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 The goal of the present paper work is to demonstrate the use of numerical matrix iteration technique to 

obtain the divergence speed of a jet transport aircraft wing by employing aerodynamic strip theory. 

Aerodynamics strip theory is employed to obtain the divergence speeds for a finite (Three Dimensional) 

wing and for an infinite (Two dimensional) wing by matrix iteration technique. The aircraft wing is 

divided in to a number of Multhopp’s stations. The elastic property of the wing of a typical jet transport 

is considered for this analysis. Assuming a straight elastic axis, the matrix of torsional influence 

coefficients associated with Multhopp’s stations has been computed. A MATLAB code is used to iterate 
the matrix to arrive at the required convergent approximate solution. The solution converges about after 

ten iterations of the matrix. It is observed that torsional divergence speed estimated on the basis of strip 

theory without finite span correction is about 18% lower than the divergence speed estimated on the basis 

of strip theory with finite span correction. Two-dimensional torsional divergence analysis based on strip 

theory yields conservative torsional divergence speed. A tentative increase of 20 % in torsional stiffness 

resulted in about 15.5 percent increase in torsional divergence speed of a three-dimensional wing. This 

shows that divergence speed of a wing is directly proportional to the square root of torsional stiffness. 

This corroborates the result obtained for a two-dimensional wing. The result of the findings will be 

mandatory to high performance modern airplane designers for aeroelastic analysis. 
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1. Introduction  20 

Aero-elasticity is a multidisciplinary science which studies the mutual interaction among aerodynamic, inertia, 21 

and elastic forces and the influence of these interaction upon airplane design. No aircraft structure is completely rigid, 22 

so when it is subjected to aerodynamic forces it will normally deflect by a small amount [1]. This effect can become 23 

very important at high speeds because any change in the shape of the body can cause the applied aerodynamic forces 24 

to change, leading in turn to further deflection and further changes in load. This vicious circle can rapidly develop in 25 

to aero-elastic phenomena. The flexibility of modern airplane structure is responsible for various aero-elastic 26 

problems. The various aero-elastic phenomena are classified in to static aeroelastic phenomena and dynamic 27 

aeroelastic phenomena. Dynamic aeroelasticity involves the interaction among aerodynamic, elastic and inertia forces 28 

and include problems like flutter, buffeting, dynamic response, gust load, life cycle oscillations and so on [2,3]. On 29 

the other hand, static aeroelastic problem involve the interaction between aerodynamic and elastic forces. These 30 

problems include control surface reversal (aileron, elevator), divergence (wing, tail plane), control effectiveness, load 31 

distribution and aeroelastic effects on static stability.  32 

 A serious of research in aeroelasticity started during the development of cantilever monoplane aircraft. 33 

The aeroelastic problems in the early days of monoplane design were overcome by cut-and-try method [4,5]. A theory 34 

of wing load distribution and wing divergence presented by [6-9]. A theory of lateral loss of lateral control and aileron 35 

reversal was latter published by [10].  More recent development in the wing aeroelastic problem related to techniques 36 

for casting the equations of equilibrium in matrix form. Such techniques are useful in the treatment of wings with non-37 

uniform properties. Moreover, [11] and [12] have provided the basis for application of matrices to straight wing 38 

aeroelastic problems. Design of high-speed aircraft is considerably influenced by flutter. Modern aircrafts are 39 

subjected to many kinds of flutter phenomena like classical flutter and stall flutter. Flutter consideration controls wing 40 

skin thickness, wing platform and aspect ratio. Decreasing in wing aspect ratio and increasing in sweep tend to raise 41 

flutter speed. Heavy mass items in the wing are often located by consideration of optimum conditions for flutter 42 

prevention [4,13]. Another most common aeroelastic problem is wing torsional divergence of a straight wing. Design 43 

parameters affecting divergence of a straight wings are primarily wing torsional stiffness and offset distance between 44 

center of twist and aerodynamic center. Raising the divergence of a wing by increasing torsional stiffness is a costly 45 

process at the expense of considerable weight. An approach more frequently employed by designers is to proportion 46 
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the wing structurally so as to move the center of twist forward and thus reduce the aerodynamic eccentricity. For 47 

example, a straight wing, which carries its torsional load by a D-box has a forward center of twist location and 48 

subsequently a high divergence [4,14].  49 

The main aim of this research article is to demonstrate the use of numerical matrix iteration technique to 50 

characterize the divergence speed of a jet transport aircraft wing by employing aerodynamic strip theory. 51 

 Phenomena of wing divergence is a primary interest to the airplane structural designer.  Divergence speed 52 

of sweptback wings is inherently high. However, divergence speed of swept forward wings is so low that for this 53 

reason alone, swept forward is practically ruled out as a design feature [15]. A plethora of research paper has been 54 

published by various researchers on aeroelastic phenomena, particularly on flutter and wing divergence. Research 55 

reported by [16] investigated the influence of the stiffness on the flutter characteristics of High aspect ratio wing. In 56 

their study, they employed fluid structure coupling method to examine the flutter phenomena of the wing. The 57 

corotational (CR) method was carry out for structural analysis. The loads were analyzed based on the result obtained 58 

from computational fluid dynamics (CFD) solver. The results show that, for a wing span wise direction increase of 59 

bending stiffness and torsional stiffness, there is a significant reduction of flutter amplitude as compared with the 60 

original wing. Another researcher group analyzed the influence of wing linear or quadratic pretwist distributions, and 61 

the effect of various twist angles on the aeroelastic stability an aircraft. The researchers modeled the wing structure as 62 

beam theory of Hodges.  The study revealed that by pretwisting the wing, flutter speed of the wing with respect to the 63 

untwist wing increases until a specific twist value and then decreases. Moreover, adding the pretwist to the wing 64 

decreases the flutter frequency. The obtained findings were compared with those reported in the literature and excellent 65 

agreement has been noted [17]. The influence of delamination on the flutter and divergence character of a composite 66 

wing using exact methods was investigated. The study of this paper assumed the wing frame as a cantilevered 67 

Bernoulli–Euler beam with coupled bending–torsion and delaminated wing panel assumed as three interconnected 68 

integral beams. The finding of the study has shown that the effect of fiber angle on the local delamination and its 69 

length has an influence on the flutter behavior of the wing [18]. An indirect way of studying flutter and divergence 70 

responses as a design constraint with the object of weight optimization was assessed [19]. The researchers applied the 71 

level set method for their wing topology optimization computation. The result of the study provided insights into 72 

optimal aeroelastic design of innovative aircraft structural configurations. The static aeroelastic instability mainly 73 
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wing torsion divergence optimization of swept forward wing was reported by a group of researchers. This research 74 

group applied an aeroelastic tailoring technique-based radial basis function neural networks (RBFNNs) and genetic 75 

algorithm (GA) optimization in MATLAB on the bases of the material orientation, thickness, and lay-up as a design 76 

decision parameter through finite element method (FEM) structural analysis. According to the report, the torsional 77 

instability of forward swept wing increased at subsonic speeds and decreased at supersonic with the increase of flight 78 

velocity [20]. Using the finite element method, the effect of in-plane stresses and lamination parameter on the flutter 79 

or divergence instabilities for constant stiffness and variable stiffness of edge-supported and cantilever composite 80 

trapezoidal panels were investigated [21]. The researchers applied the first-order piston theory and eigenvalue analysis 81 

