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Abstract In this paper we implement neural network

structure and Bayesian inference in order to improve

performance black-box modeling for unknonw nonlin-

ear systems. This kind of structure works in batch form

passing both the identification and the statistical train-

ing. Two nonlinear systems and two data sets of seismic

information from regions of Italy and Mexico are used

to evaluate the methods. The results are satisfied.

1 Introduction

Approaches to identifying probability distributions in
stochastic processes began to boom in the 1998s, as
well as the neural networks implementation with the

identification of these probability distributions in the

system output, and even using this information in the

control of systems [39]. Due to Bayesian inference is

one of the most widely used tools in data forecasting,

so that can perform system identification by modeling
posterior distributions of the model parameters [21].

We have found neural network approaches for ob-

taining probability distributions in systems such as the
case of Zhang, et. al. (2007) where a Multi layer Per-
ceptron (MLP) as network network is used to identify

distributions in the system output with the compensa-

tion for control design is developed, as well as the case

presented for the control design based on the output

probability distribution obtained by Radial Basic Func-

tions neural networks structure (RBF) [33]. Starting

with the idea of probability distribution identification
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in a MIMO system output by implementing the multi

layer perceptron structure (MLP) [37]. Besides that we

can implement Bayesian learning based tools applied

in machine learning structures for system identifica-

tion, such as the Bayesian variational inference tool in

auto-regression dynamic system with exogenous vari-

ables (ARX) type model identification used by Yaojie

Lu, et. al.(2015).

With the system identification objective we find more

complex neural network structures that in their interior

carry a probabilistic layer with which it is tried to im-

prove the results of this one, where the statistical and

deterministic information is trained jointly in the sys-
tem identification [5]. Likewise, the constitution of this
machine learning structures can also be used as a pre-
diction tool in time series systems as is its simplest form

of Bayesian inference [6].

In the case of system identification improvement we

can define a deep structure for neural network we have

principles such as those of pruning a neural network

with its fine tuning in the weights[4].

Nowadays we can find works that improve the re-

sults of tasks in neural networks by changing their struc-

ture or adding important information from the data

that being analyzed, such as the work of E. De la Rosa

et. al. [38] in which a deep structure with deep learning

is used to identify nonlinear systems by Restricted Boltz

Machine (RBM). In the same way we have the work of
B. Fan et.al. [10] where the data is modeled by proba-
bilistic least squares support vector machine (LS-SVM)

structure. In addition to Bayesian neural networks with

a training based on Monte Carlo methods with the ob-

jective of forecasting in time series systems [24].

Due that neural networks can be modified in the

depth of its layers or nodes, in tthis paper, we imple-

ment a parallel NN structure, which has two parts: the
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first part of the neural network identifies the system in

relation to input-output information, while the second

part of the network structure trains th e weights finely

with the statistical information. They are not complex

modifications for neural models, but the modeling accu-

racy is improved sinificantly. Compared with the class-

cial models, such as multilayer perceptron and extreme

learning machine, the proposed methods are much bet-
ter for black-box high-precision modeling.

2 Black-box modeling using statistical

information

Black-box systems can be represented by equations mod-

eling. Discrete-time unknown dynamic system can be
represented as follows:

y(k) = f [u (k) , · · · , u (k − λ1) , ξ (k) , · · · ξ (k − λ2)]

(1)

where the unknown plant dynamics with nonlinear char-

acteristics are represented by f (·), with u (k) and y (k)
as the inputs and outputs of the system respectively,

ξ (k) are noise sequences, as well as λ1 and λ2 represent

the maximum delays of the inputs and noise.

The system analyzed in (1) can be represented with

a model as function of inputs and outputs known as

NARMAX [2], which is as follows:

y (k) = F [x (k) , h (k)]

x (k) =

[

y (k − 1) , · · · , y (k − λy) ,

u (k) , · · · , u (k − λu)

]T

h (k) = [ξ (k) , · · · , ξ (k − λ2)]
T

(2)

In equation (2) λ1 and λ2 represent the unknown orders

of the inputs and outputs of the system.
Since the model construction characteristics in (1)

or (2) are unknown, we work with black box tools which

model the systems, so it can be designed as a neural

network NN [·],

ŷ (k) = NN [x (k) ,W ] (3)

Based on learning method we minimize the mod-

eling error between the neural network in (3) and the

system dynamics in (1) as,

e (k) = y (k)− ŷ (k) (4)

Therefore, the following cost function for the neural net-
work can be constructed.

