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Abstract
This research proposes to obtain a mathematical model that describes the dynamic operation of a
brushed DC motor, to obtain a state function considering the electrical, mechanical, and thermal effects
of the DC motor. The dynamic evolution of the proposed function is evaluated by simulation using
Matlab software, and by applying different values of the step type inputs for the brushed motor excitation
employing pulse width modulation (PWM) to obtain a wide range of operations. Experimental results
show that the developed state function, provides a reliable approximation to estimate the voltage,
armature current, mechanical torque, and temperature of the brushed DC motor, showing an error
percentage of 0.2%.

1. Introduction
Brushed DC motors are the simplest and most popular electric machines widely used in industrial
applications, electric vehicles, biomedical technologies, training and entertainment platforms, and
robotics [1–7]. Easy speed and torque regulation, position control and uniform bearing tribology are
characteristics of this electric machine; and from here, its multiple applications on experimental
platforms. Nowadays, different authors have proposed many mathematical models by describing the
brushed DC motor behavior that is crucial for: i) design of the electromechanical system, ii) the
application as a source of torque, iii) design of electrical and mechanical protections, iv) fault diagnosis
system, and v) design of the control law depending or not on the mathematical model [8–14]. Napoli [15]
presented a general approach to DC motor modeling, using the �nite element technique for magnetic
analysis, in conjunction with tensor manipulation of the network parameters to simulate a desired degree
of complexity. In addition, Suriano et al. [16] presented an article, they applied the tensor method to
simulate the time-varying circuit topology of the armature winding of a DC motor, while Alvarado [8]
modeled with non-homogeneous linear �rst-order differential equations with constant coe�cients for
speed control by armature current. Martinez [17] obtained mathematical models through transfer
functions for velocity and position. Other attractive techniques for modeling DC motors were developed
by Padre-Ñonthe et al. [18]. They proposed Takagi-Sugeno (T-S) type fuzzy modeling techniques based on
the aggregation of linear sub-models from transfer functions that de�ne the system dynamics at different
operating points. In this context, the brushed motor is modeled as an RL series circuit with a voltage
source generated in the motor armature [19, 20]. However, the performance of a DC motor depends not
only on the load torque and the structure of the control law; also, of the parametric changes that occur
with the operating time. A determining factor is temperature, both due to the Joule effect and the dynamic
friction in bearings [21–26]. To this end, adaptive control techniques are considered to regulate the
output, despite the parametric uncertainty [27]; nevertheless, the precision of the control depends on the
mathematical model, partially de�ned in its structure [28].

In the present work, a new mathematical model approach is proposed to estimate the thermo-
electromechanical behavior of a brushed DC motor through a state function formulation. Based on the
electronic thermodynamic properties of the motor. The following sections introduce the basic structure of
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the brushed DC motor and, at the same time, a state function is proposed that considers the equivalent
electrical, mechanical and thermal action. This thermo-electromechanical state function was used as a
starting point to evaluate the dynamic system of the brushed DC motor for different operating ranges.
The validation of the state function experimentally is also presented.

2. Material And Methods

2.1. Variables in the thermodynamic system of a brushed
DC motor
As thermodynamic variables in the electrical conduction of a conducting wire in a brushed DC motor
(BDCM); the electric potential (V) and temperature (T), which are considered intensive variables, while the
electric current of the armature (Ia), and the mechanical torque (Tm) as extensive variables. Starting with
the equation of Kirchhoff's voltage law (equation 1), which indicates that the sum of voltages around a
path or closed circuit must be zero and mathematically is expressed as:

∑ n
i=1vi = 0 (1)

Wherenis the total number of voltages measured in a closed-loop.

2.2. Mathematical modeling of a BCDM
Figure 1 shows the basic circuit of a BDCM. It describes a series circuit consisting of an armature
resistance Ra, an armature inductance La, and the counter-electromotive force Va generated in the
armature when the rotor turns.

By analyzing the equivalent circuit mesh of the series BDCM, considering Equation 1 and Ohm's law, we
can express the voltage drop terms of the circuit components. Where V is the supplied voltage, VRa

 is the

voltage across a resistor, VLa
 is the voltage across an inductor, and Va is the counter-electromotive force.

