
SINDy-SA: Enhancing Nonlinear System
Identi�cation with Sensitivity Analysis
Gustavo T. Naozuka  (  naozuka@lncc.br )

LNCC: Laboratorio Nacional de Computacao Cienti�ca https://orcid.org/0000-0002-7331-9763
Heber L. Rocha 

Indiana University Bloomington
Renato S. Silva 

LNCC: Laboratorio Nacional de Computacao Cienti�ca
Regina C. Almeida 

LNCC: Laboratorio Nacional de Computacao Cienti�ca

Research Article

Keywords: Sparse identi�cation, Sensitivity analysis, Model selection, Differential equations, Data-driven
methods

Posted Date: February 9th, 2022

DOI: https://doi.org/10.21203/rs.3.rs-1317964/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.3.rs-1317964/v1
mailto:naozuka@lncc.br
https://orcid.org/0000-0002-7331-9763
https://doi.org/10.21203/rs.3.rs-1317964/v1
https://creativecommons.org/licenses/by/4.0/


Noname manuscript No.
(will be inserted by the editor)

SINDy-SA: Enhancing nonlinear system identification with
sensitivity analysis

Gustavo T. Naozuka · Heber L. Rocha · Renato S. Silva · Regina C.

Almeida

Received: date / Accepted: date

Abstract Machine learning methods have revolution-

ized studies in several areas of knowledge, helping to

understand and extract information from experimen-

tal data. Recently, these data-driven methods have also

been used to discover structures of mathematical mod-

els. The sparse identification of nonlinear dynamics

(SINDy) method has been proposed with the aim of

identifying nonlinear dynamical systems, assuming that

the equations have only a few important terms that

govern the dynamics. By defining a library of possi-

ble terms, the SINDy approach solves a sparse regres-

sion problem by eliminating terms whose coefficients

are smaller than a threshold. However, the choice of

this threshold is decisive for the correct identification

of the model structure. In this work, we build on the

SINDy method by integrating it with a global sensi-

tivity analysis (SA) technique that allows to classify

terms according to their importance in relation to the

desired quantity of interest. The proposed SINDy-SA

approach thus eliminates the need to define the SINDy

threshold. We compare our method with the original

SINDy approach employing them in a variety of appli-

cations whose simulated data have different behaviors.

For each application, we formulate different experimen-

tal settings and select the best model for both methods

using model selection techniques based on information

criteria. The results demonstrate that the SINDy-SA
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framework is a promising methodology to accurately

identify interpretable data-driven models.

Keywords Sparse identification · Sensitivity analysis ·
Model selection · Differential equations · Data-driven

methods

1 Introduction

Machine learning methods have been commonly used

to understand behaviors, recognize patterns and make

predictions from experimental data. Furthermore, an-

other application of these methods, which has become

popular in recent years, is the structural identification

of mathematical models [2, 7, 6, 25, 20, 35, 37, 29].

These models, in turn, help to interpret the dynamics

and allow the use of tools for mathematical analysis.

Recently, Brunton et al. [2] have developed the sparse

identification of nonlinear dynamics (SINDy) method,

combining sparsity-promoting techniques and machine

learning with nonlinear dynamical systems to discover

governing equations from noisy measurement data. The

only assumption about the structure of the mathemat-

ical model is that there are only a few important terms

that govern the dynamics. Thus, by defining a prior set

of possible functions, the authors solved a sparse re-

gression problem with the objective of determining the

smallest number of terms in this set, for each equation

of the dynamical system, required to accurately rep-

resent the data. The SINDy method has been applied

to solve many system identification problems, such as

the dynamics of COVID-19 global transmission [17], the

Duffing oscillator [23], and empirical data from measles,

varicella, rubella, and chickenpox datasets [13, 12].

