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Abstract
Residual friction angles of soils are commonly determined by laboratory tests, which are time-consuming
and costly. It is more desirable to �nd practical means of estimating the residual strength of soils in the
slip zones. Previous researchers attempted to correlate the soil residual strength with clay fraction or
Atterberg limits using empirical equations. A large amount of laboratory data demonstrate that the
magnitude of residual strength decreases with the increase in the clay content. However, the physical
mechanisms of such correlation are not well interpreted. In addition, the decreasing trend has never been
modeled with a unique empirical or semi-empirical equation because of the variety of in�uencing factors
such as the clay mineralogy and the applied normal stress. In this study, a new approach is proposed to
estimate the residual friction angles of land-sliding soils. The residual friction angle of soils is derived as
a weighted average result of the friction angles of nonclay minerals and clay matrix. A structural state
coe�cient is used as the weight function, and the plasticity index is used to consider the difference in
clay mineralogy. The percolation theory is used to physically explain and illustrate the structural state
transitional behavior of soils with different clay fractions. The results demonstrate that the semi-
empirical approach can be used for predicting residual friction angles of a wide range of soils that differ
in geology, soil type, mineralogical properties, and shear strength. The effects of applied normal stress,
pore �uid salinity, and particle size on the estimations are also discussed. 

1. Introduction
Residual strength of soils is the most important parameter to evaluate their stability and it is crucial for
understanding the landslide reactivation mechanisms (Skempton 1985; Zhang et al. 2015). The residual
strength parameter such as the residual friction angle of soils is commonly determined by the laboratory
reversal direct shear test (Townsend and Gilbert 1973; Stark and Hussain 2010), the ring shear test
(Bishop 1971; Gibo et al. 1992; Tiwari and Marui 2001, 2004, 2005; Eid et al. 2016), or the in-situ direct
shear tests (Chen and Liu 2014; Wen et al. 2007). Those strength tests must ful�ll the sample’s residual
state and need to be carried out at very low deformation rates. A landslide usually covers a wide range of
study area, which gives uncertainty in soil compositions. A large quantity of strength results requires a
comprehensive analysis (Ren et al. 2021). Therefore, it is also necessary to e�ciently conduct a
preliminary estimate of residual friction angles of land-sliding soils using easily obtained soil properties
such as clay fraction and Atterberg limits (Voight 1973; Cancelli 1977; Wesley 2003; Tiwari and Marui
2003; Wen et al. 2007; Stark and Hussain 2013; Eid et al. 2016). Voight (1973) suggested that there is an
inverse relationship between residual strength and plastic index. Cancelli (1977) presented a power law
empirical correlation between the residual strength and liquid limit for the over consolidated clay. Collota
et al. (1989) also proposed the empirical correlation, which determines the residual strength as a function
of clay fraction, liquid limit, and plastic index. Moreover, a complex correlation was developed by
Tsifoutidis (1993), which considers the complete particle size ranges of soil. Some of previous
experimental data demonstrate that the decreasing magnitude of residual strength with increasing clay
content varies signi�cantly for soils with different types of dominant clay minerals (Lupini et al. 1981;
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Mesri and Cepeda-Diaz 1986; Nakamura et al. 2010; Skempton, 1985; Suzuki et al. 2007). Several
researchers also presented empirical correlations that use liquid limit, clay-sized fraction, and effective
normal stress to capture the variability and stress-dependent nature of residual strength of clay soils
(Lupini et al. 1981; Kalteziotis 1993; Belokas 2015; Stark and Eid 1994). It should be noted that the
decreasing trend was only modeled mathematically in previous studies with limited theoretical support
on the physical mechanisms.

In this study, a structural state concept was quantitatively included to model the residual strength
transition behavior for soils with different clay fractions. The percolation theory is used to physically
explain the structural state transitional behavior. Some factors affecting the residual strengths of land-
sliding soils are also discussed.

2. Structural State Model
Structural states of framework-supported by quartz grains, and matrix-supported by clay particles have
been introduced to interpret acoustic velocity changes (Yin 1992), permeability reduction (Crawford et al.
2008), and strength degradation (Lupini et al. 1981; Skempton 1985; Tembe et al. 2010) in clay-related
geomaterials due to the increase in the clay fraction. However, the concept of structural state was only
used as a qualitative term in previous researches. Li and Wong (2016) proposed a cm-model (clay matrix
model) to quantify the structural state of soft mudrocks. The cm-model was successfully applied to
estimate the preferred fabric orientation distributions (Li and Wong 2017a) and anisotropic thermal strain
behavior of soft mudrocks (Li and Wong 2017b). The proposed cm-model will be used herein to estimate
the residual friction angle of soils. The theoretical support for this cm-model is included in the discussion
section, where the percolation theory is applied.