V − VRa
− VLa

− Va = 0 (2)

The voltage across a resistor VRa
 is expressed according to Equation 3, where Ia is the armature current

and Ra is the armature resistance. The voltage on an inductor VLa
 is expressed according to Equation 4,

where La is the armature inductance. Here, the counter-electromotive force Va is expressed according to

Equation 5, where Kbis the torque constant, and θ̇ is the angular velocity [20].
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VRa
= IaRa (3)

VLa
= La

d Ia
dt

(4)

Va = Kbθ̇ (5)

2.3. Equations to describe the behavior of the BDCM.
To establish a state function that provides for the thermodynamic variables considered, it is necessary to
establish that the electric torque Tm developed by the motor, which is expressed by Equation 6, where Ka
and Ia represent the torque constant, and the armature current. Whereas Kb ≈ Ka in steady-state, solving
and equating with Equation 5, we obtain the counter-electromotive force Va (Equation 7) expressed in
terms of the electric torque Tm and the armature current Ia [20].

Tm = KaIa (6)

Va =
Tmθ̇
Ia

(7)

On the other hand, to express the armature resistance Ra in terms of temperature [29], we use Equation 8,

which can be expressed in its differential form in Equation 9, and �nally, obtain a function in (Equation
10) that expresses the dependence on the resistance on the temperature.

Ra = R0 1 + α(Tf − Ti) (8)

dRa = αR0dT (9)

Ra = αR0T (10)

Where α is the thermal constant of the BDCM armature copper (0.004°C−1) [29], T is the room
temperature at 20°C, and R0=115𝛺 the resistance of the motor armature copper measured at
temperature T.

2.4 Power (P) and Work (W) of the BDCM system.
The power P is the amount of work WElec done per unit time (Equation 11), taking into consideration that
the charge of an electric current is: q = Iat and integrating, we obtain the equation for electric work
described in Equation 12. Finally, WElec is considered to be the sum of all work contributions (Equation
13).

( )

[ ]
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PElec =
dWElec

dt = VIa
(11)

WElec = Vq (12)

WElec = WMag + WThermal + WMec (13)

2.5 Implementation of the adiabatic BDCM system for study
and data acquisition.
The veri�cation of the theoretical model developed was carried out by validating it with practical
experimental data, which were acquired through an adiabatic system that also allows obtaining the
thermo-electromechanical parameters of the BDCM.

The system is presented in Fig. 2 and consists as shown in Fig. <link rid="�g2">2</link>a, 1, and 2, a box
and its lid made of expanded polystyrene (EPS). Due to its insulating properties, it is suitable to avoid
heat exchanges between the inside and outside [30]. Into the box of Fig. 2a, 3 is the power supply, 4 an
Arduino Uno microcontroller board, 5 a BDCM controller system (H-bridge), which are the simplest
modules that provide the power ampli�cation for the low-level control signals, such as PWM and direction
supplied by the user.

Moreover, for current measurement (Figure 2a), point 6 shows the Allegro ACS711LC bidirectional Hall-
effect current sensor to record the motor current by issuing an analog voltage that is linearly proportional
to the input current. This type of sensor is used in several applications such as closed-loop torque, speed,
and position control for BDCM as shown in [31–34].

Whereas, inside the box (Figure 2b); 7, metal gearbox; 8, brushed DC motor; 9, quadrature encoder; 10,
motor temperature sensor, and 11, a sensor to measure the internal temperature of the box, is placed
inside the box.

Finally, on the outside of the box, point 12 is a sensor for external temperature monitoring. In all cases,
the temperature is measured by a resistive sensor HMZ-433A1.

Data acquisition from the temperature and current sensors are processed using an "Arduino Uno"
microcontroller from analog signals. Therefore, three functions are programmed for each temperature
(internal, external, and motor). Likewise, functions of the motor current and the pulse reading of the motor
encoder are assigned. In addition, the control signal for pulse width modulation (PWM) is programmed in
the "Arduino Uno" microcontroller, using �ve different PWM percentage conditions; 20, 40, 60, 80, and 100.
It is sent to the motor controller with a data acquisition time of 15 min for each PWM percentage value.

