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Key Message 18 

Existing F-statistic estimators are biased in the presence of non-independent samples. We construct 19 

a model and develop a novel estimator to evaluate and eliminate such biases, respectively.  20 

Abstract 21 

Existing F-statistic estimators fail to account for any genetic correlations among individuals or 22 

subpopulations and assume that all samples are independent. This may result in inaccurate F-statistic 23 

estimations for natural populations. Here, we derive the expectations of previous F-statistics estimates 24 

using extended kinship coefficients. On this basis, we developed a new method for F-statistic estimation 25 

that accounts for non-independence of samples, finite sample sizes, and autopolyploidy. As proof of 26 

principle, using the same simulated datasets we compared the accuracy of several established F-statistic 27 

estimators with our new estimator. We found that our new method outperformed all of the other 28 

methods we used and showed almost no bias. Our new method has been added as a new function to 29 

our existing software package POLYGENE V1.4, which is freely available at 30 

http://github.com/huangkang1987/polygene.  31 

Keywords 32 

Population genetic structure, gene differentiation, fixation index, non-independent samples.  33 

 34 

Introduction 35 

For population genetics studies, F-statistics are often used to quantify both the differences among 36 

(e.g., 𝐹𝑆𝑇), and the degree of inbreeding within (e.g., 𝐹𝐼𝑆), subpopulations. The original estimators of F-37 

statistics can only be applied to diallelic and codominant markers (Wright 1951). Later, many estimators 38 

of F-statistics and their analogues, were developed. These estimators are based on either heterozygosity: 39 𝐺𝑆𝑇 (Nei 1973), 𝐺𝑆𝑇′  (Hedrick 2005) and 𝐷 (Jost 2008); genetic variance decomposition: 𝜃 (Weir and 40 

Cockerham 1984); allelic size difference: 𝑅𝑆𝑇 (Slatkin 1995) and 𝜌𝑆𝑇 (Rousset 1996); genetic distance 41 

(Hudson et al. 1992); DNA sequences: 𝑁𝑆𝑇 (Lynch and Crease 1990) and Φ𝑆𝑇 (Excoffier et al. 1992), 42 

and quantitative traits: 𝑄𝑆𝑇  (Spitze 1993) and 𝑃𝑆𝑇  (Leinonen et al. 2013). The two most commonly used 43 

definitions for F-statistics are those for the genetic correlation or standardized variance.  44 

Wright (1951) originally defined 𝐹𝑆𝑇 as “the correlation between random gametes, drawn from the same 45 

subpopulation, relative to the total”. This is equivalent to the definition of Cockerham’s 𝜃-statistics defined 46 

by co-ancestry (also known as identical by descent, IBD) (Cockerham 1969). Because the IBD definition is 47 

more straightforward, we extended this definition as the probability of sampling two IBD alleles within units 48 

http://github.com/huangkang1987/polygene
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relative to a higher unit. For instance, the inbreeding coefficient 𝐹𝐼𝑆  is defined as the probability of 49 

sampling two IBD alleles within individuals without replacement relative to the subpopulation. 50 

Similarly, 𝐹𝑆𝑇 is defined as the probability of sampling two IBD alleles within subpopulations without 51 

replacement relative to the total population.  52 

Wright (1965) additionally defined 𝐹𝑆𝑇  as “the ratio of the actual variance of gene frequencies of 53 

subdivisions to its limiting value, irrespective of their own structures”. This definition is equivalent to Nei’s 54 

(1973) heterozygosity based definition, the proportion of genetic diversity that resides among populations. We 55 

extended this definition to the standardized variance of allele frequencies among subunits (e.g., individuals or 56 

subpopulations) relative to a higher unit (e.g., a subpopulation, a region or the total population). For example, 57 𝐹𝑆𝑇 is the standardized variance of the true allele frequencies in subpopulations relative to the total 58 

population, that is 𝐹𝑆𝑇 = Var𝑠∈𝑡(𝑝𝑠)𝑝𝑡(1−𝑝𝑡) , where 𝑝𝑠 is the true frequency of a target allele in subpopulation 𝑠, 59 

and 𝑝𝑡  is the true frequency in the total population 𝑡.  60 

These two definitions are equivalent for independent samples, including independent 61 

subpopulations (e.g., the independent subpopulations model, Ochoa and Storey 2021) and independent 62 

individuals (e.g., the reference population). However, both definitions can be influenced by non-63 

independent samples. Consider a null model of independent populations with a star-like phylogeny, 64 

with all sampled populations descending independently from a single ancestral population and having 65 

the same population specific 𝐹𝑆𝑇  (Weir 2012) and all individuals unrelated to each other. For non-66 

independent individuals, relatives share IBD alleles relative to the subpopulation. The genetic 67 

correlation defined 𝐹𝑆𝑇 is increased while the standardized variance defined 𝐹𝑆𝑇 is unaffected because 68 

the allele frequency of each population remains unchanged. For non-independent populations, the 69 

phylogeny becomes tree-like. We duplicate each subpopulation in the null model to simulate recent 70 

divergence. The genetic correlation defined 𝐹𝑆𝑇  remains unaffected, because each subpopulation is 71 

unchanged and the allele frequency of the total population is also unchanged. If there are finite 72 

subpopulations, then the standardized variance defined 𝐹𝑆𝑇 is reduced by 12𝑆−2 × 100%, where 𝑆 is 73 

the number of subpopulations after duplication. Because 𝐹𝑆𝑇  is used to evaluate the genetic 74 

differentiation between/among subpopulations, we think it should be independent to the sample 75 

correlations. For this reason, we use the standardized variance definition with infinity subunits.  76 

Non-independence of biological samples is common among natural populations. In addition to 77 

non-independence among individuals, subpopulations may also show genetic correlations. In general, 78 

the structure of natural populations is complex and the allele frequencies of any subpopulations are 79 

unlikely to be completely independently drawn from the ancestral population. The derived 80 

subpopulations can be either recently diverge or maintain a high level of gene-flow. Samples from such 81 

populations can thus be considered as non-independent relative to the total population. 82 
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It is important to emphasize that some applications require samples to be non-independent. For 83 

instance, in quantitative genetics, heritability is estimated by comparing the similarities of a quantitative 84 

trait between relatives and non-relatives. This can be achieved by either controlled crossing (Lynch and 85 

Walsh 1998) or by sampling naturally occurring relatives (Ritland 1996). The estimation of 𝑃𝑆𝑇  is based 86 

on the estimated heritability (Leinonen et al. 2013); the regression estimation of 𝑄𝑆𝑇   requires an 87 

estimate of variance in pairwise 𝐹𝑆𝑇  (Ritland 2000), which infers a need for non-independent 88 

subpopulations. For another example, in molecular ecology studies of kin selection (Guo et al. 2015), 89 

social structure (Gotoh et al. 2017), mating systems (Maher et al. 2017), mate choice (Blyton et al. 2016) 90 

and seed/pollen dispersal (Pascov et al. 2015; Santos et al. 2018) all require the sampling of relatives, 91 

with the subsequent genetic analysis usually being either parentage analysis (Huang et al. 2018; 92 

Kalinowski et al. 2007), sibship reconstruction (Wang 2004, 2019) or an estimation of relatedness (Huang 93 

et al. 2018; Lynch and Ritland 1999; Wang 2002).  94 

Because previous methods for the estimation of F-statistics may be inaccurate when samples are 95 

non-independent, and certain applications require non-independence of samples, we developed a new 96 

method for F-statistics estimation. Here, we: (i) generalize some previous methods used to calculate F-97 

statistics into a single framework, i.e., by using the same set of symbols to express their expectations; (ii) 98 

evaluate how non-independent samples affect the results of previous methods of F-statistics estimation; 99 

(iii) describe our new method for accurately estimating F-statistics with non-independent samples and 100 

limited samples. Our new method has been added as a new function to the new version of our existing 101 

software package POLYGENE V1.4, which is freely available at 102 

http://github.com/huangkang1987/polygene. 103 

Materials and Methods 104 

Common symbols 105 𝑣: ploidy level. 106 𝑡 (𝑠, 𝑥 or 𝑎): the total population (a subpopulation, an individual or an allele), where each object 107 

is called a unit with a hierarchy of units. A unit symbol with a prime (e.g., 𝑠′ , 𝑥′  or 𝑎′ ) denotes a 108 

distinct unit (e.g., 𝑠 ≠ 𝑠′), while a unit symbol with an asterisk (e.g., 𝑠∗, 𝑥∗ or 𝑎∗) can be the same unit 109 

