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Abstract In this paper, a feedback control law that employs an adaptive
smooth nonlinear approximation of the Super-Twisting (STW ) algorithm is
presented in order to generate a smooth control law capable of regulating in fi-
nite time a second-order system that is affected by unknown disturbances and
uncertainties. A nonlinear sliding surface is created in order to set the desired
dynamics of the response, so that the control law is proposed to establish global
properties of stability for unperturbed and perturbed systems. More specifi-
cally, the method entails determining parameters that eliminate chattering
in noise-free models by means of a simple cut-off frequency design parame-
ter approach. Therefore, the methodology is characterized by its simplicity
and robustness. A second order mechanical system is used to demonstrate the
effectiveness of the proposed algorithm.

Keywords Finite Time · Super-Twisting · Adaptive · Smooth Non Linear ·
Sliding Mode · Peaking · Chattering

1 Introduction.

Sliding Mode Control (SMC), [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
17, 18], is one of the approaches has been proposed in the literature in order to
make control robust to disturbances and uncertainties. The traditional sliding
mode control, also called first-order sliding mode control, is characterized by
a saturated and discontinuous control input. Based on this approach multiple
solutions have been provided, with some proposals of advanced sliding mani-
folds including recursive nonlinear sliding manifolds [19, 20, 21, 22], adaptive
integral sliding mode approach [23, 24, 25], non linear full order dynamics
[26, 27], sliding surfaces with adaptive damping parameters [28, 29, 30], in-
tegration with neural and fuzzy networks [31, 32] and, in the last years, a
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vast collection of homogeneity based works, see [33] for instance. Applications
of the properties of homogeneous systems is an important field of study in
the current development of analysis and design of nonlinear controllers and
observers.

In nonlinear control systems, homogeneity simplifies analysis and design as
the homogeneous vector fields exhibit many properties similar to linear ones
and provide solutions with finite-time stability as well as fixed-time stabil-
ity. The dynamics generated by an homogeneous controller can be seen as a
lineal dynamic system with an adaptive gain that grows to ∞ as |x(t)| → 0,
generating the well know singularity at the origin which is undesired for real
applications.

In spite of this, as pointed out in [34], the practical implementation of ho-
mogeneous dynamics systems that are designed in continuous time domains
prevents the use of explicit Euler discretization schemes to achieve a mere
replica of continuous time. Discretization of this type is considered inappro-
priate, especially when set-valued functions are to be accounted for, resulting
in numerical chattering and sensitivity to gains. Due to this, comparisons be-
tween set value and homogeneous solutions with other types of proposals may
lead to unfair conclusions without addressing the discretization issue.

The STW is a well-known second order sliding mode (SOSM ) algorithm
that has been widely applied in control and observation, [35, 36, 37, 38, 39,
40, 41, 42, 43]. As related dynamics are discontinuous, its solutions are inter-
preted in the sense of Filippov, so that selection of an adequate values for the
algorithm gains can be a difficult problem in practical applications, mainly
due to two issues: the peaking and chattering phenomena.

The peaking phenomenon appears in linear systems when it is needed to
implement high-gain feedback laws that leads to produce eigenvalues with a
large negative part, [44]. Therefore, certain states peak to very large values
before they decay to zero, such that these states may destabilize the system
and even make certain states reach infinite values in finite escape time.

Chattering phenomenon constitutes high-frequency, finite-amplitude oscil-
lations [45]. The two possible causes of chattering in steady-state responses
are: the use of non-continuous functions, such as the set-valued sign function
that is used in classical sliding mode controls, and discretization, which may
introduce chattering in the steady-state response if the gains are large enough,
even if all the functions are smooth, provided the system dynamics are char-
acterized by high frequency components with respect to the sampling time
τ .

