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Abstract

Heterogeneous and homogeneous crystallization exhibit distinct phase transition kinetics.
However, due to the difficulty of realizing both heterogeneous and homogeneous crystalliza-
tion under an identical thermodynamic condition, an independent comparison of the two
remains lacking. In this work, we experimentally realize a continuous tuning from heteroge-
neous to homogeneous crystallization under an identical thermodynamic condition, capture
the entire colloidal crystallization process of each particle, and discover a universal picture
of the two modes. In the heterogeneous crystallization regime, we reveal an unexpected
variation of critical nucleus size with boundary disorderness instead of contact angle, which
violates the classical nucleation theory but enables the system tuning. Moreover, analogous
to reaction rates in chemical reactions, we propose and measure the kinetic transition rates
of crystallization, which quantify the transition probabilities between any two intermediate
structures. To our surprise, regardless of heterogeneous or homogeneous crystallization, all
42 kinetic transition rates fall onto universal master curves, which unifies the two distinct
crystallization modes into a universal picture.
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Crystallization is an important phase transition which has two very different modes: the
heterogeneous crystallization1–3 induced by the boundary and the homogeneous crystalliza-
tion4–7 occurring throughout the bulk. Although these two modes have been extensively
studied, a systematic comparison under one identical thermodynamic condition is still lack-
ing. The reason is straightforward: the heterogeneous crystallization usually occurs at small
supercooling while homogeneous crystallization requires much higher supercooling. As a re-
sult, their distinct behaviors could be caused by the difference in thermodynamic condition,
or the crystallization mode, or both. Therefore, an ideal comparison requires a systematic
tuning between the two crystallization modes under one identical thermodynamic condition,
which is difficult to realize experimentally. Inside a colloidal system, we successfully achieve
such a tuning and reveal a universal picture of the two modes.

Theoretically, due to the competition between interfacial energy and bulk energy, small
nuclei have higher free energy than liquid and difficult to grow,8–10 and thus the supercooled
liquid may maintain its metastable liquid state over some time blow the freezing point.11,12

Only after the nuclei exceed a critical size, the interfacial energy becomes less important
and the nuclei can grow spontaneously, as described by the classical nucleation theory5,13–16

(CNT). Moreover, the energy barrier overcame to reach this critical nucleus size may reduce
substantially at the boundary than in the bulk due to surface wetting,17–20 which qualita-
tively explains why heterogeneous crystallization can occurs much easier than homogeneous
crystallization. More specifically, CNT predicts the free energy difference during the phase
transition as:

∆G = (−
4π

3
r3∆µn+ 4πr2γ)f(θ) (1)

where r is the nucleus radius, ∆µ is the difference in chemical potentials between liquid
and solid, n is the number density of particles in the nucleus, γ is the interfacial energy
per unit area, and f(θ) = 1

4
(2 − 3 cos θ + cos3 θ) with θ the contact angle of nucleus on the

boundary. For homogeneous crystallization f(θ) = 1, while for heterogeneous crystallization
f(θ) < 1 for an arbitrary contact angle 0 < θ < π. Clearly, the energy barrier at boundary
is effectively reduced by a factor of f(θ).5 Thus CNT simplifies the boundary as a perfectly
smooth surface and summarizes all the boundary’s influence into the contact angle θ.

However, usually the boundary is not perfectly smooth and particle-level disorders or
irregularities do exist,21–24 and in practice these particle-level influences from boundary
may play an important role in various crystallization industries, such as metallurgy and
semiconductor industries.25,26 Therefore, illustrating the influence of substrate disorder at
single-particle level and developing a microscopic model beyond CNT are important both
fundamentally and practically. In this work, we experimentally demonstrate that varying
the boundary disorderness can continuously tune the colloidal crystallization from heteroge-
neous to homogeneous mode,4,27 and further develop a particle-level model beyond CNT to
quantitatively explain our experiment. Moreover, with this robust method to tune the crys-
tallization mode under one identical thermodynamic condition, we achieve an independent
comparison between the two modes. To our surprise, in both crystallization modes the kinet-
ic transition rates or transition probabilities collapse onto universal master curves, revealing
a unified picture of the two modes. It also suggests a powerful control on crystallization with
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substrate disorderness, which may provide practical guidance to relevant industries.

