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Abstract 

In this paper, we design an implementable high-performance flat reflector based on 

conformal transformation optics. In the proposed 2-dimensional device, the rescaling 

refractive index approach is applied to overcome the sub-unit refractive index issue, 

resulting in an all-dielectric isotropic graded-index medium that is physically 

implementable. Rotating the permeability profile around the antenna axis yields the 3-

dimensional profile of the flat reflector construction. The dielectric with continuous 

refractive index profile is split into eleven layers with a constant refractive index. The 

proposed antenna requires only dielectric layers with the permittivity of 1.1 to 3.8, making 

it realizable. Simulation results show that the proposed flat reflector can operate in wide 

frequency bandwidth. The simulated antenna gain is about 25.27 to 29.55 dBi in the 13-30 

GHz frequency range with the side-lobe level below -15 dB. Design and simulation of the 

proposed antenna are done using COMSOL Multiphysics, and simulation results are 

validated with CST Studio Suite.  

Transformation optics (TO) was proposed for the first time by Pendry in 2006 and received 
much attention to design the devices with unique features1. This mathematical method relates 
electromagnetic fields and materials between two spaces, namely virtual and physical, and 
manipulates electromagnetic waves as desired2. While two spaces are mathematically similar, 
they are related by an appropriate coordinate transformation that appears in the various 
constitutive parameters of medium. The main idea of TO was introduced to design an invisible 
cloak to hide an object from human view, but later it was utilized to design other electromagnetic 
devices such as cloaking3–5, couplers6,7, lenses8,9, directivity enhancement in antennas, and wave 
transformer10–16, polarization splitters17–20, beam expander, and beam bends21–23. 

     Despite the exciting properties of transformation optics, the materials produced by this 
approach are inhomogeneous and anisotropic, limiting bandwidth and complicating 
implementation. Two classes of transformation optics are conformal TO (CTO) and quasi-
conformal TO(QCTO)8–10,24–26. Limiting the coordinate transformation to a conformal mapping 
leads to isotropic constitutive parameters for the material and a more straightforward 
implementation. However, QCTO does not eliminate the anisotropic nature of the environment 
but minimizes it. Using CTO between the virtual and physical spaces, one should find a 
conformal mapping between two quadrilaterals with an equal conformal module. The conformal 
module for a rectangle is its aspect ratio. Sometimes, it is impossible to find the same conformal 
module between two desired spaces, hence QCTO is used. Thus, the problem of anisotropy and 
magnetic medium obtained from the TO is solved using CTO/QTCO, but the inhomogeneous 
property of the materials are still problematic. There are various methods for implementing these 



mediums with dielectric graded-index, such as dielectric drilling27, lithography28,29, and graded 
photonic crystals12,30. 

     Transformation optics often lead to a sub-unit refractive index (n<1) which can be 
implemented by resonant metamaterials, but reduces the frequency bandwidth. There are several 
techniques to solve the problem of sub-unit refractive index. In usual, these values are removed 
or replaced with the refractive index of one (n=1), which affects the structure's performance, 
especially when the areas with sub-unit refractive index play a significant role in the structure's 
performance12,31,32. In the other method, all refractive index values are multiplied by a constant 
number, increasing the refractive index in whole structure areas. The third way is rescaling the 
optical path. An increasing function vs. the optical path is used in this strategy. Multiplying the 
derivative of an increasing function by the structure's initial refractive index yields the refractive 
index with optimum values. In this method, the refractive index changes, but the wavefront does 
not change33. 

     Parabolic reflector antennas are used as high gain antennas in most communication systems. 
These antennas have high radiation efficiency, but are bulky and heavy due to the curved 
reflective surface. In certain applications, like as satellite communications, the antenna must be 
compact in size and volume while yet providing good gain. Furthermore, reflectarray antennas 
are commonly used which are flat and compact but have limited bandwidth34. Hence, the design 
of an implementable high bandwidth flat reflector antenna similar to a conventional parabolic 
reflector is remarkable. 

      Flat devices based on the transformation optics were introduced in previous researches. A 
discrete coordinate transformation method was investigated to design a flat antenna31. By 
choosing the proper grid in the main space, near-orthogonal meshes in transformed space can be 
created, resulting in a medium with low anisotropy. The same method was used to design a 
beam-steerable flat reflector which results from displacement between feed and reflector32. The 
bandwidth of this reflector is 13-17 GHz, and its side-lobe level is less than -7 dB. In both 
designs, the sub-unit refractive index values are omitted. Moreover, there is a small amount of 
anisotropy due to discrete coordinate transformation that affects the device's performance. A 
scannable flat reflector was proposed using Schwarz-Christoffel transformation that produces a 
conformal mapping between the virtual and physical spaces35. As a result, the material is entirely 
isotropic and does not degrade the antenna performance. However, due to the replacement of the 
subunit refractive index values by one, the scan angle of flat reflector is different from the 
desired angle. 