Therefore, the following cost function for the neural
network can be constructed.

L =
∑

k

e2 (k) → min
W

∑

k

e2 (k) (5)

Where W represents the matrix of weights in the neural

network to be optimized.
This modeling can also be applied to the probability

sense in system that represents the input-output rela-

tionship by p(y | x). So the cost function for the neural

network in equation (5) is modified in relation to the
expectation.

E
{

e2 (k)
}

=
∑

e2 (k) p (x, y) (6)

Where the joint probability p (x, y) satisfies that p (x, y) =

p (x) p (y | x), and p (y | x) is the conditional probabil-

ity.
Therefore, the error evaluated in the neuronal net-

work is represented as follows:

E
{

e2 (k)
}

=
∑

e2 (k) p (x) p (y | x)

= ExE(y|x)

{

e2 (k) | x
} (7)

So we seek to minimize the cost function for the prob-

ability sense as follows:

L2 = E
{

e2 (k)
}

→ min
θ

E(y|x)

{

e2 (k) | x = x0

}

(8)

Where θ is the parameter vector of the probability model,

From the statistical theory, the solution of equation

(8) is the best prediction of y is at x, i.e.,

ŷ (k) → E {y | x} =
∑

y [p (y | x)] (9)

The optimal probability model is

ŷ∗ (k) = E {y | x} =
∑

y [p (y | x)] (10)

The dynamic system modeling in the sense of prob-

ability becomes to estimate the conditional probability

p (y | x).

3 Pre-training of neural network model

The network modeling has two paths for training the
structure in order to optimize the network weights. One
of them is the back stepping shown in the previous
equations and the other one is the training by extreme

learning. The objective is check the networks perfor-

mance when applying the modeling in this work.
The neural network in (3) can be represented as

follows when it consists of 2 layers.

ŷ = NN [x (k)] = Wφ [V x (k)] (11)

where x (k) ∈ R(λu+λy) is defined in (2), φ is a m vec-

tor function where m is the number of hidden nodes,
V (x) ∈ Rm×(λu+λy), W ∈ Rm and y ∈ R.

The output of the neural network model when the

weights of the layer are chosen randomly is as follows.

ŷ (k) = W (k)Φ (k) (12)
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where Φ (k) =
[

φ1 · · ·φnu+ny

]T
. If you have q number

of inputs and outputs, it follows that:

Φ =
[

Φ1 · · ·Φλu+λy

]

Φ1 = [φ1 (1) , · · · , φ1 (q)]

Y = [y (1) , · · · , y (q)]

Thus, the following matrix can be represented,

Y = WΦ+ E (13)

where E = [e (1) , · · · , e (q)], e (k) = y (k) − ŷ (k) rep-
resents the model error. In order to minimize the error

modeling, the following definitions are followed:

The matrix Φ+ ∈ ℜq×m is the Moore-Penrose gen-
eralized inverse of Φ ∈ ℜm×q if [17]

ΦΦ+Φ = Φ, Φ+ΦΦ+ = Φ+

(ΦΦ+)
T
= ΦΦ+, (Φ+Φ)

T
= Φ+Φ

(14)

In particular, when Φ has full column rank,

Φ+ = ΦT
(

ΦΦT
)−1

(15)

x0 ∈ ℜq is said to be a minimum norm least-squares

solution of the linear system y = Ax if

‖x0‖ ≤ ‖x‖

∀x ∈ {x : ‖Φx− y‖ ≤ ‖Φz − y‖}
(16)

where y ∈ ℜm, ∀z ∈ ℜq

x0 is the least-squares solution for the nonlinear sys-

tem if y = Φx,

‖Φx0 − y‖ = min
x

‖Φx− y‖

where ‖·‖ represents the norm in Euclidean space. By

In case it represents the minimum solution in the norm

for the linear system y = Φx, it is necessary and suffi-

cient that B = Φ+, where Φ+ represents the generalized

moore-peenrose inverse for the matrix Φ. So the appli-

cation of this inverse can minimize the error in (14).

W ∗ = Y ΦT
(

ΦΦT
)−1

= Y Φ+ (17)

Due to the extreme learning properties in compar-

ison with backpropagation, and in order to obtain a
results comparison, extreme learning is used because of

its ease with generalization in identification as well as
speed in its application in the training of neural net-
works [18].