As shown in Fig. 1, and Eq. (1), the structural state coe�cient cm is a function of clay fraction, cf.

cm =

tanh
cf −A

B + 1

2

1
where A and B are two parameters of the cm-model. With a low clay fraction, soils have a structural state
of framework-supported, and most of the friction behaviors occur among those contacts of non-clay
fraction. With the increase in the clay fraction, soils transfer to a state of clay matrix-supported, and most
of the friction behaviors are involved in those contacts among clay minerals (Fig. 1).

The cm-model indicates how active clay minerals serve as the supporting matrix in soil. It can also be
treated as a weight function. By taking into account the structural state, the overall residual friction angle
of the soil, ϕr can be estimated by:

( )
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ϕr = ϕr
ccm + ϕr

nc(1 − cm)

2
where ϕr

c is the residual friction angle of clay matrix, and ϕr
nc is the residual friction angle of non-clay

minerals. By combining Eq. (1) and Eq. (2), ϕr can be expressed using:

ϕr = ϕr
c

tanh
cf −A

B + 1

2 + ϕr
nc 1 −

tanh
cf −A

B + 1

2

3
For a speci�c type of soil, ϕr

c and ϕr
nc can be treated as constants, and values of residual friction angle

ϕr are dependent on the clay fraction, cf. With a group of measured ϕr and cf, parameters A and B can
be obtained using curving �tting.

3. Estimating Residual Friction Angles Based On The Structural State
Model
Measured residual friction angles of worldwide soils with clay fraction data were used for the modeling
analysis herein. The soils are mainly located in Asia (Nakumura et al. 2010), North American (Stark and
Hussain 2010; Eid et al. 2016), and Europe (Kalteziotis 1993). Measured residual �ctional angle results
were plotted against the clay fraction data and shown in Fig. 2. In this study, particle size < 0.005mm is
treated as the clay group. The upper plateau for friction angle ϕncdepends on the grain size distribution
and the shape of non-clay mineral grains (Horn and Deere 1962; Salimi et al. 2008). The friction angle
increases with the increase in larger non-clay minerals and will yield higher values for angular shape
grains. According to the experimental results by Nakumura et al. (2010), the residual friction angle of
sand, ϕr

nc is about 34 degrees, where major nonclay particles are composed of sand-sized quartz. If non-

clay particles are composed of different minerals and have different particle sizes, a different ϕr
nc value

should be applied. Accurate ϕr
nc values can be determined by carrying out shear tests on non-clay parts

of the collected samples. When the clay fraction is more than 0.7, soils display a very little change in the
residual strength with an increase of clay fraction. Thus, we postulate that those soils (with a clay
fraction of more than 0.7) are fully supported with clay matrix. As shown in Fig. 2, the residual friction
angles of those high clay fraction soils are approaching 5 degrees. The value of 5 degrees is treated as
the residual friction angle of the clay matrix, ϕr

c herein. The decreasing trends for different soils are
modeled and displayed in Fig. 2 by applying the proposed simpli�ed approach displayed in Eq. (2). The
generated structural state parameters using nonlinear curve �tting are included in Table 1. In general,
structural state parameters (A and B) dictate the shape of the sigmoidal curve, which was affected with

( ) ( ( ) )
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the soil types and the geological origins (Fig. 2). It should be noted that Eid et al. (2016) conducted an
extensive torsional ring shear testing program of soils at the wide range of effective normal stress (10 to
700 kPa). We only include the results with large normal stress (more than 200 kPa) in (Fig. 2c).

Table 1
Structural state parameters for estimating the residual strength of soils by applying the

cm-model

Experimental data source A B R2

Kalteziotis (1993) 0.46 0.25 0.863

Stark and Hussain (2010) 0.35 0.24 0.996

Nakumura et al. (2010) 0.41 0.11 0.897

Eid et al. (2016) 0.36 0.33 0.737

All data 0.41 0.26 0.795

Notes: A and B are parameters for the cm-model, R2 is the coe�cient of determination.

A general trend for all the data illustrated in Fig. 2 is modeled and shown in Fig. 3. The obtained values of
0.41 and 0.26 for the structural state parameters A and B can be treated as practical values for worldwide
landslide soils that differ in geological origin.

