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Abstract

Among different interferometric fiber optic sensors a Relative Humidity
sensor based on a singlemode-no-core-singlemode tapered fiber structure
is proposed. The mathematical model of the interferometer structure
is developed, simulated and validated as a refractive index sensor. Dif-
ferent materials for coating the No-core fiber section are analyzed for
better Relative Humidity sensitivity. Agarose, Porous Silica and SiO2

nanoparticles were selected as coating materials for Pure Silica and d-
PMMA fibers. The d-PMMA fiber with Agarose coating presents the
highest average sensitivity of 533.46pm/RH% in the 0-60% RH range,
when the tapered section has zero length. Furthermore, variations in
the dimensions of the structure are explored showing that we can tune
the sensitivity according to the tapered length and radius. An exten-
sion of the tapered section up to 4000µm gives an improvement of
227% in the average sensitivity. Moreover, a reduction of the tapered
radius from 15µm to 1.5µm gives an rise in the sensitivity of 295%.
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1 Introduction

There is a wide range of applications for Relative Humidity (RH) sensors, such
as production and monitoring of food and drug quality, weather forecasting, air
conditioning systems among other applications (Schirmer et al, 2011). Nowa-
days electronic RH sensors are widely used but these sensors present losses and
imprecision. Electronics RH sensors are also subject to electromagnetic inter-
ference. Fiber optical RH sensors offer several advantages such as immunity to
electromagnetic interference, better precision, they are corrosive resistant etc
(Lee and Lee, 2005).

Currently, interferometric humidity sensors have been developed, such as
Fabry-Perot sensors (Vaz et al, 2019), Mach-Zehnder sensors (Li et al, 2010),
Fiber Bragg Grating (FBG) sensors (Han et al, 2019) and a combination of
Fabry-Perot and FBG methods (Yu et al, 2021). An interferometric sensor typ-
ically uses the interference among different propagation modes (Wang et al,
2008; Li et al, 2019). The interference can be either constructive or destruc-
tive, resulting in transmission peaks or dips over a wavelength range (Wu
et al, 2020). Tapered optical fibers sensors based on multimode interference
(Korposh et al, 2019) were used in different applications such as tempera-
ture sensing (Yadav et al, 2014), magnetic field sensing (Ma et al, 2018), gas
detection (Singh and Ogita, 2003) and relative humidity sensing (Wang et al,
2011; Morais Jr. and Giraldi, 2019). Different taper profiles have been studied
such as conical or linear, parabolic and exponential (Singh and Ogita, 2003;
Vikas and Verma, 2018). The tapered structure can also be applied in square
waveguides (Morais Jr. and Giraldi, 2019; Miao et al, 2014, 2016).

In this work a model for a linear tapered humidity sensor was developed
based on the model by Miao et al (2016) and its sensitivity analyzed consid-
ering the taper material, coating layer and geometric parameters. Section 2
presents the theory and the mathematical model of the structure. The model is
validated with a refractive index sensor (Wang et al, 2011). In Section 3 we dis-
cuss two materials options for the fiber (Pure Silica and d-PMMA) and three
for the coating (SiO2, Porous Silica and Agarose). Afterwards, the results of
simulations for each material are discussed. Subsequently an analysis of the
sensor constructive dimensions shows which may give better performance. The
conclusions are presented in Section 4.

2 Principle

The sensor structure is composed by a no-core optical fiber with a tapered
section, as shown in Fig. 1. The origin point of the z-axis is in the interface
between SMF and no-core fiber. The no-core tapered fiber has a maximum
radius of a and a minimum radius of b. It is also coated with different materi-
als for better performance. The light beam propagates through a Singlemode
Fiber (SMF) until it encounters the no-core Multimode Fiber (MMF) and
the coupling between the SMF and the no-core MMF produces a multi mode
excitation of the propagating wave. Each mode travels the tapered structure
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with a different propagation constant and it produces an internal interference.
To analyze the intermodal interference first we need to discuss the coupling
between the singlemode and the multimode fibers (SMF-MMF coupling) in
section 2.1.