Tuning from heterogeneous to homogeneous crystalliza-
tion
Our colloidal system is composed by polymethyl methacrylate (PMMA) particles with the
diameter σ = 2.3 µm and polydispersity less than 2.5%, dispersed in a density and refractive-
index-matched solvent. The particles formWigner crystals28,29 with a stable bcc symmetry at
the low concentration of 7.5%. We shear-melt colloidal crystals and record the recrystalliza-
tion process immediately after the shear melting, at a supercooling of ∆T = Tm−T = 0.5Tm

with Tm the melting temperature (Methods). The low concentration ensures no direct con-
tact between particles and slow enough crystallization rate for direct observation30 (see
Materials and Methods). By randomly coating one layer of identical PMMA colloids on the
substrate, we can systematically vary the boundary disorderness and achieve a continuous
tuning from heterogeneous to homogeneous crystallization. We quantify the area density of
coated particles on substrate with a dimensionless density, ρs/ρ0, with ρs the actual area
density and ρ0 = 0.05 µm−2 the area density on the hexagonal (100) plane of the hcp crystal
formed in the system. On a smooth substrate with ρs = 0, the heterogeneous nucleation
occurs rapidly on the substrate.2,27 However, as ρs increases the substrate becomes more
disordered and the surface-induced heterogeneous nucleation slows down dramatically: even-
tually the crystallization is dominated by the homogeneous nucleation in the bulk. Thus we
achieve a continuous tuning from heterogeneous to homogeneous crystallization under the
same thermodynamic condition.

In Fig. 1a we show a 3D snapshot of our system taken by confocal microscopy: the black
spheres at bottom are the monolayer particles coated randomly on the glass substrate, and
the colored ones show the crystalline structures4,27,31,32 formed during crystallization (dis-
ordered non-crystalline structures are not shown). We also note that all particles (including
both crystalline and non-crystalline ones) distribute in multiple layers near the substrate,
as quantified by Fig. 1b: for both smooth and disordered substrates, the particle number
versus hight z exhibits multiple peaks, indicating a pronounced layering phenomenon.2,27

This layering phenomenon exists from the very beginning (see the curve at 0 s) even before
crystallization, because it is produced by the boundary instead of crystallization. In these
layers particles only move within the horizontal plane and almost no particle can go across
different layers; thus in heterogeneous nucleation particles only need to adjust their horizon-
tal positions to crystallize. In addition, we observe similar crystallization behaviors in the
first two layers which are different from the rest (Fig. S3). Based on this observation we
divide the system into boundary and bulk regions: the boundary region contains the first
two layers with z < 9.5 µm, and the bulk region is beyond these two layers with z > 9.5 µm
(Fig. 1b).

As the substrate is coated with more particles, it becomes more difficult to induce nu-
cleation, and the speed of heterogeneous crystallization is taken over by the homogeneous
crystallization, as demonstrated in Fig. 1c,d. In Fig. 1c, the substrate is smooth and the
crystal growth is from the boundary towards the bulk - an obvious heterogeneous crystal-
lization;2 while in Fig. 1d, when the substrate is coated by many particles the crystalline
structures distribute everywhere - an obvious homogeneous crystallization.4 To distinguish
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the two crystallization modes more clearly, we plot the corresponding nucleus size distribu-
tion throughout the system versus time in Fig. 1e,f: for heterogeneous nucleation (Fig. 1e)
small nuclei rapidly merge and grow into large crystals of system size; while for homoge-
neous nucleation (Fig. 1f) numerous nuclei with various sizes continue to exist over a long
period of time. These observations unambiguously confirm the experimental realization of
two distinct crystallization modes in our system.

Thus by varying the boundary’s disorderness, we have realized a continuous tuning from
heterogeneous to homogeneous crystallization, under an identical thermodynamic condition
(i.e., at a fixed temperature and volume fraction). With this versatile system, we illustrate
(i) the particle-level influence of boundary disorder on heterogeneous crystallization and (ii)
the universal picture underlying both heterogeneous and homogeneous crystallization.

A heterogeneous crystallization model beyond CNT
To understand the role of boundary disorder, we systematically increase the substrate disor-
der, ρs/ρ0, and study the corresponding heterogeneous crystallization.2,20 We first measure
the nuclei contact angle33,34 θ on substrates with different disorderness in Fig. 2a: clearly
θ remains a constant as the surface disorder ρs/ρ0 increases and the inset demonstrates an
actual measurement of θ from experiment. We then obtain the crystallization speed27 by
measuring the number of solid particles versus time in Fig. 2b: the nice linear relation indi-
cates a constant crystallization speed at the early crystallization stage. Moreover, this speed
slows down dramatically as ρs/ρ0 increases, which contradicts with CNT23 because it pre-
dicts a constant growth rate for a constant contact angle as measured in Fig. 2a. Therefore,
our experiment contradicts with CNT and requires a more fundamental explanation.