          In this paper, we present a high-performance broadband flat reflector antenna with an all-
dielectric graded-index medium. We use conformal mapping to convert an ordinary parabolic 
reflector to a flat one. To achieve the mapping, the conformal module value in virtual and 
physical spaces is precisely the same. To reduce the device dispersion, the sharp edges of the 
virtual space are improved. Furthermore, we use the optical path rescaling method to improve the 
refractive indexes which are controlled by considering an appropriate increasing function. The 
selection of a proper scaling function consists of two steps. In the first step, the increasing 
function is obtained using the genetic algorithm optimization for the areas with a refractive index 
greater than one. The second step determines the function according to the lowest refractive 
index value to increase the values below one. After modifying the refractive index, the final 
profile of flat reflector is obtained by rotating the permittivity profile around the propagation 



direction. The far-field pattern of the antenna is investigated in two simulation environments, 
COMSOL and CST which confirms proper performance in a wide bandwidth. Eleven layers 
approximate the designed permittivity profile with different values between 1.1 and 3.8. In 
general, the proposed device has advantages such as isotropic structure, excellent performance, 
broadband, low side-lobe level, small size, and physically realizable. The rest of the paper is 
arranged as follows: We first present the theory of transformation optics and the design process. 
Then, the simulation results are investigated. Finally, we end the paper with concluding remarks. 

Design Method 
Transformation Optics and CTO 
The theory of transformation optics expresses a relation between two spaces: virtual space        
(x, y, z) and physical space (x´, y´, z´) in cartesian coordinate so that a proper coordinate 
transformation connects their variables. The permittivity 𝜀´ and permeability 𝜇´ in physical space 
are obtained as  
 

,   
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J J J J
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                                                                 (1) 

      Where 𝜀 and 𝜇 are permittivity and permeability in virtual space, respectively, and              𝐽 = 𝜕(𝑥´, 𝑦´, 𝑧´)/𝜕(𝑥, 𝑦, 𝑧) is the Jacobian matrix. Virtual space is usually considered a vacuum 
with 𝜇 = 𝜀 = 1, in which a beam propagates in a straight line, while the direction of beam 
propagation is designed arbitrarily in physical space. To simplify, consider a two-dimensional 
mapping between (𝑥, 𝑦) and (𝑥´, 𝑦´) spaces in the form of 𝑥 = 𝑢(𝑥´, 𝑦´), 𝑦 = 𝑣(𝑥´, 𝑦´) and      𝑧 = 𝑧´. A conformal mapping is obtained by applying the Cauchy-Riemann equations, leading 
to simple constitutive parameters of the material given as36 𝜀´ = 𝜇´ = 𝑑𝑖𝑎𝑔(1,1, (𝑑𝑒𝑡𝐽)−1). 
Consequently, conformal mapping results in an all-dielectric material (𝜇 = 1) if the waves are 
limited to TE polarization (The constitutive parameters are: 𝜀𝑧𝑧, 𝜇𝑥𝑥, 𝜇𝑥𝑦, 𝜇𝑦𝑥, 𝜇𝑦𝑦 that µxx=µyy=1 

and µxy=µyx=0). The refractive index of CTO transformed media can be written as 

            
1(det )zzn J     (2) 

     In the following, we apply a CTO to transform a conventional parabolic reflector (with 
perfect electric conductor (PEC) boundary condition) into a flat one. Fig.1 shows 2-dimentional 
(2-D) virtual and physical spaces. Virtual space is shown in Fig.1a which consists of the reflector 
antenna connected to the rectangle section of ABEF to find the identical conformal module 
between two spaces. Two Laplace equations with Dirichlet and Neumann boundary conditions 
can be written as37: 

       0 ,  0
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     Where �̂� is the normal vector to the boundaries. Conformal module (M) in virtual space is 
given by: 
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Figure1. The schematics of (a) virtual space with u and v contours, and (b) physical space with 
equivalent contours. The refractive index is also plotted.  
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     The design is for a parabolic reflector with diameter d=10λ=200mm and focal length 
f=5λ=100mm at the central frequency of 15 GHz. Therefore, we have in virtual space, 
E=B=7.5λ=150mm, D=C=100mm, also in physical space, x´=7.5λ=150mm, b=25mm, a=83.7mm. 
The points C and D, in virtual space, are mapped to c=d=87.65mm in physical space (Fig. 1).    

