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Abstract- The aim of this study is to present a new type of optimization algorithm to train deep 

learning model. In other to achieve this, we used a convex combination method to combine the 

coefficients of Fletcher-Reeves (FR) and Polak-Ribiere-Polyak (PRP) on a three-term conjugate 

gradient method. This algorithm called Three-term PRP-FR Algorithm was implemented from 

scratch using python programming language alongside some existing optimizers. These optimizers 

were evaluated and compared based on the convergence of these optimizers using the accuracy 

results on the popularly known digit recognition dataset (MNIST dataset). 
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1.0 INTRODUCTION 

Deep learning with neural networks has been the dominant methodology of training new machine 

learning models for the past decade (Gaurav 2021). The field of deep learning is concerned with 

choosing the right methods for training deep neural networks (San et al. 2014; Xu et al. 2015; Lou 

et al. 2021). One of the major aspects of deep learning is to formulate useful optimization 

algorithms for finding model parameter values that reduce the cost function (Bottou et al. 2018).  

Research in the field of optimization has a long history and it’s evolved constantly. Applying a 

good optimization method can reduce the number of iterations and also can obtain better 

characteristics when compared to each other.  

Ruder (2017) Presents the gradient descent optimization algorithm in survey research, has the 

earliest and commonly used first-order optimization method. The gradient descent method works 

by updating variables iteratively in the (opposite) direction of the objective function's gradients. 

The update is carried out for the objective function to eventually converge to its optimum value. 

The learning rate influences the number of iterations required to achieve the optimal value by 

determining the step size in each iteration (Ruder 2017). It is used to minimize the cost function 

of an objective function.  

The gradient descent algorithm in general form: Let 𝑥 ≔ 𝑥0 ∈ 𝑅𝑛 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑖𝑡𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 While  ‖𝛻𝑓(𝑥)‖2 > 𝜀 𝑥 ≔ 𝑥−∝ 𝛻𝑓(𝑥) 
Gradient descent algorithm take time to converge to global optima based on the value of 𝛼 

(learning rate) chosen also the learning rate does not update automatically. 

According to a survey research conducted by Shiliang et al. (2019), presents the stochastic gradient 

method in which was proposed by Robbins and Monro in 1951, because of the high computational 

complexity of the batch gradient descent on each iteration especially for large-scale data. The idea 

behind stochastic gradient descent (SGD) is to use one random sample to update the gradient per 

iteration. In large numbers of samples, SGD is independent and can achieve convergence speed 

(Roux et al. 2012; Johnson et al. 2013; Agarwal et al. 2009). The algorithm repeatedly updates 

each parameter 𝛽𝑗 using a learning rate 𝛼. 𝑅𝑒𝑝𝑒𝑎𝑡{ 𝛽𝑗 ≔ 𝛽𝑗 − 𝛼 𝜕𝜕𝛽𝑗 𝐽(𝛽)  } 
The limitations of Stochastic Gradient Descent are appropriate learning rate is difficult to choose 

and the solution to some problems can be trapped at a saddle point. To solve the problem of 

trapping at a saddle point, a method was proposed by Robbin and Monro (1951) called the mini-

batch gradient descent (MSGD). Ruder (2017) Presented that MSGD uses 50 to 256 independent 

identically samples to update parameters in each iteration. This method helps to reduce the 

variance of the gradients and also makes convergence more stable. With these characteristics, 

MSGD has a great chance of reaching the global optimal solution for complex problems. 

Drawback for MSGD is that choosing a too small learning rate might lead to very slow 



convergence and a too large learning rate make it difficult to convergence. (Robbins et al. 1951; 

Darken et al. 1992) proposed a way to solve this problem which is setting a predefined list of 

learning rates or giving a condition to adjust the learning rate during the learning process. 

Many researchers have worked to improve SGD method. An example was the idea of momentum 

which was proposed by Polyak (1964). The method is to be applied in SGD. 