(e.g., 𝑠 = 𝑠∗). For convenience, we use the ordinal number of each unit as its identifier except for the 110 

unit 𝑡. 111 𝐿: the number of loci. 112 𝐾: the number of alleles at a target locus. 113 𝐴𝑘 (or 𝐴𝑙𝑘): the 𝑘th
 allele at a target locus (or at the 𝑙th locus). 114 𝐴𝑥𝑎 (or 𝐴𝑥𝑙𝑎): the 𝑎th allele copy in individual 𝑥 at a target locus (or at the 𝑙th locus). 115 

http://github.com/huangkang1987/polygene
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𝜃 (or 𝜗): the kinship coefficient relative to a subpopulation (or the total population). 116 𝜃𝑥 (𝜗𝑥, 𝜃𝑠, 𝜗𝑠 or 𝜗𝑡): the kinship coefficient within a unit. 117 𝜃𝑥𝑥′ (𝜗𝑥𝑥′ or 𝜗𝑠𝑠′): the kinship coefficient between two distinct units. 118 𝑆 (or 𝐶): the number of subpopulations (or regions) in the total population. 119 𝑆𝑐: the number of subpopulations in the region 𝑐. 120 𝑁𝑠 (or 𝑁𝑡): the sample size of a subpopulation 𝑠 (or the total population 𝑡). 121 𝑁𝑓 , 𝑁𝑚 , 𝑁𝑜 : the number of males, the number of females each male mate with, the number of 122 

offspring each pair reproduced in North Carolina Design I. 123 𝑝𝑥𝑘  (or 𝑝𝑥𝑙𝑘): the frequency of 𝐴𝑘 (or 𝐴𝑙𝑘) in individual 𝑥, where the subscript 𝑥 can be replaced 124 

by 𝑠 or 𝑡 so as to denote the allele frequency in a higher hierarchy unit. 125 𝐻𝐼 : the observed heterozygosity for a subpopulation or the total population. 126 �̂�WI2 , �̂�AI2 , �̂�AP2 : genetic variance component within individuals, among individuals within the same 127 

subpopulations, or among subpopulations. 128 𝐻𝑆 (or 𝐻𝑇): the expected heterozygosity within subpopulations (or the total population). 129 �̂�𝑠 (or �̂�𝑡): the unbiased estimate of ∑ 𝑝𝑠𝑘2 𝑘  (or ∑ 𝑝𝑡𝑘2 𝑘 ).  130 Var(∙)  (E(∙) , Avg(∙)  or Wavg(∙, 𝑤) ): the operator of variance (expectation, average or weighted 131 

average with 𝑤 as the weight). 132 

Extension of kinship coefficients 133 

We assume that our model satisfies the following conditions: (i) each population is of large enough 134 

size, and the size is constant across generations; (ii) each individual is contained within a single 135 

subpopulation, whose ploidy level is a constant 𝑣; (iii) the genotypic frequencies are at an equilibrium 136 

state; (iv) the mating system can be either monogamous or polygamous, and each individual can be 137 

either monoecious or dioecious; (v) there is a considerable proportion of relatives in each generation; 138 

(vi) the samples are randomly drawn without replacement, and the sample sizes for each distinct 139 

subpopulation may be unequal; (vii) the target loci are unlinked.  140 

According to (i), any genetic drift between two adjacent generations is ignored, and the inbreeding 141 

coefficient 𝐹 can be considered as a constant across generations. Condition (iii) can be equivalently 142 

stated as follows: the frequency of each genotype is a constant across generations. Therefore, the 143 

inbreeding coefficient 𝐹 in our model is equal to the expected kinship coefficient between mates.  144 

To extend the definitions of kinship coefficients into our model, the reference population should 145 

be revised as the background population (BP). It is noteworthy that ‘reference population’ ignores any 146 

inbreeding and or genetic correlations among individuals or subpopulations, whereas ‘background 147 

population’ does not. 148 

There are two extended definitions of kinship coefficients. One is the kinship coefficient within a unit 149 
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relative to a BP, which is defined as the probability of sampling two IBD alleles from this unit with 150 

replacement relative to this BP, denoted by 𝜃 if the BP is a subpopulation (or all subpopulations), or 151 

by 𝜗 if the BP is the total population. The other is the kinship coefficient between a pair of units relative to 152 

a BP, which is defined as the probability of sampling two IBD alleles from these two units (each sampled 153 

from one unit) relative to this BP, still denoted by 𝜃 or 𝜗. In multiple subpopulations, the following 154 

relational expression between 𝜃 and 𝜗 can be established:  155 

𝜗 = 𝜃 + (1 − 𝜃)𝐹𝑆𝑇 .                                  (1) 156 

It noteworthy that the BP of the converted 𝜃 is all subpopulations other than a specific subpopulation. 157 

Equation (1) can also be used to convert 𝜗 into 𝜃 with BP of a specific subpopulation, the definition 158 

of 𝐹𝑆𝑇  should be revised as the differentiation of this subpopulation from the total population. For 159 

example, the allele frequencies of the specific subpopulation is drawn from a Dirichlet distribution 160 𝑝𝑠1, 𝑝𝑠2 , … , 𝑝𝑠𝐾~𝒟(𝛾𝑝𝑡1, 𝛾𝑝𝑡2, … , 𝛾𝑝𝑡𝐾), where 𝛾 = 1/𝐹𝑆𝑇 − 1 (Pritchard et al. 2000).  161 

The kinship coefficients defined above can be divided into five categories. 162 

(i) Within an individual. For individual 𝑥, the kinship coefficient is denoted by 𝜃𝑥 or 𝜗𝑥. Next, 163 

the average of kinship coefficients within all sampled individuals in 𝑠 is denoted by �̅�𝑥∈𝑠 or �̅�𝑥∈𝑠, and 164 

that in 𝑡  is denoted by �̅�𝑥∈𝑡  and �̅�𝑥∈𝑡 , then �̅�𝑥∈𝑠 = ∑ �̅�𝑥1𝑥1∈𝑠 /𝑁𝑠 , �̅�𝑥∈𝑠 = ∑ 𝜗𝑥1𝑥1∈𝑠 /𝑁𝑠 , and �̅�𝑥∈𝑡 =165 ∑ 𝜗𝑥1𝑥1∈𝑡 /𝑁𝑡. �̅�𝑥∈𝑡 can be converted from �̅�𝑥∈𝑠 by Equation (1), and the BP is all subpopulations.  166 

(ii) Between a pair of individuals in the same subpopulation. For a pair of individuals 𝑥 and 𝑥′ 167 

(𝑥, 𝑥′ ∈ 𝑠  and 𝑥 ≠ 𝑥′ ), the kinship coefficient is denoted by 𝜃𝑥𝑥′  or 𝜗𝑥𝑥′ . Next, the average kinship 168 

coefficients between all individuals in 𝑠  is denoted by �̅�𝑥𝑥′∈𝑠  or �̅�𝑥𝑥′∈𝑠 , and that between all 169 

individuals within the same subpopulations is denoted by �̅�𝑥𝑥′∈𝑡, then �̅�𝑥𝑥′∈𝑠 = ∑ 𝜃𝑥1𝑥2𝑥1≠𝑥2∈𝑠𝑁𝑠(𝑁𝑠−1) , �̅�𝑥𝑥′∈𝑠 =170 

∑ 𝜗𝑥1𝑥2𝑥1≠𝑥2∈𝑠𝑁𝑠(𝑁𝑠−1) , or �̅�𝑥𝑥′∈𝑡 = ∑ ∑ 𝜗𝑥1𝑥2𝑥1≠𝑥2∈𝑠𝑠∈𝑡∑ 𝑁𝑠(𝑁𝑠−1)𝑠∈𝑡 . Similarly, �̅�𝑥𝑥′∈𝑡 can be converted from �̅�𝑥𝑥′∈𝑡 by Equation 171 

(1), and the BP is all subpopulations.  172 

(iii) Within a subpopulation sample. For subpopulation 𝑠, the kinship coefficient is denoted by 𝜃𝑠 173 

or 𝜗𝑠, which can be expressed as 174 

𝜃𝑠 = 1𝑁𝑠 �̅�𝑥∈𝑠 + 𝑁𝑠−1𝑁𝑠  �̅�𝑥𝑥′∈𝑠    or    𝜗𝑠175 = 1𝑁𝑠 �̅�𝑥∈𝑠 + 𝑁𝑠−1𝑁𝑠  �̅�𝑥𝑥′∈𝑠.                                          (2) 176 

(iv) Between a pair of subpopulation samples. For this situation, the BP can only be the total 177 

population. For subpopulation pair 𝑠 and 𝑠′ (𝑠 ≠ 𝑠′), the kinship coefficient is denoted by 𝜗𝑠𝑠′ , which 178 

can be expressed as 𝜗𝑠𝑠′ = ∑ 𝜗𝑥𝑥′𝑥∈𝑠,𝑥′∈𝑠′ /𝑁𝑠𝑁𝑠′ . Such a kinship coefficient can be used to quantify the 179 

relationship between two subpopulations. Let �̅�𝑠∈𝑡 (or �̅�𝑠𝑠′∈𝑡) denote the weighted average of kinship 180 



7 

 

coefficients within (or between) all subpopulations. Then  181 

�̅�𝑠∈𝑡 = ∑ 𝑁𝑠12 𝜗𝑠1𝑠1∈𝑡∑ 𝑁𝑠12𝑠1∈𝑡     or    �̅�𝑠𝑠′∈𝑡182 

= ∑ 𝑁𝑠1𝑁𝑠2𝑠1≠𝑠2∈𝑡 𝜗𝑠1𝑠2∑ 𝑁𝑠1𝑁𝑠2𝑠1≠𝑠2∈𝑡 .                                            (3) 183 

By Equation (2), the first formula in Equation (3) can be expressed as 184 

�̅�𝑠∈𝑡 = ∑ 𝑁𝑠1�̅�𝑥∈𝑠1𝑠1∈𝑡 + ∑ (𝑁𝑠12 − 𝑁𝑠1)�̅�𝑥𝑥′∈𝑠1𝑠1∈𝑡∑ 𝑁𝑠12𝑠1∈𝑡 , 185 

that is  186 

�̅�𝑠∈𝑡 = Wavg𝑠1∈𝑡(�̅�𝑥∈𝑠1 , 𝑁𝑠1) ∑ 𝑁𝑠1𝑠1 + Wavg𝑠1∈𝑡(�̅�𝑥𝑥′∈𝑠1 , 𝑁𝑠12 − 𝑁𝑠1) ∑ (𝑁𝑠12 − 𝑁𝑠1)𝑠1∑ 𝑁𝑠12𝑠1 .                  (4) 187 

(v) Within the total population sample. For this situation, the kinship coefficient is denoted by 𝜗𝑡, 188 

which can be expressed as 189 𝜗𝑡190 = ∑ 𝑁𝑠12𝑠1𝑁𝑡2 �̅�𝑠∈𝑡191 

+ ∑ 𝑁𝑠1𝑁𝑠2𝑠1≠𝑠2𝑁𝑡2 �̅�𝑠𝑠′∈𝑡 .                                                           (5) 192 

