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Abstract: Discovering new topological phases of matter is a major theme in fundamental 

physics and materials science1,2. Dirac semimetal features isolated fourfold linear band 

crossings, i.e., Dirac points, and provides an exceptional platform for exploring topological 

phase transitions under symmetry breaking3. Recent theoretical studies4,5 have revealed that 

a three-dimensional Dirac semimetal can harbor fascinating hinge states, a high-order (HO) 

topological manifestation not known before. However, realization of such a HO Dirac phase 

in experiment is yet to be achieved, not to mention the fascinating hinge states, although 

candidate solid-state materials have been suggested5. Here we propose a minimum model to 

construct a spinless HO Dirac semimetal protected by  symmetry. By breaking different 

symmetries, this parent phase transitions into a variety of novel topological phases including 

HO topological insulator, HO Weyl semimetal, and HO nodal-ring semimetal. Furthermore, 

for the first time, we experimentally realize this unprecedented HO topological phase in a 

sonic crystal and unambiguously present the smoking-gun observation of the desired hinge 

states via momentun-space spectroscopy and real-space visualization. Our findings may 

offer new opportunities to manipulate classical waves such as sound and light. 
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Topological phases of matter have been one of the most active research fields since the discovery 

of topological insulators (TI)1-3. One fundamental feature of such fascinating phases is the bulk 

implication of protected boundary modes, dubbed bulk-boundary correspondence. Recently, 

tremendous efforts have been devoted to predicting higher-order (HO) topological phases that 

admit unconventional bulk-boundary correspondence4-11. Unlike the conventional (first-order) 

topological phases that feature gapless modes at boundaries of one dimension lower, i.e., 

co-dimension 1, the hallmark of HO topological phases is the existence of gapless modes at 

boundaries of co-dimension 1, e.g., corner modes of a two-dimensional (2D) system and 

hinge modes of a three-dimensional (3D) system. In understanding such HO topological phases 

and their topological responses, spatial symmetries often play a critical role, in addition to 

time-reversal and/or particle-hole symmetries. 

 

Nontrivial HO topology has been predicted not only in gapped insulators6-11 but also in gapless 

semimetals4,5,12-15. These new HO members greatly enrich the already diverse spectrum of 

topological phases of matter. Interestingly for a HO Dirac semimetal, its gapped 2D slices may be 

classified into two HO topologically distinct insulators, for which the transition occurs exactly at 

the Dirac points4,5. Similar topological transitions also emerge in HO Weyl semimetals12-15. Such 

features lead to the presence of fascinating one-dimensional (1D) hinge modes connecting the 

projected Dirac or Weyl nodes, a robust manifestation of the HO bulk-hinge correspondence. This 

hallmark is markedly different from the surface Fermi arcs previously observed in conventional 

topological semimetals3,16-19. 

 

To date there have been extensive studies of various HO topological phases in condensed matter 

and materials physics4-15,20-26, ranging from solid-state materials to ultra-cold atoms, from 

photonics to acoustics, etc. In particular, the artificial crystals for classical waves have been 

demonstrated to be exceptional platforms for exploring those otherwise elusive topological phases, 

benefiting from their macroscopically more controllable structures and less demanding 

measurements27,28. A variety of HO TIs have been ingeniously realized in such classical systems 
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soon after their theoretical predictions20,21,23-26. However, little experimental progress has been 

made toward the HO topological nodal phases, despite that a family of solid-state materials has 

been suggested to realize a spin-orbit-coupled Dirac semimetal phase5. In this work, we 

theoretically propose a simple scheme to construct a spinless HO Dirac semimetal, as a parent 

phase for a novel family of HO topological phases including TI, Weyl semimetal, and nodal-ring 

semimetal, experimentally realize it in a 3D Dirac sonic crystal, and unambiguously present the 

first smoking-gun observation of its fascinating hinge modes. 
 