Based on the aforementioned results, in order to keep the discretization
process simple, an adaptive smooth nonlinear sliding mode surface law is in-
troduced in this work. In this case, the dynamics flows with adaptive and finite
damper gain, avoiding the effects of the peaking transient response inherent
to linear systems and allowing fast responses at steady state, approximating
the behaviour obtained with homogeneous solutions. Besides, the adaptation
process is based on a cut-off frequency parameter design that, together with
the sampling time, determines the properties of the response obtained.
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An investigation of a smooth nonlinear approximation definition of the set
value sign function can be conducted by using sigmoid functions χ(x), see [46].
The following conditions must be met by this type of function:

1. The function χ(x) is smooth.
2. The function χ(x) is odd.
3. The function satisfies limx→±∞ |χ(x)| = 1.

Taken account that:

lim
γ→+∞

tanh(γx) = sign(x) (1)

a parameterized (with γ being the design parameter) hyperbolic tangent func-
tion is introduced in this work. Recently, a smooth nonlinear approximation
that uses nested sliding surfaces has been introduced in [47] as a framework
to design cascade high gain observers. In this work this framework is updated
to introduce a Lyapunov based quadratic stability analysis.

This paper has been structured as follows. First, in Section 2 we present
a nonlinear smooth approximation of the STW algorithm and analyze its
asymptotic and finite time stability properties. Then, Section 3 describes the
discretization and the parameter design procedure, including an adaptive cut-
off frequency domain approach. Section 4 introduces the application of the
proposed algorithm considering a control affine second order system by means
of the definition of an adaptive non linear sliding mode surface. Results from
numerical simulations are then presented and discussed in Section 5. Finally,
conclusions are drawn in Section 6.

2 Adaptive Smooth Nonlinear Super-Twisting Approximation.

Consider that an output sliding variable σ(t) has been defined for a second
order dynamics system, such that it is obtained a first-order dynamical system
of the form:

σ̇(t) = u(σ) + d(t) (2)

In this case, u(σ) is the control input to be designed and d(t) is the unknown
(external disturbances and model uncertainties) that satisfies the following
assumption

Assumption 21 d(t) in (2) satisfies the following restriction

|ḋ(t)| ≤ ∆

with ∆ > 0 a positive known real number.
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The goal is to determine the input function u(σ) such that the value of
σ(t) converges to the origin. The STW algorithm, see [48, 49, 50], provides
the following solution:

u(σ) = −λ
√

|σ(t)|| sign (σ(t))− ǫ(t)

ǫ̇(t) = κ sign (σ(t)) (3)

Let’s define ω(t) as:

ω(t) = d(t)− ǫ(t) (4)

As a result, the dynamics of σ(t) and ω(t) are obtained as:

σ̇(t) = −λ
√

|σ(t)|| sign (σ(t)) + ω(t)

ω̇(t) = −κ sign (σ(t)) + ḋ(t) (5)

A smooth nonlinear dynamics approximation of STW is proposed in this
work as follows:

u(σ) = −λσ(t)− β tanh(γσ)− ǫ(t)

ǫ̇(t) =
λ2

4
σ(t) + κ tanh(γσ) (6)

The set value (sign(e(t)) and the power factor (|e(t)|0.5) used in (5) are
replaced in (6) with a combination of linear and nonlinear smooth functions
with, as it will be shown, adaptive gains that are chosen by means of a cut-
off frequency domain criterion. Hence, the algorithm is named as Adaptive
Smooth Nonlinear Super-Twisting Approximation (ASNSTA). As a result, the
dynamics of σ(t) and ω(t) are obtained as:

σ̇(t) = −λσ(t)− β tanh(γσ) + ω(t)

ω̇(t) = −λ2

4
σ(t)− κ tanh(γσ) + ḋ(t) (7)

2.1 Asymptotic stability analysis.

Let’s define η(t) as:

η(t) =
[

σ(t) ω(t)
]T

(8)

and parameters pi, i = 1, 2, 3 as:

p1 =
λ2 + 4

8λ
(9)

p2 =
5λ2 + 4

2λ3
(10)

p3 =
λ4 + 24λ2 + 16

8λ(5λ2 + 4)
(11)
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Fig. 1 Parameters p1, p2 and p3 as a function of λ.