to assess aeroelastic instability of such a wing. With the employment of analytical approach, a further study on the 82 

aeroelastic behavior of a composite wing was examined [22]. The researchers analyzed thin-walled single-cell closed 83 

cross-section beam with circumferentially asymmetric stiffness (CAS) configuration. In their study, they estimated 84 

the best layup configuration fiber orientation angle for the maximum flutter speed. The result of the study revealed 85 

the benefits of foam filled model over the non-foam filled model in terms of the flutter speed to the weight ratio. For 86 

both the straight and swept-back wings, the influence of laminate pattern (composite layup) on the wing divergence 87 

and flutter behavior was investigated based on the coupling of Finite Element Model (FEM) with vortex lattice method 88 

and Finite Element Model (FEM) with doublet lattice method respectively [23]. In their investigation, they portion 89 

the plate wing structure into linear triangular elements with five degrees of freedom at each node. To evaluate the 90 

result with others published works, a MATLAB code was used. The result of the study showed that composite layup 91 

orientation angles have played a great role which can be considered as a design parameter for the aero elastic instability 92 

analysis of on the wing flutter and divergence speeds. Modified higher order shear deformation theory for the structural 93 

computation and Doublet point method for the aerodynamic unsteady flow formulations were applied for the 94 

aeroelastic instability analysis [24]. The researchers used U-g method for flutter and divergence velocities estimations. 95 

The findings showed that positive fiber angles produce divergence-free wings, but the flutter speeds were small 96 

relative to negative fiber angle wings, which resulted a challenge to achieve composite tailoring that at the same time 97 

realizes high-flutter and high-divergence boundaries. Poisson’s integral equation was also involved in the static 98 

stability of a thin plate [25]. In the research report of this paper, the point at which the static instability of a plate wing 99 

that could be described by partial differential equations (PDE) are considered to be the divergence speeds which 100 

indicate static instabilities start to occur. With the application of the Hamilton’s principle and finite element 101 
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formulation, Mengchun Yu and Chyanbin Hwu [26] characterized aeroelastic divergence an element wise full model 102 

tapered composite wings. It was observed that the divergence peed increased with increased in taper ratio of the wing. 103 

An indirect way of studying using numerical approach, the effect of structural sensitivity on the wing divergence and 104 

flutter speed behavior of a typical wing section, based Monte Carlo simulation was assessed by [27]. A further study 105 

by a team of researchers [28] used numerical and experimental support to address the aeroelastic behavior of a wing. 106 

The researchers selected AGARD 445.6 wing design for their numerical analysis and they coupled computational 107 

fluid dynamics and computational structural dynamics in the ANSYS environment. They also validated their findings 108 

with the experimental approach and hence they found an agreement with each other. Another group of researchers 109 

[29] used a higher-order shear deformation theory (HSDT) with higher-order finite element modeling (FEM) to study 110 

the divergence and flutter characteristics of composite plate wings. The researcher familiarized new higher-order 111 

composite plate element, titled MONNA, and coupled with the vortex lattice, doublet lattice, and doublet point 112 

aerodynamic panel method models to show the research approach. The research finding showed that the new plate 113 

element approach has a better divergence-flutter convergence and accuracy as compared to traditional elements. A 114 

further study using numerical methods in the divergence and flutter analysis of multilayered laminated structures was 115 

developed [30]. Panel methods such as Vortex-Lattice used to calculate the pressure distribution, Piston Theory used 116 

to for Flutter characteristics and Movchan-Krumhaar Methods were utilized to evaluate the structural stability when 117 

structural viscous damping is considered for the study. The researcher used commercial FE package such as 118 

DYNAMICS Module of NISA for their calculation. Structural parameters such as fiber orientations, stacking 119 

sequences and boundary condition and different flow angles were considered. Matrix iteration methods are usually 120 

the choice for many aero-structural and aeronautical engineers to analyze complex structures of flying vehicles 121 

because of their tool accessibility, flexibility and ability to solve complex problems [9]. In general, from the literature 122 

different approaches and attempts have been made to estimate the divergence characteristics of the wing of a jet 123 

transport aircraft in terms of critical divergence speed beyond which the catastrophic failure of the aircraft occurs. The 124 

goal of the present paper work is by employing strip theory [31−34], with finite span correction (3D) and without 125 

finite span correction (2D) fluid flow to demonstrate the use of matrix iteration technique to obtain the divergence 126 

speed of a jet transport aircraft wing. The strip theory of aerodynamics assumes the two-dimensional flow of fluid 127 

through the wing airfoil section. In the present paper, first the elastic properties of a straight wing in terms of wing 128 

torsional influence coefficients have been determined. Secondly, equilibrium equations are derived in the form of an 129 
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integral equation. Then, an appropriate choice of aerodynamic theory in the form of strip theory has been discussed 130 

and the method of solution for finding the divergence speed has been dealt. Finally, the integral equation has presented 131 

in matrix form using strip theory and observations on the governing equations has been made. A MATLAB code has 132 

been used to iterate the matrix to reach for the solution to converge.  133 

2. Structural theory and analysis 134 

Modern airplanes vary widely in geometric shape. On the other hand, we find high aspect ratio wings such as the 135 

Boeing-47 airplanes which resembles slender beam, and on the other hand, low aspect ratio delta wings such as 136 

Canvair XF-92 that resemble plates. The wings of jet transport aircraft, which is related to the present work resemble 137 

a beam structure and the analysis carried out in this work shall use beam equation. The object of this section is to 138 

discuss the method of analysis of deformation of a wing structure under static load, considering it to represent a beam 139 

and to determine torsional influence coefficients, which represents torsional rigidity of the wing structure [4]. 140 

2.1 Elastic properties of a wing structure. 141 

It is assumed that the wing of the transport aircraft under consideration is perfectly elastic. That is when the 142 

external forces are removed, the wing structure resumes its original form. Experiments on aircraft structure have 143 

shown that within certain limits, the force and the deflection are linearly related. In the skin of aircraft wing structure 144 

elastic buckling may produce a discontinuity in the force deflection diagram even though the material that make up 145 

the wing structure are stressed at relatively low level. Therefore, the elastic behavior of the wing structure is defined 146 

in the range below the point of elastic buckling.     147 

2.1.1 Concept of influence coefficients. 148 

The concept of influence coefficients is applied in this analysis, where the wing structural deformation due to several 149 

forces and moments are considered [4,35]. Consider a general case shown in Fig 1. Based on this approach, the total 150 

linear and angular deflection of any point can be expressed as the sum of the deflections at that point produced by 151 

individual forces and moments. This is stated by the principle of superposition, which is the base for the analysis of 152 

linear system. In Fig 1, the symbol Q is assigned to the arbitrary force or moment called “generalized forces”. 153 

Similarly, the symbol q is assigned to the linear or angular displacement of the point of application of each generalized 154 

forces and is called “generalized coordinates”. Generalized coordinates are quantities, which represent the possible 155 
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independent displacement of the system. Hence, they must not violate the geometric constraints imposed up on the 156 

system. Such a constraint implies that wing deflection at the point of attachment to the fuselage must be zero.  157 

 158 

Fig. 1. Several discrete forces and moments applied to elastic structure [4]. 159 

By the principle of superposition, the displacement of the point of application of the ith generalized force due to n 160 

generalized forces is given by 161 

𝑞𝑖 = ∑ 𝐶𝑖𝑗𝑄𝑗                     (𝑖 = 1,2,3, … . 𝑛)𝑛𝑗=1                               (1) 162 

where the constants 𝐶𝑖𝑗 are called flexibility influence coefficients. 163 

In matrix notation, the above equation can be expressed as: 164 

[  
   
𝑞1𝑞2...𝑞𝑛]  

   =
[  
   
𝐶11𝐶21...𝐶𝑛1

  
𝐶12𝐶22....

