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Abstract We propose a simplification of the exact so-
lution model in a linear system, which creates a trans-

parent passage for dynamical transition. We extend this
model to the nonlinear system and show that the tran-
sition dynamics will be determined by the nonlinear pa-

rameter and an unique parameter of external field. As

non-linearity increases, Landau-Majorana-Stückelberg-

Zener (LMSZ) interference fringes can be constructive

and the up energy level in the adiabatic limit splits

into three levels. For fast-sweeping fields, we derive an
analytic expression for dynamics transition under sta-
tionary phase approximation and show that transition

probability will be blocked as the non-linearity is much

larger than external field parameter, which agrees with

numerical results.

Keywords Exact solution model, Two-level system,

Dynamical transition, Nonlinear effects

1 Introduction

Exactly solvable quantum system with a single-axis driv-

ing field and corresponding dynamical behavior have

long been a subject of considerable interest in quantum

mechanics[1]. Among of them, the most famous exam-

ple is the Landau-Majorana-Stückelberg-Zener (LMSZ)

model with a linearly pulse[2,3], which remains a very

active area of research due to numerous applications in-

cluding quantum optics[4], solid-state physics [5], quan-

tum information science[6] and a spin-orbit-coupled Bose-

Einstein condensate[7]. Another well known model is
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the hyperbolic secant pulse of Rosen and Zener (RZ)[8],

which has played an important role in ion-atom colli-

sion[9], self-induced transparency[10] and qubit control

[11,12]. In contrast to LMSZ model where the energy

bias is linearly varied in time driven by a z-axis control

field, in RZ model, coupling strength is time dependent

driven by a x-axis control field. Both of them belong to
the family of analytical exact controls.

Recently, the increasing attention is focused on non-

linear quantum system because it exists in the ultracold

Bose-Einstein condensate (BEC) system and nonlinear

optics[13–17]. LMSZ and RZ model have also been ex-

tended to nonlinear case[18–22], in which the nonlin-

earity will dramatically affect the transition dynamics.

Fox example, in nonlinear LMSZ model, there exists a

critical value of the interaction strength beyond which

the transition probability becomes nonzero even in the
adiabatic limit. For nonlinear RZ model, the quantum
transition can be completely blocked by a strong non-
linearity. Despite these isolated successes, extending ex-

actly solvable single axis models to nonlinear cases have

remained extremely rare. This is because that issues of

instabilities and nonintegrability in nonlinear quantum

system are expected to feature obstructions of control,
it is difficult to apply the control principles of linear
quantum system to nonlinear quantum system. Besides,
analytically solvable model is rare, and these exact solu-

tions of them expressed in terms of complicated special

functions (such as the Gauss hypergeometric function

and the Weber function), the overall time (−∞,∞) will

be required. To verify the correctness of numerical cal-

culation, nonlinear case will also be entire time. The

local time will dramatically affect dynamic result.

It is worth noting that a kind of exactly solvable

single-axis driving model based on invariant method

have been proposed, which can produce desired nonadi-
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abatic passages in two-level and three-level systems[23–

27]. Differing from original LMSZ and RZ model, these

examples of analytically solvable system described by

the simple solutions, rendering the control strategies

more transparent. Therefore, numerical nonlinear re-

sult in these models will be simple to verify through a

local time. These make us interesting to search for more

exactly solvable single-axis driving models and examine
what happens that dynamics affected by nonlinearity.

In this paper, we have constructed simple exact an-

alytical solution for linear two-level system driven by a
hyperbolic-secant pulse. It is note that our model is no
redundant parameter and the driving field of the tar-
get Hamiltonian here is uniquely determined. Differing

from the previous method which aims at finding out

the solution of the special function, we resolve the dy-

namics of the system by simple solution. On the other

hand, motivated by the recent increasing research for
BEC, where nonlinearity naturally arises from a mean-
field treatment of the interaction between particles. We
extend our model to the nonlinear case and investigate

its transition dynamics in the presence of nonlinearity.

More interestingly, the influence of nonlinearity can be

reduced by modulating a external parameter, so we can

give a suitable values to get desirable quantum state
control.