 

Fig. 1 | Tight-binding model for constructing 3D HO topological phases. a, 3D tight-binding 

model. The six orbitals in each unit cell form two different sublattices (colored spheres).  is the 

intra-cell coupling, and  and  are the in-plane and out-of-plane inter-cell couplings. b, 

Reduced topological phase diagram for the 2D monolayer system. The trivial and HO TI phases 

have different topological indices M , K  and Wannier centers (black circles) for the 

lower three bands. The blue circles sketch three possible evolution scenarios of the  slices 

when  varies from  to . c, Multiple 3D HO topological phases realized by our model, 

including TI and Dirac, Weyl, and nodal-ring (NR) semimetals. The colored points (rings) label 

the HO Dirac or Weyl points (NRs) that come in pairs. d, Bulk band structure for a set of 

couplings that features HO Dirac points. The bands are labeled by the  irreducible 
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representations at high-symmetry momenta and the  parities along the ΓA line. e, Topological 

indices M , K  plotted as a function of . f, Hinge-projected spectrum calculated for 

an infinitely long hexagonal prism. It features zero-energy hinge modes (red lines) connecting the 

projected Dirac points. Inset: Typical in-plane eigenfields of the hinge modes. 

 

We first present in Fig. 1a a minimal tight-binding model for our designed 3D system that can 

exhibit multiple HO topological phases. Each unit cell includes six spinless orbitals with intra-cell 

couplings , inter-cell couplings , , and vanishing onsite energies. The in-plane and 

out-of-plane lattice constants are  and , respectively. Each monolayer forms a triangular 

latttice, i.e., a √3 √3 superstructure of an original hexagonal latttice, and can be modeled by a 

Hamiltonian .  is a constant matrix with its nontrivial entries representing 

the nearest-neighbour couplings within the same unit cell. || cos ||sin ||  corresponds to couplings between the neighbouring unit cells, where || is the 

in-plane Bloch wavevector, ,  are the Pauli matrices coupling the two sublattices, and  are 

the 2D primitive lattice vectors , 0  and , , √ . In additon to the  and 

time-reversal symmetries,  enjoys a chiral symmetry since the six orbitals lie in two 

decoupled sublattices. Recently, it has been demonstrated23,29 that the nontrivial HO topology of 

such a 2D insulator with  symmetry can be characterized by two topological invariants M , K . Specifically, the index M  (or K ) is a measure of the difference in  (or ) 

representation for the valence-band states at the high-symmetry momenta Γ and M (or K). 

Figure 1b shows a reduced phase diagram for our monolayer model29. Whereas the the  

symmetry operator commutes with the chiral symmetry operator yeilding a trivial -invariant K 023, the  symmetry relates the two different sublattices and can give rise to nontrivial 

HO band topology. For 0 / 1, the -invariant M 2, where  denote the signs 

of . In sharp contrast to the trivial phase (i.e., M 0 for / 1  ) with Wannier centers 

at the unit cell center, the nontrivial phase with Wannier centers at the sides of the unit cell 

exhibits zero-energy corner modes in a finite-sized sample (see Supplementary Information). In 



 5 / 14 

 

particular, at the phase boundary / 1, the bulk gap closes and the 2D system features a 

fourfold degenerate Dirac point at the Γ point, as an accidental degeneracy between two 

inequivalent 2D irreducible  representations; the two double degeneracies at the K and K  

points of the original hexagonal lattice are folded into the Γ point of its √3 √3 triangular 

superlattice. 

 

Our 3D system can also be modeled by the Hamiltonian  if  is replaced by 2 cos . As  varies from  to , the relative intra-cell to inter-cell coupling /  

experiences a circle of radius |2 / | around the origin ( / , 0 , as illustrated in Fig. 1b. 

When the origin is in the nontrivial phase side and the radius is sufficiently small, e.g., the HO TI 

monolayers are barely coupled, any  slice realizes the 2D HO TI phase, and the stacked 

system is a 3D HO TI (with perfectly flat zero-energy hinge states due to the chiral symmetry). 