  
......   

......   
......  
𝐶1𝑛𝐶2𝑛...𝐶𝑛𝑛]  

   
[  
   
𝑄1𝑄2...𝑄𝑛]  

                                           (2) 165 

In short matrix notation, it can be expressed as:  {𝑞} = [𝐶]{𝑄}.                                                                 (3) 166 

Influence coefficients and their matrices have the important property of symmetry. This property is expressed by: 167 𝐶𝑖𝑗 = 𝐶𝑗𝑖 [35]. 168 

Consider the properties of the matrix [C], which apply to Fig 1. When n=4, it can be portioned in to four matrixes 169 

each containing different types of influence coefficients as follows: 170 
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                         [𝐶] = [   
 𝐶11𝛿𝛿𝐶21𝛿𝛿𝐶31𝛼𝛿𝐶41𝛼𝛿  

𝐶12𝛿𝛿𝐶22𝛿𝛿𝐶32𝛿𝛿𝐶42𝛿𝛿  
𝐶13𝛿𝛼𝐶23𝛿𝛿𝐶33𝛼𝛼𝐶43𝛿𝛿  𝐶14𝛿𝛼𝐶11𝛿𝛿𝐶11𝛿𝛿𝐶44𝛼𝛼]   

 
                                                          (4) 171 

The four types of elements are:  172 

𝐶𝛿𝛿 = 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑖 𝑑𝑢𝑒 𝑡𝑜 𝑢𝑛𝑖𝑡 𝑓𝑜𝑟𝑐𝑒 𝑎𝑡 𝑗. 173 

𝐶𝛼𝛼 = 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑖 𝑑𝑢𝑒 𝑡𝑜 𝑢𝑛𝑖𝑡 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑗. 174 

𝐶𝛿𝛼 = 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑖 𝑑𝑢𝑒 𝑡𝑜 𝑢𝑛𝑖𝑡 𝑓𝑜𝑟𝑐𝑒 𝑎𝑡 𝑗. 175 

𝐶𝛼𝛿 = 𝑙𝑖𝑛𝑒𝑎𝑟 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑖 𝑑𝑢𝑒 𝑡𝑜 𝑢𝑛𝑖𝑡 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑗. 176 

For the matrix [C] to be symmetrical, the reciprocal theorem of Betti [33] must hold: 177 

𝐶𝑖𝑗𝛿𝛿 = 𝐶𝑗𝑖𝛿𝛿 , 𝐶𝑖𝑗𝛼𝛼 = 𝐶𝑗𝑖𝛼𝛼 , 𝐶𝑖𝑗𝛿𝛼 = 𝐶𝑗𝑖𝛼𝛿 178 

2.1.2 Expression of strain energy based on influence coefficients 179 

In the application of energy theorem to aeroelastic system, formulas for strain energy in terms of influence coefficient, 180 

referring to Fig 1, can be defined as: 181 

𝑈 = 12 ∑ 𝑄𝑖𝑞𝑖𝑛𝑖=1 .                                                             (5) 182 

Substituting equation (1) in to equation (5), gives the expression of strain energy in terms of flexibility influence 183 

coefficients: 184 

𝑈 = 12 ∑ ∑ 𝐶𝑖𝑗𝑄𝑖𝑄𝑗𝑛𝑗=1𝑛𝑖=1 .                                                               (6) 185 

In order to express the strain energy in integral form, consider a wing section shown in the Fig 2. A point on 186 

the cross section is located by the wing span wise coordinate y and the tangential coordinate s. the tangential coordinate 187 

is measured positive in the counter clock wise direction for the peripheral skin and is positive in the positive direction 188 

of the Z-axis for the interior webs.   189 
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 190 

Fig. 2. Loaded cross section of shell beam [4]. 191 

A loaded cross section at a distance y from the origin is acted up on by a torque T(y) with positive direction as shown 192 

in Fig 2. The point of application of T(y) is at the center of twist or shear center of the section. Shear flow assumes 193 

positive in the S-direction and denoted by q.  194 

If, during the application of twisting moments, the beam is free to warp, the strain energy is due entirely to shear stress 195 

and given by: 196 

𝑈 = 12𝐺 ∫  ∫ 𝑞2 𝑑𝑠𝑡𝑐.𝑠 𝑑𝜆𝑙0                                                        (7) 197 

   Application of Castigliano’s theorem, to the equation (7) gives the angle of twist of the beam due to the given 198 

distributed applied torque T(y) as follows: 199 

𝜃(𝑦) = 𝜕𝑈𝜕𝑇 = 1𝐺 ∫ ∫ 𝑞(𝜆, 𝑠) 𝜕𝑞𝜕𝑇 𝑑𝑠𝑡𝑐.𝑠 𝑑𝜆𝑙0                                    (8) 200 

where 𝑞(𝜆, 𝑠) = 𝑠ℎ𝑒𝑎𝑟 𝑓𝑙𝑜𝑤 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑡𝑜𝑟𝑞𝑢𝑒𝑠; 201 

𝜕𝑞𝜕𝑇 = 𝑠ℎ𝑒𝑎𝑟 𝑓𝑙𝑜𝑤 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑑𝑢𝑒 𝑡𝑜 𝑢𝑛𝑖𝑡 𝑡𝑜𝑟𝑞𝑢𝑒; 202 

𝑇 = 1 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑎𝑡 𝑡ℎ𝑒 𝑠𝑝𝑎𝑛𝑤𝑖𝑠𝑒 𝑠𝑒𝑐𝑡𝑖𝑜𝑛; 203 

If we now assume that the shear flow distribution due to T=1 is denoted by 𝜗(𝜆, 𝑠), 𝑡ℎ𝑒𝑛  204 

𝑞(𝜆, 𝑠) = 𝑇(𝜆)𝜗(𝜆, 𝑠) 205 

𝜕𝑞𝜕𝑇 = {𝜗(𝜆, 𝑠)   (𝑦 > 𝜆) 0             (𝑦 < 𝜆)                                                      (9) 206 

Substituting equation (9) in to equation (8), we have 207 
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𝜃(𝑦) = ∫ 𝑇(𝜆)𝑑𝜆𝐺𝐽𝑦0                                                           (10) 208 

where 𝐽 = 1∫ 𝜗2𝑐.𝑠 𝑑𝑠𝑡  is the torsional rigidity of the beam cross section. And the quantity GJ is 209 

called the torsional stiffness of the beam. 210 

Differentiating equation (10) with respect to y, we get a relation between the applied torsional moment and rate of 211 

twist as follows:   212 

𝑑𝜃(𝑦)𝑑𝑦 = 𝜃′ = 𝑇𝐺𝐽                                                      (11) 213 

2.2 Torsional influence coefficients  214 

Consider a cantilever wing subjected to unit torque load as shown in the Fig. 3 below. A unit torque about the elastic 215 

axis is applied at a distance 𝜂 from the origin and the resulting angular displacement at y is denoted by 𝐶𝜃𝜃(𝑦, 𝜂). 216 