Figure 3 shows the general scheme proposed for this study. The power supply voltage of the motor is 12V
and 5V for all the sensors employed, which is provided from a �xed linear voltage AC-DC switched-power
supply. The BDCM used for this study is a 37D metal gear-motor, with a gear-ratio of 131:1. An encoder



Page 6/23

integrated on the motor shaft consisting of two Hall-effect sensors used to sense the rotation of a
magnetic disk, with a resolution of 64 CPR. Although the measurement of the armature resistance and
armature inductance of the BDCM can be obtained by the method shown in [35], in this work, they were
obtained directly with a DE-5000 LCR device (not shown in Figure 2) that allowed to obtain values
between 9.20Ω and 1.803mH, respectively.

Programming for data acquisition was performed in a script using MATLAB 13.0 software, within a script,
using loops in certain sections of the code to perform iterative calculations, with which it is possible to
simultaneously determine both recorded and calculated variables.

3. Thermal, Mechanical, And Electronic Properties Of A Bcdm

3.1. Equation of state
Equation (14) shows the mathematical model that is proposed in this work, which represents an equation
of state that relates the variables that are considered in this study of a BDCM system. With this
mathematical model, it is possible to determine the contribution of each element that has been
considered within the circuit, both for the electrical power P (Equation 15) and for the work W (Equation
16).

 

V = αTR0Ia + 1
2qLaI2

a + 1
qT

m
θ (14)

PElec = VIa = αI2
aR0T + IaLa

d Ia
dt + Tmθ̇

(15)

WElec = Vq = αTR0Iaq + 1
2LaI2

a + Tmθ (16)

Figure 4 shows the value of the electrical power calculated using Equation (15). It can be observed (Fig.
4a) the three contributions and the total calculated power which presents a value of 1.7649 W, while the
electrical, magnetic, and mechanical contributions show values of 0.2981 W, 0.0 W, and 1.4669 W. The
mechanical contribution is the largest followed by the electrical supply, and �nally, the magnetic is null in
steady state. Likewise, it is possible to obtain the electrical power values by operating the PWM at
different percentages of its nominal capacity. Fig. 4b shows the power transients at �ve different PWM%
values, and it is observed that the power presents a �rst-order dependence to the PWM%.

Figure 5 shows the calculated work value using Equation (16), and Fig. 5a shows the three contributions
during operation at 100% of the PWM rated capacity. The total calculated work is 1,582.7 kW, while the
thermal, magnetic, and mechanical contributions show values of 267.79 W, 29.2 µW, and 1,315 kW,
during the 100% operation of the PWM. The mechanical contribution is the largest, followed by the
electrical and �nally the magnetic. Likewise, it is possible to obtain the electrical work values when

( )
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operating the PWM at different percentages of its nominal capacity. Fig. 5b shows the work transitory,
and it can be observed that the work presents a �rst-order dependence to the PWM%.

3.2. Estimation of thermo-electromechanical variables of
the BDCM.
Given that the state function represents the dependence of the electric potential (V)on changes in electric

current Ia , temperature (T) and torque Tm . It is established that V = V Ia, T, Tm  which gives

the total differential (Equation 17). In the same way, Ia = Ia V, T, Tm  (Equation 18), 

T = T V, Ia, Tm  (Equation 19) and Tm = Tm V, Ia, T  (Equation 20) can be expressed.

 

dV =
∂V
∂Ia

T ,Tm

dIa +
∂V
∂T

Ia ,Tm
dT +

∂V
∂Tm

T , Ia

dTm

(17)

dIa =
∂Ia
∂V

T ,Tm
dV +

∂Ia
∂T

V,Tm
dT +

∂Ia
∂Tm

T ,V
dTm

(18)

dT =
∂T
∂V

Ia ,Tm
dV +

∂T
∂Ia

V,Tm

dIa +
∂T

∂Tm
V, Ia

dTm

(19)

dTm =
∂Tm
∂V

Ia ,T
dV +

∂Tm
∂Ia

V,T
dIa +

∂Tm
∂T

V, Ia
dT

(20)

To obtain the corresponding values of the electrical material properties from the partial derivatives. The
derivatives for each variable are obtained using the equation of state (see Equation 14), and
subsequently using Maxwell's equations, the values of the partial derivatives of Equations (18), (19), and
(20) are obtained.