     We calculate the conformal module using PED module in COMSOL Multiphysics solver, 
which the result is M=5.11 for our design. The rectangular aspect ratio in physical space is 
accomplished with this number. Thus, we may get this ratio by altering the length or width of the 
physical space, but altering the rectangle width improves physical space performance. We 
change the junction point between the parabolic and straight lines (points C and D in Fig.1a) 
from sharp edges to smoother ones to reduce dispersion. Figure.2 shows the changed structure 
that the sharp edges are eliminated. 

 

(4) 



 

Figure2. Eliminating the sharp edges of the structure. 

 

 

 

  

                                        (a)                                                                                (b) 

  Figure 3. The ray direction (blue lines) and phase-front (red lines). (a) in the virtual space, and 
(b) in the physical space. 

     Moreover, the distance cd in physical space is less than CD in virtual space. The refractive 
index is obtained from Eq. 2 in physical space and is presented in Fig.1b. As mentioned, the 
refractive index contains sub-unit values that in previous researches were ignored. The smallest 
values are related to points C and D in virtual space or equivalently 𝑐 and 𝑑 in physical space. 

Refractive Index Control 
To adjust the refractive index and resolve the sub-unit refractive index problem, we apply the 
rescaling optical path method which improves the structure's performance. Assume that a plane 
wave propagates in virtual space from top to bottom. The vertical lines (blue lines) in Fig. 3a 
show the ray direction, and the horizontal lines (red lines) are the wave phase-fronts. The 
equivalent of these lines in physical space is shown in Fig. 3b. The optical path length is the 
distance that light travels in a space with a specified refractive index. The optical path length is 
significant because it allows us to determine the wave phase at any point. The relationship 
between the optical path length and the refractive index is defined as 

                
B

A

u n d l                                                                  (5) 

     Where 𝑢 and 𝑛 are the optical path length and the refractive index as a function of the 
distance along the ray from point A to point B, respectively. Moreover, we can consider the 
refractive index as 

                 ( , )n x y u                                                              (6) 

     We consider an increasing function such as S(u) called the "rescaled optical path" and assume 
that S(u) measures the optical path instead of u, so the refractive index, which is so-called the 
rescaling refractive index (n'), is obtained as 

 ( , ) ( ) ( , )
dS

n x y S u n x y
du

      (7) 



     Furthermore, the refractive index changes, but the rays shape and the phase-front have not. 
Thus, there is no disruption in the performance of the structure. As a result, we can change the 
refractive index to values greater than one in physical space by selecting a suitable increasing 
function. Hence, we choose one of the two rays with the lowest refractive index value according 
to Fig. 4. Since this ray does not include the whole optical path length, we must consider another 
suitable increasing function for the rest. Therefore, we divide the optical path into two parts, 
from u0 to u1 (0 to 25mm) and u1 to u2 (25mm to 75mm). The reflector body in virtual space 
(Fig. 3a) is free space (i.e., n=1), so according to Eq. 5, the optical path length is equal to the 
structure width (or 𝑣 coordinate). For the first part, u0 to u1, we define S(u) as a polynomial series 
of degree three. This function should be continuous at u1, and u0 is selected according to the 
refractive index at this point. We apply genetic algorithm optimization to obtain polynomial 
coefficients by considering the constraints. 

     For u1 to u2 an increasing function is applied along the selected ray in Fig.4 as 
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     Where n(u) is the refractive index versus the optical path along the desired ray, and 
integration is also applied to this ray from u1 to u2. 

     Figure. 5 presents the increasing function S(u) and its first derivative dS/du. The rescaling 
refractive index is shown in Fig. 6. It can be seen that there is no sub-unit value, and the 
refractive index values are increased to one (n=1) in the left and right of the reflector. The 
continuous refractive index profile is divided into several regions with almost the same refractive 
index for the practical realization of the antenna. These contours are shown in Fig.6 as well.  

     We can remove the sections corresponding to regions 1, 2, and 3 in Figure 6, which most of 
these areas have a refractive index of 1, 1.03, and 1.1, respectively. These regions do not affect 
the structure performance due to the distance from the reflector PEC section. Therefore, we put 
aside the regions whose refractive index values are nearly one, as shown in Fig. 7. 

 

 

Figure 4. The selected ray to apply the rescaling refractive index method.     