Both 𝜃 and 𝜗 are random variables so we can consider certain expectations. We will denote E(𝜃) 193 

by �̃� and E(𝜗) by �̃�. For example, for the kinship coefficient of an individual, we have �̃�𝑥 = 1𝑣 + 𝑣−1𝑣 𝐹𝐼𝑆 194 

and �̃�𝑥 = 1𝑣 + 𝑣−1𝑣 𝐹𝐼𝑇. For another example, if the individuals and the subpopulations are independent, 195 

then �̃�𝑥𝑥′ = 𝐹𝑆𝑇 and �̃�𝑠𝑠′ = 0. Otherwise, because the structure of populations is more complex, these 196 

equalities do not generally hold.  197 

Before concluding this section, some formulas will be listed, which will be used in the section 198 

Estimation of �̃� and �̃�. In a single subpopulation, by Equation (2), �̃�𝑠 = 1𝑁𝑠 �̃�𝑥 + 𝑁𝑠−1𝑁𝑠  �̃�𝑥𝑥′  and therefore  199 �̃�𝑥𝑥′200 = 𝑁𝑠�̃�𝑠 − �̃�𝑥𝑁𝑠 − 1 .                                                                                 (6) 201 

In multiple subpopulations, the value of �̃�𝑠  among subpopulations will differ because of the 202 

different sample sizes and BPs. Alternatively, we use 𝑡 as the BP and calculate the weighted average 203 �̃�𝑠 = Wavg𝑠1∈𝑡(�̃�𝑠1 , 𝑁𝑠12 ). By Equation (4), it can be derived that �̃�𝑠1 = 1𝑁𝑠1 �̃�𝑥 + 𝑁𝑠1−1𝑁𝑠1  �̃�𝑥𝑥′, therefore  204 �̃�𝑥𝑥′205 = ∑ 𝑁𝑠12𝑠1 �̃�𝑠 − 𝑁𝑡�̃�𝑥∑ 𝑁𝑠12𝑠1 − 𝑁𝑡 .                                                                        (7) 206 
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Besides, �̃�𝑥, �̃�𝑥𝑥′ and �̃�𝑠 can be converted from �̃�𝑥, �̃�𝑥𝑥′ and �̃�𝑠 by Equation (1), and the BP is all 207 

subpopulations. Finally, by Equation (5), we obtain  208 �̃�𝑠𝑠′209 = 𝑁𝑡2�̃�𝑡 − ∑ 𝑁𝑠12𝑠1 �̃�𝑠𝑁𝑡2 − ∑ 𝑁𝑠12𝑠1 .                                                                      (8) 210 

Wright’s standardized variance estimator 211 

Wright’s (1965) standardized variance estimator can be used to estimate 𝐹𝑆𝑇 , but can also be 212 

extended to estimate the F-statistic 𝐹𝐼𝑆 for a single subpopulation (say 𝑠). Let 𝐹𝐼𝑆,Wr denote Wright’s 213 𝐹𝐼𝑆 for subpopulation 𝑠, then its expression at the 𝑙th locus is 214 

𝐹𝐼𝑆,Wr = ∑ Var𝑥∈𝑠(𝑝𝑥𝑙𝑘)𝑘∑ 𝑝𝑠𝑙𝑘(1 − 𝑝𝑠𝑙𝑘)𝑘 . 215 

Under actual conditions, the true allele frequencies are unknown, and each frequency is estimated by 216 

counting the number of corresponding allele copies. The estimated expression of 𝐹𝐼𝑆,Wr is 217 �̂�𝐼𝑆,Wr218 = ∑ Avg𝑥∈𝑠(�̂�𝑥𝑙𝑘2 )𝑘 − ∑ �̂�𝑠𝑙𝑘2𝑘1 − ∑ �̂�𝑠𝑙𝑘2𝑘 .                                                               (9) 219 

Because the numerator and the denominator in Equation (9) are correlated, it is difficult to obtain 220 

the expectation E(�̂�𝐼𝑆,Wr) related to a single locus. In order to reduce the effects of such a correlation, 221 

we extend a single locus into all loci and use an alternative method to give the expression �̂�𝐼𝑆,Wr at all 222 

loci. In fact, for the fractions such as Equation (9) across all loci, we sum all of the numerators, and also 223 

sum all of the denominators. Then the expression of �̂�𝐼𝑆,Wr at all loci is 224 �̂�𝐼𝑆,Wr225 = ∑ ∑ Avg𝑥∈𝑠(�̂�𝑥𝑙𝑘2 )𝑘𝑙 − ∑ ∑ �̂�𝑠𝑙𝑘2𝑘𝑙𝐿 − ∑ ∑ �̂�𝑠𝑙𝑘2𝑘𝑙 .                                                      (10) 226 

For this fraction, because the correlation between the numerator and denominator is close to zero, we 227 

obtain 228 

E(�̂�𝐼𝑆,Wr|�̅�𝑥∈s, 𝜃𝑠) ≈ E[∑ ∑ Avg𝑥∈𝑠(�̂�𝑥𝑙𝑘2 )𝑘𝑙 − ∑ ∑ �̂�𝑠𝑙𝑘2𝑘𝑙 ]E(𝐿 − ∑ ∑ �̂�𝑠𝑙𝑘2𝑘𝑙 ) = �̅�𝑥∈s − 𝜃𝑠1 − 𝜃𝑠 .  229 

Further, we can also derive E(�̂�𝐼𝑆,Wr)  by E(�̅�𝑥∈s) = �̃�𝑥  and E(𝜃𝑠) = �̃�𝑠 , the result of which is (see 230 

Appendix A for derivation):  231 E(�̂�𝐼𝑆,Wr)232 ≈ �̃�𝑥 − �̃�𝑠1 − �̃�𝑠 .                                                                          (11) 233 
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Therefore, by substituting E(�̂�𝐼𝑆,Wr) with �̂�𝐼𝑆,Wr, ≈ with =, �̃�𝑥 with 1𝑣 + 𝑣−1𝑣 �̂�𝐼𝑆,c and �̃�𝑠 with �̂̃�𝑠, we 234 

can develop the unbiased correction �̂�𝐼𝑆,c of Wright’s (1965) standardized variance estimator as follows: 235 

�̂�𝐼𝑆,c = 𝑣𝑣 − 1 [�̂̃�𝑠 + (1 − �̂̃�𝑠) �̂�𝐼𝑆,Wr]236 

− 1𝑣 − 1,                                                    (12) 237 

where the value of �̂�𝐼𝑆,Wr is obtained from Equation (10), and �̂̃�𝑠 is calculated by Equation (21). 238 

The above method can be extended to the situation of multiple subpopulations. For this situation, 239 

the BP is the total population. Moreover, �̂�𝐼𝑆,Wr is a weighted average related to all subpopulations, 240 �̂�𝑆𝑇,Wr is the standardized variance of �̂�𝑠𝑙𝑘  related to all subpopulations, and �̂�𝐼𝑇,Wr is solved from the 241 

equation 1 − �̂�𝐼𝑇,Wr = (1 − �̂�𝐼𝑆,Wr)(1 − �̂�𝑆𝑇,Wr), whose expressions at all loci are  242 

�̂�𝐼𝑆,Wr =  ∑ ∑ Avg𝑥∈𝑡(�̂�𝑥𝑙𝑘2 )𝑘𝑙 −  ∑ ∑ Wavg𝑠∈𝑡(�̂�𝑠𝑙𝑘2 , 𝑁𝑠2)𝑘𝑙𝐿 −  ∑ ∑ Wavg𝑠∈𝑡(�̂�𝑠𝑙𝑘2 , 𝑁𝑠2)𝑘𝑙 ,  243 

�̂�𝑆𝑇,Wr =  ∑ ∑ Wavg𝑠∈𝑡(�̂�𝑠𝑙𝑘2 , 𝑁𝑠2)𝑘𝑙 −  ∑ ∑ �̂�𝑡𝑙𝑘2𝑘𝑙𝐿 − ∑ ∑ �̂�𝑡𝑙𝑘2𝑘𝑙 , 244 

�̂�𝐼𝑇,Wr =  ∑ ∑ Avg𝑥∈𝑡(�̂�𝑥𝑙𝑘2 )𝑘𝑙 − ∑ ∑ �̂�𝑡𝑙𝑘2𝑘𝑙𝐿 −  ∑ ∑ �̂�𝑡𝑙𝑘2𝑘𝑙 .   245 

Now, we can derive the approximate expressions of E(�̂�𝐼𝑆,Wr), E(�̂�𝑆𝑇,Wr) and E(�̂�𝐼𝑇,Wr) as follows (see 246 

Appendix A for derivation): 247 

E(�̂�𝐼𝑆,Wr) ≈ �̃�𝑥 − �̃�𝑠1 − �̃�𝑠 ,248 

E(�̂�𝑆𝑇,Wr) ≈ �̃�𝑠 − �̃�𝑡1 − �̃�𝑡     and     E(�̂�𝐼𝑇,Wr) ≈ �̃�𝑥 − �̃�𝑡1 − �̃�𝑡 .                       (13) 249 

By Equation (1), it can be derived that  250 �̃�𝑥 − �̃�𝑠1 − �̃�𝑠 = �̃�𝑥 − �̃�𝑠1 − �̃�𝑠      and     �̃�𝑠 − �̃�𝑡1 − �̃�𝑡 = �̃�𝑠 + (1 − �̃�𝑠)𝐹𝑆𝑇 − �̃�𝑡1 − �̃�𝑡 . 251 

Therefore, using the facts that �̃�𝑥 = 1𝑣 + 𝑣−1𝑣 𝐹𝐼𝑆  and �̃�𝑥 = 1𝑣 + 𝑣−1𝑣 𝐹𝐼𝑇 , we can develop the unbiased 252 

corrections �̂�𝐼𝑆,c, �̂�𝑆𝑇,c and �̂�𝐼𝑇,c of such an estimator as follows:  253 

�̂�𝐼𝑆,c = 𝑣𝑣 − 1 [�̂̃�𝑠 + (1 − �̂̃�𝑠) �̂�𝐼𝑆,Wr] − 1𝑣 − 1, 254 

�̂�𝑆𝑇,c = �̂�𝑆𝑇,Wr + (1 − �̂�𝑆𝑇,Wr )�̂̃�𝑡 − �̂̃�𝑠1 − �̂̃�𝑠 , 255 

�̂�𝐼𝑇,c = 𝑣𝑣 − 1 [�̂̃�𝑡 + (1 − �̂̃�𝑡) �̂�𝐼𝑇,Wr] − 1𝑣 − 1, 256 

where the values of �̂�𝐼𝑆,Wr , �̂�𝑆𝑇,Wr  and �̂�𝐼𝑇,Wr  are obtained from the above expressions, and �̂̃�𝑡  is 257 
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calculated by Equation (22). 258 