 217 

Fig. 3. Cantilever wing under unit torque load [4]. 218 

As defined earlier,  219 

𝑞(𝜆, 𝑠) = 𝜗(𝜆, 𝑠)… …… … …… . . (0 < 𝜆 < 𝜂)                                  (12) 220 

𝜕𝑞𝜕𝑇 = 𝜗(𝜆, 𝑠) …… …… …… . . (0 < 𝜆 < 𝑦)                                        (13) 221 

Thus for 𝜂 > 𝑦 222 

 𝐶𝜃𝜃(𝑦, 𝜂) = ∫ 𝑑𝜆𝐺𝐽𝑦0                                                                            (14) 223 

And for 𝜂 < 𝑦 224 



11 
 

 𝐶𝜃𝜃(𝑦, 𝜂) = ∫ 𝑑𝜆𝐺𝐽𝜆0                                                                           (15) 225 

The torsional constant J, defined in equations (14) and (15) can be evaluated at each section of the beam, if the shear 226 

flow distribution 𝜗(𝑠, 𝜆) due to a unit torque is known. This requires knowledge of the wing skin thickness, flange, 227 

web and stringer thickness etc at each section of the wing, in addition to the values of shear modulus at each section. 228 

The curve of torsional rigidity GJ has been computed in ref [4] and plotted in in Fig. 4.   229 

 230 

Fig. 4. (a) Bending, torsional, and shear stiffness curves. 231 

 232 

Fig. 4. (b) Torsional stiffness curve (changed to SI unit) 233 
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 234 

Fig. 4. (c) 1/GJ curve (changed to SI unit) 235 

2.2.1 Geometric and elastic data of a jet transport aircraft wing 236 

Here the elastic axis is straight and perpendicular to the root at 35% of the chord. The torsional rigidity GJ and the 237 

corresponding torsional flexibility 1/GJ have been computed at each section from the torsional rigidity curve in Fig. 238 

4 (b) and are given below: 239 

Table 1 Wing torsional stiffness values at the various Multhopp’s stations [4]  

Wing station (m) 𝐺𝐽 × 10−8(𝑁𝑚2) 1𝐺𝐽 × 10−8 (𝑟𝑎𝑑. 𝑁𝑚−2) 

0 0.7553 1.324 

4.86 0.7610 1.314 

8.98 0.3874 2.581 

11.73 0.1293 7.736 
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 240 

Fig. 5. Multhopp’s stations [4,36]  241 

2.2.2 Numerical evaluation of torsional influence coefficients Matrix 242 

A plot of 1/GJ curve, as computed by the values of GJ at a number of sections along the span is shown in Fig. 4 (c) 243 

the wing is divided in to four stations over the semi-span as illustrated in Fig. 5. These particular stations called 244 

Multhopp’s stations are selected for convenience in computing the aerodynamic matrixes. These stations are found to 245 

be a distance of 0, 4.86, 8.98 and 11.73 from the root in meters. For this work, the assumed wing stations are four, the 246 

resulting torsional coefficients matrix [𝐶𝜃𝜃] is a (4x4) square matrix as shown below. 247 

[𝐶𝜃𝜃] = [𝐶11𝐶21𝐶31𝐶41
   𝐶12𝐶22𝐶32𝐶42

   𝐶13𝐶23𝐶33𝐶43
   𝐶14𝐶24𝐶34𝐶44

]  248 

The values of torsional influence coefficients are obtained from eq (14) and eq (15) by calculating the areas under the 249 

1/GJ curve shown in Fig. 4 (c). 250 

 251 
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Therefore,  252 

𝐶11 = 𝐶12 = 𝐶13 = ∫ 𝑑𝜆𝐺𝐽11.73
0 = 37.53 × 10−8 𝑟𝑎𝑑. 𝑁.𝑚−1 253 

𝐶22 = 𝐶23 = ∫ 𝑑𝜆𝐺𝐽8.98
0 = 14.48 × 10−8 𝑟𝑎𝑑. 𝑁.𝑚−1 254 

𝐶33 = ∫ 𝑑𝜆𝐺𝐽4.86
0 = 6.435 × 10−8 𝑟𝑎𝑑. 𝑁.𝑚−1 255 

The resulting matrix of torsional influence coefficient will be: 256 

[𝐶𝜃𝜃] = [ 37.5337.5337.530    37.5314.4814.480    37.5314.486.4350    0000] × 10−8 𝑟𝑎𝑑. 𝑁.𝑚−1                       (16) 257 

3. Divergence analysis 258 

Divergence, which is a static instability phenomenon, involves the interaction between the elastic and aerodynamic 259 

forces. Therefore, the divergence analysis requires the calculation of the steady aerodynamic coefficient matrix and 260 

the structural stiffness matrix. The present work focuses on the torsional divergence of a straight wing, which is the 261 

most common problem in aeroelasticity.  262 

 263 

Fig. 6. Determination of wing divergence speed [33]  264 

Consider the case of a simple straight wing at incidence (𝛼) with center of twist behind the aerodynamic center. The 265 

pressure distribution with the main loads located near the nose is such as to cause the wing to twist in the nose up 266 

sense. Because the structure is not perfectly rigid, it gets in fact twisted, and its shape becomes distorted relative to 267 

the wing root section. It twists about an axis, known as the torsional axis or center of twist or flexural center of the 268 
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wing as shown in the fig 6 [33]. This twist, by increasing the effective incidence to (α+θ), creates a lift increment 269 

which then acts forward of the torsional axis, so that the effect is statically unstable, in the sense that the more it twists 270 

the bigger is the torsional moment tending to cause it to twist, of course, resisted by elastic forces due to twist still 271 

further. However, the tendency to twist is, of course, resisted by elastic forces due to the stiffness of the structure. This 272 

resistance to twist increases rapidly with the amount of twist, or strain, until it balances the aerodynamic twisting 273 

couple and equilibrium is reached. However, as the speed increases, the aerodynamic forces (L) increase rapidly, and 274 

therefore, so also does the twisting moment (Mo). The elastic stiffness is not affected by speed, and so the amount of 275 

twist increases with speed. Eventually, a speed is reached at which the elastic restoring torque is only just sufficient 276 

to counteract the twisting moment, and equilibrium is only reached with the wing breaking point. This speed is a 277 

critical speed called the wing torsional divergence speed. When this wing reached its torsional divergence speed, the 278 

increment in aerodynamic torsional moment due to an arbitrary increment in twist angle is exactly equal to the 279 

increment elastic restoring torque. When the speed exceeds the torsional divergence speed, the increment in 280 

aerodynamic torsional moment exceeds the increment in elastic restoring torque and the wing becomes statically 281 

unstable, and any increase in speed above this value will result in structural failure-the wing will break off. 282 

3.1 Equilibrium equations 283 

For the sake of simplicity, the following assumptions are made: 284 

1. Straight wings are characterized by an elastic axis, which is perpendicular to the plane of symmetry of the 285 

airplane.  286 

2. Chord wise segments of the wing remains rigid; that is, camber bending is negligible. 287 

The differential equation of torsional aeroelastic equilibrium of a straight wing about its elastic axis is obtained by 288 

relating the rate of twist to applied torque as discussed earlier equation (11) is given as follows: 289 