With the differential equations solutions is possible to establish the values of each of the variables, as
shown in Fig. 6, where the values were obtained using the adiabatic BDCM system, and the value
calculated using the mathematical model of the variables: Voltage (3a), Current (3b), Temperature (3c)
and Torque (3d), during the operation at 20, 40, 60, 80 and 100% of the nominal capacity of the PWM.

Figure 7 shows the percentage accuracy of the mathematical model for all the parameters evaluated. The
voltage presents a higher variability during the �rst moments due to the motor start impulse and then
stabilizes, reaching a 0.2% error in the measured signal. Current, temperature, and torque, on the other
hand, present a better response with an average value of 100±0.1%.

( ) ( ) ( )
( )

( ) ( )

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )



Page 8/23

The equations to obtain the values of the thermo-electromechanical variables are shown below.

3.2.1 Voltage calculation
From the solution of Equation 17, we obtain Equation 21, which represents the variation of the electric
potential as a function of changes in current, temperature, and torque.

 

ΔV =
La
2q Ia2

2 − Ia1
2 + αR0T Ia2

− Ia1
+ αR0T T2 − T1 +

θ
q Tm2

− Tm1
(21)

The BDCM system voltage operates as expected with a �rst-order linear increase between PWM% and
Voltage (Figure 6a), presenting a rate of change of 91.62 mV/PWM% and a correlation (r2) of 0.9922. The
values obtained by the model �t the measured voltage values, with an average coe�cient of variation of
0.9855 (Fig. 7).

Figure 8 shows the voltage value estimated using Equation (14), showing the three contributions, during
operation at 100% of the PWM rated capacity. The total calculated voltage is 9.7876 V, while the
electrical, magnetic, and mechanical contributions show values of 1.656 V, 48.67 µV, and 8.132 V. The
mechanical contribution is the highest followed by the electrical and �nally the magnetic contribution.

3.2.2 Current calculation
From the solution of Equation (18), we obtain Equation (22), which represents the variation of current as
a function of changes in voltage, temperature, and torque.

 

ΔIa =
q

IaLa+αR0T V2 − V1 − Ialn
IaLa+αR0T2
IaLa+αR0T1

−
θ

IaLa+αR0T Tm2 − Tm1

(22)

The current of the BDCM system operating as expected with a �rst-order linear increase between PWM%
and current (Fig. 6b), presenting a rate of change of 1.04 mA/PWM% and a correlation (r2) of 0.9991. The
values obtained by the model �t the measured current values, with an average coe�cient of variation of
1.0002 (Fig. 7 and 9).

3.2.3 Temperature calculation
The solution of Equation 19 gives Equation 23, which represents the variation of temperature as a
function of changes in voltage, current, and torque.

 

[ ] [ ] [ ] [ ]

[ ] [ ] [ ]
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ΔT =
V2−V1
αR0Ia

−
La

αR0q Ia2 − Ia1 − Tln
Ia2
Ia1

−
θ

αR0Iaq Tm2 − Tm1

(23)

Figure 6c shows the comparison between the temperature records using the adiabatic BDCM system and
the value calculated using the mathematical model of equation 23. It is observed that the values obtained
by the model �t the measured temperature values, with an average variability coe�cient of 0.99913
between the measured value and the modeled one. However, they do not present a �rst-order dependence
concerning the PWM%. Nevertheless, it is possible to observe two regions of average temperature.

It is possible to observe in Fig. 10, the BDCM system operates in two conditions, in low conditions for
values lower than 40 of PWM%, with a recorded temperature of 31.85±0.29°C and an average calculated
temperature of 31.90±0.21°C. While at values above 60 of PWM% a temperature of 37.74±0.90 and a
calculated temperature of 37.75±0.91°C are recorded.

Figure 11 shows the value of the temperature calculated using Equation (23). Although, it would be
possible to show the contributions to the temperature since the mathematical expression allows it. It has
no physical representation, so the temperature cannot be considered in this way, being an intensive
property that reaches quasi-stationary states, and the different heat capacities and heat transfer rate of
the materials.

On the other hand, the heat given depends on each contribution of the given amount of heat, but that
analysis will be left pending for a later part of this series of articles.

3.2.4 Torque calculation
Solving Equation (20) results in Equation (24), which represents the variation of torque as a function of
changes in voltage, temperature, and current.