2 Exact solutions for hyperbolic-secant model

in linear two-level system

We consider the nonlinear two-level system described

by the dimensionless Schördinger equation (setting h̄=1)

[17,18]

i
d

dt

(

a
b

)

= H(t)

(

a
b

)

, (1)

with the Hamiltonian given by

H(t) =
γ

2
σx + [

Ωz(t)

2
+

δ(t)

2
]σz,

δ(t) = c(| a |2 − | b |2), (2)

where a and b are the probability amplitudes, the total

probability | a |2 + | b |2 is conserved and set to be 1.

c is the nonlinear parameter describing the interparti-

cle interaction. σi=x,y,z denote Pauli matrices satisfying
[σi, σj ] = iεijkσk, γ and Ωz(t) are the coupling strength

and the energy bias between two levels, which can be

controlled by the external field (the magnetic field and

the laser field), respectively. When c=0 and γ is con-

stant, the Hamiltonian of equation (3) describes any

linear two-level system which is driven along a single

axis (denoted by z)[1].

In present paper, we consider that the system is

driven along a single axis z, so the coupling strength
is constant and the energy bias is time dependent gov-

erned by a hyperbolic secant external field of the form

Ωz(t) = 2γsech(γt). (3)

Here, we note that the external field is determined by

an unique parameter, both the amplitude and scanning

frequency can be replaced by γ, which is different from

LMSZ and its nonlinear sweep model[18,28].

The above system can be exactly solved at the linear

case (c = 0). To resolve the dynamic of this system, we

suppose that the linear system possesses a dynamical

invariant[29,30]

I(t) =
sin θ(t) cosϕ(t)

2
σx+

sin θ(t) sinϕ(t)

2
σy+

cos θ(t)

2
σz,

(4)

which satisfies

∂tI(t) = −i[H(t), I(t)]. (5)

Here, θ(t) and ϕ(t) are auxiliary time-dependent angles.
Eq.(5) is readily verified through the following equa-

tions of the components:

γ = − θ̇(t)

sinϕ(t)
, (6)

Ωz(t) = ϕ̇(t)− θ̇(t) cot θ(t) cotϕ(t)− δ(t). (7)

According to Eqs.(6) and (7), we directly calculate the

corresponding mixing angels θ(t) and ϕ(t), which can

be given by the following equations,

θ(t) =
π

2
+ arccos(tanh(γt)),

ϕ(t) = π − arccos(tanh(γt)).
(8)

We note that for given any θ(t) and ϕ(t), one can con-

struct γ and Ωz. It is direct to verify that this system

possesses a dynamical invariant

I(t) = − tanh(γt)2
σx

2
+sech(γt)2tanh(γt)

σy

2
−sech(γt)2

σz

2
.

(9)

Obviously, the instantaneous eigenstates of the invari-

ant operator I(t) in Eq. (9) read

| φ±〉 = ± cos
θ

2
| ±〉+ sin

θ

2
e±iϕ | ∓〉. (10)

Here, for two-level system, we have used | +〉 = [1, 0]T ,

| −〉 = [0, 1]T . The dynamical basis of this system can

be formulated as
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Fig. 1 The external field Ωz(t) and transition probabilty(|
a(t) |2 or | b(t) |2) as time goes from 0 to 20/γ.

| Ψ(t)〉 = k1e
iδ+(t,t0) | φ+(t)〉+k2e

iδ−(t,t0) | φ−(t)〉, (11)

where k1,2 are constant, the so-called lewis-Riesenfeld
phase is given by

δ±(t, t0) =

∫ t

t0

〈φ±(t
′) | i∂t′ −H(t′) | φ±(t)〉dt′

= ∓
∫ t

t0

Ωxcosϕ(t)

sin θ(t)
dt. (12)

So far, we have given the exact solution of linear system.

Consequently, the probability amplitudes can be gener-

ically expressed as a = 〈+ | Ψ(t)〉 and b = 〈− | Ψ(t)〉.
In the following study, we assume the quantum state

is prepared on one mode initially. As the external field

turned on, quantum transition between two modes oc-

cur. In realistic system, the truncation of driving field
is inevitable, so we consider that the local time evolve
from 0 to 20

γ
. If the system starts from | +〉, then the

time-dependent mode superposition coefficients ( k1,2)

are determined by k1,2 = 〈± | Ψ(0)〉, it yields k1 = 0
and k2 = 1, and the transition probability is given by

P (t) =| b(t) |2= cos2 θ
2 . On the other hand, if the

system starts from | −〉, then the superposition coef-

ficients( k1,2) satisfy k1 = 1 and k2 = 0, the transition

probability can also be expressed as P (t) =| a(t) |2=
cos2 θ

2 . It is clear that each of them are sysmmetry. This

result provides a transparent control in linear system.
We depict the external field format and transition prob-

ability in Fig.1.