𝑑𝜃(𝑦)𝑑𝑦 = 𝜃′ = 𝑇𝐺𝐽 290 

This can be rewritten as: 291 

𝑑𝑑𝑦 (𝐺𝐽 𝑑𝜃𝑑𝑦) = 𝑑𝑇𝑑𝑦 = −𝑡(𝑦)                                             (17) 292 
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 where t(y)=applied torque per unit span 293 

   𝜃(𝑦)=elastic twist distribution. 294 

Consider a slender straight wing subjected to aerodynamic and inertia forces as shown in Fig. 7. 295 

 296 

Fig. 7. Slender straight wing 297 

Referring to Fig. 7, the applied torque per unit span t(y) is given by: 298 

𝑡(𝑦) = 𝑞𝑐𝑙𝑐𝑒 + 𝑞𝑐2𝐶𝑚𝑎𝑐 − 𝑁𝑚𝑔𝑑                                                   (18) 299 

                                         where 𝑐𝑙 = 𝑙𝑜𝑐𝑎𝑙 𝑙𝑖𝑓𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 300 

                                               𝐶𝑚𝑎𝑐 = 𝑙𝑜𝑐𝑎𝑙 𝑚𝑜𝑚𝑒𝑛𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝑎𝑖𝑟𝑐𝑟𝑎𝑓𝑡 𝑐𝑒𝑛𝑡𝑒𝑟 301 

𝑚𝑔 = 𝑤𝑖𝑛𝑔 𝑤𝑒𝑖𝑔ℎ𝑡 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡 𝑠𝑝𝑎𝑛 302 

                                        𝑁 = 𝑙𝑜𝑎𝑑 𝑓𝑎𝑐𝑡𝑜𝑟 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑤𝑖𝑛𝑔 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 303 

                                                    (𝑁 = 1 𝑓𝑜𝑟 𝑙𝑒𝑣𝑒𝑙 𝑓𝑙𝑖𝑔ℎ𝑡). 304 

Combining equation (17) and (18), we have the following differential equation of equilibrium as follows: 305 

𝑑𝑑𝑦 (𝐺𝐽 𝑑𝜃𝑑𝑦) = 𝑁𝑚𝑔𝑑 − 𝑞𝑐𝑙𝑐𝑒 − 𝑞𝑐2𝐶𝑚𝑎𝑐              or 306 

              
𝑑𝑑𝑦 (𝐺𝐽 𝑑𝜃𝑑𝑦) + 𝑞𝑐𝑙𝑐𝑒 = 𝑁𝑚𝑔𝑑 − 𝑞𝑐2𝐶𝑚𝑎𝑐                                        (19) 307 

 The boundary conditions are: 𝜃(0) = 0; 𝜃′(𝑙) = 0. 308 
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The wing torsional deflection at any span wise location y due to torque t applied at span wise location 𝜂 is derived 309 

from energy equation using Castiglione’s theorem [4]. 310 

𝜃(𝑦) = ∫ 𝐶𝜃𝜃(𝑦, 𝜂)𝑡(𝑦)𝑑𝜂 𝑙0                                                        (20) 311 

Introducing equation (18) in to equation (20), we obtain: 312 

𝜃(𝑦) = ∫ 𝐶𝜃𝜃(𝑦, 𝜂){[𝑐𝑙𝑐𝑒 + 𝑐2𝐶𝑚𝑎𝑐]𝑞 − 𝑁𝑚𝑔𝑑}𝑑𝜂 𝑙0                   (21) 313 

We can regard the angle of attack as a superposition of a rigid angle and an elastic twist. 314 

         𝛼(𝑦) = 𝛼𝑟(𝑦) + 𝜃(𝑦)                                                            (22) 315 

Similarly, the local lift coefficient can be written as: 316 

𝑐𝑙(𝑦) = 𝑐𝑙𝑟(𝑦) + 𝑐𝑙𝑒(𝑦)                                                        (23) 317 

Where 𝑐𝑙(𝑦) = 𝑙𝑜𝑐𝑎𝑙 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑎𝑡𝑡𝑎𝑐𝑘 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑓𝑟𝑜𝑚 𝑧𝑒𝑟𝑜 𝑙𝑖𝑓𝑡 𝑒𝑥𝑐𝑙𝑢𝑑𝑖𝑛𝑔 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑡𝑤𝑖𝑠𝑡 318 

𝑐𝑙𝑟(𝑦) = 𝑙𝑜𝑐𝑎𝑙 𝑙𝑖𝑓𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑟𝑒𝑠𝑢𝑙𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑟𝑖𝑔𝑖𝑑 𝑡𝑤𝑖𝑠𝑡, 𝛼𝑟(𝑦) 319 

𝑐𝑙𝑒(𝑦) = 𝑙𝑜𝑐𝑎𝑙 𝑙𝑖𝑓𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑟𝑒𝑠𝑢𝑙𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑡𝑤𝑖𝑠𝑡 . 320 

Substituting equation (23) in to equation (19), we get the following integral equation: 321 

𝑑𝑑𝑦 (𝐺𝐽 𝑑𝜃𝑑𝑦) + 𝑞𝑐𝑒𝑐𝑙𝑒 = −𝑞𝑐𝑒𝑐𝑙𝑟 − 𝑞𝑐2𝐶𝑚𝑎𝑐 + 𝑁𝑚𝑔𝑑                       (24) 322 

Similarly, substituting equation (23) in to equation (21), we get the following integral equation:  323 

𝜃(𝑦) = ∫ 𝐶𝜃𝜃(𝑦, 𝜂)𝑒𝑐𝑐𝑙𝑒𝑑𝜂 + ∫ 𝐶𝜃𝜃(𝑦, 𝜂)(𝑒𝑐𝑐𝑙𝑟𝑞 + 𝑞𝑐2𝐶𝑚𝑎𝑐 − 𝑁𝑚𝑔𝑑)𝑑𝜂𝑙0𝑙0              (25) 324 

              or            𝜃(𝑦) = 𝑞 ∫ 𝐶𝜃𝜃(𝑦, 𝜂)𝑒𝑐𝑐𝑙𝑒𝑑𝜂 + 𝑓(𝑦)𝑙0                                    (26) 325 

                                        Where f(y) =∫ 𝐶𝜃𝜃(𝑦, 𝜂)(𝑒𝑐𝑐𝑙𝑟𝑞 + 𝑞𝑐2𝐶𝑚𝑎𝑐 − 𝑁𝑚𝑔𝑑)𝑑𝜂𝑙0 .  326 

Equation (26) is the required governing integral equation.  327 

 328 
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3.2 Strip theory Aerodynamic Formulation  329 

Strip theory is one of the aerodynamic analysis tools which assumes flow along the wing section is two dimensional 330 

[2,31−34,37,38].  In Aerodynamic analysis the motion of the fluid can be framed as 2D problem for slender bod. 331 

Setting a given aerodynamic problem into 2D and applying strip theory it is noticed that there are much deviations in 332 

the crosswise direction as compared to that of longitudinal one. The principle behind the strip theory is that the portion 333 

of the wing submerged into the fluid flow is divided into finite number of strips and then 2D aerodynamic coefficients 334 

for added mass can be computed for each strip and then integrated over the length of the body to yield the 3D 335 

coefficients. 336 

Referring to both 𝜃(𝑦) and 𝑐𝑙𝑒(𝑦) in equation (26), they are regarded as unknown functions and so the problem is 337 

mathematically indeterminate. The problem becomes mathematically determinate as soon as a second relation between 338 

the two unknowns is stated. This second relation is supplied by some appropriate choice of aerodynamic theory. The 339 

aerodynamic theory is assumed to involve a linear relation between angle of incident and lift distribution that can be 340 

represented by: 341 

𝛼(𝑦) = Θ(𝑐𝑐𝑙)                                                                 (27) 342 