The algorithm repeatedly updates each parameter 𝛽𝑗. 𝑅𝑒𝑝𝑒𝑎𝑡{ 𝛽𝑗 ≔ 𝛽𝑗 − 𝛼 𝜕𝜕𝛽𝑗 𝐽(𝛽) + 𝑉𝑜𝑙𝑑 .  𝑚𝑡𝑚 } 
where 𝑉𝑜𝑙𝑑 was introduced to speed up the convergence rate and it represents the direction and the 

rate at which the parameters moves in their own space. 𝑉𝑜𝑙𝑑is known as the previous update which 

is now multiplied by a momentum factor in the range of [0,1] written as 𝑚𝑡𝑚. Choosing proper 

momentum plays a great role from escaping from the local minimum in training process and can 

also help the searching process to reach convergence more quickly. Research from Ruder (2017) 

shows through many experiments that the most appropriate setting for the momentum factor is 0.9. 

 (Nesterov 1983; Sutskever et al. 1983) made improvement on the traditional momentum. 𝛽 was 

added to 𝑉𝑜𝑙𝑑.  𝑚𝑡𝑚 denoted as 𝛽 which is used for updating the parameters. Parameters update 

formulae are given as follows: 

{  
  𝛽 = 𝛽 + 𝑉𝑜𝑙𝑑 .  𝑚𝑡𝑚,𝑉 = 𝛼 𝜕𝜕𝛽𝑗 𝐽(𝛽) + 𝑉𝑜𝑙𝑑.  𝑚𝑡𝑚   𝛽′ = 𝛽 + 𝑉  

Updating the future position of the gradient instead of the current is a great improvement over the 

traditional momentum which improves the convergence from O(1/k) to O(1/k2), when the batch 

optimization is used (Nesterov 1983). However, the issue of how to determine the learning rate is 

still a big challenge. 

In the work of Baird et al. (1999), learning rate decay factor d is used in SGD’s momentum method, 
which decreases the learning rate during the iteration period. The learning rate decay formula is 

given as:                                                                          𝛼𝑡 = 𝛼01 + 𝑑. 𝑡                                                                         (1) 
where 𝛼𝑡is the learning rate at 𝑡𝑡ℎ iteration, 𝛼0is the original rate, 𝑑 is an element in [0, 1]. 𝑑 

determines how fast the learning rate decay. 

(Duchi et al. 2011) proposed a direct improved algorithm to SGD called AdaGrad algorithm. The 

AdaGrad algorithm worked on adjusting the learning rate based on the gradient of previous 

iterations.  The update formulae for the SGD is given as:                                                              𝛽𝑗 ≔ 𝛽𝑗 − 𝛼 𝜕𝜕𝛽𝑗 𝐽(𝛽)                                                                     (2) 
while in the AdaGrad modifies the learning rate 𝛼 at point 𝑗 for every parameter 𝛽𝑗 based on the 

gradient of all previous iterations.                                      𝛽𝑗 ≔ 𝛽𝑗 − 𝛼√∑ ( 𝜕𝜕𝛽𝑗 𝐽(𝛽))2𝑗𝑖=1 +  𝜖
𝜕𝜕𝛽𝑗 𝐽(𝛽)                                                   (3) 



One of Adagrad’s main benefits is that it eliminates the need to manually tune the learning rate. 
Most implementations use a default value of 0.01 and leave it at that. Drawback of Adagrad are 

the algorithm still needs to set the global learning rate manually and as the training time increases, 

the accumulated gradient will become larger and larger, making the learning rate tend to zero, 

resulting in ineffective parameter update. (Matthew 2012) made an improvement on AdaGrad 

algorithm to AdaDelta algorithm which provide solution to the problem that makes the learning 

rate tend to zero. Instead of summing all past gradients, Adadelta method accumulates past 

gradients in a window over a fixed period. The drawback of AdaDelta update process may not 

converge. 

(Kingma et al. 2014) proposed another improved SGD method called the Adaptive moment 

estimation (Adam), which is a combination of adaptive methods and the momentum methods. It 

uses the first-order moment estimation and the second-order moment estimation of the gradient to 

dynamically adjust the learning rate of each parameter. The method is best used for non-convex 

optimization problems with large data and for higher dimensional space but it may not converge 

in some cases. Adam performs very well in practice when compared to other adaptive methods. 