Nei’s heterozygosity estimator 259 

Nei’s (1973) extended Wright’s (1965) original variance standardization, to enable support for 260 

multi-allelic loci. Nei’s resulting ‘G-statistics’ are closely related to the observed and the expected 261 

heterozygosities. To account for polysomic inheritance, the observed heterozygosity 𝐻𝐼  at a target locus 262 

is defined as the average probability of randomly sampling two non-IBS alleles within individuals (in a 263 

subpopulation 𝑠  or in the total population 𝑡 ) at this locus without replacement. The definition of 264 

expected heterozygosity 𝐻𝑆 (or 𝐻𝑇) at a target locus under polysomic inheritance is the same as that for 265 

disomic inheritance, whose value is 1 − ∑ �̂�𝑠𝑘2𝑘   (or 1 − ∑ �̂�𝑡𝑘2𝑘  ). In multiple subpopulations, �̂�𝑠𝑘2   is 266 

defined as a weighted average, that is  267 

�̂�𝑠𝑘2 = Wavg𝑠1∈𝑡(�̂�𝑠1𝑘2 , 𝑁𝑠12 ),  𝑘 = 1, 2, ⋯ , 𝐾. 268 

For the situation of a single subpopulation (say 𝑠), the estimate �̂�𝐼𝑆 of Nei’s (1973) heterozygosity 269 

estimator is calculated by �̂�𝐼𝑆 = 1 − 𝐻𝐼/𝐻𝑆. Following the approach in Appendix A, we can derive the 270 

approximate expression of E(�̂�𝐼𝑆) as follows (see Appendix B for derivation): 271 

E(�̂�𝐼𝑆)272 ≈ 𝐹𝐼𝑆 − �̃�𝑠1 − �̃�𝑠 .                                                                             (14) 273 

Further, we can develop the unbiased correction �̂�𝐼𝑆,c of such an estimator as follows: 274 �̂�𝐼𝑆,c275 = �̂̃�𝑠276 + (1 − �̂̃�𝑠) �̂�𝐼𝑆.                                                                      (15) 277 

Besides, Li & Horvitz’s (1953) 𝐹𝐼𝑆  estimator calculates the Pearson’s correlation coefficient between 278 

distinct alleles within individuals, and whose approximate expression of E(�̂�𝐼𝑆)  is the same as 279 

Equation (14) (see Appendix C for derivation). 280 

 For the situation of multiple subpopulations, �̂�𝐼𝑆, �̂�𝑆𝑇 and �̂�𝐼𝑇 are, respectively, calculated as 281 

�̂�𝐼𝑆 = 1 − 𝐻𝐼/𝐻𝑆 ,  �̂�𝑆𝑇 = 1 − 𝐻𝑆/𝐻𝑇   and  �̂�𝐼𝑇 = 1 − 𝐻𝐼/𝐻𝑇.               (16) 282 

Following the approach outlined in Appendix A, we can derive the following approximate expressions 283 

(see Appendix B for derivations): 284 
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E(�̂�𝐼𝑆) ≈ 𝐹𝐼𝑇 − �̃�𝑠1 − �̃�𝑠 ,285 

E(�̂�𝑆𝑇) ≈ �̃�𝑠 − �̃�𝑡1 − �̃�𝑡      and     E(�̂�𝐼𝑇) ≈ 𝐹𝐼𝑇 − �̃�𝑡1 − �̃�𝑡 .                            (17) 286 

Moreover, according to Equation (1), as well as the identical equation 1 − 𝐹𝐼𝑇 = (1 − 𝐹𝐼𝑆)(1 − 𝐹𝑆𝑇), we 287 

can derive that 288 𝐹𝐼𝑇 − �̃�𝑠1 − �̃�𝑠 = 𝐹𝐼𝑆 − �̃�𝑠1 − �̃�𝑠     and    �̃�𝑠 − �̃�𝑡1 − �̃�𝑡 = �̃�𝑠 + (1 − �̃�𝑠)𝐹𝑆𝑇 − �̃�𝑡1 − �̃�𝑡 . 289 

Thus, we can also develop the unbiased corrections �̂�𝐼𝑆,c, �̂�𝑆𝑇,c and �̂�𝐼𝑇,c of such an estimator as follows: 290 

�̂�𝐼𝑆,c = �̂̃�𝑠 + (1 − �̂̃�𝑠) �̂�𝐼𝑆, 291 

�̂�𝑆𝑇,c = �̂̃�𝑡 + (1 − �̂̃�𝑡) �̂�𝑆𝑇 − �̂̃�𝑠1 − �̂̃�𝑠 , 292 

�̂�𝐼𝑇,c = �̂̃�𝑡 + (1 − �̂̃�𝑡) �̂�𝐼𝑇 . 293 

Weir & Cockerham’s variance component estimator 294 

Weir & Cockerham’s (1984) estimator is based on variance decomposition. We denote 𝜎WI2  (𝜎AI2  or 295 𝜎AP2  ) for the variance component of genetic distances between the allele copies within individuals 296 

(among individuals or among subpopulations). 297 

For the situation of a single subpopulation (say 𝑠), there are only two variance components: 𝜎WI2  298 

and 𝜎AI2  , which are defined as 𝜎WI2 ≝ (1 − 𝐹𝐼𝑆)(1 − ∑ 𝑝𝑠𝑘2𝑘 )/2  and 𝜎AI2 ≝ 𝐹𝐼𝑆(1 − ∑ 𝑝𝑠𝑘2𝑘 )/2 . In this 299 

situation, the estimate �̂�𝐼𝑆,W&C of Weir & Cockerham’s (1984) estimator can be expressed as 300 

�̂�𝐼𝑆,𝑊&𝐶 = �̂�AI2�̂�WI2 + �̂�AI2 , 301 

where �̂�WI2  and �̂�AI2  can both be obtained using an analysis of molecule variance (AMOVA) framework. 302 

Moreover, based on Huang et al.’s (2020) generalized AMOVA framework, we can obtain the 303 

approximate expression of E(�̂�𝐼𝑆,W&C) as follows (see Appendix D for derivation): 304 

E(�̂�𝐼𝑆,W&C)305 ≈ 𝐹𝐼𝑆 − �̃�𝑥𝑥′1 − �̃�𝑥𝑥′ .                                                                     (18) 306 

Equation (18) is hold for polysomic inheritance. The unbiased correction �̂�𝐼𝑆,c of such estimator is as 307 

follows: 308 
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�̂�𝐼𝑆,c309 = �̂̃�𝑥𝑥′ + (1 − �̂̃�𝑥𝑥′) �̂�𝐼𝑆,W&C,                                                            (19) 310 

where �̂̃�𝑥𝑥′ is calculated by Equation (21). 311 

For the situation of multiple subpopulations, the three variance components are defined as 312 

𝜎WI2 ≝ 12 (1 − 𝐹𝐼𝑇)(1 − ∑ 𝑝𝑡𝑘2𝑘 ), 𝜎AI2 ≝ 12 (𝐹𝐼𝑇 − 𝐹𝑆𝑇)(1 − ∑ 𝑝𝑡𝑘2𝑘 ) and 𝜎AP2 ≝ 12 𝐹𝑆𝑇(1 − ∑ 𝑝𝑡𝑘2𝑘 ). 313 

In this situation, the estimates �̂�𝐼𝑆,W&C, �̂�𝑆𝑇,W&C and  �̂�𝐼𝑇,W&C can be expressed as  314 �̂�𝐼𝑆,W&C = �̂�AI2�̂�WI2 + �̂�AI2 , �̂�𝑆𝑇,W&C = �̂�AI2�̂�WI2 + �̂�AI2 + �̂�AP2       and      �̂�𝐼𝑇,W&C = �̂�AI2 + �̂�AP2�̂�WI2 + �̂�AI2 + �̂�AP2 . 315 

Similarly,  E(�̂�𝐼𝑆,W&C) , E(�̂�𝑆𝑇,W&C)  and E(�̂�𝐼𝑇,W&C)  can be derived based on Huang et al.’s (2020) 316 

generalized AMOVA framework (see Appendix D), whose approximate expressions are 317 

E(�̂�𝐼𝑆,W&C) ≈ 𝐹𝐼𝑇 − �̃�𝑥𝑥′1 − �̃�𝑥𝑥′ ,   E(�̂�𝑆𝑇,W&C) ≈ �̃�𝑥𝑥′ − �̃�𝑠𝑠′1 − �̃�𝑠𝑠′   and   E(�̂�𝐼𝑇,W&C)318 