                                                           where Θ = the linear operator on the lift distribution 𝑐𝑐𝑙 343 

                                                                       to produce the required incidence distribution 𝛼(𝑦). 344 

Strip theory is defined as one in which Θ is simply, Θ = 1𝑎0𝑐                                                     (28) 345 

                         where 𝑎0 = 𝑡ℎ𝑒 𝑙𝑜𝑐𝑎𝑙 𝑡𝑤𝑜 𝑑𝑖𝑚𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑓𝑡 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑐𝑢𝑟𝑣𝑒.  346 

𝑐 = 𝑡ℎ𝑒 𝑤𝑖𝑛𝑔 𝑐ℎ𝑜𝑟𝑑. 347 

4. Methods of solution by matrices using strip theory 348 

Equation (26) together with equation (27) forms the basis for the prediction of elastic twist and lift distribution of an 349 

un-swept wing with the straight elastic axis.   350 
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The torsional divergence speed of a three-dimensional wing is determined from the lowest Eigen value of dynamic 351 

pressure 𝑞𝑑, determined from the integral equation of equilibrium in its homogenous form. The homogenous form of 352 

equation (24) is: 353 

𝑑𝑑𝑦 (𝐺𝐽 𝑑𝜃𝑑𝑦) + 𝑞𝑑𝑐𝑒𝑐𝑙𝑒 = 0                                                   (29) 354 

The homogenous form of equation (26) is   355 

𝜃(𝑦) = 𝑞𝑑 ∫ 𝐶𝜃𝜃(𝑦, 𝜂)𝑒𝑐𝑐𝑙𝑒𝑑𝜂𝑙0                                            (30) 356 

Equation (29) or (30) can be alternatively used together with equation (27) to compute the divergence speed. 357 

It is usually necessary to employ numerical solution in practical airplane problems. In this case, the integral equation 358 

(30) with matrix methods possesses advantageous. Applying strip theory, equation (30) can be written as; 359 

𝑐𝑙𝑒𝑑𝑐𝑙𝑑𝛼 = 𝑞𝑑 ∫ 𝐶𝜃𝜃(𝑦, 𝜂)𝑒𝑐𝑐𝑙𝑒𝑑𝜂𝑙0                                       (31) 360 

Where  
𝑑𝑐𝑙𝑑𝛼  =the effective lift curve slope corrected for aspect ratio. 361 

The matrix form of equation (31) can be written as follows: 362 

[𝐴]{𝑐𝑐𝑙𝑒} = 𝑞𝑑[𝐸]{𝑐𝑐𝑙𝑒}                                             (32) 363 

              where [𝐴] = 1𝑑𝑐𝑙𝑑𝛼 [1𝐶] 364 

                       𝐸 = [𝐶𝜃𝜃][𝑒][�̅�]                                                   (33) 365 

                                       where [�̅�] = 𝑤𝑒𝑔𝑡𝑖𝑛𝑔 𝑚𝑎𝑡𝑟𝑖𝑥. 366 

Equation (32) is the governing equation in the matrix form for the numerical evaluation of divergence speed.  367 

4.1 Observations   368 

1. The torsional divergence speed of a three-dimensional wing is determined from the lowest eigenvalue of 369 

dynamic pressure 𝑞 obtained from the homogenous differential equation (29) or integral equation of 370 

equilibrium equation (30). 371 
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2. Equation (29) or equation (30) can be alternatively used together with equation (27) to compute the 372 

divergence speed. They are both satisfied by the same infinite set of Eigen values and Eigen functions. The 373 

lowest Eigen value is the dynamic pressure 𝑞𝑑 , corresponding to the torsional divergence. The corresponding 374 

Eigen function𝜃𝑑(𝑦), is the span wise distribution at the divergence speed.  375 

3. The integral equation form (equation (30)) serves as a convenient basis for numerical location of complex 376 

practical problems. 377 

4. In both equations 𝜃(𝑦) and 𝑐𝑙𝑒are regarded as unknown function and hence the divergence problem is 378 

redundant with single degree of indeterminateness. The problem of redundancy is solved by additional 379 

equations (27) between the unknowns. Strip theory is employed to obtain this equation. 380 

5. Solution to the differential equation (29) for the case of strip theory can be obtained in closed form in the 381 

case of cantilever wing of uniform chord and stiffness. However, we cannot obtain the solution in the closed 382 

form since the wing under consideration is both of varying chord and stiffness along the wing span. 383 

5. Numerical solution and validation           384 

The matrix form of the governing equation for the determination of the divergence speed of a jet transport wing has 385 

been developed and given by equation (32). This equation shall be used to estimate the divergence speed of a wing 386 

where torsional flexibility coefficient matrix 𝐶𝜃𝜃 has been obtained numerically and is given by (16). The weighting 387 

matrix [�̅�] is obtained by applying Multhopp’s quadratic formula. The application of this formula is detailed in ref. 388 

[4] where it is shown that for a particular four station configuration that we have adopted in this work has the form of 389 

a diagonal matrix given by equation (36). The governing equations (32) is solved by matrix iteration technique using 390 

strip theory with or without finite span corrections.  391 

5.1 Estimation of wing chord matrix 392 

Since the wing considered is tapered, the chord varies along the wing span.  393 

The wing root length, 𝐶0 = 225" =  5.715𝑚 394 

The wing tip length, 𝐶𝑡 = 100" = 2.54𝑚 395 

The span at any span length, 𝑦𝑖  396 

The wing half span, 𝑦 = 22.86𝑚 397 
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 398 

Fig. 8. Wing half span platform geometry [4]. 399 

From similarity of triangles, the chord length at any span length can be obtained by the following relations:  400 

𝐶𝑖𝐶𝑡 = 𝑦 − 𝑦𝑖𝑦  401 

 𝐶𝑖 = 𝐶0(𝑦−𝑦𝑖𝑦 ) =𝐶0(1 − 𝑦𝑖𝑦 )                                           (34) 402 

Substituting the above numerical values will result in   403 

𝐶𝑖 = 5.715(1 − 𝑦𝑖22.86)                                                (34, a) 404 

Computing the chord 𝐶𝑖 at station 1, 2, 3, and 4; and putting the results in matrix form we will get the following 405 

diagonal matrix: 406 

[𝐶] = [2.78000    03.4800    004.50    0005.715] 407 

5.2 Estimation of eccentricity 408 

It is known that the location of wing aerodynamic center is quarter of the chord measured from the leading edge, i.e. 409 𝑎. 𝑐 = 0.25𝐶 and the elastic axis= 0.35𝐶. 410 
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 411 

Fig. 9. Airfoil section showing aerodynamic and elastic axis (shear center). 412 

The eccentricity e, the distance between the elastic axis and aerodynamic center, and is defined by e=0.35C-413 

0.25C=0.1C. Since the chord c is variable or different for different sections, e also differs along the wing span. 414 