The simple training of a neural network structure
with one layer is a function for this network represented

as:

oi(x) = F (αi, βi, x) (18)

where alphai and betai are parameters of the hidden

nodes. Obtaining the output of the network by the ex-

treme learning representation as:

FL =

L
∑

i

Φioi(x) (19)

where Phii is the weight at each hidden node. And O

can represent the mapping of the output into the hidden

layer of the network o = (o1, o2, ..., oL). So if j training

samples are obtained in the network, it can be reflected

as a matrix O.

O =







o (x1)
...

o (xj)






=







F (α1, β1, x1) · · · F (αL, βL, x1)
... · · ·

...
F (α1, β1, xj) · · · F (αL, βL, xj)







(20)

We can generate a destination vector for the T = [t1, · · · tj ].

So we can minimize the objective function in the neural

network as

‖Φ‖
σ1

p + C ‖OΦ− T‖
σ2

q (21)

where σ1 > 0,σ2 > 0 and p, q = 0, 1
2 , 1, 2, · · · , such

thar we obtain a version equivalent to minimizing a
modeling error cost function.

4 Bayesian inference for neural network’s

high-precision modeling

The shallow neural network (11) has the over-fitting
problem. When the hidden node number m increases,

the training error becomes smaller. If the hidden node
number m is the same as the training data number,

m = q, the ”training error” arrives the minimum, but

the ”testing error” becomes very big.

The combination of statistical models and neural

networks has two objectives in this work:

1. We use statistical information to find better struc-

ture of the shallow neural network (11). The statis-
tical model is applied fine tune the neural model.

2. We use the neural network (11) to improve the Bayesian

Inference of the statistical model.

4.1 Neural networks pruning using statistical model

The main methodology in this work is designed the im-

plementation of a neural network for systems identi-

fication that works in parallel with back-propagation
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adding probability distributions in the information sys-

tem, but the training is based on two batches of infor-

mation, one where the network learning is applied and

then the statistical information of the probability distri-

butions is added to improve the system identification.

We can observe this methodology in Fig.1.

Fig. 1 Fine tuning method for neural networks

To achieve this linkage we based on the principles of

pruning methods for neural networks [4], more specif-

ically in fine tuning of the weights for network learn-

ing. In the second training batch part the probability

distribution information will be analyzed by Kullback-

Leibler divergence (KL) represented in the equation

(22).

KL (p (ŷ | x) ‖p (y | x)) =

n
∑

i

pi (ŷ | x) log

(

pi (ŷ | x)

pi (y | x)

)

(22)

where p (ŷ | x) is the probability approximation of the

neural network model, p (y | x) the probability estima-

tion of the statistical model.

Obtaining a learning model in the neural network

based on the above mentioned in (3) adding the prob-

ability distribution analysis part as follows,

ŷ = NN [x (k)] = Wφ [V x (k)]

[ŷ = NN [x (k)] = (KL⊙W )φ [V x (k)]
(23)

Where ⊙ represents the point product between the up-

date targets.

KL distance is the second part of training in the

network that provides information to execute the fine

tuning part in the neural network with the objective of

improving the system identification. Although at this

point the neural network model is changed, there are

no major changes in the training methodology of the

structure presented in Fig.1 and we can follow the fol-

lowing steps presented in the Algorithm 1.

In the first step of the procedure is to choose be-

tween the back stepping or extreme learning machine

Algorithm 1. Neural networks fine tuning
FIRST STEP*
1. Initialize weights on NN [x (k)] .
2. Train weights on NN [x (k)].
3. Save weights and start fine tuning.
SECOND STEP
4. Start use KL divergence to NN [x (k)].
5. Fine-tune weights by the KL divergence.
6. Test the NN with the new weights.

training methods to obtain the first set of weights in
the neuronal network.

4.2 Improving the statistical model using neural

networks

Another focus in this work is to use neural network

identification to improve statistical information, i.e., to

use point estimation in the neural network to improve

the approximation in probability distribution functions.
We can follow Bayesian inference to obtain the approx-
imations of a posterior distribution, as shown in the

following equation

p
(

θ̂ | x
)

= p
(

x | θ̂
)

p
(

θ̂
)

=
p(x|θ̂)p(θ̂)

∑
p(x)

∝ p
(

x | θ̂
)

p
(

θ̂
) (24)

where p
(

θ̂ | x
)

is the probability property (posterior

distributions), p
(

θ̂
)

is from the statistical model (prior

distribution), p
(

x | θ̂
)

is the likelihood.