 

Figure 5. The increasing function S(u) and its first derivative dS/du. 

 

 

Figure 6. The flat reflector antenna's rescaling refractive index. The borders of regions with 
almost the same refractive index are shown by the sketched outlines with black lines. 

   

 

                                                (a)                                                                   (b) 

Figure 7. Final profile of the reflector antenna. (a) two-dimensional, (b) 3-dimensional cross-
section (h=58.7mm, d=178mm). 



Simulation Results 
In this section, we present the simulation results by COMSOL Multiphysics. Eleven layers make 
up the proposed antenna, with permeability coefficients ranging from 1.1 to 3.8. The number of 
layers is determined by the precision of the antenna's focus point, resulting in a focal length of 
100mm (as the equivalent parabolic antenna). Rotating the permeability profile around the 
propagation direction yields the final three-dimensional profile of the flat reflector antenna. To 
do this, we used 2-D Axisymmetric in COMSOL Multiphysics that rotates the simulated 2D 
environment around the vertical axis. Two-dimensional and three-dimensional structure of the 
flat reflector is shown in Fig.7. The height and diameter of the antenna are 58.7mm and 178mm, 
respectively.  

     At first, a plane wave is sent to the two-dimensional structure of the antenna. Figure. 8a 
presents the simulated electric field magnitude of the antenna at 15 GHz. It can be seen that the 
incident plane wave is concentrated at a point on the antenna axis with y=100mm, which is better 
shown in Fig. 8b, showing the electric field along the focal length.  

     In the next simulation, a feeding horn antenna is located in the focal point to verify the 
radiation properties of the flat antenna. Fig. 9a shows the flat antenna and its feed in the 
COMSOL Multiphysics. The feed antenna is a conical horn connected to a standard KU-band 
circular waveguide with a diameter of a=15.08 mm, and length of L1=4mm. Moreover, the 
diameter and length of the horn are b=19 mm and L2=6 mm respectively, as shown in Fig. 9b. 
Furthermore, we simulate the antenna in CST Studio Suite software to confirm the simulation 
results. Fig. 9c indicates the simulated antenna in CST. 

      

      

                                 (a)                                                                                 (b) 

Figure 8. Electric field magnitude of the antenna, (a) 2-dimensional structure, and (b) along the 
focal length. 

 



           

                                  (a)                                  (b)                                           (c) 

Figure 9. 3D structure of the flat reflector with feeding horn antenna, (a) the simulated antenna 
in COMSOL, (b) feeding horn antenna with specified dimensions in mm, (c) simulated antenna 
in CST. 

    

                                           (a)                                                                             (b)  

    

                                              (c)                                                                          (d)   

Figure 10. Simulated normalized radiation pattern of the antenna in the H-plane, (a) using 
COMSOL, (b) the corresponding magnified picture, (c) using CST, and (d) the corresponding 
magnified picture. 



    

                                          (a)                                                                           (b) 

Figure 11. Comparing COMSOL and CST simulation results, (a) radiation pattern at 15 GHz, 
(b) gain of the antenna. 

     The simulated normalized radiation pattern of the antenna using COMSOL is shown in Fig. 
10a and Fig. 10b at various frequencies in the range from 13-30 GHz. Fig. 10c and Fig. 10d 
show the corresponding results using  CST which shows the half-power beamwidth (HPBW) 
decreases from 8.6° to 5.1°, when the frequency increases from 13 to 30 GHz . The side-lobe 
levels are below -15dB at all frequencies, indicating the proper performance of the antenna. The 
radiation pattern results of COMSOL and CST are compared at f=15 GHz in Fig.11a which 
shows the CST results matches very well with the COMSOL results. Figure.11b presents the 
antenna gain which shows a proper gain and a good match among the results of two simulation 
software. Eventually, the proposed flat reflector antenna can be realized using eleven milled 
dielectric layers with different permittivity38.  

Conclusion 

     We introduced an implementable broadband flat reflector based on conformal transformation 
optics. The proposed antenna needs only dielectric materials with permittivity greater than one 
which is divided into eleven layers with permittivity of 1.1 to 3.8, making it a realizable and 
ultra-wideband flat reflector in the frequency range from 13 to 30 GHz. The simulated antenna 
gain is about 25.27 to 29.55 dB, with the side-lobe level below -15 dB. Moreover, the half-power 
beamwidth varies from 8.6° to 5.1° in the frequency range from 13 to 30 GHz. The simulation 
results are verified with COMSOL Multiphysics and CST Studio Suite software. 
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