≈ 𝐹𝐼𝑇 − �̃�𝑠𝑠′1 − �̃�𝑠𝑠′ .                (20) 319 

Because 320 𝐹𝐼𝑇 − �̃�𝑥𝑥′1 − �̃�𝑥𝑥′ = 𝐹𝐼𝑆 − �̃�𝑥𝑥′1 − �̃�𝑥𝑥′     and    �̃�𝑥𝑥′ − �̃�𝑠𝑠′1 − �̃�𝑠𝑠′ = �̃�𝑥𝑥′ + (1 − �̃�𝑥𝑥′)𝐹𝑆𝑇 − �̃�𝑠𝑠′1 − �̃�𝑠𝑠′ , 321 

we can develop unbiased corrections of such estimator as follows: 322 

�̂�𝐼𝑆,c = �̂̃�𝑥𝑥′ + (1 − �̂̃�𝑥𝑥′) �̂�𝐼𝑆,W&C, 323 

�̂�𝑆𝑇,c = �̂̃�𝑠𝑠′ + (1 − �̂̃�𝑠𝑠′)�̂�𝑆𝑇,W&C − �̂̃�𝑥𝑥′1 − �̃̂�𝑥𝑥′ , 324 

�̂�𝐼𝑇,c = �̂̃�𝑠𝑠′ + (1 − �̂̃�𝑠𝑠′) �̂�𝐼𝑇,W&C. 325 

where �̂̃�𝑠𝑠′ is calculated by Equation (22). 326 

Estimation of �̃� and �̃� 327 

The unbiased correction formulas in Equations (12), (15), (19) and so on include the estimates  �̂̃�𝑠, 328 �̂̃�𝑥𝑥′, �̂̃�𝑡 and �̂̃�𝑠𝑠′ . Although various F-statistics seem to have multiple constraints, we cannot generally 329 

solve the expectations �̃� and �̃� from these constraints, and thus we must adopt alternatives to estimate 330 

them. In this section, by associating the kinship coefficient with the effective population size, we 331 

describe here our alternative approach. 332 

The effective population size is the size of an ideal Wright-Fisher population that shows the same 333 
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allele frequency change over time as an observed biological population regardless of its census 334 

population size (Hamilton 2009). The inbreeding effective population size of a subpopulation (say 𝑠) is 335 

defined as  336 𝑁𝑒,𝑠 ≝ 1𝑣W&F�̃�𝑠′, 337 

where 𝑣W&F  is the ploidy level of the Wright-Fisher population, and �̃�𝑠′  is defined as �̃�𝑠′ ≝ 1𝑁𝑠′ �̃�𝑥 +338 

𝑁𝑠′−1𝑁𝑠′ �̃�𝑥𝑥′  in which 𝑁𝑠′ is the population size. 339 

It can be seen from Equation (2) that �̃�𝑠′ is similar to �̃�𝑠, so we can take advantage of the previous 340 𝑁𝑒 estimators to subsequently estimate �̃�𝑠 and �̃�𝑥𝑥′. Nomura (2008) developed an 𝑁𝑒 estimator based 341 

on molecular co-ancestry, which uses the previous generation as the reference population, such that 342 

there are only two types of relatives in the current generation: full-sibs and half-sibs. 343 

Key to Nomura’s (2008) 𝑁𝑒 estimator is the estimation of ∑ 𝑝𝑠𝑙𝑘2𝑘 . Previously, ∑ 𝑝𝑠𝑙𝑘2𝑘  is simply 344 

estimated by ∑ �̂�𝑠𝑙𝑘2𝑘 , which is biased due to the nature of non-independent samples. In Nomura’s (2008) 345 𝑁𝑒 estimator, ∑ 𝑝𝑠𝑙𝑘2�̂�  is calculated as Avg𝑥-𝑥′∈𝐑�̅�(∑ �̂�𝑥𝑙𝑘�̂�𝑥′𝑙𝑘𝑘 ), where 𝑥-𝑥′ represents a pair of individuals, 346 

and 𝐑𝑙 ̅  is the collection consisting of the putative non-relatives related to all loci except for the 𝑙th 347 

locus. This method is thus less affected by the non-independence of samples. The putative non-relatives 348 

related to the 𝑙th  locus is determined by using the pairwise kinship estimate �̂�𝑥𝑥′𝑙 ̅  as an indicator. 349 

Nomura’s (2008) 𝑁𝑒 estimator calculates 𝜃𝑥𝑥′𝑙 ̅ by using Weir’s (1996) kinship estimator, and assigns a 350 

fixed proportion of individual pairs with a smaller �̂�𝑥𝑥′𝑙 ̅ to be the putative non-relatives related to the 351 𝑙th locus.  352 

Hardy (2002) extended Weir’s (1996) kinship estimator to include samples with polysomic 353 

inheritance. For the 𝑙th locus, the extended estimator is still denoted by �̂�𝑥𝑥′𝑙 ̅, whose expression is  354 

�̂�𝑥𝑥′𝑙 ̅ = ∑ (∑ �̂�𝑥𝑙′𝑘�̂�𝑥′𝑙′𝑘 𝑘 − ∑ �̂�𝑠𝑙′𝑘2 𝑘 ) 𝑙′≠𝑙 ∑ (1 − ∑ �̂�𝑠𝑙′𝑘2 𝑘 ) 𝑙′≠𝑙 , 355 

where 𝑥 and 𝑥′ are in the collection of some given samples. This estimator is also used as an indicator 356 

to assign putative non-relatives.  357 

 Because Nomura’s (2008) 𝑁𝑒 estimator uses the parental generation as the reference population, 358 

the inbreeding within individuals and the kinship between individuals in the parental generation have 359 

to be ignored. Under such conditions, 𝐹𝐼𝑆  in the current generation is equal to zero, which is 360 

inconsistent with our model. To estimate �̃� and �̃�, we have to relax such assumptions and assume that 361 

each population satisfies the following three equilibrium conditions: i) the inbreeding coefficient in the 362 

parental generation is identical to that in the current generation, ii) the kinship coefficient between mates 363 

is 𝐹𝐼𝑆 so as to produce the inbred offspring, and iii) the kinship coefficient for non-parental individual 364 
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pairs is zero. It is not difficult to see that these conditions do not influence the estimation of ∑ 𝑝𝑠𝑙𝑘2𝑘 .  365 

The calculations of various estimates of �̃� and �̃� can be obtained by using some conclusions in 366 

one of the three Appendices A, B and D. In the subsequent text, we will use the example given in 367 

Appendix A to perform our derivation. 368 

For the situation of a single subpopulation 𝑠, by using Equations (A1) and (A2) in Appendix A, we 369 

have 370 

E[Avg𝑥∈𝑠(∑ �̂�𝑥𝑙𝑘2𝑘 )] = �̃�𝑥(1 − ∑ 𝑝𝑠𝑙𝑘2𝑘 ) + ∑ 𝑝𝑠𝑙𝑘2𝑘 , 371                                                                   E(∑ �̂�𝑠𝑙𝑘2𝑘 ) =372 �̃�𝑠(1 − ∑ 𝑝𝑠𝑙𝑘2𝑘 ) + ∑ 𝑝𝑠𝑙𝑘2𝑘 . 373 

As mentioned above, the estimate ∑ 𝑝𝑠𝑙𝑘2�̂�  will be defined as Avg𝑥-𝑥′∈𝐑�̅�(∑ �̂�𝑥𝑙𝑘�̂�𝑥′𝑙𝑘𝑘 ), denoted by �̂�𝑠𝑙. 374 

We use ∑ ∑ �̂�𝑥𝑙′𝑘�̂�𝑥′𝑙′𝑘 𝑘 𝑙′ − ∑ �̂�𝑥𝑙𝑘�̂�𝑥′𝑙𝑘 𝑘  as the indicator to assign a predefined proportion of putative 375 

relatives instead of �̂�𝑥𝑥′𝑙 ̅, which is faster because ∑ ∑ �̂�𝑥𝑙′𝑘�̂�𝑥′𝑙′𝑘 𝑘 𝑙′  is a constant for each individual. By 376 

substituting E[Avg𝑥∈𝑠(∑ �̂�𝑥𝑙𝑘2𝑘 )]  with Avg𝑥∈𝑠(∑ �̂�𝑥𝑙𝑘2𝑘 ) , E(∑ �̂�𝑠𝑙𝑘2𝑘 )  with ∑ �̂�𝑠𝑙𝑘2𝑘  , �̃�𝑥  with �̂̃�𝑥 , �̃�𝑠  with 377 �̂̃�𝑠 and ∑ 𝑝𝑠𝑙𝑘2𝑘  with �̂�𝑠𝑙, we are able to derive the following expressions related to the 𝑙th locus: 378 

�̂̃�𝑥 = Avg𝑥∈𝑠(∑ �̂�𝑥𝑙𝑘2𝑘 ) − �̂�𝑠𝑙1 − �̂�𝑠𝑙       and      �̂̃�𝑠 = ∑ �̂�𝑠𝑙𝑘2𝑘 − �̂�𝑠𝑙1 − �̂�𝑠𝑙 . 379 

In addition, by using Equation (6), the values of �̂̃�𝑥, �̂̃�𝑠 and �̂̃�𝑥𝑥′ related to all loci can be calculated by 380 �̂̃�𝑥 = ∑ Avg𝑥∈𝑠(∑ �̂�𝑥𝑙𝑘2𝑘 )𝑙 − ∑ �̂�𝑠𝑙𝑙𝐿 − ∑ �̂�𝑠𝑙𝑙 , 381 �̂̃�𝑠382 = ∑ ∑ �̂�𝑠𝑙𝑘2𝑘𝑙 − ∑ �̂�𝑠𝑙𝑙𝐿 − ∑ �̂�𝑠𝑙𝑙 ,                                                                                  (21) 383 �̂̃�𝑥𝑥′384 

= 𝑁𝑠 �̂̃�𝑠 − �̂̃�𝑥𝑁𝑠 − 1 .                                                                                     385 

For the situation of multiple subpopulations, by using Equations (A3-A5) in Appendix A, by using 386 

the previous method we are able to derive the following expressions related to the 𝑙th locus: 387 �̂̃�𝑥 = Avg𝑥∈𝑡(∑ �̂�𝑥𝑙𝑘2𝑘 ) − �̂�𝑡𝑙1 − �̂�𝑡𝑙  388 