Several other related approaches have been pub-

lished in the literature in order to recover the govern-

https://www.editorialmanager.com/nody/download.aspx?id=1166864&guid=848632f3-8543-4884-bf01-05e6c9e0fc22&scheme=1
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ing equations from data. França et al. [7] combined sev-

eral machine learning techniques to improve the robust-

ness to noise in system identification problems. Cor-

tiella et al. [6] proposed an iterative sparse-regularized

regression method to recover nonlinear dynamical sys-

tems from noisy measurement data. The work aims to

improve the accuracy and robustness of SINDy in the

presence of noisy state measurements, by developing
a reweighted `1-regularized least-squares solver. Niven

et al. [26, 25] used an inverse Bayesian method for sys-

tem identification from time-series data and compared

two Bayesian methods, based on the joint maximum a

posteriori and variational Bayesian approximation, to
the SINDy approach. These methods are also used to

quantify the variances of the model parameters. Maddu
et al. [20] proposed a statistical learning framework
based on group-sparse regression to discover mathe-

matical models from data. This framework can enforce

conservation laws, ensure model equivalence and sym-

metries, by using the group iterative hard thresholding

algorithm and stability selection. Wang et al. [35, 36]

presented a variational framework for system identifica-

tion of partial differential equations, based on stepwise

regression. The authors also addressed the influences

of variable fidelity and noise in the measurement data.

Yang et al. [37] presented a machine learning framework

for Bayesian system identification from noisy, sparse,

and irregular observation data. This framework uses
differentiable programming and performs Bayesian in-

ference using Hamiltonian Monte Carlo sampling. Rudy
et al. [29] proposed a sparse regression method to ex-

tract partial differential equations from time-series mea-

surements in the spatial domain. This method selects
the nonlinear and partial derivative terms of the gov-

erning equations that best fit the data.

In addition, there are a number of extensions of the

SINDy approach to improve its accuracy and robust-
ness or to discover other types of mathematical mod-

els. Subramanian [33] incorporated a scientific machine
learning approach in the context of clinical trials to dis-
cover governing equations of IPF (idiopathic pulmonary

fibrosis) disease progression. This approach combines

machine learning techniques, statistical methodologies,

and scientific computing tools such as bootstrap sam-

pling, cubic spline interpolation, Bayesian inference, and

SINDy to discover the dynamics and quantify the un-
certainty in the model parameters. Hoffmann et al. [11]

extended the SINDy method to vector-valued ansatz

functions, in order to estimate effective reaction net-

works from observations. In the proposed “reactive SIN-

Dy” approach, each function represents a particular re-

action process. Boninsegna et al. [1] also extended the

SINDy method to discover stochastic dynamical sys-

tems of biophysical processes. Jiang et al. [15] pro-

posed a SINDy-LM modeling method, in which the
SINDy approach is used to discover nonlinear dynami-
cal systems from observation data and the Levenberg-

Marquardt algorithm is used to improve the accuracy

of the mathematical model identified by the SINDy al-

gorithm. Hirsh [10] developed the theory of existing

methods and proposed new techniques to model spa-

tiotemporal data. These data-driven methods include

dynamic mode decomposition (DMD), a dimensional-

ity reduction method for time-varying linear dynamics,

the Hankel Alternative View of Koopman (HAVOK)

algorithm, and an uncertainty quantification for sparse

identification of nonlinear dynamics (UQ-SINDy) me-

thod. The modified SINDy approach uses compressed

sensing and Bayesian statistics to discover governing

equations from data and quantifies model uncertain-

ties. Brunton et al. [3] generalized the SINDy algo-

rithm to identify nonlinear dynamical systems with ex-

ternal inputs and feedback control. Mangan et al. [21]

proposed an alternative data-driven technique to iden-

tify networked nonlinear dynamical systems by using

the SINDy algorithm. This technique can be used to

recover governing equations that have rational func-

tion nonlinearities with cross terms. Kaheman et al.

[16] also developed a variant of the SINDy algorithm
to identify implicit dynamics and rational nonlineari-
ties, by using multiple optimization algorithms and a

model selection approach. This variant can be used to

recover implicit differential equations and conservation

laws from limited and noisy data. Quade et al. [28]

proposed a conceptual framework to recover dynami-

cal systems in response to abrupt changes from limited
data. This framework first detects the abrupt change
and then applies the SINDy method to update a pre-

viously identified mathematical model with the fewest

changes.