Note that p3 > 0 is given as:

p3 =
4p2p1 − 1

4p2
(12)

Figure (1) shows the values of p1, p2 and p3 as function of the value of
λ > 0. Let P, a symmetric positive definite matrix, defined as:

P =

(

p1 −0.5
−0.5 p2

)

(13)

with determinant |P | given as:

|P | = λ4 + 24λ2 + 16

16λ4
(14)

We first explore stability conditions in the worst case.

Theorem 1 Define φ and κ as follows:

φ =
√
2max (0.5, p2) (15)

κ =
β

2p2
(16)

The compact set Ωη1
defined as:

Ωη1
= {η(t) ∈ R2 : −1

2
||η|| − p3β| tanh(γσ)||σ(t)|

||η|| +∆φ < 0} (17)

is Globally Uniformly Asymptotically Stable (GUAS).
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Proof Dynamics of η(t) are given by:

η̇(t) = Aη(t) + F (t) +D(t) (18)

with

A =

( −λ 1

−λ2

4 0

)

(19)

and

F (t) =

(

−Fσ

−Fω

)

=

(

−β tanh(γσ)
−κ tanh(γσ)

)

(20)

D(t) =

(

0

ḋ(t)

)

(21)

It can be shown that:

PA+ATP = −I2x2 (22)

where I2x2 is the identity matrix of size 2x2. Choosing a Lyapunov candidate
function

V (η) =
1

2
ηTPη (23)

leads to

V̇ (η) = −1

2
ηT η + FTPη +DTPη

= −1

2
||η||2 + (p1Fσ − 0.5Fω)σ(t)

+ (p2Fω − 0.5Fσ)ω(t) + ḋ(t)(p2ω(t)− 0.5σ(t)) (24)

Equations (16) and (10) implies that:

p2Fω − 0.5Fσ = 0 (25)

In addition, it implies:

p1Fσ − 0.5Fω = (p1 −
1

4p2
)Fσ = p3β tanh(γσ) (26)

Applying these results it is obtained:

V̇ (η) = −1

2
ηT η + FTPη +DTPη

= −1

2
||η||2 − p3β| tanh(γσ)||σ(t)|+ ḋ(t)(p2ω(t)− 0.5σ(t)) (27)

Therefore

V̇ (η) ≤ −1

2
||η||2 − p3β| tanh(γσ)||σ(t)|+∆φ||η|| (28)

which finalizes the proof.
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If λ is high, then p2 must be small, which reduces the effect of the unknown
term ḋ(t)p2ω(t) on stability performance. It is thus possible to set values of β
and λ which guarantee the inclusion of the origin in the domain of asymptotic
attraction taking account of the restriction specified by the parameter ∆. For
the purpose of creating a closed compact set that includes the origin of η(t),
the value of β must be defined according to the desired precision. This scenario
is described into the following theorem.

Theorem 2 Let us define ν as:

ν =
atanh(∆

p3

(p2α+0.5)
β

)

γ
(29)

with α > 0 a parameter to be designed. The compact set Ωη2
defined as:

Ωη2
= {η(t) ∈ R2 : |σ(t)| < ν ∧ |ω(t)| < α

| tanh(γσ)|
tanh(γν)

|σ(t)|+ 1

2∆p2
||η||2}

(30)

, which is a closed set including the origin of η(t), is GUAS.