3 Nonlinearity effects

3.1 Transition dynamics in nolinear two-level system

With the emergence of nonlinearity (c 6= 0), the transi-

tion dynamics will dramatically change[31]. The Schrö-

dinger Eq.(1) is no longer analytically solvable, we there-
fore exploit a 4-5th-order Runge-Kutta algorithm to

trace the quantum state evolution numerically, the con-
tour plots for transition probability with different ini-
tial states have been shown in Fig.2. In our calculation,
the transition probability as the function of both time

(evolving from 0 to 20/γ) and c/γ. As shown in Fig.2,

the bule region stands for low transition probability,
and red area corresponds to high transition probabil-

ity.

In linear case (c/γ = 0), it is shown that the transi-
tion dynamics are symmetrical when the system starts

from the state | +〉 and | −〉, which is robustness and
quickly stabilized 0.5, this result agrees with the ana-

lytic prediction of Fig.1. However, the symmetry will

be broken as the nonlinear interaction increases. This

phenomena is similar to the references[17,21]. Differing

from them, in this model, when the scanning frequency

is fast enough, the transition dynamics will be close
to linear case, which can be strongly modified by the
scanning frequency. Meanwhile, as the value of c/γ in-

creases, LMSZ interferometry fringes can be construc-

tive, even if the driving field is not periodic variety.

However, the LMSZ interference patterns are not sym-

metry in Fig.2(a) and Fig.2(b). These effects provide

good opportunity to precisely measure the interaction
between interferometry phenomena and external con-
trol fields.

For the weak nonlinear case, i.e., c/γ ≤ 1, the oscil-
lation behavior gradually appears no matter what the
initial state | +〉 or | −〉 is, and the maximum value of

transition probability is even larger than 0.5 in some
times. However, the oscillation period of two patterns
are different. When the system is prepared on state

| +〉(see Fig.2(a)), it will decrease as the nonlinearity

strengths. Starting from state | −〉 exhibits the oppo-
site behavior(see Fig.2(b)). For the strong interaction,

i.e., c/γ > 1, quantum transition also exhibits striking

difference between preparing on | +〉(see Fig.2(a)) and

starting from | −〉. When the system is initially prepare

on state | +〉, the oscillation behavior even appears in

c/γ > 2, and the oscillation pattern is completely bro-

ken at c/γ = 4, both the oscillation period and ampli-
tude have a big change at this case. The quantum tran-

sition probability between two modes is blocked and

close to zero. When the system is initially prepare on

state | −〉 (see Fig.2(b)), the amplitude of oscillation

pattern is dramatically reduced at c/γ = 2, the transi-

tion probability is block and tends to zero at this case.

Obviously, starting from | +〉 needs to stronger nonlin-
earity to make the transition probability block.

These results show that there exist a critical value

of c/γ, the transition probability will be dramatically
reduced. The LMSZ interference patterns can be de-

structive or constructive, which are determined by c/γ.
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Fig. 2 Contour plot of transition probability as the function
of time (γt) and the ratio of nonlinear parameter c to scaning
frequency γ with different initial state. (a)the system starts
from | +〉, (b)the system is prepared on | −〉.
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Fig. 3 The adiabatic energy-levels at γ = 0.5:(a)linear case
(c = 0), (b)weak nonlinear case(c = 0.5), (c)strong nonlinear
case (c = 2), (d)strong nonlinear case (c = 3). The dashed
lines in (b),(c),(d) correspond to unstable energy level.

That is to say, if the system is initially prepare on state

| +〉, this point is at c/γ = 4. Starting from | −〉 is
at c/γ = 1.4. As a result, we can modulate the value

of c/γ to get desirable transition probability or LMSZ

interference patterns. In the following, let us explicitly

consider the influence of non-linearity effects at the case

of low or fast scanning frequency.