Although the SINDy method is often able to cor-

rectly identify the structure of the mathematical model,

this identification depends on the suitable choice of a

threshold, which is used in the process of eliminating

terms from the governing equations. One way to bypass

the difficulty of this choice is to define a set of values for

the threshold, run the method for each defined value,
and select the best model from the resulting set of mod-
els, given the experimental data [2, 22]. However, the

best value for the threshold may not belong to the de-

fined prior set, resulting in incorrect identification of the

dynamical system. Thus, to discover the most parsimo-

nious model that best fits the data, one must run the

SINDy method for a sufficiently large set of threshold
values, which consequently increases the computational

cost of solving the problem.
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On the other hand, sensitivity analysis (SA) is a

technique that allows classifying the parameters of a
mathematical model according to their importance in
relation to the desired quantity of interest [31, 5]. In

our case, the quantity of interest is associated with the

formulation of the sparse regression problem, described

in detail in Subsection 2.1. In this work, we modify the

implementation of the original SINDy method, replac-
ing the need to determine the threshold with a global
ossensitivity analysis technique. In particular, we use

the elementary effects method, a simple global SA ap-

proach, able to rank the model parameters according

to their importance. We employ our method in a va-

riety of applications using simulated data from a tu-

mor growth model, a prey-predator model, a pendulum
equation, and a compartmental model, and compare the
obtained results with the original SINDy approach. For

each application, we design different experimental set-

tings, varying, for example, the set of possible functions

for the governing equations. We then compare the mod-

els obtained against the experimental data in two ways:

(i) constructing the Pareto curve that balances the ac-

curacy and complexity of the models, (ii) and calculat-

ing the first- and second-order Akaike and Bayesian in-

formation criteria, which weigh the goodness-of-fit and

the number of model parameters. For the SINDy-SA re-

sults, the criteria used are able to correctly identify the

best model, equivalent to the true model that generated
the experimental data.

This paper is organized as follows. In Section 2,

we explain some preliminary concepts required to un-

derstand the development of the proposed SINDy-SA

method. Moreover, we describe in detail the SINDy-SA

method and its implementation and show our general

framework for solving system identification problems.

In Section 3, we present the results obtained for the dif-
ferent applications by employing our method and the
original SINDy approach. Finally, in Section 4, we point

out some final remarks.

2 Problem Statement and the SINDy-SA

Framework

Before introducing the new SINDy-SA method, we present

in Subsection 2.1 some preliminary concepts about the

sparse regression problem. Subsection 2.2 details our

proposed SINDy-SA approach and its implementation.

Finally, Subsection 2.3 explains our developed general

framework for solving system identification problems.

2.1 Problem Statement

Consider that we are interested in determining the dy-
namics of a system of n variables xT = {x1, x2, . . . , xn},
x(t) ∈ R

n. Under the assumption of spatial homogene-

ity, we assume that the rate of change of these variables
is given by the following dynamical system:

d

dt
x(t) = f(x(t)), (1)

in which the vector function f(x(t)) that we want to de-
termine defines the interplay among the state variables.

We approach the problem of determining the mathe-

matical model (1) using sparse regression techniques,

based on the fact that f(x(t)) has only a few terms

that govern the dynamics of the system. The sparse

regression technique is built upon the following avail-

able measured data that display a temporal history of

the state variable vector x(t) at multiple time instants

t1, t2, . . . , tm:

X =

2
6664

xT (t1)

xT (t2)
...

xT (tm)

3
7775 =

2
6664

x1(t1) x2(t1) . . . xn(t1)

x1(t2) x2(t2) . . . xn(t2)
...

...
. . .