Proof Equation (29) implies that:

β =
∆

p3

(p2α+ 0.5)

tanh(γν)
(31)

Substitution of (31) into (27) implies:

V̇ (η) = −1

2
||η||2 −∆

[

0.5(
| tanh(γσ)|
tanh(γν)

− 1)|σ|+ p2(α
| tanh(γσ)|
tanh(γν)

|σ| − |ω|)
]

(32)

Condition |σ| > ν implies tanh(γσ)
tanh(γν) > 1, so that it is obtained:

V̇ (η) ≤ −1

2
||η||2 −∆p2(α

| tanh(γσ)|
tanh(γν)

|σ| − |ω|) ∀|σ| > ν (33)

Condition:

|ω(t)| < α
| tanh(γσ)|
tanh(γν)

|σ|+ 1

2∆p2
||η||2 (34)

implies that V̇ (η) < 0, which ends the proof.
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2.2 Finite Time stability analysis.

We now consider the conditions for achieving Finite Time Stability (FTS). Let
us recall the following result first outlined in [51]:

Lemma 1 For any real numbers c1 > 0, c2 > 0 and 0 < b < 1, an extended
Lyapunov function condition of finite time stability can be given as:

V̇ (x) + c1V (x) + c2V
b(x) ≤ 0 (35)

where the settling time can be estimated by:

T ≤ 1

c1(1− b)
ln (

c1V
(1−b)(0) + c2

c2
) (36)

Furthermore, let us introduce two useful nonlinear inequalities that can be
applied to the smooth nonlinear approximation methodology.

Lemma 2 Let 0 < δ < 1, then the following conditions holds:

δ|σ|+ (1− δ) ≥ |σ|δ (37)

Proof The top plot of Figure (2) displays the geometrical construction of the
proposed inequality. Taking σ = 1 as the desired root of the inequality, a line
must be traced from position (0, 1 − δ) to position (1, 1) in order to achieve
condition (2). The slope of this tangent line is δ, which is greater than the
derivative of the power function, so that the inequality is valid ∀|σ| > 1.

Lemma 3 Let 0 < δ < 1, define µ as:

µ = max ( 1−δ

√

1

δ + γ(1− δ)
,

√

5

6

1

γ
) (38)

Then ∀|σ| > µ the following conditions holds:

δ|σ|+ (1− δ)| tanh(γσ)| ≥ |σ|δ (39)

Proof The bottom plot of Figure (2) displays the geometrical construction of
the proposed inequality. In this case the new root can be bounded by means
of the series expansion at σ = 0 of the hyperbolic tangent function:

tanh(γσ) = γσ − γ3σ3

3
+

2γ5σ5

15
+O(σ6) (40)

Therefore

| tanh(γσ)| > γ|σ|+ γ3|σ|3(6γ
2|σ|2 − 5

15
) (41)
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Fig. 2 Power function approximation.

Condition

|σ| ≥
√

5

6

1

γ
(42)

implies that 6γ2|σ|2 − 5 ≥ 0 thus:

δ|σ|+ (1− δ)| tanh(γσ)| > δ|σ|+ (1− δ)γ|σ| ∀σ ≥ µ (43)

Condition

|σ| ≥ 1−δ

√

1

γ(1− δ)
(44)

leads to:

δ|σ|+ (1− δ)γ|σ| ≥ |σ|δ ∀σ ≥ µ (45)

which ends the proof.

Next, we introduce a theorem using the previous results to prove the con-
vergence provided by ASNSTA.

Theorem 3 Let c1, c2 and c3 are positive parameters and assume that the
following condition holds:

p2α+ 0.5 ≥ (c2(1− δ) + 2ζc3)p3 tanh(γµ)

2ζ∆
(46)
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with µ given in (38), ζ given as:

ζ =
δ + 1

2
(47)

In addition, let us define λ as:

λ =
c1
2

+
δc2
2ζ

(48)

The compact set Ωη3
defined as:

Ωη3
= {η(t) ∈ R2 : |σ| < µ ∧ |ω| < c3| tanh(γσ)|} (49)

, which is a closed set including the origin of η(t), is Finite Time Stable (FTS).
The settling time can be estimated as:

T ≤ 2

c1(1− δ)
ln (

c1V
( 1−δ

2
)(0) + c2
c2

) (50)

Proof Let’s choose a Lyapunov candidate function:

V (σ) =
1

2
σ2 (51)

Condition (46) and equation (31) implies that:

β ≥ c2(1− δ)

2ζ
+ c3 (52)

Application of (52) and (48) leads to:

V̇ (σ) ≤ −c1
2
σ2 − c2

2ζ
|σ|(δ|σ|+ (1− δ)| tanh(γσ)|)− (c3| tanh(γσ)| − |ω|)|σ|

(53)

Condition |ω| < c3| tanh(γσ)| implies that (c3| tanh(γσ)| − |ω|)|σ| ≥ 0
which leads to:

V̇ (σ) ≤ −c1
2
σ2 − c2

2ζ
|σ|(δ|σ|+ (1− δ)| tanh(γσ)|) (54)

Lemma (3) implies that ∀|σ(t)| > µ:

V̇ (σ) ≤ −c1
2
σ2 − c2

2ζ
|σ|δ+1 ≤ −c1V (σ)− c2V

ζ(σ) (55)

Because 0.5 < ζ < 1, application of Lemma (1) finalizes the proof.
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3 Discretization and parameter settings.

It has been emphasized in publications such as [34, 48, 52, 53, 54, 55] that
the discretization of continuous-time systems involving set values or fractional
power functions should be carried out with care because:

– The chattering phenomenon is closely related to the discretization method.
– The properties related to set value and fractional power functions in the

continuous analysis should be preserved in the discrete model.

In order to resolve these issues, it is common to replace the explicit dis-
cretization method with an implicit method, which provides higher stability
to the integration process and eliminates chattering. In this research, since the
functions being used are smooth, the approach is to use a simple semi-implicit
discretization method to introduce parameter restrictions that will cancel the
chattering.

3.1 Semi-implicit discretization.

The Backward Euler discretization method with fixed sampling time τ yields:

σk+1 = σk − τ(λσk + β tanh(γσk) + ǫk − dk) (56)

ǫk+1 = ǫk + τ(
λ2

4
σk + κ tanh(γσk)) (57)

A semi-implicit approximation can be obtained by replacing ǫk with ǫk+1

in the expression of σk+1, which leads to:

σk+1 = σk − τ(λσk + β tanh(γσk) + ǫk+1 − dk) (58)

so that:

σk+1 = σk(1− τλ)− τβ tanh(γσk)− τ2(
λ2

4
σk + κ tanh(γσk))− τ(ǫk − dk)

= σk(1− τλ)− τβ tanh(γσk)− τ2(
λ2

4
σk + κ tanh(γσk))− τωk (59)

3.2 Parameter settings.

Taking into account the chattering resulting from the discretization process, as
well as assuming a completely free noise system, we can create bounds for the
parameters based on the discrete model. This choice involves a trade-off: on
the one hand, it may be desirable to set these gains to high values in order to
obtain a robust, fast response at steady state. Alternatively, they must not be
too large, in order to prevent chattering at steady state. Hence, in this section
we calculate the bounds for the gains λ, β, and γ that prevent chattering for
a fixed sampling time τ .
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Assumption 31 Let’s assume that the following holds:

1. Simulations are executed with fixed sampling time τ .
2. τωk is negligible in (59) when |σk| = µ.
3. tanh(γµ) ≈ γµ when |σk| = µ.

From Assumption 31 two restrictions are introduced in order to cancel the
chattering caused by finite time discretization as follows:

(λ+ βγ) <
1

2τ
(60)

(
λ2

4
+

λ

2
βγ) <

1

2τ2
(61)

These restrictions are defined so as not to result in a shift in the sign of σk at
|σk| = µ. Choosing

βγ = λ (62)

the restriction

λ <
1

4τ
(63)

yields the desired condition. Depending on the application domain of the al-
gorithm, the parameter γ can be selected in a variety of ways. In this study,
we use the value that provides a good approximation of the set-value sign
function by taking into account the fact that the application of an adaptive
cut-off frequency means that λ, β and κ are adaptive gains. Let’s choose γ as
follows:

γ =
1

2τ
(64)

Therefore, from (62), β is given as:

β = 2τλ (65)

3.3 Adaptive Cut-off frequency design.

Note that if the nonlinear terms in (7) are canceled, the transfer function from
d(t) to σ(t) is given as:

Gdσ(s) =
Z(s)

D(s)
=

s

(s+ λ
2 )

2
(66)

which resembles the full-order transfer function obtained in [56] (page 11 ) for
a second order system. Transfer function Gdσ(s) implies that:

λ = 2ωc (67)
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where ωc is chosen as the desired cut-off frequency. Applying (63), a bound
for the application of the algorithm is:

ωcmax
≤ 1

8τ
(68)

The frequency design approach allow us to introduce a modification that
reduces the peaking phenomenon, which, as in the case of chattering, is re-
lated to variable module and frequency oscillations generated at the transient
response of linear systems causing the well known overshooting problem. In
order to obtain a soft adaptation of this parameter, several solutions can be
provided. Between them, in this work we choose to adapt the value of the
cut-off frequency as follows:

ωc(t) = ωcmin
+ (ωcmax

− ωcmin
)
(1 + tanh (t− 2.5ts))

2
(69)

with ts the desired settling time and [ωcmin
, ωcmax

] are the chosen bounds of
the adaptive cut-off frequency.

4 Smooth finite-time sliding mode control of second order systems.

Consider a second order system with dynamics given as:

ẋ1(t) = x2(t)

ẋ2(t) = f(x) + bu(x) + d(t) (70)

such that the states must follow a reference trajectory given as xd
1(t), x

d
2(t).

Let:

e(t) = x1(t)− xd
1(t)

ė(t) = x2(t)− xd
2(t) (71)

An integral nonlinear sliding surface σ(t) is defined as:

σ(t) = ė(t) + λee(t) + βe tanh(γee(t)) + ǫe(t) (72)

with

ǫ̇e(t) =
λ2
e

4
e(t) + κe tanh(γee) (73)

and initial condition:

ǫe(0) = −(ė(0) + λee(0) + βe tanh(γee(0))) (74)

which implies that σ(0) = 0. The dynamics of e(t) are given as:

ė(t) = −λee(t)− βe tanh(γee(t))− ǫe(t)− σ(t) (75)
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Let de(t) = −σ(t). As a result, the dynamics of e(t) and ωe(t) = de(t)−ǫe(t)
are given as:

ė(t) = −λee(t)− βe tanh(γee) + ωe(t)

ω̇e(t) = −λ2
e

4
e(t)− κe tanh(γee) + ḋe(t) (76)

which follows the ASNSTA approach. The derivative of σ(t) is obtained as:

σ̇e(t) = f(x) + bu(x) + d(t)− ẋd
2(t) + λeė(t) + βeγe sech

2(γee)ė(t)− ǫ̇e(t)
(77)

In order to achieve the sliding mode condition the control law is given as:

u(x) = −1

b

[

f(x)− ẋd
2(t) + uσ(t) + ue(t)

]

(78)

with ue(t) and uσ(t) given as:

ue(t) = λeė(t) + βeγe sech
2(γee)ė(t) + ǫ̇e(t) (79)

uσ(t) = λσs(t) + βσ tanh(γσs) + ǫσ(t) (80)

where ǫ̇σ(t) is:

ǫ̇σ(t) =
λ2
σ

4
σ(t) + κσ tanh(γσσ) (81)

with initial condition:

ǫσ(0) = 0 (82)

As a result, the dynamics of σ(t) and ωσ(t) = d(t)− ǫσ(t) are given as:

σ̇(t) = −λσσ(t)− βσ tanh(γσσ) + ωσ(t)

ω̇σ(t) = −λ2
σ

4
σ(t)− κσ tanh(γσσ) + ḋ(t) (83)

which follows the ASNSTA approach.