�̂̃�𝑠 = Wavg𝑠∈𝑡(�̂�𝑠𝑙𝑘2 , 𝑁𝑠2) − �̂�𝑡𝑙1 − �̂�𝑡𝑙 , 389 

�̂̃�𝑡 = ∑ �̂�𝑡𝑙𝑘2𝑘 − �̂�𝑡𝑙1 − �̂�𝑡𝑙 , 390 

where �̂�𝑡𝑙 = ∑ 𝑝𝑡𝑙𝑘2�̂� = Wavg𝑠-𝑠′∈𝐒�̅�(∑ �̂�𝑠𝑙𝑘�̂�𝑠′𝑙𝑘𝑘 , 𝑁𝑠𝑁𝑠′). Using Equations (7) and (8), the values of �̂̃�𝑥, �̂̃�𝑠, �̂̃�𝑡, 391 
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�̂̃�𝑥𝑥′ and �̂̃�𝑠𝑠′  related to all loci can be calculated by 392 �̂̃�𝑥 = ∑ Avg𝑥∈𝑠(∑ �̂�𝑥𝑙𝑘2𝑘 )𝑙 − ∑ �̂�𝑡𝑙𝑙𝐿 − ∑ �̂�𝑡𝑙𝑙 , 393 

�̂̃�𝑥𝑥′ = ∑ 𝑁𝑠12𝑠1 �̂̃�𝑠 − 𝑁𝑡 �̂̃�𝑥∑ 𝑁𝑠12𝑠1 − 𝑁𝑡 , 394 

�̂̃�𝑠395 = ∑ Wavg𝑠∈𝑡(∑ �̂�𝑠𝑙𝑘2𝑘 , 𝑁𝑠2)𝑙 − ∑ �̂�𝑡𝑙𝑙𝐿 − ∑ �̂�𝑡𝑙𝑙 ,                                                         (22) 396 

�̂̃�𝑠𝑠′ = 𝑁𝑡2�̂̃�𝑡 − ∑ 𝑁𝑠12𝑠1 �̂̃�𝑠𝑁𝑡2 − ∑ 𝑁𝑠12𝑠1 , 397 

�̂̃�𝑡 = ∑ ∑ �̂�𝑡𝑙𝑘2𝑘𝑙 − ∑ �̂�𝑡𝑙𝑙𝐿 − ∑ �̂�𝑡𝑙𝑙 . 398 

Finally, we explain the symbol 𝐒𝑙 ̅ in Wavg𝑠-𝑠′∈𝐒�̅�(∑ �̂�𝑠𝑙𝑘�̂�𝑠′𝑙𝑘𝑘 , 𝑁𝑠𝑁𝑠′) and how this is used to simplify 399 

the correlative calculation. The symbol 𝐒𝑙 ̅  is the collection consisting of the putative independent 400 

subpopulation pairs identified from all loci except for the 𝑙th locus. The identification of pairs in 𝐒𝑙 ̅ is 401 

the same approach as that of pairs in 𝐑𝑙 ̅ , but the indicator used is 𝑆 − ∑ �̂�𝑠𝑙𝑘�̂�𝑠′𝑙𝑘 𝑘   instead of 402 ∑ (∑ 𝑝𝑠𝑙′𝑘𝑝𝑠′𝑙′𝑘 𝑘 −∑ 𝑝𝑡𝑙′𝑘2 𝑘 ) 𝑙′≠𝑙 ∑ (1−∑ 𝑝𝑡𝑙′𝑘2 𝑘 ) 𝑙′≠𝑙  , where 𝑆  represents the sum ∑ ∑ �̂�𝑠𝑙′𝑘�̂�𝑠′𝑙′𝑘 𝑘 𝑙′  . In fact, because there may be 403 

thousands of individuals in the total population, it will be involved in the calculation of �̂�𝑥𝑙𝑘�̂�𝑥′𝑙𝑘 for 404 

millions of individual pairs. Therefore, it may take longer than anticipated in order to calculate the 405 

values of ∑ ∑ �̂�𝑠𝑙′𝑘�̂�𝑠′𝑙′𝑘 𝑘 𝑙′≠𝑙  . It is noteworthy that 𝑆  is invariant when 𝑙  varies, and by 406 ∑ ∑ �̂�𝑠𝑙′𝑘�̂�𝑠′𝑙′𝑘 𝑘 𝑙′≠𝑙 = 𝑆 − ∑ �̂�𝑠𝑙𝑘�̂�𝑠′𝑙𝑘 𝑘 , we see that the calculation of 𝑆 − ∑ �̂�𝑠𝑙𝑘�̂�𝑠′𝑙𝑘 𝑘  is likely to be faster 407 

than the calculation of ∑ ∑ �̂�𝑠𝑙′𝑘�̂�𝑠′𝑙′𝑘 𝑘 𝑙′≠𝑙 .  408 

Single-locus correction 409 

The estimates �̂̃�  and �̂̃�  can be used to correct the estimates of F-statistics at multiple loci. 410 

However, in real datasets there are often some missing values. This will result in the appearance of 411 

unequal sample sizes at distinct loci, which may bias the correction. Additionally, the estimates of 412 

single-locus F-statistics are often used to detect those loci that are targets of natural selection (Narum 413 

and Hess 2011). From these reasons, we developed an alternative single-locus weighting method based 414 

on Nei’s (1973) G-statistics.  415 

It is noteworthy that 1 − �̂�𝑠𝑙  is an unbiased estimator for the expected heterozygosity 𝐻𝑆𝑙  at the 416 𝑙th  locus, and so is 1 − �̂�𝑡𝑙  for 𝐻𝑇𝑙 . We can replace 𝐻𝑆𝑙   by 1 − �̂̅�𝑠𝑙  and 𝐻𝑇𝑙  by 1 − �̂�𝑡𝑙  for the 417 

situation of a single-locus, where �̂̅�𝑠𝑙 is a weighted average, that is �̂̅�𝑠𝑙 = Wavg𝑠1∈𝑡(�̂�𝑠1𝑙 , 𝑁𝑠12 ). Then, 418 

according to Equation (16), the expressions of the unbiased corrections of the G-statistics for the single 419 

locus weighted scheme can be expressed as  420 
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�̂�𝐼𝑆,𝑐 = 1 − �̂̅�𝑠𝑙 − 𝐻𝐼𝑙1 − �̂̅�𝑠𝑙 , �̂�𝑆𝑇,𝑐 = �̂̅�𝑠𝑙 − �̂�𝑡𝑙1 − �̂�𝑡𝑙      and     �̂�𝐼𝑇,𝑐 = 1 − �̂�𝑡𝑙 − 𝐻𝐼𝑙1 − �̂�𝑡𝑙 . 421 

Additionally, the corresponding multilocus estimates are 422 

�̂�𝐼𝑆,𝑐 = ∑ (1 − �̂̅�𝑠𝑙 − 𝐻𝐼𝑙)𝑙 ∑ (1 − �̂̅�𝑠𝑙)𝑙 , �̂�𝑆𝑇,𝑐 = ∑ (�̂̅�𝑠𝑙 − �̂�𝑡𝑙)𝑙∑ (1 − �̂�𝑡𝑙)𝑙     and    �̂�𝐼𝑇,𝑐 = ∑ (1 − �̂�𝑡𝑙 − 𝐻𝐼𝑙)𝑙 ∑ (1 − �̂�𝑡𝑙𝑙 ) . 423 

With a simple test, we find that the estimates of the two schemes are approximately equal, but the 424 

corrections for the single-locus weighted scheme are slightly better (the RMSEs are slightly lower). 425 

Therefore, we will use the single-locus weighting scheme in the subsequent simulations. 426 

Simulations and comparisons 427 

We used Monte-Carlo simulations to evaluate the statistical behaviors of previous F-statistics 428 

estimators and also for our new estimator. We designed a generalized scheme to calculate F-statistics, 429 

in which the NCI (North Carolina I) design is used to generate relative individuals, with the 430 

subpopulations nested within a region used to generate the correlated subpopulations, where the region 431 

from which each subpopulation originated is assumed to be unknown. We list the general procedures 432 

for the scheme below. 433 

1. Generate a species at the ploidy level 𝑣. The samples will be genotyped at 𝐿 unlinked neutral 434 

markers, such that there are 𝐾 alleles at each locus. 435 

2. Randomly draw the alleles frequencies 𝑝𝑡1, 𝑝𝑡2, … , 𝑝𝑡𝐾   for total population 𝑡  according to the 436 

Dirichlet distribution 𝒟(1, 1, ⋯ , 1). 437 

3. Randomly draw the alleles frequencies 𝑝𝑐1, 𝑝𝑐2, … , 𝑝𝑐𝐾   for region 𝑐  according to the Dirichlet 438 

distribution 𝒟(𝛾𝑐𝑝𝑡1, 𝛾𝑐𝑝𝑡2, … , 𝛾𝑐𝑝𝑡𝐾), where 𝛾𝑐 = 1/𝐹𝐶𝑇 − 1 (Pritchard et al. 2000) in which the F-439 

statistic 𝐹𝐶𝑇 is set as 1 − √1 − 𝐹𝑆𝑇 . 440 

4. Randomly draw the alleles frequencies 𝑝𝑠1, 𝑝𝑠2, … , 𝑝𝑠𝐾  for subpopulation 𝑠  according to the 441 

Dirichlet distribution 𝒟(𝛾𝑠𝑝𝑐1, 𝛾𝑠𝑝𝑐2, … , 𝛾𝑠𝑝𝑐𝐾) , where 𝛾𝑠 = 1/𝐹𝑆𝐶 − 1  (Pritchard et al. 2000) in 442 

which 𝐹𝑆𝐶 is set as 1 − √1 − 𝐹𝑆𝑇. 443 

5. Generate the parents. For each subpopulation, 𝑁𝑓 males are generated, and each male is mated 444 

with 𝑁𝑚 females. The fathers’ genotypes are generated by using Equation (A8) in Appendix E, 445 

with the mothers’ genotypes are generated by using Equation (A9) in Appendix F. 446 

6. Generate the offspring. For each subpopulation, 𝑁𝑜 offspring are sampled from the offspring 447 

produced by each pair of parents. All individuals are genotyped, whose genotypes are used in 448 

the estimation of 𝐹𝐼𝑆 and 𝐹𝑆𝑇. 449 

For the estimation of both �̃�  and �̃� , �̂�𝑠𝑙  is obtained by identifying the putative non-relatives, 450 

while �̂�𝑡𝑙  is obtained by identifying the putative independent subpopulation pairs, with the 451 
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proportions of both the relatives and the dependent subpopulation pairs assumed to be at most 25%. 452 

