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Abstract Shakeel et al. (Soft Comput. 24 )2020(1585-1597) proposed the concept of a 

Pythagorean uncertain linguistic hesitant fuzzy set (PULHFS), some arithmetic operations of 

Pythagorean uncertain linguistic hesitant fuzzy sets (PULHFSs), an approach for comparing 

PULHFSs and a Pythagorean uncertain linguistic hesitant fuzzy weighted averaging 

(PULHFWA) operator as well as it extensions. Also, using the proposed comparing approach 

and the proposed aggregation operators, Shakeel et al. proposed a method for solving multi-

attribute group decision making (MAGDM) problems. In future other researchers may use 

Shakeel et al.’s work in their research work. However, it is observed that that the approach 

for comparing PULHFSs and aggregation operators, proposed by Shakeel et al. (2020(, are 

not appropriate. Hence, the method for solving MAGDM problems, proposed by Shakeel et 

al., is also not appropriate. The aim of this note is to make the researchers aware about the 

inappropriateness of Shakeel et al.’s work. Furthermore, to point out that to resolve the 

inappropriateness of Shakeel et al.’s work (2020) is a challenging open research problem.  
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1. Introduction 

Shakeel et al. (2020) proposed the concept of a PULHFS, some operational laws for  
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PULHFSs, an approach for comparing PULHFSs and some aggregation operators for 

aggregating PULHFSs. Also, using the proposed comparing approach and proposed 

aggregation operators, Shakeel et al. (2020) proposed a method for solving such MAGDM 

problems in which the rating value of each alternative over an attribute is represented by a 

PULHFS.  

In this note, it is shown that it is inappropriate to use Shakeel et al.’s approach (2020) 

for comparing PULHFSs as it fails to distinguish two distinct PULHFSs. Also, it is shown 

that as the monotonicity property is not satisfying for Shakeel et al.’s PULHFWA operator 

(2020). So, PULHFWA operator (2020) is not valid as an averaging operator is said to be 

valid only if it satisfies monotonicity property in addition to some other properties. Finally, it 

is pointed out that to resolve the inappropriateness of Shakeel et al.’s work (2020) may be 

considered as a challenging open research problem.    

This note is organized as follows. In Section 2, Shakeel et al.’s approach (2020) for 

comparing PULHFSs is discussed. In Section 3, an example is considered to show that 

Shakeel et al.’s approach (2020) for comparing PULHFSs fails to distinguish two distinct 

PULHFSs. In Section 4, an example is considered to show that the monotonicity property is 

not satisfying for Shakeel et al.’s PULHFWA operator (2020). Hence, Shakeel et al.’s 

PULHFWA operator (2020) is not valid. Section 5 concludes the paper. 

2. Shakeel et al.’s approach for comparing PULHFSs 

Shakeel et al. (2020) proposed the following approach for comparing two PULHFSs 

𝑝1 = ([𝑠𝜃(𝑝1) , 𝑠𝑡(𝑝1)] , (𝛼�̃�1 , 𝛽�̃�1)) and  𝑝2 = ([𝑠𝜃(𝑝2) , 𝑠𝑡(𝑝2)] , (𝛼�̃�2 , 𝛽�̃�2)) ,  

where, 

(i) 0 ≤ 𝛼�̃�𝑖 ≤ 1  , 0 ≤ 𝛽�̃�𝑖 ≤ 1, 𝑖 = 1,2.   

(ii) 0 ≤ 𝛼�̃�𝑖 2 + 𝛽�̃�𝑖 2  ≤ 1, 𝑖 = 1,2. 



(iii)  𝑠𝜃(𝑝𝑖) , 𝑠𝑡(𝑝𝑖) ∈ {𝑠0, 𝑠1, 𝑠2, … , 𝑠𝑙−1}, 𝑖 = 1,2.  
(iv) 𝑙 is an odd positive integer. 

 

Step 1: Calculate 𝑆(�̃�1) and  𝑆(𝑝2) and check that 𝑆(�̃�1) < 𝑆(𝑝2) or 𝑆(𝑝1) > 𝑆(𝑝2) or 𝑆(�̃�1) = 𝑆(�̃�2) 

where, 𝑆(�̃�1) = ⋃ {(𝑠𝜃(𝑝1)+𝑠𝑡(𝑝1) 2 ) × ((Ψ�̃�1)2 − (Υ�̃�1)2)}Ψ�̃�1∈𝛼�̃�1 ,Υ�̃�1∈𝛽�̃�1   

and  𝑆(�̃�2) = ⋃ {(𝑠𝜃(𝑝2)+𝑠𝑡(𝑝2) 2 ) × ((Ψ�̃�2)2 − (Υ�̃�2)2)}Ψ�̃�2∈𝛼�̃�2 ,Υ�̃�2∈𝛽�̃�2   

Case (i): If 𝑆(�̃�1) < 𝑆(�̃�2), then 𝑝1 ≺ 𝑝2. 