5 Case studies: numerical simulations

In the simulation section, ASNSTA is compared to the smooth second-order
sliding mode control (SOSMC ) presented in [57] in the case of a variable-length
pendulum whose dynamics are given by:

θ̈(t) = −2
Ṙ

R
θ̇(t)− g

1

R
sin(θ) +

1

mR2
u (84)
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Fig. 3 Case 1: unperturbed system (d(t) = 0). States and control: time courses for t ∈

[0, 10]. Dashed black lines: Reference; Red lines: Results obtained with SOSMC ; Blue lines:
Results obtained with ASNSTA.

where θ is the oscillation angle (rad), m = 1kg is the mass of the pendulum,
g = 9.81m/s2 is the gravitational constant, R is the distance (m) from the
axis of rotation of the pendulum to the mass given as:

R(t) = 1− 0.1 sin(5t) (85)

and u is the control input (N m). The desired reference to follow is given as:

θd = 0.5sin(0.5t) rad (86)

In order to apply ASNSTA the following steps must be followed:

1. Choose the adaptive cut-off frequency as follows:

ωcmin
= 1

ωcmax
=

1

10τ

ωc(t) = ωcmin
+ (ωcmax

− ωcmin
)
(1 + tanh (t− 2.5ts))

2

with ts = 1s in order to be the same as the settling time obtained with
SOSMC in the unperturbed case scenario.
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Fig. 4 Case 1: unperturbed system (d(t) = 0). Histogram of steady state error for t ∈

[5, 10].Red: Results obtained with SOSMC ; Blue: Results obtained with ASNSTA.

2. Choose the parameters to generate ue(t) and uσ(t) in (78) as follows:

γe = γσ =
1

2τ
λe = λσ = 2ωc

βe = βσ =
λe

γe

p2 =
5λ2

e + 4

2λ3
e

κe = κσ =
βe

2p2

Therefore, the algorithm parameters and its adaptation can be easily ob-
tained directly from a frequency domain approach taken account of the sam-
pling time used to simulate the model.

5.1 Case 1: unperturbed system

In this case both controllers are simulated with d(t) = 0 and sampling τ =
0.001 s. Figure 3 shows the evolution of states and control signals, where the
settling time and the trajectory is quite similar in both solutions. In contrast,
ASNSTA provides improved accuracy at steady state, as illustrated in Figure
4, which presents the normalized distribution of the error and its derivative
for t ∈ [5, 10].



Finite Time Adaptive Smooth Non Linear Sliding Mode Control 17

0 1 2 3 4 5 6 7 8 9 10

-1

0

1

2

Angle [º]

0 1 2 3 4 5 6 7 8 9 10

-5

0

5

Angle rate [º/s]

0 1 2 3 4 5 6 7 8 9 10

-100

-50

0

50
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adaptive cut-off frequency.
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Fig. 7 Case 2: cosine perturbation perturbation (d(t) = 5.15 cos(3.75t)). Histogram
of steady state error.Red: Results obtained with SOSMC ; Blue: Results obtained with
ASNSTA.

5.2 Case 2: cosine disturbance

In this case te disturbance is given as d(t) = 5.15 cos(3.75t) and the sampling
used is τ = 0.001 s.

Figure 5 shows the evolution of states and control signals, demonstrating
that the results are comparable to those obtained in the unperturbed case,
but only ASNSTA is able to maintain the unperturbed trajectory as well as a
high steady state accuracy.

Illustration of the disturbance and the adjustment of the cut-off frequency
design parameter is presented in Figure 5. The soft adaptation used for the cut-
off frequency allows the rejection of large control values at the initial instant
when the error is large, while generating large gains at steady state, contribut-
ing to the improvement of the accuracy obtained and the cancellation of the
overshooting. The normalized distribution of the error and its derivative for
t ∈ [5, 10] can be consulted in Figure 7.
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Fig. 8 Case 3: variable module and frequency perturbation. States and control: time courses
for t ∈ [0, 10]. Dashed black lines: Reference; Red lines: Results obtained with SOSMC ; Blue
lines: Results obtained with ASNSTA.