To build such a fundamental understanding, we first measure the critical nucleus size,35,36

N∗, which essentially determines the crystallization speed. Due to the energy competition
between interfacial energy and bulk energy, below the critical size the nucleus tends to shrink
and above it the nucleus tends to grow. From statistics over numerous nuclei formation,
we get the shrinking probability, Ps, and the growing probability, Pg, as defined in the
previous study.5 When Pg −Ps = 0, the critical nucleus size N∗ is obtained, as shown in the
inset of Fig. 2c. In the main panel N∗ versus substrate disorderness, ρs/ρ0, is plotted: as
ρs/ρ0 increases, N∗ first rises rapidly and then stabilizes. We illustrate this N∗ behavior by
developing a particle-level model beyond CNT. We write the free energy change before and
after one nucleus formation as:

∆G = −N∆µ+ γS +∆UR (2)

where the first two terms come from the bulk and interfacial energy described in CNT. N is
the particle number of the nucleus and S is the surface area. The third term ∆UR comes from
the interaction between the crystallizing particles and the coated particles on the substrate
and represents the extra energy change caused by the substrate disorder. Reasonably, we
assume ∆UR being proportional to nucleus size N and the substrate disorder density ρs,

and thus we get: ∆UR =
〈

∑

i

∑

j u
S
ij

〉

−
〈

∑

i

∑

j u
L
ij

〉

= N(ρs/ρ0)∆u, where uS
ij and uL

ij

are the interaction potentials between a substrate particle i and a crystallizing particle j

in liquid (L) and solid (S) states respectively, and ∆u is this energy change averaged to
every particle in the nucleus. Thus the third term is a bulk term (proportional to N) that
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can be combined with the first term in equation (2), ∆G = −N(∆µ − (ρs/ρ0)∆u) + γS.
Approximating the shape of nucleus as a spherical cap with a contact angle θ, the surface
area S = (4πf(θ))

1

3 (3Nv)
2

3 with v the average volume occupied by a single nucleus particle.
Because ∆G reaches maximum at the critical size N∗, we have ∂∆G/∂N = 0 at N = N∗,
which gives:

N∗ =
4πf(θ)v2

3

(

2γ

∆µ− (ρs/ρ0)∆u

)3

(3)

Comparing with CNT,5 the crystallization driving force ∆µ is now reduced to ∆µ −
(ρs/ρ0)∆u, due to the existence of surface disorder ρs. Note that all parameters in equation
(3) can be obtained experimentally (see Supplementary Information): v = 85.13 µm3, γ =
0.013 kBT/σ

2, ∆µ = 0.29 kBT and ∆u = 0.41 kBT . Without any fitting, we plot the
theoretical N∗ curve together with N∗ measurements in Fig. 2c and they agree quantitatively
at small ρs/ρ0. According to equation (3), the increase of disorder ρs causes a sharp increase
in critical size N∗, even at a constant contact angle θ: thus our model quantitatively explains
experimental observations at small ρs/ρ0 and makes predictions beyond CNT. Although
specific interactions may vary in different systems, our predictions that substrate disorder
can produce an extra energy cost ∆u and significantly increase the critical size N∗ should
generally apply. Moreover, we note that this agreement breaks down at ρs/ρ0 > 0.25, due
to the heterogeneous regime changing into homogeneous regime as shown later.

We further measure the crystallization speed I on various substrates from the slopes
shown in Fig. 2b, and plot I versus ρs/ρ0 in Fig. 2d: the speed first declines dramatically
and then stabilizes after ρs/ρ0 > 0.25, due to the heterogeneous regime changing into ho-
mogeneous regime. We then compare these measurements against our model’s prediction.
From N∗ in equation (3) we get the energy barrier of heterogeneous nucleation at the critical
size:

∆G∗ =
16πf(θ)

3

v2γ3

(∆µ− (ρs/ρ0)∆u)2
(4)

and the crystallization speed I = I0 exp
(

−∆G∗

kBT

)

. This calculation is plotted in Fig. 2d and

matches the measurements in heterogeneous regime excellently. Without any fitting, N∗

and I calculated from our model match two independent experimental measurements in Fig.
2c,d quantitatively, demonstrating the robustness of our heterogeneous crystallization model.
However, after ρs/ρ0 > 0.25, the model predicts a very large critical size and energy barrier,
and thus a very slow crystallization speed. As a result, the bulk homogeneous crystallization
takes over and produces a stable N∗ and I independent of substrate ρs/ρ0, as we naturally
expect. This also explains why we can continuously tune the system from heterogeneous to
homogeneous regimes with ρs/ρ0.