Case (ii): If 𝑆(𝑝1) > 𝑆(𝑝2), then 𝑝1 ≻ 𝑝2. 

Case (iii): If (𝑝1) = 𝑆(�̃�2) , then go to Step 2. 

Step 2: Calculate ℎ(�̃�1) and  ℎ(𝑝2) and check that ℎ(𝑝1) < ℎ(�̃�2) or ℎ(�̃�1) > ℎ(�̃�2) or ℎ(𝑝1) = ℎ(𝑝2) 

where, 

ℎ(𝑝1) = ⋃ {(𝑠𝜃(𝑝1)+𝑠𝑡(𝑝1) 2 ) × ((Ψ�̃�1)2 + (Υ�̃�1)2)}Ψ�̃�1∈𝛼�̃�1 ,Υ�̃�1∈𝛽�̃�1   

and  

ℎ(𝑝2) = ⋃ {(𝑠𝜃(𝑝2)+𝑠𝑡(𝑝2) 2 ) × ((Ψ�̃�2)2 + (Υ�̃�2)2)}Ψ�̃�2∈𝛼�̃�2 ,Υ�̃�2∈𝛽�̃�2   

Case (i): If ℎ(�̃�1) < ℎ(𝑝2), then 𝑝1 ≺ 𝑝2. 
Case (ii): If ℎ(�̃�1) > ℎ(�̃�2), then 𝑝1 ≻ 𝑝2. 
Case (iii): If ℎ(�̃�1) = ℎ(𝑝2) , then 𝑝1 = 𝑝2. 

3. Inappropriateness of Shakeel et al.’s approach for comparing two PULHFSs 

Let 𝑝1 = ([𝑠1, 𝑠2], (0.6, 0.5)) and 𝑝2 = ([𝑠0, 𝑠3], (0.6, 0.5)) be two PULHFSs. It is 

obvious that 𝑝1 is not equal to 𝑝1. While, in this section, it is shown that according to the 



Shakeel et al.’s approach (2020) for comparing PULHFSs, discussed in Section 2, 𝑝1 = 𝑝2. 

Hence, the Shakeel et al.’s approach (2020) for comparing PULHFSs, discussed in Section 2, 

is not valid. 

Step 1:  According to Step 1 of  Shakeel et al’s. approach (2020), discussed in Section 2, 𝑆(�̃�1) = 1+22 × (0.62 − 0.52) = 0.165 and (�̃�2) = 0+32 × (0.62 − 0.52) = 0.165 . 

Step 2: Since 𝑆(𝑝1) = 𝑆(�̃�2), so according to Case (iii) of Step 1 of Shakeel et. al’s approach 

(2020), discussed in Section 2, there is a need to calculate ℎ(𝑝1) and ℎ(𝑝2). ℎ(𝑝1) = 1+22 × (0.62 + 0.52) = 0.915 and  ℎ(𝑝2) = 1+22 × (0.62 + 0.52) = 0.915 . 

Since, ℎ(𝑝1) = ℎ(𝑝2), so according to the Case (iii) of the Step 2 of Shakeel et al.’s approach 

(2020), discussed in Section 2, 𝑝1 = 𝑝2 . While in the actual case 𝑝1 ≠ 𝑝2, hence Shakeel et 

al.’s approach (2020), discussed in Section 2, is not valid. 