The theoretical estimates of three previous estimators are calculated by Equations (13), (17) and (20).  453 

The true values of �̃�𝑥, �̃�𝑥𝑥′ and �̃�𝑠𝑠′  are determined by the pedigree and the population structure 454 

information, whose expressions are as follows:  455 

�̃�𝑥 = 1𝑣 + 𝑣 − 1𝑣 𝐹𝐼𝑆, 456 

�̃�𝑥𝑥′ = 𝑁𝑓(𝑁𝑚𝑁𝑜2 )(𝑁𝑓𝑁𝑚𝑁𝑜2 ) �̃�𝑓𝑠 + 𝑁𝑓(𝑁𝑚𝑁𝑜2 ) − 𝑁𝑓𝑁𝑚(𝑁𝑜2 )(𝑁𝑓𝑁𝑚𝑁𝑜2 ) �̃�ℎ𝑠, 457 

�̃�𝑠𝑠′ = 𝐶(𝑆𝑐2 )(𝑆2) 𝐹𝐶𝑇 , 458 

where the meanings of 𝐶, 𝑆 and 𝑆𝑐 can be seen from the section Common symbols, and �̃�𝑓𝑠 and �̃�ℎ𝑠 459 

are, respectively, the expected kinship coefficients between full-sibs and half-sibs without the pedigree 460 

information, whose calculating formulas are given by Equation (A11), that is 461 

�̃�𝑓𝑠 = 12 (�̃�𝑥 + 𝐹𝐼𝑆)  and  �̃�ℎ𝑠 = 14 (�̃�𝑥 + 2𝐹𝐼𝑆 + 𝐹𝐼𝑆2 /�̃�𝑥). 462 

Moreover, by using the true values of �̃� and �̃�, the theoretical estimates of three previous estimators 463 

are also calculated by Equations (13), (17) and (20).  464 

Results 465 

Single subpopulation 466 

In this section, we only generate a single subpopulation within the total population (i.e. 𝐶 = 𝑆 =467 1), and subsequently design two applications by sampling some individuals from this subpopulation. 468 

APP1 is designed to validate the theoretical bias of �̂�𝐼𝑆 we derived for the three existing estimators 469 

and validate the unbiasedness of our corrected estimator, where 5,000 SNPs are used to obtain the 470 

simulated bias. The parameter configurations are 𝑣 ∈ {2, 4}, 𝐹𝑆𝑇 = 0, 𝐹𝐼𝑆 ∈ {0, 0.05, ⋯ , 1} at an interval 471 

of 0.05, 𝐿 = 5000 and 𝐾 = 2.  472 

APP2 is designed to compare the bias and the RMSE of �̂�𝐼𝑆 of different estimators. Two kinds of 473 

markers are used for this application. For SNPs, 𝐿 ∈ {50, 100, ⋯ , 500} at an interval of 50 is used with 474 

the remaining parameter configurations as stated above. For microsatellites (denoted by SSRs), the 475 

parameter configurations are 𝑣 ∈ {2, 4}, 𝐹𝑆𝑇 = 0, 𝐹𝐼𝑆 ∈ {0.1, 0.3, 0.6}, 𝐿 ∈ {5, 10, ⋯ , 50} at an interval of 476 

5 and 𝐾 = 6. Each combination of parameters is simulated 1000 times.  477 

Two mating systems are each simulated for both applications. For monogamy, we set 𝑁𝑓 = 4 , 478 𝑁𝑚 = 1  and 𝑁𝑜 = 8  (there are a total of 32 offspring, including full-sibs and non-relatives). For 479 

polygamy, we set 𝑁𝑓 = 4, 𝑁𝑚 = 8 and 𝑁𝑜 = 1 (there are a total of 32 offspring, including half-sibs and 480 
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non-relatives).  481 

  482 

Figure 1. The bias of �̂�𝐼𝑆 as a function of the true 𝐹𝐼𝑆. Each row shows a different ploidy level (diploid 483 

or autotetraploid) and each column shows a different mating system (monogamy or polygamy). The 484 

dotted, solid, dash-dotted and dashed lines denote in turn the biases of Wright’s (1951), Nei’s (1973), 485 

Weir & Cockerham’s (1984) and our corrected 𝐹𝐼𝑆 estimators. Each point on each of the curves was 486 

obtained by 1000 simulations at 5000 diallelic loci. Each thick gray line represents the theoretical bias 487 

for each estimator method. 488 

The results of APP1 are shown in Figure 1. It is clear that the simulated biases (black lines) concur 489 

with the theoretical values (gray lines). According to Equation (11), the expectation of Wright’s (1951) 490 𝐹𝐼𝑆 estimator is �̃�𝑥−�̃�𝑠1−�̃�𝑠 , and hence it is positively biased. Nei’s (1973) and Weir & Cockerham’s (1984) 491 

estimators are negatively biased, with the former being more biased than latter. Our corrected estimator 492 

is unbiased. The absolute biases in the polygamous mating system are relatively lower because the 493 

values of �̃�𝑠  and �̃�𝑥𝑥′  are smaller than those values for the monogamous mating system. For 494 

tetrasomic inheritance, the absolute bias is also relatively lower because the value of 𝜃𝑥 in polyploids 495 

is smaller at the same level of inbreeding, which is equal to 1/𝑣  in the outbred populations. 496 

 497 
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 498 

Figure 2. The bias or the RMSE of �̂�𝐼𝑆 as a function of the number of loci 𝐿. Each row shows a ploidy 499 

level (diploid or autotetraploid) and each column shows a mating system (monogamy or polygamy) 500 

together with a marker type (SNP or SSR). The solid, dash-dotted and dashed lines denote in turn the 501 

biases (or the RMSEs) of Nei’s (1973), Weir & Cockerham’s (1984) and our corrected 𝐹𝐼𝑆 estimators. The 502 

red, green and blue lines denote in turn the biases when the true 𝐹𝐼𝑆 is equal to 0.1, 0.3 and 0.6. Each 503 

point on each curve is obtained by 1000 simulations at 5000 diallelic loci.  504 

The results of APP2 are shown in Figure 2 and are similar to those for APP1. The biases and the 505 

RMSEs for the polygamous mating system are relatively lower than those for monogamy, and they are 506 

also similarly reduced for tetrasomic inheritance. For SNP markers, each bias is close to an asymptote 507 

when 𝐿 ≥ 150. For SSR markers, each bias for both Nei’s and Weir and Cockerham’s estimators quickly 508 

reaches close to an asymptote, whilst the bias for our new, corrected estimator is reduced at a lower rate, 509 

and does not reach close to an asymptote until 𝐿 ≥ 40 . If the RMSE of our corrected estimator is 510 

regarded as a function of log 𝐿, it decreases linearly as 𝐿 increases. Although there are 6 alleles at each 511 

microsatellite, the RMSE is approximately equal to that of 2𝐿 SNPs.  512 
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Multiple subpopulations 513 

Here, we generate four regions within a single, larger population, with each region containing one 514 

or two subpopulations. We will also design three applications by sampling some individuals from each 515 

of these subpopulations. 516 

APP3 is designed to validate the theoretical biases of �̂�𝐼𝑆  and �̂�𝑆𝑇  we derived from previous 517 

estimators and to validate any bias for our corrected estimator. The parameter configurations are 𝑣 ∈518 {2, 4} , 𝐹𝑆𝑇 ∈ {0, 0.05, ⋯ , 0.95, 0.999}  at an interval of 0.05 except for the final interval, 𝐹𝐼𝑆 ∈519 {0, 0.05, ⋯ , 1}  at an interval of 0.05, 𝐿 = 5000  and 𝐾 = 2 . Only the monogamous mating system is 520 

simulated, under the following configurations: 𝑁𝑓 = 4, 𝑁𝑚 = 1 and 𝑁𝑜 = 4. 521 

APP4 is designed to compare the biases and the RMSEs of �̂�𝑆𝑇. Similar to APP2, for this application 522 

two kinds of markers are used and both mating systems are simulated. The parameter configurations 523 

are as follows: 𝑣 ∈ {2, 4} , 𝐹𝑆𝑇 = {0.05, 0.1, 0.2} , 𝐹𝐼𝑆 = 0.3 . In addition, for SNPs, 𝐿 ∈ {50, 100, ⋯ , 500} 524 

and 𝐾 = 2 ; for the SSRs, 𝐿 ∈ {5, 10, ⋯ , 50}  and 𝐾 = 6 . Also, for monogamy, 𝑁𝑓 = 4 , 𝑁𝑚 = 1  and 525 𝑁𝑜 = 4; for polygamy, 𝑁𝑓 = 4, 𝑁𝑚 = 4 and 𝑁𝑜 = 1. Each combination of parameters is simulated 1000 526 

times.  527 

APP5 is designed to simulate bias for independent or non-independent samples each with a small 528 

sample size. In for application, the widely used estimator described by Hedrick (2005), 𝐺𝑆𝑇′  is also for 529 

comparison with the other estimators in the study. For the dependent subpopulations, we set 𝐶 = 4 530 

and 𝑆𝑐 = 2 for each region 𝑐; for the independent subpopulations nested within the regions, we set 531 𝐶 = 4  and 𝑆𝑐 = 1  for each region 𝑐 . For independent individuals, the configurations are 𝑁𝑓 = 16 , 532 𝑁𝑚 = 1  and 𝑁𝑜 = 1 ; for non-independent individuals, the configurations are 𝑁𝑓 = 4 , 𝑁𝑚 = 4  and 533 𝑁𝑜 = 1. Moreover, 𝐹𝐼𝑆 is fixed at 0 and the remaining parameter configurations are identical to those 534 

used for APP3.  535 
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 536 

Figure 3. The bias of �̂�𝐼𝑆  (or �̂�𝑆𝑇 ) as a binary function of 𝐹𝐼𝑆  and 𝐹𝑆𝑇  for Nei’s (1973), Weir & 537 