 

2.0 OVERVIEW OF RELATED METHODS  

The following unconstrained optimization problem can be solved by modelling the nonlinear 

conjugate gradient method 

                                                                             𝑚𝑖𝑛{𝑓(𝑥)|𝑥 ∈𝑅𝑛}                                                                       (4)                                         
 

where 𝑓: 𝑅𝑛 → 𝑅 is continuously differentiable, 𝑓(𝑥) is an objective function and 𝑥 ∈ 𝑅𝑛 is a 

vector with independent variables. The CGM is commonly solved by iterative method which is 

defined as follows: 

                                                  𝑥𝑘+1 = 𝑥𝑘 +∝𝑘 𝑑𝑘,         𝑘= 0,1,2, …                                                                    (5) 
 

where 𝑥𝑘 is the current iterative point, ∝𝑘 is the learning rate (also known as step size) and 𝑑𝑘 is 

the search direction of conjugate gradient method. The search direction of conjugate gradient 

method 𝑑𝑘 can be defined as follows: 

                                   𝑑𝑘 = { −𝑔𝑘                                           𝑘=0−𝑔𝑘 + 𝛽𝑘𝑑𝑘−1                       𝑘>1                                                                          (6) 
 

where 𝑔𝑘 is the gradient at point  𝑥𝑘. 𝛽𝑘 is a parameter known as conjugate gradient (CG) 

coefficient. Different change in the parameter  𝛽𝑘 correspond conjugate gradient methods. Some 

common conjugate gradient method are Fletcher-Reeves (FR) (Fletcher et al. 1964), Polak-

Ribiere-Polyak (PRP) (Polyak 1964), Hestenes-Stiefel (HS) (Hestenes et al. 1952), Liu-Storey 

(LS) (Liu 1991), Dai-Yuan (DY) (Dai 2001) and conjugate descent (CD) (Fletcher et al. 1964) and 

their parameters  𝛽𝑘 are defined respectively as:                                                               𝛽𝑘𝐹𝑅 = 𝑔𝑘𝑇𝑔𝑘‖𝑔𝑘−1‖2                                                                               (7) 



                                                             𝛽𝑘𝑃𝑅𝑃 = 𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2                                                              (8) 
                                                             𝛽𝑘𝐻𝑆 = 𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)𝑑𝑘−1𝑇(𝑔𝑘 − 𝑔𝑘−1)                                                         (9) 
                                                             𝛽𝑘𝐿𝑆 = −𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)𝑑𝑘−1𝑇𝑔𝑘−1                                                           (10) 
                                                             𝛽𝑘𝐷𝑌 = 𝑔𝑘𝑇𝑔𝑘𝑑𝑘−1𝑇(𝑔𝑘 − 𝑔𝑘−1)                                                        (11) 
                                                             𝛽𝑘𝐶𝐷 = −𝑔𝑘𝑇𝑔𝑘𝑑𝑘−1𝑇𝑔𝑘−1                                                                        (12) 
3.0 PROPOSED THREE-TERM CONJUGATE GRADIENT METHOD 

We develop a modified three-term conjugate gradient method guided by the work of Jiankun et 

al.. (2019), to optimize a deep learning model. Jiankun et al.. (2019), proposed a three-term 

conjugate gradient method, where the search direction is given as:                                   𝑑𝑘 = { −𝑔𝑘                                                                   𝑘=0−𝑔𝑘 + 𝛽𝑘𝑑𝑘−1 + 𝜃𝑘𝑦𝑘−1            𝑘>1                                                          (13) 
 

Where 𝑔𝑘 = ∇𝑓(𝑥) is the gradient of 𝑓 𝑎𝑡 𝑥, 𝑦𝑘−1 = 𝑔𝑘 − 𝑔𝑘−1 and                                                               𝛽𝑘 = 𝑔𝑘𝑇𝑦𝑘−1‖𝑔𝑘−1‖2                                                                                (14) 
                                                             𝜃𝑘 = 𝑔𝑘𝑇𝑑𝑘−1‖𝑑𝑘−1‖2                                                                                (15) 
Motivated by the above methods, we propose a hybridized method for 𝛽𝑘  as a convex combination 

of Polak-Ribiere-Polyak (PRP) and Fletcher-Reeves (FR) methods named as 𝛽𝑘𝐶𝐻𝑀 given as:                                                              𝛽𝑘𝐶𝐻𝑀 = (1 − ∅)𝛽𝑘𝑃𝑅𝑃 +  ∅𝛽𝑘𝐹𝑅                                             (16) 
Where 0 < ∅ < 1,                                                               𝛽𝑘𝑃𝑅𝑃 = 𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2                                                            (17) 
                                                             𝛽𝑘𝐹𝑅 = 𝑔𝑘𝑇𝑔𝑘‖𝑔𝑘−1‖2                                                                            (18) 
Therefore, the new search direction is given as: 



                          𝑑𝑘 = { −𝑔𝑘                                                                             𝑘=0−𝑔𝑘 + 𝛽𝑘𝐶𝐻𝑀𝑑𝑘−1 + 𝜃𝑘𝑦𝑘−1            𝑘>1                                                           (19) 
The develop algorithm is describe below.  