Fig. 1 Sensor’s structure composed by SMF - no-core - SMF.

2.1 SMF-MMF coupling

The electrical field profile propagating in the SMF can be approximated by a
Gaussian beam, as

Es(r) = e−(r/ϖ)2e−jβz (1)

ϖ =
a0√
ln2

(0.65 + 1.619V −1.5 + 2.879V −6) (2)

where, ϖ is the fiber spot size, β the propagation constant, a0 the radius of
the SMF core and V the normalized frequency. The field profile in the MMF
is given by:

E(r, θ, z) =

M
∑

µ=−M

N
∑

ν=−M

ψν,µ(r, θ, z) (3)

ψν,µ(r, θ, z) =

{

cν,µJν,µ
(

uν,µ
r
a

)

cos(µθ)e−jβν,µz, r ≤ a

dν,µKν,µ

(

wν,µ
r
a

)

cos(µθ)e−jβν,µz, r > a
(4)

where, cν,µ and dν,µ are the excitation coefficients between the νth and the
µth modes, u and w are the normalized transverse propagation constant inside
the core and cladding, Jν,µ is the Bessel function and Kν,µ is the modified
Bessel function of the second kind respectively. Taking into account only the
radial modes ν at the interface z = 0 the electrical field of MMF becomes
(Mohammed et al, 2004):
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Eν(r, 0, 0) =

{

∑N
ν=1 cν,0J0

(

uν,0
r
a

)

, r ≤ a
∑N

ν=1 dν,0K0

(

wν,0
r
a

)

, r a
(5)

uν =

(

2ν − 1

2

)

π

2
(6)

wν =

√

V 2 −
[(

2ν − 1

2

)

π

2

]2

(7)

where, J0 is 0th-order Bessel function and K0 is the 0th-order modified Bessel
function of the second kind. The overlap integral between these two fields (at
the output of the SMF and at the input of the MMF) gives us the coupling
coefficient, Eq. (8). This represents how the power from the SMF distributes
among the modes into the MMF.

ην =

∥

∥

∫

∞

0
Es(r)Eν(r)dr

∥

∥

2

∫

∞

0
∥Es(r)∥2 rdr

∫

∞

0
∥Eν(r)∥2 rdr

(8)

The field excitation coefficient is the square root of the power coupling
coefficient. Solving the overlap integral we have Eq. (9) (Mohammed et al,
2004).
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√
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√
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J2

0((2ν− 1

2 )
π
2 )

(9)
where, J1 is 1st-order Bessel function and K1 is the 1st-order modified Bessel
function of the second kind.

2.2 Interference condition

The propagating field is composed by a confined and an evanescent fraction.
We can approximate it with a propagating fraction limited by an effective
radius aeff . The effective radius is determined by the penetration depth into
the external medium. Each mode that propagates in the MMF has its own
propagation constant that can be approximated by (Morais Jr. and Giraldi,
2019):

βν ≈ k0n0 −
λπ

(

2ν − 1
2

)2

16n0a
2
eff

(10)

Where, k0, n0 and λ are the free space wavenumber, the multimode fiber refrac-
tive index and the wavelength, respectively. The effective radius aeff depends
on the z coordinate since our structure has a tapered section. Moreover aeff
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depends on the external medium refractive index, that changes the penetration
depth as shown in Eq. (11) (Kapany and Burkle, 1972).

aeff = a(z) +
λ0

2π

(

next

n0

)2σ
1

√

n2
0 − n2ext

(11)

Where, next is the external medium refractive index, σ is zero for TE modes
and 1 for TM modes. The destructive interference condition tells us that the
phase difference between two waves must be an odd multiple of π. Thus mode
u will cause destructive interference with mode ν when Eq. (12) is satisfied
(Miao et al, 2016).

ϕu − ϕν = (2p+ 1)π, p ∈ N (12)

We can divide the sensor structure in 5 sections, as depicted on Fig. 1, and
calculate the phase change in each section. The fiber radius in each section is
given by Eq. (13)

a(z) =































a, 0 < z < z1
b−a
L2

(z − z1) + a, z1 < z < z2

b, z2 < z < z3
a−b
L4

(z − z3) + b, z3 < z < z4

a, z4 < z < z5

(13)

The phase shift is the integral of the propagation constant. Then the phase
shift will be the sum of the integrals of the propagation constant in each section.