4. Discussions

4.1 Structural state model and percolation theory
The structural state transitional behavior shown in Fig. 1 can be explained by using the percolation theory
(Malthe-Sorenssen 2015), where the critical clay fraction corresponds to the transition point of the
structural state. Soils are mainly composed of non-clay minerals, clay minerals, and water. Among them,
clay minerals (e.g., smectite, illite, kaolinite) can interact signi�cantly with water. Thus, clay minerals and
water can be treated as clay-water composites in the theoretical modeling of physical properties (Li and
Wong 2016). According to Li and Wong (2016), the volume fraction of clay-water composites, fcw in the
soil can be derived as a function of clay fraction, cf and porosity, :

fcw = cf(1 − n) + n

3
To visually characterize the structural state-changing behavior of soils using percolation theory, we
randomly generate a L × L (50 × 50) lattice of points that are occupied with non-clay minerals and clay-
water composites with different volume fractions (Fig. 4). Two sites are treated as connected if they are
the nearest neighbors (4 neighbors on square lattice), and a set of connected sites generate a cluster. A
cluster that is spanning is called the spanning cluster, and the system is percolating if there is a spanning
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cluster in the system. As shown in Fig. 4, different pieces of clay clusters are represented by different
colors. As we increase the volume fraction of clay-water composites, fcw, the system tends to be
percolated by clay-water composites.

The plot of the probability for there to be a connected path from one side to another, as a function of fcw
for various system sizes L is shown in Fig. 5. The critical volume fraction of clay-water composites fcw
for the percolation behavior is determined as 0.59 accordingly. Given Eq. (3), the critical clay fractions cf
for soils can be derived at values of 0.32 ( = 0.4) to 0.41 ( = 0.3) depending on their porosities. Such
critical clay fraction values are comparable with the structural state parameter A used in Eq. (1) for
governing the transition point of the curve.

4.2 Clay mineralogy
Non-clay fractions of soils are mainly composed of quartz, and the friction property of non-clay fraction
is slightly affected by some external factors such as the applied normal stress and the salinity of the pore
�uid. However, the clay matrix can have a major variation of the clay minerals, and the external factors
will exert a considerable impact on the friction properties. According to the measured residual friction
angles of the clay matrix, ϕr

c of a variety of soils with different clay mineralogy, the value of ϕr
c for clay

matrix signi�cantly decreases with the increase of plasticity index (PI) (Fig. 6). It should be noted that we
only use results of high clay fraction samples (with a clay fraction of more than 0.7) to illustrate the
relation, which is to characterize the strength of the clay matrix. When PI is more than 50%, there is little
variation in ϕr

c with the increase in PI. The modeled result and measured data give a good correlation
between the plasticity index and residual frictional angle as shown in Fig. 6, which is consistent with the
relationship illustrated by Voight (1973) and Tsiambaos (1991). The value of the plasticity index is an
indicator of smectite minerals illustrated in Fig. 7, the clay matrix will have a PI value higher than 50%
when the smectite fraction in clay fsc is more than 0.1. Similar conclusions were made in the study of

Tsiambaos (1991) based on the relations between residual strength and clay fraction or bentonite
content of marls. The in�uence of the variation in clay mineral content on the residual strength was
studied accordingly.

Taking water-saturated kaolinite and smectite minerals as an example, smectite particles will behave like
the matrix �lled in between kaolinite particles (Fig. 8). Even if at a small portion, those smectite particles
still can prevent direct contact among kaolinite particles. Thus, the residual friction angle of clay matrix
of different soils tends to have a constant value (5 degrees), because the smectite fraction in the clay of
most landside soil is more than 0.1. Thus, the relation between residual friction angle and clay fraction
for general landslide soils can be approximated using a single relation shown in Fig. 3.

4.3 Applied normal stress
Experimental results by Eid et al. (2016) indicate that the residual friction angle of clay matrix decreases
with the increase in the applied normal stress (Fig. 9). Such a decreasing trend is applicable for soils with
different clay mineralogy. We use the PI value to represent the difference in clay mineralogy. It can be
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found that the normal effective stress has a major impact on the residual strength of the clay matrix
when the stress is less than 200 kPa. The value of ϕr

c tends to be constant when the applied normal

stress is more than 200 kPa. It is because at lower stress level (i.e. <200 kPa), clay particles have edge-to-
face type contact which plays a vital role during external loading. However, more face-to-face types of
contact are generated at higher stress levels, which leads to a lower value of fraction angle. That is why
we only include the results with large normal stress (more than 200 kPa) in Fig. 2c. It is to minimize the
impact of the applied normal effective stress. From an engineering point of view, it is on the safe side to
use the lower bound value of ϕr

c.

4.4 Effect of pore �uid salinity
According to Maio and Fenellif (1994), the residual strength of clays is affected by their mineral
composition, and by the nature of their constituent pore �uid illustrated in Fig. 10, the residual strength of
pure clay (clay matrix) mainly increases with an increase of the pore �uid salinity, which yields similar
conclusions as compared to the �ndings in the study by Moore (1991). The shear strength of kaolin is not
affected by the solutions used, whereas the residual strength of bentonite (rich in smectite) varies greatly
because of the abundance of diffusion double layers. At a salinity of 6 moles, the water is fully saturated
with sodium chloride solution. Except for pure bentonite, most of the clay matrices display a stable
residual strength when the salinity is more than 1 mole.