______________________________________________________________________________  

Three-term PRP-FR Algorithm: A convex combination of PRP and FR on Three-term 

Conjugate Gradient method 

______________________________________________________________________________ 

1: Choose 0 < ∅ < 1 . Set initial point  𝑥0 ∈  ℝ𝑛, ∈ > 0 and 𝑘 = 0. 

2: Set 𝑔0 = ∇𝑓(𝑥0), if ‖𝑔𝑘−1‖  ≤ ∈, then stop. 

3: For 𝑘 = 0,1, … do 

4: Compute 𝑑𝑘 as in (19). 

5: Compute step size ∝𝑘. 

6: Update a new point 𝑥𝑘+1 using (5). 

7: Set 𝑘 = 𝑘 + 1. 

8: If ‖𝑔𝑘−1‖  ≤ ∈, then stop. 

9: Compute 𝛽𝑘𝑃𝑅𝑃, 𝛽𝑘𝐹𝑅 as in (17) and (18) respectively. 

10: Compute 𝛽𝑘𝐶𝐻𝑀 as in (16) 

11: end for 

______________________________________________________________________________ 

 

4.0 Convergence analysis 

This section provides theoretical proofs for the three-term PRP-FR algorithm. The sufficient 

descent condition for the method is provided here and its global convergence is established. 

Below, we show the descent property of the proposed CGM-Algorithm denoted by 

 

The sufficient descent condition 

                          𝑑𝑘 = { −𝑔𝑘                                                                             𝑘=0−𝑔𝑘 + 𝛽𝑘𝐶𝐻𝑀𝑑𝑘−1 + 𝜃𝑘𝑦𝑘−1            𝑘>1                                                           (20) 
where 

                                                              𝛽𝑘𝐶𝐻𝑀 = (1 − ∅)𝛽𝑘𝑃𝑅𝑃 +  ∅𝛽𝑘𝐹𝑅                                             (21) 
                                                              𝛽𝑘𝑃𝑅𝑃 = 𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2                                                            (22) 
                                                             𝛽𝑘𝐹𝑅 = 𝑔𝑘𝑇𝑔𝑘‖𝑔𝑘−1‖2                                                                            (23) 
                                                             𝜃𝑘 = −𝑔𝑘𝑇𝑑𝑘−1‖𝑑𝑘−1‖2                                                                            (24) 



Lemma 1 

The search direction 𝑑𝑘 in equation (20) satisfies the descent condition                                                                   𝑔𝑘𝑇𝑑𝑘 ≤ 0                                                                           (25) 
Proof: 

From (20) 𝑑𝑘 = −𝑔𝑘 + (1 − ∅)𝛽𝑘𝑃𝑅𝑃𝑑𝑘−1 +  ∅𝛽𝑘𝐹𝑅 + 𝜃𝑘𝑦𝑘−1   = −𝑔𝑘 + 𝛽𝑘𝑃𝑅𝑃𝑑𝑘−1 − ∅𝛽𝑘𝑃𝑅𝑃𝑑𝑘−1 +  ∅𝛽𝑘𝐹𝑅 + 𝜃𝑘𝑦𝑘−1   = −𝑔𝑘 + 𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2 𝑑𝑘−1 − ∅𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2 𝑑𝑘−1 +  ∅ 𝑔𝑘𝑇𝑔𝑘‖𝑔𝑘−1‖2 − 𝑔𝑘𝑇𝑑𝑘−1‖𝑑𝑘−1‖2 𝑦𝑘−1   ≤ 𝑔𝑘𝑇(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2 𝑑𝑘−1 + ∅ 𝑔𝑘𝑇𝑔𝑘‖𝑔𝑘−1‖2 

= 𝑔𝑘𝑇((𝑔𝑘 − 𝑔𝑘−1)𝑑𝑘−1 +  ∅(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2  

