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Abstract

Optical properties, reflectance, absorbance and transmittance spectra, are fully

investigated for the layered structures through the development of theoretical frame-

work. The transverse dielectric function, which characterizes the dynamic charge

screenings, can cover all the intralayer and interlayer atomic interactions under the

electro-magnetic wave perturbation. By the continuous reflection and transmission

scatterings at two surfaces, their analytic formulas are established from the vertical

valence-state transitions and the boundary conditions. They are also suitable for

finite-width bulk materials. Most important, this study is fully combined with the

generalized tight-binding model with all the intrinsic interactions and external field.
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1 Introduction

Layered graphene systems are one of the main-stream materials [1–3], since they possess var-

ious crystal symmetries. The number of layers, stacking configurations and external fields

can create the diverse phenomena [3,4], e.g., the easy modulations about the vertical optical

transitions. There are a lot of theoretical [4–7] and experimental studies [8–12] on few-layer

graphene systems. The main focuses cover the low-frequency absorption structures in the

presence/absence of gate voltage and magnetic field. Specially, the magneto-optical theory

is developed through the generalized tight-binding model based on two sublattices of each

honeycomb crystal. The systematic investigations for the diversified magnetic quantization

have been done for 2D materials [4, 5], such as, the unusual Landau levels and magneto-

optical selection rules. This theoretical framework is useful in fully understanding the

electronic [1, 2], magnetic [5, 8], optical [4–12], transport [13] and Coulomb-excitation [14]

properties under the intrinsic atomic interactions and field perturbations. However, the

Kubo formula is not enough in exploring reflectance and transmittance spectra of thin

films with prominent boundary effects. In this work, an optical scattering model is de-

veloped within the previous framework. The calculated results could be examined by the

high-resolution optical measurements [8–12].

The π-electronic states of sp2-bonding systems [1–3] are responsible for the essen-

tial properties, such as, graphenes [1, 15], carbon nanotubes [16–18], graphene nanorib-

bons [19–21], onions [22,23] and fullerenes [24,25]. Very interesting, such carriers dominate

the dynamic/static screening responses under the significant perturbation of an electro-

magnetic/Coulomb field [4, 14], as clearly revealed in rich absorption spectra of few-layer

graphene systems [8–10]. The inter-π-band transitions, which correspond to the occupied

valence subbands and the unoccupied conduction ones, can absorb photon energies and

thus induce an obvious decline of a propagating EM wave. The close relations between

charges and fields are well characterized by the transverse dielectric function [26]. ǫ (ω ) of
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a multi-/few-layer graphene system will be evaluated under the generalized tight-binding

model [14], being suitable under perpendicular gate voltages and uniform magnetic fields.

In this work, a full optical theory is developed for the 2D layered graphene systems.

Their band structures and wave functions are calculated within the generalized tight-

binding model in the presence/absence of external fields [4, 14]. They are responsible

for the dynamic charge screenings of an electromagnetic field through the evaluated dielec-

tric function at long wavelength limit. The perturbation of an electric dipole moment is

calculated by the gradient approximation [4, 5]. By the direct combination of ǫ (ω ) and

two boundary conditions at the upper and lower surfaces, the whole propagating paths

can be characterized by the optical excitation process inside the multi-layer honeycomb

lattices and the continuous boundary scatterings of incidence, reflection and refraction. As

a result, both reflectance and transmittance are expressed as an analytic formula, covering

the useful information about the crystal symmetries [27] and the main feature of electronic

properties [4, 27, 28].

2 Theories

The featured optical excitations are directly reflected from the main characteristics of elec-

tronic structures. In general, the low-lying electronic energy spectra of layered graphene

systems, with Ec,v ≤ 3 eV [4–7], are well characterized by the extended C-2pz π bondings

on each honeycomb lattice. The first-principles calculations would become too cumber-

some to deal with the other essential properties for thin film beyond the layer number of

one hundred. On the other side, the generalized tight-binding model is suitable for a lot

layers and even in perpendicular electric and magnetic fields [4, 5]. For a NL-layer AB-

stacked graphene, the C-2pz-based Hamiltonian, the 2NL × 2NL Hermitian matrix,, could