ϕ =
∫ z1
0
β1(z)dz +

∫ z2
z1
β2(z)dz +

∫ z3
z2
β3(z)dz +

∫ z4
z3
β4(z)dz +

∫ z5
z4
β5(z)dz

(14)
In the section with constant radius the propagation constant becomes con-

stant and the integral is the product between the length and the propagation
constant. In the sections 2 and 4 we have:

∫ z2

z1

β2(z)dz = k0n0L2 −
λπ

(

2ν − 1
2

)2

16n0

∫ z2

z1

1

a2eff
dz (15)

∫ z4

z3

β4(z)dz = k0n0L4 −
λπ

(

2ν − 1
2

)2

16n0

∫ z4

z3

1

a2eff
dz (16)

Solving Eq. (15) and Eq. (16) we have the phase change in the tapered
section.

∫ z2

z1

β2(z)dz = k0n0L2 −
λπ

(

2ν − 1
2

)2

16n0

L2

a2eff + aeffq2L2
(17)

∫ z4

z3

β4(z)dz = k0n0L4 −
λπ

(

2ν − 1
2

)2

16n0

L4

b2eff + beffq4L4
(18)
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Where q2 = b−a
L2

and q4 = a−b
L4

represent the taper inclination in each section.
aeff and beff are the effective radius with radius equals to a and b respectively.
Substituting the phase change into Eq. (12):

ϕu − ϕν =

[

λπ(2ν− 1

2 )
2

16n0

− λπ(2u− 1

2 )
2

16n0

]

[

L1+L5

a2

eff

+ L3

b2
eff

+ L2

a2

eff
+aeffq2L2

+ L4

a2

eff
+aeffq4L4

]

(19)
Now we can solve Eq. (19) for the wavelength and obtain Eq. (20). From

this equation we can achieve the wavelength shift with respect to an external
refractive index change.

λ =
16n0(2p+ 1)

[

(

2ν − 1
2

)2 −
(

2u− 1
2

)2
] [

L1+L5

a2

eff

+ L3

b2
eff

+ L2

a2

eff
+aeffq2L2

+ L4

a2

eff
+aeffq4L4

]

(20)

3 Results

3.1 Model validation

This model was validated with experimental data of a refractive index sensor
found in Wang et al (2011). This sensor has a total length of 40mm, L3 =
150µm, 2a = 125µm, 2b = 30µm and L2 +L4 = 675µm. In this validation the
excitation coefficients from the modes 0 to 19 were taken into consideration.
Thus producing a set of u , ν and p combinations that produces an destructive
interference at 1550nm. The average wavelength shift of these combinations is
shown in the Fig. 2, for a refractive index variation from 1.33 to 1.44.

Fig. 2 Validation of the model with refractive index sensor (Wang et al, 2011).
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3.2 Coating materials

The refractive index of the air surrounding the sensor depends on its density
and this density depends on the relative humidity. In order to increase the sen-
sitivity of the sensor we can apply a coating on the taper. In (Morais Jr. and
Giraldi, 2019) an analysis was made with five different combinations of materi-
als to verify the possibility of increasing the sensor sensitivity. Pure Silica and
d-PMMA were used as the fiber materials, individually. SiO2 Nanoparticles,
Porous Silica and Agarose are the materials used for the coating. The change
in the refractive index due to the different coating materials with respect to the
relative humidity is shown in Fig. 3. It is observed that the silica nanoparticles
refractive index is influenced by relative humidities greater than 80%; porous
silica refractive index is changed for relative humidities greater than 20% and
the Agarose refractive index increases linearly with the relative humidity.