Obtaining a structure of the methodology for this

approach by using a neural network as shown in Fig.2.

Fig. 2 Neural network model with Bayesian inference

In which the neural network is used in order to ob-

tain p
(

θ̂
)

and p
(

x | θ̂
)

. Therefore, this network struc-

ture is trained to minimize the likelihood distribution

error as follows.

L =

n
∏

i=1

p
(

θi, xi
)

=

n
∏

i=1

p
(

θi|xi
)

p
(

xi
)

(25)
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From where the cost function can be developed to

maximize the likelihood function within the Bayesian
inference procedure [3].

E = − lnL

E = nc lnσ + nc
2 ln 2π

+ 1
2

∑n

i=1

∑c

j=1

[

ŷik − θik
]2

+
∑n

i=1 ln p(x
i)

(26)

Therefore, the probability distribution approxima-

tion in the system p(Y ) can be summarized in the fol-

lowing algorithm.

The complete calculation process is shown in Algo-

rithm 2.

Algorithm 2. Improving statistical model using NN
1. Sampled prior p(θ).
2. Calculate the ŷ(k) by NN with recent benchmark data.
3. Use ŷ(k) like observations to construct p(x|θ).
4. Use p(x|θ) from NN to actualize the prior p(θ).
5. Represent the new posterior p(θ|X).
6. Analyze the KL distance like KL = −ln[p(θ|X)/p(Y )].*

5 Experiments

the methodology of improvement in the neural network

performance by statistical information (Figure 1) is ap-

plied to two benchmarks that pertain to information

from 2 different systems. While the methodology of im-

provement in the probability distribution identification
by neural network (Figure 2) is implemented to two cat-
alogs of seismology information belonging to Italy and
Mexico, as well as the distribution in output for two

different systems.

5.1 Gas furnace modeling

For the neural network test with improvement by statis-

tical information we have a benchmark that represents

a gas furnace system that has 296 analysis points, where

the input u(k) represents the flow of methane gas en-

tering the furnace while the output y(k) represents the

carbon dioxide leaving the furnace, each of the mea-
surements were taken with an interval of 9 seconds [11].
In this case, 50 points of information from the bench-

mark have been used for training the network while the

remaining 246 points have been used as unknown in-

formation for testing the trained network. The neural

networks modeling results are shown in Fig.3, and the

results of Bayesian fine-tuning are shown in Fig.4.
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Fig. 3 Neural network performance
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Fig. 4 Fine-Tuning Performance

We can analyzed the perform when we use back

propagation an extreme leaning methods for network

training on table 3.

On the other hand, the identification for probability

distribution at gas furnace system output information

has also been performed, using the analysis data that

are between 50 and 150 to identify by neural network

and obtain the posterior distribution. In Fig.5 shows the

probability distribution when we use back propagation

and ELM training for the neural network learning, and

we can compare with a Monte Carlo method. So we can

analyze this results on table 4 in this work.
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Fig. 5 Posterior distribution in Gas system.
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5.2 Cascade tanks modeling

The second case is a cascade tank system representing

the level and flow as the input and output of the sys-

tem which has 1024 data points which contains soft and

strong non-linearities [[32]]. The system is modeled us-

ing Bernoulli’s equations and conservation of mass, plus

the effect of over-flow in the system was not considered.

Therefore, the system representation can be described

by the following equations

ẋ1 (t) = −k1
√

x1 (t) + k4u (t) + ζ1(t)

ẋ2 (t) = k2
√

x1 (t)− k3
√

x2 (t) + ζ2(t)

y (t) = x2 + ξ (t)

where u(t) is the input signal, x1(t) and x2(t) are the

states of the system, ζ(t), ζ(t) and ξ(t) are additive

noise sources, and k1, k2, k3 and k4 are constants de-

pending on the system properties [32].