4. Invalidity of Shakeel et al.’s PULHFWA operator 

Shakeel et al. (2020) proposed the following PULHFWA operator to aggregate 𝑚 

PULHFSs 𝑝𝑖 = ([𝑠𝜃(𝑝𝑖) , 𝑠𝑡(𝑝𝑖) ] , (𝛼�̃�𝑖 , 𝛽�̃�𝑖)) ; 𝑖 = 1,2, … , 𝑚,  

𝑃𝑈𝐿𝐻𝐹𝑊𝐴(𝑝1, 𝑝2, … , 𝑝𝑚) =
([∑ (𝑠𝑤𝑖𝜃(𝑝𝑖))𝑚𝑖=𝑖 , ∑ (𝑠𝑤𝑖𝑡(𝑝𝑖))𝑚𝑖=1 ] , ⋃ √(1 − ∏ (1 − Ψ�̃�𝑖 2)𝑤𝑖𝑚𝑖=1 )Ψ�̃�𝑖∈𝛼�̃�𝑖 , ⋃ (∏ Υ�̃�𝑖 𝑤𝑖𝑚𝑖=1 )Υ�̃�𝑖∈𝛽�̃�𝑖 )  

where, 0 ≤ 𝑤𝑖 ≤ 1 and ∑ 𝑤𝑖 = 1𝑚𝑖=1 . 

 To show the validity of the proposed PULHFWA operator, Shakeel et al. (2020) 

discussed some necessary properties including monotonicity property which is defined as 

follows:  𝑝𝑖 ≼ 𝑝∗𝑖; 𝑖 = 1,2, … , 𝑚 ⟹ 𝑃𝑈𝐿𝐻𝐹𝑊𝐴(𝑝1, 𝑝2, … , 𝑝𝑚) ≼ 𝑃𝑈𝐿𝐻𝐹𝑊𝐴(𝑝∗1, 𝑝∗2, … , 𝑝∗𝑚) 



In this section, an example is considered to show that the monotonicity property is not 

satisfying for Shakeel et al.’s PULHFWA operator (2020). Hence, Shakeel et al.’s PULHFWA 

operator (2020) is not valid as an averaging operator is said to be valid only if it satisfies 

some properties including the monotonicity property.  

Let  𝑝1 = ([𝑠0, 𝑠6], (0.6,0.2)), 𝑝2 = ([𝑠0, 𝑠6], (0.9,0.2)) and 𝑝3 = ([𝑠6, 𝑠2], (1,0)) be three 

PULHFSs. Also, let = 7 , 𝑤1 = 0.9 and 𝑤2 = 0.1. Then,  𝑆(�̃�1) = 0+62 × (0.62 − 0.22) = 0.96, 

𝑆(�̃�2) = 0+62 × (0.92 − 0.22) = 2.31. 

Since,  𝑆(𝑝1) < 𝑆(�̃�2)  So, according to Shakeel et al.’s approach (2020), discussed in 

Section 2,  𝑝1 ≺ 𝑝2. 

Now as 𝑝1 ≺ 𝑝2 and 𝑝3 = 𝑝3. So, according to the monotonicity property, the relation 𝑃𝑈𝐿𝐻𝐹𝑊𝐴(𝑝1, 𝑝2) ≺ 𝑃𝑈𝐿𝐻𝐹𝑊𝐴(�̃�2, 𝑝3) should be satisfied. 

While, the following clearly indicates that 𝑃𝑈𝐿𝐻𝐹𝑊𝐴(𝑝1, 𝑝3) = 𝑃𝑈𝐿𝐻𝐹𝑊𝐴(�̃�2, 𝑝3). 

Hence, the monotonicity property is not satisfying for Shakeel et al.’s PULHFWA operator 

(2020). 𝑃𝑈𝐿𝐻𝐹𝑊𝐴 (𝑝1, 𝑝3) =([𝑠6×0.1+0×0.1, 𝑠6×0.9+2×0.1], (√(1 − (1 − 0.62)0.9 × (1 − 12)0.1), 0.20.9 × 00.1)) =([𝑠0.6, 𝑠5.6], (1,0))  

and  𝑃𝑈𝐿𝐻𝐹𝑊𝐴 (𝑝2, 𝑝3) =([𝑠6×0.1+0×0.1, 𝑠6×0.9+2×0.1], (√(1 − (1 − 0.92)0.9 × (1 − 12)0.1), 0.20.9 × 00.1)) =([𝑠0.6, 𝑠5.6], (1,0)). 

5. Conclusion 

In this note, it is pointed out that the approaches for comparing PULHFSs and the  



PULHFWA operator, proposed by Shakeel et al. (2020), is not valid. It is pertinent to 

mention that Shakeel et al.’s approach (2020) for solving PULHFSs based MAGDM 

problems is also not valid as the approach for comparing PULHFSs as well as the 

PULHFWA operator, proposed by Shakeel et al. (2020), are used in this approach. To resolve 

the inappropriateness of Shakeel et al.’s work (2020) may be considered as a challenging 

open research problem. 
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