Therefore,              𝑒𝑖 = 0.1 × 𝐶𝑖                                                          (35) 415 

The resulting diagonal eccentricity matrix is: 416 

[𝑒] = [0.278000   00.34800   000.450   0000.572] 417 

5.3 Multhopp’s quadratic formula 418 

When functions arisen from lifting line theory, an approximate quadrature’s developed by Multhopp’s is convenient. 419 

For a symmetrical lift distribution problem, applying the methods and formula for a wing semi span 𝑙 =  𝑏/2, we get 420 

the following diagonal matrix of weighting numbers [4,36]. 421 

[�̅�] = 𝛑𝐥𝟖 [  
 𝐬𝐢𝐧 𝛑𝟖𝟎𝟎𝟎      𝟎𝐬𝐢𝐧 𝛑𝟒𝟎𝟎     𝟎𝟎𝐬𝐢𝐧 𝟑𝛑𝟖𝟎       𝟎𝟎𝟎𝟏𝟐 𝐬𝐢𝐧 𝛑𝟐

  ]  
 
                                      (36) 422 

5.4 Estimation of wing divergence speed using strip theory without finite span correction. 423 

From equation (33), that is[𝐸] = [𝐶𝜃𝜃][𝑒][�̅�], and multiplying the corresponding matrix quantities, we get the 424 

following result.   425 

[𝐸] = [19.9519.9519.950    46.2817.8417.840    77.6929.9713.320   0000] × 10−8𝑟𝑎𝑑 𝑚 𝑁⁄  426 
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From equation (32), we get a simplified expression as follows: 427 

1𝑑𝑐𝑙𝑑𝛼 [1𝐶] = 𝑞𝑑[𝐸] 428 

Rearranging the above expression, we get:  429 

1𝑑𝑐𝑙𝑑𝛼 = 𝑞𝑑[𝐶][𝐸]                                                              (37) 430 

Now the product of the matrix [C] [E] becomes: 431 

[0.5540.6930.8970   1.2850.6210.8030   2.1601.0430.5990   0000] × 10−6 𝑟𝑎𝑑 × 𝑚2𝑁  432 

%MATLAB script for iteration convergence 433 

clc; 434 

C=[37.53 37.53 37.53 0; 37.53 14.48 14.48 0; 37.53 14.48 6.435 0; 0 0 0 0]*0.00000001 435 

e=[0.278 0 0 0; 0 0.348 0 0; 0 0 0.45 0; 0 0 0 0.572] 436 

w=[1.91 0 0 0; 0 3.54 0 0; 0 0 4.6 0; 0 0 0 2.494] 437 

E=C*e*w 438 

c=[2.78 0 0 0; 0 3.48 0 0; 0 0 4.5 0; 0 0 0 5.715] 439 

cE=c*E 440 

A=c*E 441 

clc; 442 

A=[0.555  1.287  2.160  0; 0.694  0.621  1.043  0; 0.898  0.803  0.599  0; 0  0  0  0]*0.000001; 443 

n=size(A,1) 444 

tol=0.00001; 445 

err=100; 446 

x=[1 1 1 1]' 447 

x=ones(n,1) 448 

k=0; 449 

while(err>tol) 450 

x1=A*x; 451 

[val,pos]=max(abs(x1)); 452 

eigen_val=x1(pos); 453 

x2=x1/eigen_val; 454 

err=max(abs(x2-x)); 455 

x=x2; 456 

eigen_vec=x; 457 

k=k+1; 458 

end 459 

fprintf('Break the loop when it converges after %d iterations', k); 460 

 461 
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After ten iterations, the matrix [𝐶][𝐸] = 2.7717 × 10−6 𝑟𝑎𝑑.𝑚2𝑁 . Substituting the dynamic pressure 𝑞𝑑 𝑏𝑦 12 𝜌𝜐𝐷𝑖𝑛𝑓2 , 462 

𝜌 = 1.225 𝑘𝑔/𝑚3and 
𝑑𝑐𝑙𝑑𝛼=5.5, we get the divergence speed of  𝑣𝐷𝑖𝑛𝑓 = 327.3 𝑚 𝑠𝑒𝑐⁄ .   463 

5.5 Estimation of divergence speed using strip theory with finite span correction. 464 

The divergence speed of a finite wingspan, without finite span correction has been determined. In order to be practical 465 

and to estimate the divergence speed of practical wing, i.e., a finite wing, the strip theory corrected for finite span need 466 

to be considered; and computed as follow: 467 

𝑑𝑐𝑙𝑑𝛼 = 𝑎0( 𝐴𝑅𝐴𝑅+2), where ( 𝐴𝑅𝐴𝑅+2)=finite span correction factor. 468 

where 𝐴𝑅 = 𝑏𝑐̅, =aspect ratio of wing flat form, where b=wing span, 𝑐̅=geometric or standard mean 469 

chord. 470 

As we can see in the above equation the aspect ratio changes with span of the wing. So, when the finite wing is 471 

considered, the effective lift coefficient curve slope 
𝑑𝑐𝑙𝑑𝛼  will be changes. 472 

Now let’s compute the aspect ratio: 𝐴𝑅 = 𝑏𝑐̅. Since chord varies along the span, we need to calculate 𝑐̅. But 𝑐̅ =473 

𝑆𝑏, where S=wing area. 474 

For the present case the wing plan form looks the following. 475 

 476 

Fig. 10. Wing plan form 477 

We know from equation (34, a) that𝐶𝑖 = 5.715(1 − 𝑦𝑖22.86) 478 



25 
 

 Substituting  𝑐̅ = 𝑆𝑏 = ∫ 𝐶𝑖(𝑦)𝑑𝑦𝑏 2⁄−𝑏 2⁄∫ 𝑑𝑦𝑏 2⁄−𝑏 2⁄  479 

Due to symmetry   𝑐̅ = 𝑆𝑏 = 2∫ 𝐶𝑖(𝑦)𝑑𝑦𝑏 2⁄0 𝑏 ,   where 𝑏 = ∫ 𝑑𝑦𝑏 2⁄−𝑏 2⁄ = 22.86𝑚 480 

This implies   𝑆 = 2∫ 𝐶𝑖(𝑦)𝑑𝑦𝑏 2⁄0 = 2∫ 5.715(1 − 𝑦22.86)𝑑𝑦12.70 = 104.8385 𝑚2. 481 

Therefore, 𝑐̅ = 𝑆𝑏 = 104.838522.86 =4.586m. 𝐴𝑅 = 𝑏𝑐̅ = 22.864.586 = 5.0 482 

Therefore, the strip theory corrected for finite span: 483 

𝑑𝑐𝑙𝑑𝛼 = 𝑎0 ( 𝐴𝑅𝐴𝑅+2) = 5.5 × 57 =3.93, where the constant a0 = 5.5 is the lift slope 484 

The divergence speed for the finite span correction becomes: 𝜐𝐷𝑓 = 387.15𝑚/𝑠𝑒𝑐  485 

5.6 Effect of increasing the stiffness rigidity, GJ of the wing on the speed divergence. 486 

Let’s assume 20% increment of GJ uniformly along the wing span. The resulting torsional flexibility influence 487 

coefficients matrix [𝐶𝜃𝜃] becomes: 488 

[𝐶𝜃𝜃] = [31.27531.27531.2750   31.27512.06712.0670   31.27512.0675.3650   0000] × 10−8 𝑟𝑎𝑑𝑁𝑚2 489 