Cockerham’s (1984) and our corrected estimators for diploids. The mesh plots denote the theoretical 538 

biases and the black dots denote the simulated biases.  539 

The results for APP3 using both diploids and autotetraploids are shown in Figures 3 and S1, 540 

respectively. According to Equations (13) and (17), the expectation of Wright’s (1951) �̂�𝑆𝑇 estimate is 541 

identical to that of Nei’s (1973) �̂�𝑆𝑇, such that the corresponding results of Wright’s (1951) estimator are 542 

not shown. It is clear that the simulated biases fit well with the theoretical biases except when 𝐹𝑆𝑇 =543 0.999 (Figure 3). �̂�𝐼𝑆 is inaccurate at 𝐹𝑆𝑇 = 0.999 because most loci are fixed in the subpopulations, 544 

and few loci are used for its estimation. 545 

Our corrected estimator is still unbiased. The biases of �̂�𝐼𝑆 of previous estimators are negative, 546 

while the biases of �̂�𝑆𝑇 of previous estimators are positive. The bias of �̂�𝐼𝑆 is affected by 𝐹𝐼𝑆 but is not 547 

relevant to 𝐹𝑆𝑇, while the bias of �̂�𝑆𝑇 is influenced by both 𝐹𝐼𝑆 and 𝐹𝑆𝑇, which is in accordance with 548 

both Equations (17) and (20). The plots of the theoretical and simulated biases of both estimators have 549 

similar shapes, but it is noteworthy that both scales differ on their z-axes (Figure 3). Nei’s (1973) 550 
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estimates are more biased than those of Weir & Cockerham (1984).  551 

552 

Figure 4. The bias and the RMSE of �̂�𝑆𝑇 as a function of the number of loci 𝐿 (𝐹𝐼𝑆 is fixed at 0.3). The 553 

rows, columns and line styles are as for Figure 2 except for the line colors. The red, green and blue lines 554 

denote the biases when the true 𝐹𝑆𝑇 is equal to 0.05, 0.1 and 0.2, respectively. Each point on each curve 555 

was obtained by 1000 simulations at 5000 diallelic loci.  556 

The results of APP4 are shown in Figure 4. The bias and the RMSE for polygamy are both lower 557 

than for monogamy, and both deviations for autotetraploids are lower than for diploids. The biases of 558 �̂�𝑆𝑇 for previous methods of estimators may reach 0.1, but are greatly reduced with our new corrected 559 

estimator method. However, our new estimator still shows bias when 𝐿  is small. The bias of our 560 

corrected estimator for SNP (or the SSR) markers is close to zero when 𝐿 ≥ 150 (or 𝐿 ≥ 30). Compared 561 

with �̂�𝐼𝑆 (Figure 2), the RMSE of �̂�𝑆𝑇 is smaller when 𝐿 is also small but decreases more gradually 562 

than for the other methods.  563 
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 564 

 565 

Figure 5. The bias of �̂�𝑆𝑇  as a function of 𝐹𝑆𝑇  under one of the following three conditions: (A) the 566 

individuals and the subpopulations are both independent; (B) the individuals are non-independent, but 567 

the subpopulations are independent; (C) the individuals are independent, but the subpopulations are 568 

non-independent. The dashed, dash-dotted, dotted and solid lines denote in turn the biases of Nei’s 569 

(1973), Hedrick’s (2005) 𝐺𝑆𝑇′ , Weir & Cockerham’s (1984) and our new corrected estimators.  570 

The results of APP5 are shown in Figure 5. This shows that Nei’s (1973) estimator is initially 571 

positively biased and then negatively biased under all conditions; Hedrick’s (2005) 𝐺𝑆𝑇′  estimator is 572 

positively biased under all conditions; Weir & Cockerham’s (1984) estimator is unbiased for condition 573 

(A) but biased under both conditions (B) and (C). Our new corrected estimator is unbiased for all three 574 

conditions used for the simulation. 575 

Discussion 576 

Bias 577 

By using the extended definitions of 𝜃 and 𝜗, we are able to extend three previous F-statistics 578 

estimators (Nei 1973; Weir and Cockerham 1984; Wright 1951) into our model, and explain any 579 

differences and biases of estimates for each of these estimators. The corrected estimates of these three 580 

previous F-statistic estimators are identical.  581 

Previous F-statistics estimators can be influenced by non-independent samples at both the 582 

individual and the subpopulation level (see Figure 5B or 5C). Nei’s (1973) estimator is biased even when 583 

individual and the subpopulation are both independent (see Figure 5A). One reason causing such bias 584 

is the assumptions of �̃�𝑠 and �̃�𝑡. By Equations (14) and (17), Nei’s (1973) method assumes that �̃�𝑠 =585 �̃�𝑡 = 0 . From Equation (2), it can be found �̃�𝑠  is greater than zero because �̃�𝑥 ≥ 1/𝑣  and �̃�𝑥𝑥′ ≥ 0 . 586 

Similarly, by Equation (3), �̃�𝑡 is also greater than zero because �̃�𝑠 is positive and �̃�𝑠𝑠′  is non-negative. 587 

Hence the assumptions that �̃�𝑠 = 0 and �̃�𝑡 = 0 are both unrealistic. Another cause of such bias is the 588 

finite number of subpopulations. For example, in Figure 5A, a negative bias may occur when 𝑆𝑐 is small.  589 

Equations (18) and (20) show that Weir & Cockerham’s (1984) estimator assumes that �̃�𝑥𝑥′ = 0, 590 
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�̃�𝑠𝑠′ = 0  and �̃�𝑥𝑥′ = 𝐹𝑆𝑇 , both of which are more realistic. Therefore, Weir & Cockerham’s (1984) 591 

estimator is less biased the other two previous estimators for non-independent samples (Figures 1 and 592 

3), and is unbiased for independent samples (Figure 5A). When the true 𝐹𝑆𝑇 is zero or small, because 593 

of the unbiased nature of Weir & Cockerham’s (1984) estimator for independent samples, the values of 594 �̂�𝑆𝑇  may be negative so as to result in E(�̂�𝑆𝑇) = 𝐹𝑆𝑇 . Similarly, for our new corrected estimator, the 595 

values of �̂�𝑆𝑇 may also be negative for both non-independent and independent samples.  596 

There is an additional source of bias for all these estimators, which is the correlation between the 597 

numerator and the denominator (e.g., in Equation (9)). Such bias is present in all estimators (see Figures 598 

2 and 4) but is highest in our new estimator. The summing of all numerators and the summing of all 599 

denominators, respectively, can eliminate this correlation for approximately 10 loci for the previous 600 

estimators and for approximately 40 loci for our new estimator. 601 

Hedrick’s 𝑮𝑺𝑻′  estimator 602 

For finite subpopulations, Hedrick’s (2005) 𝐺𝑆𝑇′   estimator behaves similarly to Nei’s (1973) 𝐺𝑆𝑇 603 

estimator. With only few subpopulations (e.g., 𝑆 = 2), all existing estimators will underestimate the 604 

values of 𝐹𝑆𝑇. This is because the total population is assumed to be a union of sampled subpopulations, 605 

and this results in an underestimate of the genetic diversity of the total population and hence the values 606 

of 𝐹𝑆𝑇. To solve this problem, Hedrick (2005) developed the 𝐺𝑆𝑇′  estimator, which can be obtained from 607 𝐺𝑆𝑇 divided by the its theoretical maximum, whose expression for the multi-locus estimate is: 608 

𝐺𝑆𝑇′ = ∑ (𝐻𝑇𝑙 − 𝐻𝑆𝑙)(𝑆 − 1 + 𝐻𝑆𝑙)𝑙∑ 𝐻𝑇𝑙(𝑆 − 1)(1 − 𝐻𝑆𝑙)𝑙 . 609 

Unfortunately, each value of 𝐺𝑆𝑇′  is always greater than the corresponding value of 𝐺𝑆𝑇, so this 610 

estimator cannot correct for the overestimation of 𝐹𝑆𝑇  for non-independent subpopulations. In 611 

additional, 𝐺𝑆𝑇′  is still biased even if all subpopulations are independent (Figure 5A). In contrast, our 612 

corrected estimator is unbiased under all three conditions, and can simultaneously correct the 613 

downward bias caused by limited subpopulation size and the upward bias caused by non-614 

independence of subpopulations (Figures 5B and 5C).  615 

Pairwise 𝑭𝑺𝑻 616 

The pairwise 𝐹𝑆𝑇 is usually used as an alternative to the measurement of genetic distance. The 617 

range can be converted from [0,1) into [0, +∞) by Slatkin’s (1995) transformation, 𝐹𝑆𝑇/(1 − 𝐹𝑆𝑇) or 618 

Reynolds et al.’s (1983) transformation, − ln(1 − 𝐹𝑆𝑇). Our new method can also be used for pairwise 619 𝐹𝑆𝑇 estimation, but the estimation of �̃� should be based on putative non-relatives instead of putative 620 

independent subpopulations because there will be only two subpopulations. The corrected pairwise 621 𝐹𝑆𝑇  will be an unbiased estimator for the differentiation from the common ancestor of these two 622 



25 

 

subpopulations.  623 

Perspective 624 

Many population genetics methods use the current population as a reference population and fail 625 

to account for relationships between samples. This is inconsistent with natural populations. For example, 626 

for Nei’s (1973) estimator, the assumption that �̃�𝑠 = 0 is unrealistic. In reality, various parameters are 627 

likely to be affected by non-independence of samples. For example, the average kinship coefficient 628 

estimate between individuals is close to zero (Ritland 1996). Some parameters can be corrected by using 629 

our new method (in the sense of using �̂�𝑠𝑙 to estimate ∑ 𝑝𝑠𝑘2𝐾𝑘 ), such as for expected heterozygosity, 630 

the kinship coefficient (Weir 1996) and the relatedness coefficient (converted from kinship coefficient, 631 

Huang et al. 2015).  632 
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