...

x1(tm) x2(tm) . . . xn(tm)

3
7775 . (2)

From these data, we determine the corresponding tem-

poral history of the state variable derivatives ẋ(t), usu-

ally approximated numerically, which is likewise arranged

in the form of an m × n matrix denoted by Ẋ. With

these definitions, the sparse regression problem aims

to determine the ` × n sparse matrix of coefficients
Ξ = [ξ1 ξ2 . . . ξn] so that

Ẋ = Θ(X)Ξ, (3)

in which Θ(X) is the m×` matrix of candidate nonlin-

ear functions from the columns of X, and ` is the basis

dimension for the function library Θ(X). This mean-
ingful library includes candidate functions (polynomi-

als, trigonometric functions, etc.) for the right-hand
side of Equation (1), and is built from the modeler’s a

priori knowledge of potential functions capable of de-

scribing the experimental data behavior.

The sparse regression problem (3) can be solved us-

ing classical regression methods such as least-squares,
ridge, lasso, and elastic net [14, 8]. The original SINDy

approach is implemented using the sequential thresh-
olded least-squares (STLSQ) method [2]. Specifically,
the STLSQ method requires the definition of a thresh-

old for the values of the components of the sparse vec-

tors ξi below which the corresponding library functions

are eliminated from the set of possible functions. The

chosen threshold is decisive for the correct identification

of the mathematical model. Thus, determining its best
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value can be a hard task, especially when the dynamical

system has parameter values with very different orders
of magnitude. In such cases, additional approaches to

overcome this difficulty are required [2, 22]. For more

information, we refer the reader to the Supplementary

Material (Section SM-1). After determining the sparse

matrix Ξ, the desired identified system is obtained as

ẋ = f(x) = ΞT
�
Θ(xT )

�T
. (4)

2.2 The Proposed SINDy-SA Approach

The original SINDy method depends on the proper

choice of the threshold, necessary to eliminate candi-
date functions from the governing equations. Due to
the difficulty of this choice and the consequent increase

in computational cost to determine its best value, as

suggested in Brunton et al. [2], we propose in this work

to integrate the sparse regression problem with a global

SA technique. By using a SA technique that is able to

rank the coefficient terms according to their importance
with respect to Ẋ, the selected quantities of interest

(QoIs), we overcome the need of using a pre-defined

threshold to eliminate candidate functions. Instead, the

non-influential terms can be eliminated and the accu-
racy of the regression verified. In particular, we use the
Morris method, also known as the Elementary Effects

(EE) method, due to its simplicity and low computa-
tional cost [31]. Moreover, the EE method assesses not
only the overall importance of the coefficients but also

their interactions and nonlinear effects. The implemen-

tation of the proposed approach was carried out in the
Python programming language, based on the PySINDy
module, a sparse regression package containing differ-

ent implementations for the SINDy method [32]. The
EE method was developed using the SALib module,
composed of commonly used SA methods [9].

Our proposed SINDy-SA sparse regression method

is an iterative process encompassing the ridge regres-
sion estimation, the error computation, and the SA
technique. At every ⌧ -th iteration, non-influential terms
are eliminated until only influential terms remain. Algo-

rithm 1 presents a pseudocode of the SINDy-SA method
for solving the sparse regression problem (3), in which
bΞτ describes the estimate for the sparse vectors of coef-

ficients in the iteration ⌧ . Additionally, Figure SM-1 in

the Supplementary Material illustrates a flowchart of
our method, graphically representing each instruction
of Algorithm 1. We detail the three main features of

our SINDy-SA method in the following.

Algorithm 1 SINDy-SA

1: ⌧  0;
2: repeat

3: Compute a least-squares solution with `2-
regularization for bΞτ ;

4: Find the derivative
ḃ
Xτ using bΞτ ;

5: Calculate the SSE between the derivatives Ẋ and
ḃ
Xτ ;

6: if ⌧ > 0 and SSEτ (Ẋ,
ḃ
Xτ ) > Mτ + "Dτ then

7: return bΞτ�1;
8: end if

9: Perform sensitivity analysis of model parameters;
10: if all parameters are important then

11: return bΞτ ;
12: else

13: Eliminate terms with less importance in relation
to the QoI;

