝑗| = 𝑛2𝜔, the elements are -0.25. A typical example of the matrix 𝑩 is shown in Fig. A1, wherein 𝑛2𝜔 =4, M=10. With a permutation matrix 𝑷  the matrix 𝑩  can be 

transformed into 𝑩𝑑, 

𝑩𝑑 = 𝑷𝑩𝑷𝑇                                                        （41） 

where the matrix 𝑩𝑑 is a block diagonal matrix,  

𝑩𝑑 = [𝐉1 𝟎 𝟎 𝟎𝟎 𝐉2 𝟎 𝟎𝟎 𝟎 ⋱ 𝟎𝟎 𝟎 𝟎 𝐉𝑛2𝜔
]                                                   （42） 

Each block sub-matrix 𝐉𝑖 in 𝑩𝑑 is a tridiagonal Toeplitz matrix, which has the form 
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𝐉𝑖 = [   
 𝑎 𝑏 ⋯ 0 0𝑏 𝑎 ⋯ 0 0⋮ ⋮ ⋱ ⋮ ⋮0 0 ⋯ 𝑎 𝑏0 0 ⋯ 𝑏 𝑐]  

  
                                                （43） 

The elements in the matrix 𝐉𝑖 are 𝑎 = 0.5, 𝑏 = −0.25, 𝑐 = 0.25. Except for the last diagonal element 𝑐 = 0.25, the other diagonal elements are all 0.5.  

The permutation matrix can be obtained by rearranging the rows of the identity matrix, 𝑷 =𝑰(𝐼𝑝, : ) ,where 𝑰 is an M × M identity matrix, and 𝐼𝑝  is the index number of the row. In Fig. A1, the 

rearrangement of the matrix 𝑩 is depicted and the index number is 𝐼𝑝 = [1,5,9,2,6,10,3,7,4,8]. The 

matrix 𝑩 is multiplied by 𝑷 to the left and then multiplied by 𝑷𝑇 to the right, the effect is the same as 𝑩𝑑 = 𝑩(𝐼𝑝, 𝐼𝑝) . Therefore, we can also directly use the method of changing the matrix index to 

calculate 𝑩𝑑 . In fact, in the RHT algorithm, there is no need for computing the matrix 𝑩𝑑 . Still, a 

formula for computing the index number is given below 

Ind(𝑘) = {⌈ 𝑘𝑟+1⌉ + 𝑛𝜔 ∙ mod(𝑘 − 1, 𝑟 + 1)𝑘 ≤ 𝑚𝑑(𝑟 + 1)⌈𝑘−𝑚𝑑(𝑟+1)𝑟 ⌉ + 𝑚𝑑 + 𝑛𝜔 ∙ mod(𝑘 − 𝑚𝑑(𝑟 + 1) − 1, 𝑟)𝑘 > 𝑚𝑑(𝑟 + 1)         （44） 

wherein the intermediate variable 𝑚𝑑  and 𝑟 are given by 

𝑚𝑑 = mod(𝑁, 𝑛𝜔) 

𝑟 = ⌊ 𝑁𝑛𝜔⌋ 
The command mod(𝑎, 𝑏) returns the remainder after division of 𝑎 by 𝑏, ⌈𝑥⌉ and ⌊𝑥⌋ round 𝑥 towards 

positive and negative infinity, respectively.   
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Because the permutation matrix is an orthogonal matrix, the eigenvalues of the matrix 𝑩 are the same as 

the matrix 𝑩𝑑 . Furthermore, according to the mathematical result in [26], for an M × M tridiagonal 

Toeplitz matrix, 

𝐉𝑖 = [  
  𝑎 𝑏 ⋯ 0 0𝑏 𝑎 ⋯ 0 0⋮ ⋮ ⋱ ⋮ ⋮0 0 ⋯ 𝑎 𝑏0 0 ⋯ 𝑏 𝑎 − 𝛽]  

  ∈ 𝑅𝑁×𝑁                                  （45） 

Suppose 𝛽 = −𝑏, then the eigenvalues  𝜆𝑘 are given by 

𝜆𝑘 = 𝑎 + 2𝑏 cos 2𝑘𝜋2𝑀+1 , 𝑘 = 1, 2,⋯ ,𝑀.                                （46） 

In our problem, nonzero elements of the matrix 𝐉𝑖  are 𝑎 = 0.5, 𝑏 = −0.25, 𝛽 = 0.25, then 𝑎 − 𝛽 =0.25. The eigenvalues are  

𝜆𝑘 = 0.5 + 0.5 cos 2𝑘𝜋2𝑀+1 < 1,for𝑘 = 1, 2,⋯ ,𝑀.                  （47） 

As shown in the above equation, each sub-block matrix 𝐉𝑖  in the block diagonal matrix 𝑩𝑑  has 

eigenvalues that less than 1, so all the eigenvalues of the matrix 𝑩𝑑  are less than 1. Thus, the 

eigenvalues of the matrix 𝑩 are all less than 1. Since the singular values of matrix 𝑨 are the square roots 

of the eigenvalues of the matrix 𝑩, the singular values of matrix 𝑨 are all less than 1. 
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Fig. A1 Example matrices presenting the relationship of matrix 𝑨, 𝑩, 𝑩𝑑, and 𝑱. (𝑛2𝜔=4, M=10) 
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