3



be expressed as

Hl,m =







































































































































































γ6 if m = l, m = 2I + 1

γ0h if m = l + 1, m = 4I + 2

γ0h
∗ if m = l + 1, m = 4I

γ1 if m = l + 2, m = 4I + 1&4I + 3

γ3h if m = l + 2, m = 4I

γ3h
∗ if m = l + 2, m = 4I + 2

γ4h if m = l + 1, m = 4I + 1;

m = l + 3, m = 4I + 2

γ4h
∗ if m = l + 1, m = 4I + 3;

m = l + 3, m = 4I

γ5/2 if m = l + 4, m = 2I + 1

γ2/2 if m = l + 4, m = 2I

0 otherwise

, (1)

where h = exp(ikxb) + cos(ky
√
3b/2)exp(−ikyb/2). Figure 1(a) clearly the significant atomic

interactions on the same layer [γ0], for the neighboring/next-neighbor layers [γ1, γ3, γ4/γ2,

γ5], and through the distinct chemical environments [γ6] [29]. The similar form is revealed

in AAA, ABC and AAB [29–31], but under the quite different interlayer hopping integrals.

The diverse band structures are easily modulated by the geometry symmetries, covering

the semi-metallic behaviors due to the weak overlaps of valence and conduction subbands

[inset in Fig.1(b)], the enhanced asymmetry of valence hole and conduction electron spec-

tra about the Fermi level, and the obvious energy dipersions with band-edge states {the

critical points or van Hove singularities; [27]}. Apparently, these features strongly affect

the optical excitation responses.

When any condensed-matter system is present in an electromagnetic field, all the charges

very efficiently screen the external perturbations by creating the induced current density.

Their electronic states are vertically excited from the occupied to unoccupied ones under
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the quasiparticle absorption process [32]. That is, a valence electron absorbs one photon

becomes an excited conduction one. The electric dipole is responsible for driving all the

optical transition channel. By the delicate calculations on its inner products, the imaginary-

part dielectric function could be evaluated from the Fermi-golden rule, as expressed in

Im[ǫ(ω)] =
8πe2

NL

∑

h,h′

∫

1stBZ

dk

(2π)2

∣

∣

∣

〈

Ψh′

k

∣

∣

∣

Ê·P

me

∣

∣

∣
Ψh

k

〉
∣

∣

∣

2

ω2
ex(k)

×
[

nF (E
h′

(k))− nF (E
h(k))

]

δ

[ωex(k)− ω]2 − δ2
. (2)

where h (h′) represents the initial (final) state, nF (E(k)) is the Fermi-Dirac distribution

function, and δ (=0.01 eV), the energy width due to various deexcitation mechanisms, is

treated as a free parameter in the calculations. The excitation energy ωex(k) = Eh′

(k) −

Eh(k) arises from the same and different subbands. Furthermore, the real-part one is

further calculated by the Kramers-Kronig relations {the principle-value integrations; [32]}.

Equation (2) covers the joint density of states and the velocity matrix elements, respectively,

dominating the number of excitation channels and scattering amplitudes {optical selection

rules; [4–7]}. The gradient approximation is very convenient and reliable in resolving the

second term, e.g., the successful evaluations on graphite intercalation compounds [33],

carbon nanotubes [34], and few-layer graphenes [4, 5, 35–37]. This linear Kubo formula,

which is directly combined with the generalized model, is successful in exploring the diverse

magneto-optical excitations of 2D layered structures, e.g., the systematic investigations on

magnetic quantization phenomena of layered group-IV and group-V materials [38].

Very interesting, the significant couplings of carrier charges and electromagnetic waves

are rather sensitive to position and time. In general, their dynamic screening and propagat-

ing behaviors are dominated by the Helmholtz equation [32]. The linear energy dispersion

relation in free space would become a non-linear one of ǫ (ω )ω2 = c2k2 in any material.

The real- and imaginary-part dielectric function could lead to the reduce of group velocity

and the decline of spectrum intensity, mainly owing to the imaginary wave vector through

the specific relations k = [ω /c]N(ω ) and N(ω ) =
√

ǫ (ω ) = n(ω ) + iκ(ω ) [32]. n and κ,
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respectively, represent the refractive index and extinction coefficient. The absorption coef-

ficient, α = [κω /c]−1, is very useful in understanding the characteristic decay length under

the efficient photon absorptions of the valence quasiparticles. Apparently, layered graphene

systems provide the effective inter-π-band transitions in the particle-field couplings [Fig.