3.2 Adiabatic limit

In the adiabatic limit, the scanning frequency (γ) is

very slow and the characters of transition probabilities

should be entirely determined by adiabatic energy levels

and eigenstates[32]. These levels as the solution of the

time-dependent version of Eq.(1) obtained by replacing

i(∂/∂t) with energy E, after some elaboration, we find

the following quartic equation

(2E + c)2(4E2 − γ2)− 4Ω2
zE

2 = 0. (13)

The adiabatic energy levels of system are given by the

roots of above quartic equation. We illustrate these

levels with γ = 0.5 in Fig.3 for the case of linearity,

weak nonlinearity, strong nonlinearity, respectively. It

is shown that the levels will be dramatically affected

by the increasing nonlinearity. In the linear case (see

Fig.3(a)), two energy levels are symmetric about a hor-

izontal axis, which leads to symmetrical transition dy-

namics. However, the symmetry will be broken by the

presence of nonlinearity.

For the case of weak nonlinearity, there exists two

situations, one case is that the number of levels are two

at c ≤ 0.5, i.e., c/γ ≤ 1, which is similar to its linear

counterpart. Compared with the linearity case, we see

that the energy levels are lower than the ones for c = 0

(see Fig3.(a)), and it leads to a oscillation behavior of

transition probability in Fig.2 (the case of c/γ < 1).

Another case is that the number of levels are four at

c = 0.7, i.e., c/γ = 1.4 (see Fig.3(b)). In Fig.3(b), the

dashed levels are unstable, which can be evaluated by

Eq.(15). The eigenvalues E can be real, complex, or
pure imaginary. Only pure imaginary eigenvalues cor-

respond to stable states; Others indicate the unstable
ones. We note that it is different from the reference[18,
19], there is no looping new feature in our figures. As is

shown in Fig.3(b), the up level divides into three levels,

which include two unstable levels and one stable lev-

els, the breakdown of adiabatic evolution even in the

adiabatic limit. However, the lowest level do not split.

They are also in good agreement with the situation re-

sults in Fig.2. When the system is prepared initially in

state | +〉, the system follows the up-level until level

structure destroyed, it only presences the low transi-

tion probability and oscillation behavior. As the non-

linearity increases, the up-level splits and the transition

probability becomes larger. Owing to the up-level do

not completely transform into the unstable level, the

transition probability of starting from | +〉 escapes to

be blocked. When the system is prepared initially in

state | −〉, the system follows the lowest-level until the

up-level structure is destroyed, which leads to no way to

jump to the up level, because the middle level and the

lowest-level degenerate. As a result, transition proba-
bility block and closes to 0 at c > 0.7(c/γ > 1.4).

For the case of strong nonlinearity(c > 1), i.e, Fig3(c)

and Fig3(d), there also exists four levels. In Fig.3(c), we
note that the up level gradually turn to unstable level

and the middle two levels close to the right vertical
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is the corresponding energy curve at η = 0(dashed line) and
η = 0 (heavy line).

axis at c ≤ 2,i.e., c/γ = 4. The transition probabil-

ity also exists oscillation behavior. However, when the
nonlinearity effect is enough strong (see Fig.3(d)),i.e.,
c > 2, four levels will be completely formed, which is

not changed as the nonlinearity parameter c increases

and the transition probability will be blocked. These
results perfectly agree with Fig.(2).

To further explore the above peculiar phenomena,

we construct the effective classical Hamiltonian intro-
ducing the transition probability P =| b(t) |2 and η =

ηb − ηa as the relative phase of two modes[32], then we

obtain an effective Hamiltonian and satisfy the canon-

Theoretical

Numerical
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Fig. 5 Comparison between our analytic result using SPA

and the numerical integration of Schrödinger equation (1).

ical equation,i.e., ṗ = −∂H/∂θ, θ̇ = ∂H/∂p,

H(t) =
Ωz

2
(2p− 1)− c

4
(2p− 1)2 +Ωx

√

p(1− p) cos η,

(14)

which can completely describe the dynamical properties

of system(1). Its fixed points correspond to the eigen-

states of the nonlinear two-level system, which can be

given by the following equations:

η∗ = 0, π, (15)

Ωz − c(2p∗ − 1) +
Ωx(2p

∗ − 1)

2
√

p∗(1− p∗)
cos η∗ = 0, (16)