To clearly illustrate how the substrate disorder influences crystallization at particle level,
we measure the radial distribution function, g(r), with the origins locating at the particles
coated on substrate. We measure both the liquid and the solid situations, gL(r) and gS(r),
before and after crystallization (see Fig. 2e inset). The main panel of Fig. 2e shows their
difference, gS(r) − gL(r). Apparently, there is a pronounced positive peak followed by a
smaller negative valley, demonstrating that the substrate particles are closer to crystallized
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particles after crystallization, as illustrated by the cartoon in Fig. 2f. Due to the repulsive
interaction, a closer distance leads to a higher internal energy and thus an extra energy
cost ∆u, as verified experimentally. Even for other types of interactions, in general surface
disorders will produce extra energy cost and our model should generally apply.

Evolution and distribution of different structures
Next we illustrate task (ii), the universal picture underlying heterogeneous and homogeneous
crystallization. We first inspect the structure distribution and evolution across different
crystallization modes and look for general features. Although the final state is the bcc
symmetry, two other symmetries,2,4 hcp and fcc, also appear during crystallization, as shown
by the order parameter statistics32 in Fig. 3a. Note that the statistics includes both the
precursor (i.e., local clusters similar to solid) and the solid structures. In Fig. 3b,c, we
illustrate the 3D distribution of these structures at the substrate disorder of ρs/ρ0 = 0.2.
Clearly, the three symmetries distribute non-uniformly in space: bcc dominates the bulk
while both bcc and hcp are important at the boundary, and fcc is insignificant throughout
the system.

Each symmetry is further broken into precursor and solid structures. In Fig. 3d,e,
we show the precursor statistics in boundary and bulk regions, respectively. Clearly at
the boundary the hcp-like and the bcc-like precursors are both important, while in the bulk
only the bcc-like precursors dominate.2 Such a spatial structure distribution agrees well with
symmetry distribution in Fig. 3c. For the temporal evolution, all precursors increase initially
and then reach a plateau, due to the amount of precursors changed into solid balanced by
the amount of precursors transformed from liquid, in this early stage of crystallization.

Similarly, in Fig. 3f,g we show the statistics of solid structures in the boundary and
bulk regions. They exhibit similar spatial distribution as precursors but a different temporal
evolution: the dominant solid structures keep increasing without reaching a plateau during
this early stage.

In Fig. 3h, we summarize all the spatial structure distribution for different substrate
disorderness ρs/ρ0. From the heterogeneous regime at small ρs/ρ0 to the homogeneous
regime at large ρs/ρ0, we observe very similar spatial distribution: bcc is the only important
structure in the bulk while both hcp and bcc structures are important at the boundary. This
common distribution is independent of heterogeneous or homogeneous crystallization and
indicates the possibility of a universal picture for both crystallization modes, as illustrated
later.

Kinetic transition rates in kinetic pathways
To probe this universal picture, we track every particle’s structure evolution throughout
crystallization. More specifically, we track how every particle transfers from liquid to pre-
cursor and then to solid, and identify what type of precursor and solid it goes through at
every moment.1,4 Thus we can experimentally visualize the transition kinetics between any
two structures at single-particle level. According to the rate process theory,37–39 during a
transition between two structures there is usually an energy barrier in between which makes
a finite transition probability from one to another (Fig. S8). Similar to the reaction rate40

in chemical reactions, we define a transition rate, kij = 1/Ni · dNij/dt, to describe the prob-
ability of structure i transforming into structure j in unit time. Within our observation
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volume, Ni is the number of particles in the original structure i and dNij/dt is the number
of particles transformed from structure i to j per unit time. Because the time interval ∆t
between two frames in our measurement is much shorter than the crystallization time scale,
we can use ∆Nij/∆t for dNij/dt. According to the definition of kij, the transition speed
dNij/dt can thus be written as: dNij/dt = kijNi, which is related to both the transition rate
kij and the original-state particle number Ni.