Fig. 3 Coating materials refractive index change with respect to relative humidity

3.3 Humidty sensor

The sensor has a total length of 42mm, 125µm maximum diameter and a
tapered length (L2 + L4) of 674µm and minimum diameter equals to 30µm.
Our approach is to first know the modes excited in the no-core fiber through
Eq. (9). The excitation coefficient changes with the mode order. Fig. 4 shows
the excitation coefficient for 1550nm, 1600nm and 1650nm. An increase in the
wavelength causes a small increase of the excitation coefficient for the lower
order modes and an opposite behavior for the higher order modes.

Fig. 4 also shows that the no-core fiber supports modes 0 to 14, besides
that the excitation coefficient becomes almost zero. From that we now search
for combinations that satisfy Eq. (20) to produce an interference in a dip
that we want to investigate. Then we simulated a wavelength shift for each
combination and we take the average among these results to produce a TE
and TM wavelength dip curve variation with RH.
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Fig. 4 Excitation coefficient of the modes guided in the no-core fiber for three different
wavelengths.

For the first analysis we will keep L3 = 0µm. These dimensions are the
same reported in (Wang et al, 2011). The sensor produces a wavelength dip
at 1545nm. Then we calculate all combinations of u , ν , p and keep the
combinations that produce destructive interference at this wavelength. With
these combinations we calculate the wavelength shift and take the average
value. The results are shown in Fig. 5. Agarose is the coating material with the
highest sensitivity. For d-PMMA core with Agarose coating we obtained the
following sensitivity values: 340 pm/%RH, 581 pm/%RH,and 1339 pm/%RH
for 20%, 40% and 60% relative humidity, respectively.

Fig. 5 Wavelength shift (nm) and sensitivity (pm/%RH) from 0% up to 60% relative
humidity. The sensor has a total length of 42mm, 125µm maximum diameter and a tapered
length (L2 + L4) of 674µm and minimum diameter equals to 30µm.

3.4 Sensor dimensions variation

Another analysis taken into consideration was the variation in the sensor
dimensions. By varying b and L3 we can change the wavelength shift curve and
therefore the sensitivity. When we decrease the radius b we expect an increase
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in sensitivity, as depicted in Fig. 6.a, due to the increase in the evanescent
field propagating in the external medium. When we enlarge L3 these modes
evanescent field will have a longer contact to the external medium (Fig. 6.b).
For the Fig. 6.a L3 = 0 and for the Fig. 6.b b = 15µm. The total length
(L1 + L2 + L3 + L4 + L5), tapered length (L2 + L4) and radius a were kept
the same.

(a) (b)
Fig. 6 d-PMMA with Agarose coating sensitivity curve. (a)a = 62.5µm, L3 = 0µm, L2 +
L4 = 674µm and 42mm total length. (b)a = 62.5µm, b = 15µm, L2 + L4 = 674µm and
42mm total length.

All sensitivity and wavelength curves have an exponential behavior. By
varying both b and L3 we obtain different curves of sensitivity which we take
the average value to compare in Table 1.

Table 1 Average Sensitivity (pm/%RH) for
d-PMMA with Agarose coating

L3

b
1.5µm 3.0µm 7.5µm 15.0µm 30.0µm

0µm 1,575.7 942.5 604.4 533.5 514.1
250µm 9,774.9 3,996.4 1,049.1 599.9 520.7
500µm 12,106.0 5,421.2 1,395.6 661.5 521.3
1,000µm 13,850.0 6,786.3 1,899.7 772.4 540.1
2,000µm 14,956.0 7,836.5 2,505.8 954.8 564.9
4,000µm 15,593.0 8,510.5 3,086.0 1,214.9 611.1

4 Conclusion

This work shows that Agarose is the most suitable coating material for the
RH range evaluated and compared to the others materials used. Besides that,
a higher sensitivity is achieved when the section with the lowest radius is
increased, by increasing L3, or when this section is diminished by decreasing
the radius b. In this work it is shown that it is possible to increase the sensitivity
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with the insertion of a section L3, with b as a constant radius, which increases
the evanescent field path through the external medium. Using the d-PMMA
with Agarose we can see an improvement in the sensitivity of 227% when we
extend the section L3 up to 4000µm. A reduction of the b radius from 15µm
to 1.5µm, for the same L3, gives an increase of 295% in the average sensitivity.
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