On the contrary, the stacked system is topologically trivial when the origin is in the trivial phase 

side and the radius is sufficiently small. Intriguingly, when the circle traverses the phase boundary, 

one time-reversal pair of Dirac points emerge in the rotational axis. To examplify this Dirac 

semimetal phase, we consider the case with 1 and 0.25. Figure 1d plots the 

bulk band structure that features one Dirac point at  in the high-symmetry line ΓA. (The 

other Dirac point is at .) As shown in Fig. 1e, the -invariant is nontrivial ( M 2) 

for the momentum range | | | |, while the -invaraint K  vanishes everywhere. The 

nontrivial topological invariants 2, 0  for | | | | implies the existance of hinge 

states connecting the hinge projections of the two Dirac points, since all the  slices within | | | | host corner modes. This is further confirmed by the hinge spectrum of an infinitely 

long hexagonal prism in Fig. 1f, where there exist six symmetric 1D hinge states at exactly zero 

energy (because of the chiral symmetry). Clearly, the derived Dirac semimetal, sharply different 

from the conventional Dirac semimetals, has a HO nature. 

 

Remarkably, the HO Dirac points are protected by the  symmetry. In Fig. 1d, the Dirac point 

is an accidental crossing point in the ΓA line between two pairs of bands that have opposite  
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parities, and each pair itself forms a 2D irreducible representation of the  point group. When 

the  symmetry is broken, the Dirac point evloves into a zero-energy nodal ring (NR) in the 

intact mirror plane. When both the  and mirror symmetries are broken, the Dirac point splits 

into two Weyl points in the ΓA line. We stress that all these 3D HO topological phases 

summarized in Fig. 1c are unprecedented. Evidently, the symmetry protections of the HO bulk 

nodes are sharply different from their conventional (first-order) counterparts. At boundary, while 

gapless surface states only exist for the HO Weyl and NR semimetals, characteristic hinge states 

do exist for all the four HO topological phases due to the presence of the nontrivial -invariant. 

Hereafter, we will focus on the HO Dirac semimetal, since it is a parent phase for all the other HO 

topological phases listed in Fig. 1c (see Supplementary Information). 

 

We further emulate our 3D tight-binding model in an acoustic system, in which cavity resonantors 

and narrow tubes are used respectively to mimic orbitals and couplings24,25. In addition to 

identifying the bulk Dirac points, we confirm the HO nature by obtaining the -resolved M  

index and the flat hinge states at the resonant frequency (see Supplementary Information). 

Importantly, the HO Dirac points can be realized in any (more general) acoustic structure that 

features the same space group and topological invariants, as shown numerically and 

experimentlaly in a sonic crystal below. Comparing with the cavity-tube system, this design 

relaxes the chiral symmetry, which is inessential for protecting the hinge states, and possesses 

unique merits, such as broad bulk bands and dispersive hinge states (due to the absence of 

resonance) and convenient experimental detections (due to the improved structural porosity and 

connectivity). 
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Fig. 2 | Acoustic realization of the HO (type-II) Dirac points. a, In-plane geometry and 

strcuture of our 3D Dirac sonic crystal. b, Bulk band structure along high-symmetry directions. At 

the high-symmetry points, the lowest three bands are characterized by the same irreducible 

representations to the lowest three bands in Fig. 1d, with a nontrivial M  index for | |  

(inset). c, Hinge-projected spectrum. Inset: Pressure amplitude distribution of the hinge states of 

14.86 kHz simulated in a small-size system. 