Also note that any chemical reaction is bidirectional and the chemical equilibrium con-
stant K is defined as the forward rate k+ divided by the backward rate k−: K = k+/k−.
Similarly, we can define a transition constant K = kij/kji in each kinetic pathway, which
gives the free-energy difference between the original and the transformed states i and j just
like the chemical reaction case. To fully match the chemical reaction situation, we further
define a typical forward transition direction as from a disordered to an ordered structure,
and label the corresponding kij as k+; thus the reverse rate kji is labeled as k−. Note that
in the non-equilibrium crystallization process, k+, k− and K evolve with time and environ-
ment, which differs from the constant situation in chemical reactions under equilibrium.37

Because there are seven species (liquid, bcc-like, hcp-like, fcc-like precursors and bcc, hcp,
fcc solids) in our system, transitions between any two of them give 7 × 6 = 42 transition
rates in total. We can measure all these rates at every moment and obtain a full picture of
transition kinetics experimentally.

We first explain the spatial distribution of structures with these transition rates. As
observed in Fig. 3c, despite bcc being the energy-minimum final structure,30 there is a
significant amount of hcp structures appearing at the boundary. To illustrate its origin,
we measure the transition rates in three major kinetic pathways related to hcp symmetry:
(1) liquid to hcp-like precursor, (2) bcc-like precursor to hcp-like precursor and (3) bcc-like
precursor to hcp solid (other hcp-related pathways are too weak and insignificant). We plot
the forward (k+) and backward (k−) rates of these pathways in the boundary and bulk
regions in Fig. 4a–f. The top row measured at the boundary reveals a comparable or slightly
stronger forward rates at most of time. In these pathways, the original structures are liquid
or bcc-like precursors which have plenty of particles initially (i.e., large Ni for k

+), and the
structures they transform into are hcp-like precursors or hcp solid which have small amount
of particles initially (i.e., small Nj for k−). Therefore, the large amount of the original
structure multiplying a relatively strong k+ leads to a continuous increase in hcp structures
at boundary. By contrast, the bottom row measured in the bulk shows the opposite: the
backward rates (k−) are always stronger than the forward ones (k+), which leads to much
less hcp structures in the bulk and thus bcc becomes the only dominant structure.

By inspecting all the kinetic rates, we summarize the major kinetic pathways in the
boundary and bulk regions respectively in Fig. 4g (note that other pathways previously
observed4 still exist but are rather weak due to our low volume fraction). In particular, we
emphasize three unique pathways at the boundary shown in red, which correspond to the
transition rates shown in Fig. 4a, c and e. These three pathways are all from other struc-
tures transforming into hcp structures and thus produce much more hcp structures at the
boundary, explaining the spatial structure distribution observed experimentally. Note that
these results are universally valid for both heterogeneous and homogeneous crystallization,
suggesting that the local crystallization environment, such as boundary or bulk, makes a
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universal influence to both crystallization modes.

A universal picture of crystallization
To quantitatively describe the local environment, we average the order parameter of particles
in the local region of interest, Q6 =

∑N
i=1 q6(i)/N . Because our region of interest typically

contains 1000 to 2000 particles, which is small enough to behave as a mesoscopic local
environment but large enough for a good particle statistics, it is a well-defined volume element
for probing the phase transition at both single-particle and mesoscopic levels. During a non-
equilibrium phase transition, the entire system keeps changing with time2,27 and so does the
local order parameter Q6. Because the heterogeneous crystallization has a much faster speed
than the homogeneous situation, it causes a much faster Q6 evolution as shown in Fig. 5a
and Fig. 5b, respectively. Moreover, in both panels the boundary curve is above the bulk
curve and thus boundary reaches a more ordered state earlier than the bulk, due to the
strong layering effect27 induced by the substrate. The substrate disorderness also strongly
affects the initial condition of boundary: in Fig. 5c we plot the initial Q6 versus substrate
disorderness ρs/ρ0, and find that the initial value of Q6 decreases with ρs/ρ0 at boundary
while it remains stable in the bulk. Thus the substrate condition influences the boundary
significantly but not the bulk.