5.3 Case 3: variable module and frequency disturbance

In this case the control algorithms are tested using a variable module distur-
bance that includes impulsive and high frequency channels given as:

d(t) = D[cos(ωdt) + 0.83 sin(2.85ωdt− 0.14) + 1.23 cos(1.72ωdt+ 0.26)

+ 0.65 sin(1.91ωdt+ 0.36)ecos(2.21ωdt+0.13)] + d1(t) + d2(t) (87)

where:

d1(t) =

{

2.75D + 1.34D cos(23.4ωdt+ 0.46) if 3 < t < 7
0 otherwise

(88)

and

d2(t) =

{

−3.5D if 7 < t < 10
0 otherwise

(89)

with

D = 5.15 (90)

ωd = 3.75
rad

s
(91)
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Fig. 9 Case 3: variable module and frequency perturbation. Disturbance and adaptive cut-
off frequency.

Figures 5, 9 and 10 shows the evolution of states and control signals, the
disturbance, the adaption value of the cut-off frequency and the normalized
distribution of the steady state error. The performance obtained with ASNSTA
is similar to the previous cases with an invariant state trajectory and with an
small reduction in the steady state accuracy.

5.4 Case 4: unperturbed system with τ = [0.1, 0.01]

In this case the unperturbed scenario is considered but using larger values of
the sampling time: τ = 0.01 and τ = 0.1.

Figures 11 and 12 illustrate the results obtained with larger sampling time
periods. As it can be seen, ASNSTA cancels the chattering that appears in
SOSMC, while increasing τ value. In order to achieve this behaviour, the
adaptive algorithm decreases the top cut-off frequency, causing the response
to become slower, as it can be appreciated in the figures.

6 Discussion and conclusions

In this study, an approach for developing an adaptive integral sliding mode
procedure to design controllers for nonlinear second order systems is proposed,
such that the solution employs adaptive gains that alter the sliding surface’s
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Fig. 10 Case 3: variable module and frequency perturbation. Histogram of steady state
error.Red: Results obtained with SOSMC ; Blue: Results obtained with ASNSTA.
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Fig. 11 Case 1: unperturbed system (d(t) = 0) and τ = 0.01 s. States and control: time
courses for t ∈ [0, 10]. Dashed black lines: Reference; Red lines: Results obtained with
SOSMC ; Blue lines: Results obtained with ASNSTA.
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Fig. 12 Case 1: unperturbed system (d(t) = 0) and τ = 0.1 s. States and control: time
courses for t ∈ [0, 10]. Dashed black lines: Reference; Red lines: Results obtained with
SOSMC ; Blue lines: Results obtained with ASNSTA.

dumping properties based on a cut-off frequency domain technique. This adap-
tation generates a low/high gain profile that allows to overcome the require-
ment for large control inputs at initial conditions, while enabling a higher gain
at steady state to avoid two undesirable phenomena: peaking and chattering.

As a restriction, we introduce an upper bound on the derivative of the
unknown term in the dynamic equation (∆). This method has the advantage
of being robust to overestimations of ∆, so performance is not severely affected
if this bound is not accurately known. However, choosing an overly large value
might result in oscillations in the response of the estimation error.

Analyses of numerical simulations indicate that the proposed algorithm is
capable of achieving the desired performance with time-varying references and
external disturbances.

Especially when the model is noisy, the cut-off frequency should be lowered
in order to reduce the impact of high frequency components on the generation
of the control law, unless some prior filtering of the observer signals has been
performed. In future work, the use of nonlinear high-frequency filtering tech-
niques for attenuating the time delay caused by noisy signals, as well as the
scaling of the technique to deal with more complex dynamic systems, will be
areas of interest.
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