1(b)], even dominating the continuous scatterings at the upper and lower boundaries. It

should be noticed that such π valence electrons absorb the electromagnetic-field energy

and then release them to heat reservoir by gradually enhancing temperature. The energy

transfer between them is an interesting open issue [39, 40].

An electromagnetic wave with EI = EI exp[i(
ω
c
z−ω t)] x̂ and BI = EI exp[i(

ω
c
z−ω t)] ŷ

in a free space [a dielectric constant of ǫ0] is assumed to be normally incident on the upper

surface a finite-width sample, as clearly illustrated in Fig. 2. Electric and magnetic fields

behave as

ER,j = ER,j exp[i(−ω
c
z − ω t)] x̂ &

BR,j = −ER,j exp[i(−ω
c
z − ω t)] ŷ for z < 0,

Ej = Ej exp{i[(−1)j−1 ω
c
Nz − ω t]} x̂ &

Bj = (−1)j−1Ej exp{i[(−1)j−1 ω
c
Nz − ω t]} ŷ for 0 < z < d,

ET,j = ET,j exp[i(
ω
c
z − ω t)] x̂ &

BT,j = ET,j exp[i(
ω
c
z − ω t)] ŷ for z > d.

(3)

Its propagation experiences the first incidence, reflection and transmission, indicating the

significant coupling of fields and charges. Obviously, this scattering event is mainly de-

termined by two independent boundary conditions, namely, the continuities of tangential
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electric and magnetic fields

EI +
∑m+1

j ER,j =
∑2m

j Ej &

EI −
∑m+1

j ER,j = N
∑2m

j (−1)j−1Ej at z = 0,

∑2m
j Ej exp[(−1)j−1iω

c
Nd ] = exp[iω

c
d ]

∑m

j ET,j &

N
∑2m

j (−1)j−1Ej exp[(−1)j−1iω
c
Nd ] = exp[iω

c
d ]

∑m

j ET,j at z = d.

(4)

The transmitted wave will propagate along the z-direction, but with the declines intensity

by the Landau damping of the inter-π-band excitations [32]. After reaching the opposite

surface, the similar scattering behavior come to exist there. Part of wave can penetrate

into the outside environment and then make certain contribution to the transmitted field.

The others are directly reflected and continue their interactions with the whole valence

charges. With the next scattering at the initial surface, the second contribution to the

reflected field is achieved through the same boundary conditions. A series of reflections

and transmissions, which, respectively, occur at the upper and lower surfaces, could be

analytically calculated and expressed as
∑m+1

j ER,j

EI

=
[1−N2(ω)][1− ei2N(ω)ω

c
d]

[1 +N(ω)]2 − [1−N(ω)]2ei2N(ω)ω
c
d
, (5)

&
∑m

j ET,j

EI

=
4N(ω)e−i[1−N(ω)]ω

c
d

[1 +N(ω)]2 − [1−N(ω)]2ei2N(ω)ω
c
d

(6)

The total electric fields of the reflected [Eq. (5)] and transmitted [Eq. (6)] electromagnetic

waves are very sensitive to the dielectric function and sample width [d]. Their squares

are the frequency-dependent reflectance and transmittance spectra [R(ω) and T (ω)], being

directly examined by the optical measurements [8–12].

3 Results

The quantum-confinement effects of optical excitations are clearly shown in layered graphene

systems with AB stackings. Reflectance and transmittance, being indicated in Figs. 3(a)
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and 3(b), respectively, present the strong frequency- and layer-dependences. Very interest-

ing, the π-electronic excitations have created the prominent vertical transitions at the low

and middle frequency ranges. That is, two and three prominent absorption structures come

to exist at ∼ 0.10− 0.81 eV and ∼ 4.7− 5.6 eV, respectively. The former and the latter

mainly arise from the initial and saddle-point π-electronic states near the K and M valleys,

directly reflecting the main features of electronic energy spectra and wave functions {Fig.

1(b); [4]}. Furthermore, their van Hove singularities are strengthened and widened by the

greatly enhanced interlayer van der Waals interactions [4]. There exist two strong peaks in

valence/conduction density of states [not shown], or four obvious ones in the joint density

of states during the vertical optical transitions. However, two/one transition channels are

forbidden in the low-/middle-frequency electric-dipole excitations. This is responsible for

the whole π-electronic optical excitations. It should be noticed that the dielectric functions

become hardly independent of the sufficiently high layer numbers, e.g., those of NL ≥ 50

[Figs. 4(a) and 4(b)]. They account for the significant couplings between charges and waves

and thus determine the diverse absorption, reflectance and transmittance behaviors.