Multiplying through by 𝑔𝑘 

𝑔𝑘𝑇𝑑𝑘 ≤ −‖𝑔𝑘−1‖2 (((𝑔𝑘 − 𝑔𝑘−1)𝑑𝑘−1 +  ∅(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2 ) 

putting  

𝑐 = (((𝑔𝑘 − 𝑔𝑘−1)𝑑𝑘−1 +  ∅(𝑔𝑘 − 𝑔𝑘−1)‖𝑔𝑘−1‖2 ) 

then                                                              𝑔𝑘𝑇𝑑𝑘 ≤ −𝑐‖𝑔𝑘−1‖2 < 0                                                             (26) 
Global Convergence Analysis 

Next, we show that the proposed CGM-Algorithm with 𝛽𝑘𝐶𝐻𝑀converges globally. 

Assumption 1 

1a. If 𝑓 is bounded in the level set 𝑍 = {𝑥𝜖𝑅𝑛: 𝑓(𝑥) ≤ 𝑓(𝑥0)} in some initial point. 

b. If 𝑓 is continuously differentiable and its gradient is Lipschtiz continuous, there exist 𝑃 >0 such that: 



‖𝑔(𝑥) − 𝑔(𝑦)‖ ≤ 𝑃‖𝑥 − 𝑦‖∀ 𝑥, 𝑦 ∈ 𝑁 

c. If 𝑓 is uniformly convex function, then there exist a constant 𝜇 > 0 such that: (∇𝑓(𝑥) − ∇𝑓(𝑦))𝑇(𝑥 − 𝑦) > 𝜇‖𝑥 − 𝑦‖2, 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥, 𝑦 ∈ 𝑆 

From assumption 1a, there exist a constant 𝑄 such that:                                         ‖𝑥‖ ≤ 𝑄 ∀ 𝑥 ∈ 𝑍 𝑎𝑛𝑑 ‖∇𝑓(𝑥)‖ ≤ 𝐷, ∀ 𝑥 ∈ 𝑆                                            (27) 
Theorem  

Suppose that assumption (1), equation (26) and equation (27) holds, then the conjugate gradient 

method of the form: 𝑑𝑘 = −𝑔𝑘 + 𝛽𝑘𝐶𝐻𝑀𝑑𝑘−1 + 𝜃𝑘𝑦𝑘−1  
Where ∝𝑘 is fixed at 0.1, then of the cost function is uniformly convex, set Z, then lim𝑘→∞‖𝑔𝑘‖ = 0 

Proof 𝑑𝑘 = −𝑔𝑘 + 𝛽𝑘𝐶𝐻𝑀𝑑𝑘−1 + 𝜃𝑘𝑦𝑘−1  𝑑𝑘 = ‖−𝑔𝑘 + 𝛽𝑘𝐶𝐻𝑀𝑑𝑘−1 + 𝜃𝑘𝑦𝑘−1 ‖2 ≤ ‖𝑔𝑘‖2 + 𝛽𝑘𝐶𝐻𝑀‖𝑑𝑘−1 ‖2 + 𝜃𝑘‖ 𝑦𝑘−1 ‖2 

putting 𝜃𝑘 = 𝐴 and 𝛽𝑘𝐶𝐻𝑀 = 𝐵 ‖𝑑𝑘‖2 ≤ ‖𝑔𝑘‖2 + 𝐵‖𝑑𝑘−1 ‖2 + A‖ 𝑦𝑘−1 ‖2 ‖𝑑𝑘‖2 ≤ 1𝐷−2 (‖𝑔𝑘‖2𝐷−2 + 𝐵𝐷−2‖𝑑𝑘−1 ‖2 + A𝐷−2‖ 𝑦𝑘−1 ‖2) 
putting E = ‖𝑔𝑘‖2𝐷−2 + 𝐵𝐷−2‖𝑑𝑘−1 ‖2 + A𝐷−2‖ 𝑦𝑘−1 ‖2 

then ‖𝑑𝑘‖2 ≤ 𝐸 ( 1𝐷−2) 

∑ 1‖𝑑𝑘‖2∞
𝑘=1 ≤ 1𝐸 𝐷−2∑1𝑘≥1 = ∞ 



⇒ lim𝑘→∞‖𝑔𝑘‖ = 0 𝑎𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑. 
 