Despite the very different evolution behaviors of Q6 in heterogeneous and homogeneous
crystallization, when we plot the transition rate (k+ or k−) versus Q6 for an arbitrary path-
way, all data ranging from heterogeneous to homogeneous crystallization surprisingly collapse
onto one master curve. We demonstrate this surprising collapse with our major pathway
from bcc-like precursor to bcc solid (see other pathways in Fig. S13–S15). As ρs/ρ0 varies
from 0 to 0.37, the system changes from heterogeneous to homogeneous crystallization. How-
ever, all the k+ data collapse onto one master curve as shown in Fig. 5d (boundary) and
Fig. 5e (bulk): note that master curves are different in boundary and bulk due to different
environment. We further summarize all data in both heterogeneous and homogeneous crys-
tallization regimes, and obtain the master curve of k+ and k− for this pathway, as shown
in Fig. 5f (boundary) and Fig. 5g (bulk). At small Q6 or in a disordered environment, the
forward transition from bcc precursor to bcc solid has a less probability than the backward
transition (i.e., k+ < k− initially), and only after Q6 gets large enough the two curves cross
each other. This crossing behavior generally appears in all disorder-to-order pathways (Fig.
S13 and Fig. S15), confirming the fundamental fact that transitions to ordered structures
are more preferred in an ordered environment with high Q6. Although the forward transition
rate k+ is lower than k− initially, there are much more precursor particles than solid particles
at small Q6 (i.e., Ni ≫ Nj), and thus the product of Nik

+ is larger than Njk
−. This makes

a net increase in the solid particles which leads to a continuous increase in order. We em-
phasize that such data collapsing from both heterogeneous and homogeneous crystallization
are universally observed in all kinetic pathways, as shown in Fig. S13–S15.

This unambiguously indicates a universal picture: every transition probability or transi-
tion rate only depends on the local environment order parameter Q6; while it does not depend
on the heterogeneous or homogeneous crystallization mode. In other words, regardless of
heterogeneous or homogeneous crystallization, once Q6 is the same we get identical k+ and
k−, as confirmed by the overlapping of data taken in both heterogeneous and homogeneous
crystallization (Fig. 5d,e). Thus there is no fundamental difference between the two crystal-
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lization modes in the structural transition probabilities, and the only main difference is their
initial conditions of different Q6 and different number distributions of various structures.

Due to the substrate influence, the heterogeneous crystallization has a relatively more
ordered starting point while the homogeneous crystallization has a more disordered starting
point: thus the ‘jump start’ behavior makes the heterogeneous crystallization faster than its
homogeneous counterpart from very beginning. This behavior further propagates into the
bulk with the newly-formed crystal layers behaving as a new boundary. However, once the
same Q6 is reached, both modes exhibit the same transition probabilities or rates. Although
the transition probabilities are similar, the transition speeds can be very different because
the probability needs to multiply the number of particles in the original state to get the
transition speed.39,40 Due to different initial conditions and boundary conditions, different
crystallization modes have distinct distribution of particles on the 7 intermediate structures
(liquid, 3 types of precursors and 3 types of solids), which leads to various transition speeds
observed experimentally. Nevertheless, there is a universal principle underlying various tran-
sition speeds: all transition probabilities or rates only depend on Q6 while independent of
crystallization modes.

Similar to the chemical equilibrium constant, here we define a phase transition equilib-
rium constant, K = k+/k−, which describes the instantaneous tendency of the structural
transition. When K > 1 the forward transition to more ordered structure is energetically
favorable and vice versa. Similar to k+ and k−, K versus Q6 also collapse onto master curves
for both heterogeneous and homogeneous crystallization, as shown in the inset of Fig. 5f,g.
Note that K increases with Q6, meaning that a transition to more ordered structure is more
preferred in a more ordered environment (i.e., at a higher Q6).

Furthermore, we can experimentally obtain the instantaneous energy difference between
any two structures from K: β∆U = − lnK, with β = 1/kBT . Using the liquid structure
as the common reference point, we plot the energy difference, Udiff , between any ordered
structure (3 solids and 3 precursors) and the liquid structure, as shown in Fig. 5h (boundary)
and Fig. 5i (bulk). Apparently, at small Q6 all Udiff curves are above zero, indicating that
all ordered structures have higher free energies than the disordered liquid structure. This
should correspond to the initial stage before the critical size is reached. Even in this stage,
however, due to the large amount of liquid structure, whose product with the small transition
probability still produces a net increase in ordered structures. As Q6 increases with order,
eventually Udiff goes below zero and the ordered structures get more energetically favorable
than the liquid.

More specifically, different structures are favored at different levels and there is a funda-
mental difference between boundary and bulk. At boundary both hcp and bcc structures
are quite favorable with low free energies (Fig. 5h); while in the bulk only bcc is the most
favorable structure (Fig. 5i). This gives the fundamental energy explanation of the large
amount of hcp at boundary than in the bulk. The precursor structures exhibit a similar
behavior, as demonstrated in the insets. Our direct measurements on the transition rates
thus provide a unified picture for heterogeneous and homogeneous crystallization, and reveal
the energy difference between all structures throughout the transition.