Ωx

√

p∗(1− p∗) sin η∗ = 0. (17)

We have depicted the phase space orbits of the cor-

responding system (14) in Fig.4 with the time t =
20, there exists two or four the fixed points (labeled

P1, P2, P3, P4). The number of fixed points depend

on the nonlinear parameter c. For weak nonlinearity,

c < 1, there exists only two fixed points (P1 and P2)

in Fig.4(a) and Fig.4(b)). They are elliptic points, each

being surrounded by closed (elliptic) orbits, which are

located on θ∗ = 0 and θ∗ = π, and meaning that the
two corresponding eigenstates of the two-level system

have relative phase of π. The stable elliptic fixed point

P1 corresponds to the lower level in Fig.3. P2 is the

upper level. For weak nonlinearity, c > 1, when we in-

crease c, P2 bifurcates into P3 and P4 (see Fig.4(c)

and Fig.4(d)), the corresponding up level split into two

unstable level in Fig.3(c) and Fig.3(d).
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3.3 Sudden limit

In this section, we will discuss quantum transition in
sudden limit, and the scanning frequency is fast enough.

We can derive the analytical expression of the transition
probabilities using the stationary phase approximation
(SPA). Here, we focus on the case of strong nonlinearity
c/γ ≫ 1. We thus expect the amplitude b remains small

and a ∼ 1 all the time, and a perturbation treatment

of the problem becomes adequate.

We begin with the variable transformation,

a = a′exp[−i

∫ t

0

(
Ωz

2
) +

c

2
(| b |2 − | a |2)]dt, (18)

b = b′exp[−i

∫ t

0

(
Ωz

2
) +

c

2
(| b |2 − | a |2)]dt. (19)

As a result, the diagonal terms in Hamiltonian are trans-

formed away, and we have

b′ =
γ

2i

∫ t

0

dtexp(−i

∫ t

0

[Ωz + c(| b |2 − | a |2)]dt) (20)

Following Ref.[19], we evaluate the self-consistently of

Eq.(20). Owing to the large γ, the integrand gives a

rapid phase oscillation, and it makes the integral small.
The dominant contribution comes from the stationary
t0 of the phase around , and we have

Ωz + c(2 | b |2 −1) = ᾱ(t− t0) (21)

where

ᾱ = (
dΩz

dt
+ 2c

d | b |2
dt

)t0 (22)

Since | b(t) |2=| b′(t) |2, then we have

| b |2= (
γ

2
)2

∫ t

0

dt | exp(− i

2
ᾱ(t− t0)

2) |2 (23)

Combining the relation (22) with Eq.(23), we come to

a closed equation for ᾱ,

ᾱ = −2γ2sech[γt0] tanh[γt0] + 2c(
γ

2
)2
√

2π

ᾱ
(24)

Here, we have differentiated Eqs.(23) at time t0, obtain-

ing a few standard Fresnel integrals with the result[(d |
b |2 /dt)]t0 = (γ/2)2

√

2π/ᾱ, and the nonadiabatic tran-

sition probability described by

Γ =
πγ2

2ᾱ
(25)

Then the above result yields a closed equation for Γ ,

1

Γ
= − 4

π
sech[γt0] tanh[γt0] +

2c

πγ

√
Γ (26)

The equation (26) gives the approximate solution of

transition probability | b(t) |2 in the sudden limit. Com-
pared with numerical result, it shows good agreement

at c/γ > 200, c/γ < 200 a clear deviation is observable

in Fig.5. It is due to the the enough fast of scanning fre-

quency leads to the invalidity of our assumption a ∼ 1.
Consequently, when c ≫ γ, transition probability will

be blocked.

4 Conclusion

In conclusion, we have constructed a single-axis driving

model and given a simple analytical solution for linear

two-level system. For nonlinear case, we investigated

dynamics transition of this model, which is influenced

by the scanning frequency (γ) and nonlinear parameter

(c). There exists a critical value for c/γ, LMSZ inter-

ference fringes will be destructive at this point. On the

other hand, the adiabatic energy level will be splitted

and one of fixed point bifurcates into two points as non-

linearity increases. When the scanning frequency is fast

enough, we derive an analytic result for dynamic tran-

sition and show that we need more large nonlinearity
value to make the transition probability close to zero.
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