 

ΔTm =
q
θ V2 − V1 −

La
2θ Ia2

2 − Ia1
2 −

αR0Tq
θ Ia2

− Ia1
−

αR0Iaq
θ T2 − T1

(24)

Figure 12 shows the comparison between the torque records using the adiabatic BDCM system and the
value calculated using the mathematical model of Equation (24). It can be observed that the values
obtained by the model �t the measured torque values, with an average variability coe�cient of 1.00021
between the measured value and the modeled one. Furthermore, it can be observed that the current of the
CD Brushed system operates as expected with a �rst-order linear increase, presenting a rate of change of
1.04 µNm/PWM% and a correlation (r2) of 0.9579.

Finally, this work does not consider a load connected to the motor shaft. Although, the model considers
that the systems are in an equilibrium system under static conditions. Therefore, when a load is

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]
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connected to the brushed DC motor system, the other variables must change to keep the required torque
constant.

Conclusions
The main purpose of this �rst part is the mathematical model development that describes the
relationship between all the variables, which allows it to be a thermodynamic state function of the BDCM
system. Also, to establish the de�nitions of work and power, establishing the contribution of the
magnetic, mechanical, and thermal components in these de�nitions. With this, it was possible to record,
iteratively simulate and validate the values of the operating variables, such as current, voltage, torque,
and temperature, which are estimated by the mathematical model with an error coe�cient of less than
0.2% concerning those evaluated experimentally. Likewise, it was determined that the motor operates
e�ciently by showing a linear dependence of the voltage, current, and torque with the PWM supply.

Furthermore, it is understood the importance that the mathematical model can have in robotics control,
automation, and fault diagnostics. In addition, the methodology used for the mathematical model
development can be used to evaluate other electronic components and circuits in a similar way to the
brushed DC motor.

Although, in future works, it is planned to present thermo-electromechanical coe�cients and heat, as
properties that establish the operating characteristics of this system, as well as, to present later
thermodynamic properties such as enthalpy, entropy, and free energies of this system.

It is also contemplated that is possible to study other parameters related to the studied variables to
evaluate their application in systems in realistic environments.
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Figures

Figure 1

Equivalent circuit of brushed direct current motor.
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Figure 2

Adiabatic system of a BDCM: a) front view of the instrumented system, b) top internal view of the case,
and c) right external side view of the case.



Page 15/23

Figure 3

Data acquisition scheme of the adiabatic system of a BDCM.



Page 16/23

Figure 4

Estimation of the total electrical power (P): a) the contribution of the electrical, mechanical, and magnetic
powers at 100% of PWM and b) the transitory during operation at 20, 40, 60, 80, and 100% of the PWM
rated capacity.

Figure 5

Estimation of total work (W): a) the contribution of electrical, mechanical, and magnetic powers at 100%
of PWM and b) the transitory during operation at 20, 40, 60, 80, and 100% of PWM rated capacity.
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Figure 6

Comparison between the response of the adiabatic BDCM system and the value estimated by the
mathematical model of the voltage (a), current (b), temperature (c) and torque (d). During operation at 20,
40, 60, 80, and 100% of the PWM rated capacity.
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Figure 7

Percentage accuracy of the measured variables and the calculated mathematical model of voltage (Blue),
current (Green), temperature (Red), and torque (Cyan), during operation at 100% of the PWM rated
capacity.



Page 19/23

Figure 8

Comparison between voltage and electrical, magnetic, and mechanical contribution, during operation at
100% of the PWM rated capacity.
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Figure 9

Comparison between the measured and calculated current using the mathematical model, as well as the
electrical, magnetic, and mechanical contribution, during operation at 100% of the PWM rated capacity.
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Figure 10

Comparison between the calculated and measured BDCM operating temperature at two possible
operating conditions of the PWM rated capacity: Low for PWM% values < 40 and High for PWM% values
> 60. 
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Figure 11

Comparison between the calculated temperature of the BDCM using the mathematical model and the
measured one, during operation at 100% of the PWM rated capacity.
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Figure 12

Comparison between the measured and calculated torque using the mathematical model, as well as the
electrical, magnetic, and mechanical contribution, during operation at 100% of the PWM rated capacity.