Conclusion
To conclude, by tuning the colloidal system continuously from heterogeneous to homogeneous
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crystallization, we systematically compare the two crystallization modes at single-particle
level. In the heterogeneous crystallization, we discover a variation of critical nucleus size
even under the same contact angle that violates the classical nucleation theory, and develop
a particle-level general model to quantitatively explain the observation. Moreover, analogous
to the reaction rate in chemical reactions, we define and measure the kinetic transition rate of
every crystallization kinetic pathway, which quantifies the transition probability and energy
difference between any two intermediate structures. To our surprise, regardless of heteroge-
neous or homogeneous crystallization, all 42 kinetic transition rates fall onto universal master
curves, which unifies the two crystallization modes into a universal picture. Our work also
indicates a systematic control on the crystallization rate with substrate disorderness, which
may find practical applications in relevant industries.

Methods
Experimental details. We use fluorescence confocal microscopy with 63X oil objective to
study the crystallization of colloidal particles sealed in a capillary. Capillary tubes we use
have rectangular shape with cross-section of 2mm×100 µm (VitroCom, 5010S). The particles
we use are nitrobenzoxadiazole-dyed poly(methyl methacrylate) colloids with diameter σ =
2.3 µm and a polydispersity of less than 2.5%. The particles form Wigner crystals with bcc
symmetry due to the weakly screened electric repulsion at low concentrations. We prepared
each sample with the same volume fraction at 7.5%. The colloids are suspended in a mixture
of non-polar and weakly polar solvents, which closely matches both the refractive index and
the density of particles (see Experimental Details in the Supplementary Information for
more details). To control the number of particles coated on the inner walls of capillary,
we first use a suspension composed of the same colloids and solvents with different volume
fractions to fill the capillary, and then drain the liquid out of the tube to coat the inner
walls of capillary. We shear-melt colloidal crystals and record the recrystallization process
immediately after agitation, at a supercooling of ∆T = Tm − T = 0.5Tm, with Tm being the
melting temperature.

Local symmetry identification. The local symmetry of particles is characterised by a
series of bond orientational order parameters32 (BOPs). To measure these BOPs, near-
est neighbours are determined by locating their position within a sphere around particle i.
The radius of surrounding sphere, rc, is chosen as the first minimum valley of the radial
distribution function g(r). The number of nearest neighbours of particle i is denoted as
Nb(i). Then, a bond orientational order parameter of particle i, ql(i), can be calculated as

ql(i) = ( 4π
2l+1

∑m=l
m=−l |ql,m(i)|

2)1/2, where ql,m(i) =
1

Nb(i)

∑Nb(i)
j=1 Yl,m(θij, φij). Here, Yl,m(θij, φij)

are the spherical harmonics functions with m ∈ (−l, l). The orientation of neighbouring par-
ticles relative to particle i is denoted as the polar angle φij and the azimuthal angle θij. As the
solid phase has a good translational symmetry, we use the coarse-gained bond order param-
eters, ql(i) = ( 4π

2l+1

∑m=l
m=−l |ql,m(i)|

2)1/2, with ql,m(i) =
1

Nb(i)

∑Nb(i)
k=0 ql,m(k), to precisely distin-

guish ordered structure from liquid. The sum over k runs from 0 to Nb(i) to include the par-
ticle i itself (k = 0) and the Nb(i) neighbours. We take the same criteria in our previous work
to identify liquid (q6(i) <= 0.27) and more ordered structures that include precursors and
solids (q6(i) > 0.27). To distinguish different symmetries in our system, we also use the rota-
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tional invariant order parameters wl(i) =
∑l

m1,m2,m3=0

(

l l l
m1 m2 m3

)

ql,m1
(i)ql,m2

(i)ql,m3
(i)

|ql(i)|
3 .