The rich and unique optical properties deserve a closer examination, especially for co-

operation or competition between π-electronic excitations and finite-width quantum con-

finement. Both R(ω ) and T (ω ) present the non-monotonous frequency dependences in

the large-fluctuation forms. Such behaviors mainly come from the strong response func-

tions under the prominent structures [the pronounced joint van Hove singularities]. As

for the layer number of graphene systems, it provides more information about the decline

of a propagating wave and its couplings with charges. Transmittance exhibits an obvious

reduce in the increment of NL. It is almost vanishing within the whole frequency range,

while layer number is beyond 1000. Such results suggest a sufficiently high absorption

coefficient [the observable imaginary part of dielectric functions]. On the other hand, re-

flectance might present the irregular/regular NL-dependence at ω > 0.2 eV/others. The

unusual phenomena of R(ω ) should be closely related to the magnitude of the dielectric
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function. For example, ǫ (ω ) is about >100 and <10 at low and middle frequencies, re-

spectively. Under the latter case, more optical scatterings would appear at two boundaries,

being supported by the slow energy dissipation of the propagating electromagnetic waves.

This might lead to the comparable R(ω )s among the different layer numbers or the absence

of the monotonic thickness dependence.

The current work clearly illustrates that charge screening abilities and boundary con-

ditions play the critical roles in the rich and unique optical properties. Both mechanisms

are very sensitive to the finite-size quantum effects. In general, any measured sample has

a layered or non-planar structure, e.g., a sp2 graphene or a sp3 diamond with the upper

and lower boundaries [Fig. 2]. Electronic properties and dielectric functions of the former

are discussed in Eqs. (1) and (2). They could be calculated in the presence of perpendic-

ular electric and magnetic fields, since the sublattice-based superposition is utilized in the

generalized tight-binding model.

Also, the rich intrinsic interactions, which arise from the stacking symmetries [4], the

multi-orbital hybridizations [38] and spin-orbital couplings [38], are included in the vari-

ous Hamiltonians. Reflectance and transmittance spectra of few-layer graphene systems

are thus expected to exhibit the diverse magnetic quantization phenomena under the vari-

ous stacking configurations [38]. But when a bulk system gradually reduces its thickness,

electronic energy spectra and wave functions will display a dramatic transform and thus dy-

namic charge responses. The width-created drastic changes of essential properties become

an extra challenge. Such issue is worthy of the systematic investigations. Apparently, the

current optical scatterings of layered materials has been covered in the theoretical devel-

opment of quasiparticle framework [14]. That is, electronic, magnetic, optical, Coulomb-

excitation and transport properties could be explored simultaneously from the modified

and unified phenomenological models.
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4 Conclusions

Optical scatterings are fully explored for layered materials under the theoretical framework

of quasiparticles [14], being suitable for the rich and unique intrinsic interactions and the

external fields. The fundamental properties are unified together and could be understood

simultaneously. Specifically, layered graphene systems, with AB stackings, clearly show the

unusual reflectance and transmittance spectra through the quantum-size effects. The strong

frequency and thickness dependences illustrate the prominent π-electronic excitations and

their significant couplings with electromagnetic waves.
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Figure captions

Figure 1. A NL = 5 AB-stacked graphene: (a) geometry with the significant atomic

interactions and (b) 2D band structure, the inset shows the detail results.

Figure 2. Optical scatterings inside a finite-width sample.

Figure 3. (a) reflectance and (b) transmittance spectra for AB-stacked layered graphene

systems with distinct layer numbers.

Figure 4. (a) The imaginary- and (b) real-part dielectric functions of AB-stacked graphene

systems with layer numbers of 50 and 100.
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Figures

Figure 1

A NL = 5 AB-stacked graphene: (a) geometry with the signi cant atomic interactions and (b) 2D band
structure, the inset shows the detail results.



Figure 2

Optical scatterings inside a width sample.



Figure 3

(a)re�ectance and (b) transmittance spectra for AB-stacked layered graphene systems with distinct layer
numbers.



Figure 4

(a) The imaginary- and (b) real-part dielectric functions of AB-stacked graphene systems with layer
numbers of 50 and 100.