5.0 Numerical Experiments 

All experiments were implemented on a PC with the Hardware configuration of PC workstation 

with Intel® Core™ i5-5020U CPU @ 2.20GHz, 8GB of RAM; and Python is the main 

programming language that is used to implement this study. This is due to the availability of vast 

amount of open source python-based libraries and packages. 

5.1 Dataset 

We train and evaluate the proposed optimizer and compare the result with some existing optimizer 

such as FR-CGM, PRP-CGM, HS-CGM, stochastic gradient descent (SGD), momentum 

stochastic gradient descent (MSGD). The Experiments was based on digit recognition using the 

popular MNIST dataset for image classification. The dataset comprises 42000 dataset. The MNIST 

dataset was downloaded manually from https://www.kaggle.com. 

5.2 Parameters setting 

The stop criteria used in the experiment for all the optimization algorithms convergence is set to ‖𝑔𝑘‖ ≤ 10−4. Fixed learning rate 𝛼 is set to 0.1.  For  ∅ 𝑖𝑛 𝛽𝑘𝐶𝐻𝑀 is set to 0.7. Decay factor is set 

to 0.5 for momentum stochastic gradient descent (MSGD). 

5.3 Discussion of Results 

For each optimization algorithms used in these experiments, the program were executed ten times 

since the initial weight and biases were based on randomization number. Therefore, the best results 

were depicted in Table 1. 

 

 

 

 

 

 

 

Table 1: Accuracy metric Scores based on Number of iterations for different optimizers on MNIST 

dataset 

Number of iterations  

 

 

optimization 

algorithms 

50 100 150 200 300 350 500 

Three-term PRP-FR 0.67% 0.82% 0.86% 0.90% - - - 

PRP 0.53 0.68% 0.74% - - - - 

FR - - - - - - - 

HS 0.68% 0.77% 0.81% 0.83% 0.86% - - 

SGD 0.43% 0.64% 0.73% 0.78% 0.82% 0.83% 0.85% 

MSGD 0.65% 0.75% 0.79% 0.80% 0.84% 0.85%  

 

The numerical results of the proposed algorithm and some other algorithms were shown in table 

1. The numerical results indicated that the proposed algorithm (Three-term PRP-FR) have made 

significant performance among all algorithms. The proposed algorithm (Three-term PRP-FR) 

https://www.kaggle.com/


reach optimal value after 200 iterations with 0.9% accuracy which outperformed other algorithms 

with Three-term PRP gives 0.74% accuracy after 150 iterations, Three-term HS gives 0.86% 

accuracy after 300 iterations, SGD gives 0.85% accuracy after 500 iterations and MSGD gives 

0.85% accuracy after 350 iterations. Three-term FR fails to solve the problem. 

 

 
Figure1: Accuracy metric Scores based on Number of iterations for different optimizers on MNIST 

dataset 

Considering figure 1, the comparison of different optimization algorithm on MNIST dataset using 

200 iteration. It was observed that the proposed algorithm Three-term PRP-FR converges to local 

minimum of the loss function but HS, SGD, MSGD needs more number of iterations in order to 

converges to local minimum of the loss function. PRP converges to local minimum but with the 

lowest value of accuracy. 

 

Table 2: Predicted value for each optimizer 

Predicted 

output 

 

 

Input data 

Label Three-term 

PRP-FR 

PRP HS SGD MSGD 

 

1 1 1 1 1 1 



 

0 0 1 0 0 0 

 

4 9 8 8 8 8 

 

7 9 0 9 9 9 

 

8 8 8 5 5 5 

 

6 6 1 6 6 6 

 

5 5 8 5 5 5 

 

2 2 2 2 2 2 

 

Table 2 shows some selected original input data from about 20% of the handwriting recognition 

dataset (MNIST dataset) and the original label for testing. The predicted value for the optimizer 

were also shown.  

 

6.0 Conclusion 

In this study, a new optimization algorithms was proposed to solve deep learning model problem. 

The algorithm performs was tested using the popularly known handwriting recognition dataset 

(MNIST dataset) and was compared with some existing optimization algorithm. Therefore, from 

the experiment on the popularly known handwriting recognition dataset (MNIST dataset). The 

proposed algorithm Three-term PRP-FR proves to be a good optimization algorithm in terms of 

number of iterations and accuracy. 
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