 

Figure 2a displays the structure of our layered Dirac sonic crystal. The in-plane and out-of-plane 

lattice constants are 27.7  mm and 9.6  mm, respectively. Each layer is formed by a 

hard plate (of thickness 4.8  mm) perforated with a triangle lattice of hexgonal holes (of 

sidelength 10.7  mm). The layers are connected by hexgonal pillars of sidelength 5.3  mm. The whole plate-pillar structure (colored in Fig. 2a) is assumed to be acoustically rigid, 

and we consider the airborne sound in the remaining space. Our full-wave simulations are 

performed by using COMSOL Multiphysics (see Methods). Figure 2b plots the bulk band 

structure along high-symmetry lines. Clearly, there exists a fourfold degenerate Dirac point at 

frequency ~13.7 kHz and ~0.4 /  along the ΓA line. Note that the Dirac cone, dubbed 

type-II3,30,31, is strongly tilted since the chiral symmetry is not present. After inspecting the 

eigenfields of the lowest three bands at the high-symmetry points, we find that the acoustic 

system features the same irreducible representations to those of the tight-binding model in Fig. 1d. 

As such, the -invariant M  is nontrivial for the momentum range | |  (see the inset of 

Fig. 2b), which is suggestive of a hinge state connecting the time-reversal pair of projected Dirac 
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points through | | . This is indeed confirmed by the hinge spectrum simulated for a 

finite-sized sample, as shown in Fig. 2c. Moreover, the inset of Fig. 2c shows the strong hinge 

localization of the hinge states. Note that the absence of chiral symmetry enables broadband hinge 

states that can be easily frequency-resolved in our airborne sound experiments below. 

 

 
Fig. 3 | Experimental observation of the HO Dirac points and 1D hinge states. a, Side and top 

views of our experimental sample. b, Schematics of our bulk and hinge measurements. The blue 

dotted line indicates the scanning path in each case. c, Bulk spectrum (color scale) excited by a 

sound source inserted into the middle of the sample interior. The white dashed lines sketch the 

boundaries of the projected bulk bands extracted from Fig. 2c. d, Hinge spectrum (color scale) 

excited by a sound source placed in the middle of the sample hinge, which reproduces well the 

simulated hinge states (red line) in Fig. 2c. e, Pressure amplitude distributions scanned in four 

equidistant planes of the sample, exemplified at 14.3 kHz and 12.0 kHz. The red star labels the 

position of the sound source. 

 

Finally, we perform airborne sound experiments to conclusively identify the Dirac points and 

hinge states, the two defining signatures of the HO Dirac sonic crystal. Figure 3a shows our 
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experimental sample, fabricated precisely via 3D printing with photosensitive resin. It consists of 

49 unit cells in the -  plane and 40 layers along the  direction. Acrylic plates are closely 

pasted on the six side surfaces to mimic the hard boundary condition implemented in the 

simulation. We first measure the bulk bands of our Dirac sonic crystal. As illustrated in the left 

panel of Fig. 3b, we insert a point-like sound source into the middle of the sample from its top 

facet and scan the pressure distribution along a vertical hole adjacent to the sound source. Figure 

3c presents the 1D Fourier transform of the measured data, with red and black indicating strong 

and weak amplitudes, respectively. The observed bulk spectrum captures the full-wave simulated 

boundaries of the projected bulk bands in Fig. 2c and exhibits the expected band touching around 

each predicted Dirac point.  

 

Next, we measure the 1D hinge spectrum. We position the sound source in the middle of one 

hinge and scan the pressure distribution along the hinge (see Method), as illustrated in the right 

panel of Fig. 3b. Exhibiting as the brightest signals in Fig. 3d, the dispersive hinge states emanate 

from the two projected Dirac points and match well with the full-wave simulation in Fig. 2c. 

Essentially, the presence of protected 1D hinge states instead of 2D surface states is the HO 

manifestation of our Dirac sonic crystal, which is markedly different from the conventional 

(first-order) Dirac semimetals with surface arc states3,16,17. In addition to the spectroscopy 

measurement, we also scan the pressure field pattern over the entire sample with the same hinge 

excitation. Figure 3e shows the pressure amplitude profiles in four equidistant planes of the 

sample at two typical frequencies. As expected, at 14.3 kHz a strong localization of the pressure 

field is observed around the sample hinge where the sound source is positioned. This forms a 

sharp contrast to the weak field distribution displayed at 12.0 kHz, a frequency away from the 

hinge states. Such extremely localized HO hinge modes are anticipated to have potential 

applications, such as acoustic sensing and energy trapping. 