We performed a statistical analysis on the pore �uid salinity of 39 soil samples from various depths of
worldwide sites. Among them, 15 samples are from eastern Canada sensitive clay slopes (Locat and St-
Gelais 2014), 9 samples are from Yama-ashi, Higashi-shiroishi and Ariake-kantaku in Japan (Egashira
and Ohtsubo 1982), and 12 samples are from various locations of Norway (Rosenqvist 1953; Bjerrum
1954). As shown in Fig. 11, the pore �uid salinity displays a lognormal distribution. Most soils have a
pore �uid salinity less than 0.1 mole, which indicates that the salinity is not a signi�cant factor to be
considered in analyzing the residual strength of soils.

4.5 The inclusion of coarse-grained particles
The proposed approach of estimating residual friction angle of land-sliding soils was only applied to
soils not containing coarse-grained particles (e.g., gravel-sized particles and sand), and the recommended
structural state parameters A and B values are suggested as 0.41 and 0.26, respectively. However, some
land-sliding zones also contain a substantial amount of coarse-grained particles (Wen et al. 2007). Based
on the measured results from Wen et al. (2007), we use the proposed structural state approach to derive
parameters A and B for soils containing coarse-grained particles (Fig. 12). In the experimental results by
Wen et al. (2007), sandy soil samples, which are gravels free (i.e. gravel particle size larger than 2 mm
removed) were used in reversal direct shear tests. Whereas in-situ direct shear tests were carried out on
soils containing gravel size particles. Shown in Fig. 12, it is illustrated that the proposed structural state
approach yields a good correlation between the modeled result and the experimental data of reversal
direct shear tests, where gravel-free soils were used. It is also should be noted that the derived structural
state parameters (A and B) are different from those from soils only containing �ne-grained particles as
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displayed in Fig. 2. Thus, the inclusion of coarse-grained particles will signi�cantly affect the values of
structural state parameters, but the proposed approach is still effective if gravel-sized particles are not
involved. For those in-situ direct tests result on soils containing gravel-sized particles, our modeled result
does not match well with the measured data (Fig. 12). The variation in results of in-situ direct tests can be
related to a large uncertainty in in-situ direct shear tests. More in-situ test data are needed for further
investigation. Thereby, we do not suggest using the proposed structural state approach to estimate the
residual strength of land-sliding soils with signi�cant gravel-sized particles.

5. Conclusions
We propose a practical approach for estimating the residual friction angle of land-sliding soils. The
approach considers the structural states quantitatively and applies the residual strengths of non-clay
fraction and clay matrix as the major inputs. The percolation theory is used to physically explain the
structural state transitional behavior in soils with different clay fractions. The effects of clay mineralogy,
the applied normal stress, the salinity of the pore �uid, and the particle size of a nonclay fraction on the
residual strengths of clay matrix are also analyzed. The results show that the approach can be used for
predicting residual strengths of a wide range of soils that differ in geological origin. The proposed
approach cannot completely replace the experimental measurement on the residual friction angles of
soils in a studying area. Some of the key inputs in the model are dependent on the results of laboratory
tests. However, the proposed approach can be applied e�ciently to quantify the residual friction angles of
soils with different clay fractions using the least number of experimental results.
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Figure 1

Sketch showing the structural state coe�cient as a function of clay fraction.
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Figure 2

Measured and modeled relations between residual friction angle and clay fraction for land-sliding soils
from different sites (in c, some nonclay platy layer silicate minerals are also treated as parts of the clay
group).
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Figure 3

Measured and modeled the relation between residual friction angle and clay fraction for general soils.

Figure 4
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Plot of the clay clusters in a 50 × 50 lattice system for various values of volume fraction of clay-water
composites fcw (different pieces of clay clusters are represented by different colors).

Figure 5

Plot of percolation probability as a function of fcw for various system sizes L.

Figure 6

Measured and modeled the relation between residual friction angle and plasticity index of clay matrix. 
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Figure 7

Measured and modeled relation between the plasticity index of clay matrix and the smectite fraction in
clay minerals. 

Figure 8

Sketch showing the structure of pure kaolinite and kaolinite-smectite mixture.
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Figure 9

Measured residual strengths of clay matrix at different normal effective stresses, measured data are from
Eid et al. (2016).
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Figure 10

Measured residual strengths of synthetic clay soils at different salinities, measured data are from Maio
and Fenellif (1994).
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Figure 11

Pore �uid salinity of soils from sites with different geological origins.
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Figure 12

Measured and modeled relation between residual friction angle and soil containing coarse-grained
particles (i.e. gravel, sand) for landslide soils.