The bcc, hcp and fcc symmetries can be distinguished in the w4 and w6 plane (Fig.3a).
To distinguish solid from precursor, we use a dot product, d(i, j) =

∑m=l
m=−l ql,m(i)q

∗
l,m(j),

between particle i and its neighbour j to identify a solid bond with d(i, j) > 0.7. We pick
out particles with relatively high order (q6 > 0.27) but small solid bond number (ξ < 7) as
precursors, and define particles with large solid bond number (ξ ≥ 7) as solid structures.
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Fig. 1 | A continuous tuning from heterogeneous to homogeneous crystallization

with substrate disorderness. a, 3D view of solid particles on a substrate with the disor-
derness ρs/ρ0 = 0.2. Colored balls represent solid-like particles, and black balls are the same
colloidal particles coated on the surface. b, Distribution of colloidal particles along vertical
axis during crystallization on smooth and disordered substrates. The layered structure in-
duced by the substrate appears from the very beginning. The first two layers close to the
substrate is defined as the boundary region (left of the dashed line), and the region right
to the dashed line is defined as the bulk region. c,d, Fraction of solid particles in different
layers during heterogeneous (c) and homogeneous (d) nucleation. Clearly, heterogeneous
nucleation grows from boundary to the bulk, while homogeneous nucleation exhibits a u-
niform solid growth. e,f, Size distribution of nucleus versus time in heterogeneous (e) and
homogeneous crystallization (f).
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Fig. 2 | Influence of substrate disorder on crystallization. a, Contact angle of
nucleus remains constant on substrates coated with different amount of particles. The inset
shows a real measurement of contact angle in the experiment. b, Growth rate of solid
particles reduces with substrate disorderness. c, Critical size of nucleus is plotted against
the surface disorderness, ρs/ρ0. The black symbols are experimental data and the solid
curve is the theoretical prediction from equation (3). They agree well in the heterogeneous
regime, ρs/ρ0 < 0.25. The inset shows the probability difference between growing (Pg) and
shrinking (Ps) of nuclei on a smooth surface and on a rough substrate, respectively. The
critical size locates at where the two probabilities are equal (i.e., Pg − Ps = 0). d, The
growth rate of crystals deceases dramatically with ρs/ρ0. The theoretical curve agrees well
with the experimental data. e, Difference of radial distribution function between liquid gL(r)
and solid gS(r). The inset shows gL(r) and gS(r) curves. f, Schematic diagram of nucleus
formation on a disordered surface. Due to the surface disorder, an extra energy cost ∆UR is
required during the nucleus formation.
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Fig. 3 | Spatial distribution of different symmetries during liquid-solid phase

transition. a, Three different symmetries, bcc, hcp, fcc, are formed during crystallization,
which can be distinguished in the bond order parameter space. b,c, Spatial distribution of
the three symmetries on the substrate with ρs/ρ0 = 0.2, at t = 640s (b) and t = 2400s
(c). Particles coated on the substrate are black and liquid-like particles are white blue.
Three symmetries are represented by particles with red (bcc), blue (hcp) and green (fcc),
respectively. d,e, Evolution of precursors with different symmetries in the boundary (d) and
bulk (e) regions. f,g, Evolution of solid with different symmetries in the boundary (f) and
bulk (g) regions. h, Fractions of three symmetries in space after nucleation averaged among
many experiments. Apparently only bcc is important in the bulk while both bcc and hcp
are important in the boundary. Such a fraction behavior is similar in both homogeneous and
heterogeneous nucleation.
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Fig. 4 | Kinetic pathways and their transition rates in boundary and bulk region-

s. a,b, Kinetic transition rates for liquid to bcc-like precursor in boundary (a) and bulk (b)
regions. c,d, Kinetic transition rates of for bcc-like precursor to hcp-like precursor in bound-
ary (c) and bulk (d) regions. e,f, Kinetic transition rates for bcc-like precursor to hcp solid
in boundary (e) and bulk (f) regions. g, Pathways among different structures in boundary
and bulk regions. Black lines are the common major pathways during nucleation. The red
lines are pathways only important in the boundary region. The line thickness indicates the
magnitude of the pathway.
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Fig. 5 | A universal picture for heterogeneous and homogeneous nucleation. a,b,
The average order parameter Q6 in boundary and bulk regions during heterogeneous (a),
and homogeneous (b) nucleation. c, Initial Q6 in boundary and bulk versus ρs/ρ0. d,e, The
forward transition rate as a function of Q6 for bcc-like precursor to bcc solid in boundary
(d) and bulk (e) regions. As ρs/ρ0 varies from 0 to 0.37, the heterogeneous crystallization
turns into homogeneous crystallization. Surprisingly, all experimental data collapse onto
a master curve, regardless of the crystallization mode. f,g, The master curves of forward
and reverse transition rates for bcc-like precursor to bcc solid in boundary (f) and bulk (g)
regions. The inset shows K = k+/k−. h,i, Free energy difference between solid (3 types)
and liquid structures in boundary (h) and bulk (i) regions. The inset shows the free energy
difference between precursor (3 types) and liquid.
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