The neural networks modeling results are shown in
Fig.6. The results of Bayesian pruning are shown in

Fig.7. In these results, 300 data points are used to train

the neural network by back propagation and extreme

learning machine training methods, while the rest of

data in the benchmark are used as test points for the

network itself. We can observe the Bayesian fine tuning

improve in neural network preform on table 3 in this
work.
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Fig. 6 Neural network modeling.
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Fig. 7 Neural network modeling with fine tuning

Fig.8 shows the posterior distribution in output sys-
tem information, where the distributions are obtained

by Bayesian Monte Carlo modeling and neural net-

works using Bayesian method to calculate the posterior

distribution on data with Back propagation and ELM

structure training, using the information found between

points 300 to 600 in cascade system benchmark to iden-

tify by the neural network. The error performance of

this methodologies can be analyzed on table 4.
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Fig. 8 Posterior distribution in Cascade system.

5.3 Modeling the earthquake of Mexico and Italy

We use the neural network approach for the probability

distribution improvement to find the posterior magni-
tude distribution of earthquakes in Italy region (lon-
gitude between 12.3-13.2 and latitude between 40.3 -

44.0), as well as the seismological region of Mexico. This

representation gives us an idea of the distribution that

will be used in future events.

In Fig.9 we have the results of posterior distribu-

tion improve using the neural networks, and we can

compare with the Monte Carlo procedure. In order to

analyzed all these performs, we can observe the table 3

in analysis results section of this work. For the proce-

dure we use the information from years 2014 to 2016 in

the catalog to construct the prior distribution of earth-

quakes, while the likelihood is identified by a neural

network procedure, which is obtained by the informa-

tion in year 2017, and we perform the distribution di-

vergence analysis between real information in catalog

and obtained by our method, all this information is

available at ”cnt.rm.ingv.it/en/iside”.

In the case of seismic information in Mexico, we have

carried out the procedures to calculate the probability

distribution of magnitude that will occur in the years

2019 to 2020, where the prior distribution is based on

the information that we have between the years 1985

to 2016 and likelihood in the years 2017 and 2018 with

the identification by neural network, These data can be
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Fig. 9 Posterior distribution for Magnitude earthquake in
Italy.

found in ”http://www2.ssn.unam.mx:8080/catalogo/”.

We can observe all the results obtained from the im-

provement procedure for the probability distribution

applied to the seismic data in Table 5.
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Fig. 10 Posterior distribution for Magnitude earthquake in
Mexico.

5.4 Analysis of results

The analysis of performance differences in neural net-

work when the procedure proposed in this work is exe-

cuted represent our main aim. In Table 1 we can observe

the neural networks performance, measuring mean square
error, when performing the nonlinear systems identifi-
cation presented in this work by the back propagation

network or extreme learning machine training methods,

highlighting that the implementation of fine tuning ap-

plication in the identification by statistical information

in system improves the performance by at least ten per-

cent.

Table 1. NN Performance (×10−3)
Gas System Cascade System

NN Fine-Tuning NN Fine-Tuning
MLP 1.5 0.8 0.6 0.05
ELM 1.4 0.17 0.3 0.006

In the same way, the error in probability distribu-
tions for the system output is analyzed, when we imple-

mented the probability distribution identification using

a neural network in the procedure. Table 2 shows the

error obtained in neural network identification and at

the same time we can observed the divergence in dis-

tribution obtained, as well as, a comparison with the

Monte Carlo method.

Table 2. NN with Bayesian (×10−3)
Gas System Cascade System

NN Bayesian-NN NN Bayesian-NN
MLP 2.4 1.2 0.6 0.53
ELM 1.4 1.1 0.3 0.71
MC - 2.07 - 1.28

Finally, we can observe the differences in obtain-

ing a probability distribution for seismological relevant
information for important regions in Italy and Mexico,
and at the same time compare it against a Monte Carlo

method. [29].

In Table 3 we compare the posterior distribution

results for seismological information using the Monte
Carlo method and the neural network add the Bayesian

method.

Table 3. Modeling errors (×10−3)
MC BP ELM

Italy
Magnitude

2.1 0.9 0.6

Mexico
Magnitude

3 0.97 0.23

6 Conclusions

Neural networks allow us to do black-box identification.

The implementation of NN with adding the statistical
information allows us to train the neural network like
fine tuning and have high-precision modeling. By the
methods proposed in this paper, we can perform a fine

tuning of neural network. By the cost function as in

backpropagation, we reinforce statistical information to

NN and the performance of the modeling is improved.
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