 

In conclusion, we have proposed a series of unprecedented 3D HO topological phases with a 

simple scheme, in which the parent phase possesses  symmetry-protected Dirac points and 
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hinge states. In particular, we have successfully fabricated a HO Dirac sonic crystal and 

unambiguously identified the smoking-gun signatures, i.e., the Dirac points and hinge states, by 

performing full-wave simulations and airborne sound experiments. The design of our sonic crystal 

enables us to observe not only the hinge states in frequency-resolved spectroscopy but also their 

spatial localization in pressure-field distributions. Not only is this HO Dirac sonic crystal sharply 

different from the conventional solid-state Dirac semimetals that are characterized by surface 

Fermi arcs3,16,17, but it is also markedly different from the recently achieved non-symmorphic 

Dirac sonic crystals that feature symmetry-enforced Dirac points and quad-helicoid surface 

arcs32,33. Last but not at least, our scheme for achieving spinless 3D HO topological phases can be 

readily generalized to other classical wave systems such as photonic crystals with similar space 

groups. 

 

Methods 

Numerical simulations. All full-wave simulations were performed by using a commercial solver 

package (COMSOL Multiphysics). The photosensitive resin material used for fabricating samples 

was modeled as acoustically rigid in the airborne sound environment, given the extremely 

mismatched acoustic impedance between resin and air. The air density 1.29 kg/m3 and the sound 

speed 343 m/s were used to solve the eigen-problems in Figs. 2b and 2c. Specifically, the bulk 

band structure in Fig. 2b was obtained by imposing Bloch boundary condition along all directions. 

The hinge spectrum in Fig. 2c was simulated for an infinitely long hexagonal prism, i.e., with 

rigid boundary condition for its side surfaces and Bloch boundary condition along the z direction. 

 

Experimental measurements. Our experimental sample (Fig. 3a), which has the geometry of a 

regular hexagonal prism, was fabricated via the 3D printing technique with a nominal fabrication 

error ~0.2 mm. To detect the bulk information, a broadband point-like sound source, launched 

from a subwavelength-sized tube, was directly inserted into the middle of the sample from its top 

facet, and a 1/4 inch microphone (B&K Type 4187) was used to scan the pressure information 

through a vertical hole adjacent to the middle one (see the left panel in Fig. 3b), with a spatial step 
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of 9.6  mm. Both the amplitude and phase information of the input and output signals was 

recorded and frequency-resolved with a multi-analyzer system (B&K Type 3560B). The bulk 

spectrum in Fig. 3c was obtained by performing 1D Fourier transform of the measured data. 

Special treatment was implemented to detect the hinge modes that are strongly localized at the 

hinges (see the inset of Fig. 2c). Specifically, the cover plate was perforated with 40 equidistant 

side holes (of radius 0.4 mm) in the vicinity of a sample hinge. The point source was fixed in the 

middle side hole, and the microphone was inserted into the side holes and moved to scan the 

pressure information along the hinge (see the right panel in Fig. 3b). The side holes not in use 

were sealed during measurements. The hinge spectrum in Fig. 3d was obtained by performing 1D 

Fourier transform of the measured data. To demonstrate the field distributions in Fig. 3e, 

additional data measured from other vertical holes were supplemented. 
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Figures

Figure 1

Tight-binding model for constructing 3D HO topological phases. (see manuscript �le for full caption)

Figure 2

Acoustic realization of the HO (type-II) Dirac points. (see manuscript �le for full caption)



Figure 3

Experimental observation of the HO Dirac points and 1D hinge states.(see manuscript �le for full caption)
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