The matrix product [𝐸] = [𝐶𝜃𝜃][𝑒][�̅�] = [16.605000    014.86400   0011.0990    0000] × 10−8 𝑟𝑎𝑑.𝑚𝑁  490 

Now the product of the matrix [C][E] becomes: 491 

[𝐶][𝐸] = [0.4620.5780.7470    1.0710.5170.6690    1.8000.8690.5000   0000] × 10−6𝑟𝑎𝑑.𝑚2𝑁  492 

%MATLAB script for iteration convergence 493 

clc; 494 

C=[31.275 31.275 31.275 0; 37.53 12.067 12.067 0; 31.275 12.067 5.365 0; 0 0 0 0]*0.00000001 495 

e=[0.278 0 0 0; 0 0.348 0 0; 0 0 0.45 0; 0 0 0 0.572] 496 
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w=[1.91 0 0 0; 0 3.54 0 0; 0 0 4.6 0; 0 0 0 2.494] 497 

E=C*e*w 498 

c=[2.78 0 0 0; 0 3.48 0 0; 0 0 4.5 0; 0 0 0 5.715] 499 

cE=c*E 500 

A=c*E 501 

clc; 502 

A=[0.462 1.071 1.800 0; 0.578 0.517 0.869 0; 0.747 0.669 0.500 0; 0 0 0 0]*0.000001; 503 

n=size(A,1) 504 

tol=0.00001; 505 

err=100; 506 

x=[1 1 1 1]' 507 

x=ones(n,1) 508 

k=0; 509 

while(err>tol) 510 

x1=A*x; 511 

[val,pos]=max(abs(x1)); 512 

eigen_val=x1(pos); 513 

x2=x1/eigen_val; 514 

err=max(abs(x2-x)); 515 

x=x2; 516 

eigen_vec=x; 517 

k=k+1; 518 

end 519 

fprintf('Break the loop when it converges after %d iterations', k); 520 

After ten iterations of the matrix[𝐶][𝐸] = 2.3 × 10−6 𝑟𝑎𝑑.𝑚2𝑁 . Substituting the dynamic pressure 𝑞𝑑  𝑏𝑦 12 𝜌𝜐𝐷𝑖𝑛𝑓2 , 𝜌 =521 

1.225 𝑘𝑔/𝑚3and 
𝑑𝑐𝑙𝑑𝛼=5.5, we get the divergence speed of infinite wing becomes: 𝜐𝐷𝑖𝑛𝑓 = 359.25 𝑚 𝑠𝑒𝑐⁄ .  Similarly, 522 

the divergence speed for finite span correction with 
𝑑𝑐𝑙𝑑𝛼 = 3.93 becomes: 𝜐𝐷𝑓 = 425 𝑚 𝑠𝑒𝑐⁄ .   523 

6. Result and Discussion 524 

Divergence speed of the wing of a jet transport have been estimated under the following three different conditions: 525 

a) Using strip theory without finite span correction. 526 

b) Using strip theory with finite span correction. 527 

c) A tentative Increment of the torsional stiffness of the wing by 20%. 528 

It is seen that divergence speed is about 18.28% higher when the finite span correction is applied. This means that the 529 

method of analysis using strip theory without finite span correction is conservative since it yields divergence speed 530 

which is less than that of a three-dimensional wing. 531 
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To study the effect of torsional stiffness of the wig up on the divergence speed, a 20% increase in torsional stiffness 532 

is tentatively considered and the divergence speed is estimated using strip theory with finite span correction. It is found 533 

that divergence speed is increased by about 18.30% when the torsional stiffness is increased by 20%. This may be 534 

attributed to the fact that divergence speed of a wing is directly proportional to the torsional stiffness of a wing.   535 

7. Conclusion  536 

An attempt has been made in this work to study the divergence characteristics of the wing of a typical jet transport 537 

aircraft. Torsional influence coefficient matrix of four Multhopp’s stations has been developed using the torsional 538 

stiffness data of the wing of a typical jet transport aircraft. Torsional influence coefficient can be used for estimating 539 

the torsional deflection of a wing subjected to pure torsion. This matrix, however, is developed to estimate the 540 

divergence speed of the wing, using matrix iteration technique. Elastic twist distribution, 𝜃(𝑦) and lift coefficient 541 𝑐𝑙𝑒(𝑦) are the unknown in the governing integral equation and the problem is thus statically indeterminate. Strip theory 542 

is employed to overcome this problem. The governing integral equation is solved numerically using matrix method. 543 

The divergence speed of the wing has been estimated using strip theory with and without finite span corrections. The 544 

effect of torsional stiffness of the wing upon torsional divergence speed has also been studied. 545 

It is observed that torsional divergence speed is estimated on the basis of strip theory without finite span correction 546 

(two-dimensional wing) is about 18.28 percent lower than the divergence speed estimated on the basis of strip theory 547 

with finite span correction (three-dimensional wing). Two-dimensional torsional divergence analysis based on strip 548 

theory yields conservative torsional divergence speed. A tentative increase of 20 percent in torsional stiffness resulted 549 

in about 18.3 percent increase in torsional divergence speed of a three-dimensional wing. This shows that divergence 550 

speed of a wing is directly proportional to the square root of torsional stiffness. This corroborates the result obtained 551 

for a two-dimensional wing in ref [4]. The result of the study is mandatory to the design of high-performance modern 552 

airliners and useful to designers for static aeroelastic analysis of jet airplane wings.     553 

Abbreviations 554 qi = Generalized cooordinate.  555 Cij = flexibility influence coefficient. 556 Qi = Generalized forces. 557 U = Strain energy. 558 
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T(y) = Torque at station y.  559 t(y) = Applied torque per unit span. 560 q = Shear flow. 561 c. s. = Cloased section. 562 L = Length of the beam. 563 qi = Generalized cooordinate.  564 G = Shear modulus. 565 ϑ(λ, s) = Shear flow distribution due to T = 1(Unit torque). 566 t = wing skin thickness. 567 J = torsional constant of the wing cross section. 568 λ, η, y = Stations along the wing span. 569 Cθθ = Torsional influenece coefficient.  570 qd = 1 2⁄ ρv2 = Divergence dynamic pressure . 571 vD = Divergence speed. 572 vDf = Divergence speed for finite wing. 573 vDinf = Divergence speed for infinite wing. 574 ci = local lift coefficient. 575 Cma.c = Local moment coefficients about the aerodynamic center. 576 C = Wing chord. 577 Ci = Chord lenght at station i. 578 b = Wing semi − span. 579 ao = Slope of the lift coefficient curve . 580 ci = local lift coefficient. 581 N = Load factor normal to the wing surface. 582 d = distance between elastic axis and center of gravity. 583 e = Aerodynamic eccentricity. 584 θ = Angle of twist about elastic axis. 585 
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α(y) = Angle of attack. 586 clr(y) = local lift coefficient distribution resulting from rigid twist, αr(y) 587 cle(y) = local lift coefficient distribution resulting from elastic twist . 588 Θ = the linear operator on the lift distribution, ccl 589 L. E = Wing leading edge. 590 T. E = Wing trailing edge. 591 A. C = Aerodynamic center. 592 E. A = Elastic axis. 593 S. C = Shear center. 594 2D = two dimentional. 595 3D = three dimentional. 596 
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