14: end if

15: ⌧  ⌧ + 1;
16: end repeat

Ridge Regression

In our SINDy-SA approach, we start by assigning to

each column ξk of bΞ the corresponding least-squares so-

lution with `2-regularization. Specifically, defining Ẋk

as the k-th column of Ẋ, we use the ridge regression

[14, 8]:

ξkτ
= arg minξ0

kτ

���Ẋk −Θ(X)ξ0kτ

���
2

− ↵
��ξ0kτ

��
2

(5)

to estimate the coefficient values, balancing two differ-
ent criteria: the residual sum of squares and a penalty

term that has the effect of preventing overfitting. The

tuning parameter ↵ serves to control the relative im-

pact of these two terms on the coefficient estimates.

Different ↵ values are likely to lead to different coef-
ficient estimates and, ultimately, to different models.

Of note, we choose this regression method to estimate

the sparse vector of coefficients based on the fact that

the PySINDy module also implements it and several

previous experiments in which we investigated the ac-

curacy of commonly used statistical regression methods

to identify nonlinear dynamical systems.

Error Computation

After the ridge regression estimation, we then calculate

the ⌧ -th estimate for the derivative
ċ
Xτ based on the

library Θ(X) and the estimates for the sparse vectors

of coefficients bΞτ obtained by the ridge regression, ac-

cording to the following equation:

ċ
Xτ = Θ(X) bΞτ . (6)

Next, we calculate the sum of squared errors (SSE) be-

tween the derivatives Ẋ, measured or approximated



SINDy-SA: Enhancing nonlinear system identification with sensitivity analysis 5

from the data, and
ċ
Xτ , given by Equation (6), through:

SSEτ (Ẋ,
ċ
Xτ ) =

nX

k=1

mX

i=1

⇣
ẋk(ti)− ḃxkτ

(ti)
⌘2

, (7)

where ẋk(ti) ∈ Ẋ and ḃxkτ
(ti) ∈

ċ
Xτ . We store the SSE

values for each iteration of the SINDy-SA method in
order to determine whether the error between the cur-
rent and previous iterations has significantly increased.
In the first iteration (⌧ = 0), no error comparison is

performed. The iterative process continues until a sig-
nificant increase in the SSE occurs, ending the process.
Defining what is significant is a tricky task since SSE

fluctuations can occur depending on the problem. To
overcome this issue, we define an iteration window, de-
noted by W , in which we collect statistics from part of

the previous evolution of the SSE, which are used as a
reference. In mathematical terms, we check the condi-
tion:

SSEτ (Ẋ,
ċ
Xτ ) > Mτ + "Dτ , (8)

where Mτ and Dτ represent, respectively, the mean

and the standard deviation of the errors of previous

iterations belonging to W , and " is a scaling factor.

Some adjustments are required when ⌧ < W and are

given according to the conditions described in Table 1.
Note that, for the second iteration of the algorithm

(⌧ = 1), the standard deviation D1 would be zero con-
sidering only the error of the previous iteration. For this

reason, we consider D1 as 10% of the SSE obtained in

the first iteration. The values of the parameters W and

" can be determined by observing the sequence of SSE

values, numerically or graphically, and the goodness-

of-fit of the resulting mathematical model simulation

against the experimental data. In all our experiments,
we set the window size W = 3 iterations, while the

parameter " varies for each experiment.

If the condition (8) is satisfied, the algorithm ends,

and the coefficient estimates of the iteration ⌧−1, whose
error was considered significantly smaller compared to
the iteration ⌧ , are used for the construction of govern-

ing equations. Otherwise, the procedure continues and
performs the SA of model parameters.

Sensitivity Analysis

In the SA of model parameters, we firstly determine ad-

missible variations for the non-zero coefficients, being

±20% of the estimated value for the coefficient. Given

one or more analysis time instants, we calculate the sen-

sitivity indices µ⇤

k,i and �k,i that indicate the influence

and nonlinear importance of the i-th parameter on the

k-th QoI, respectively. The higher the values of these

sensitivity indices, the more influential are the corre-

sponding parameters, so that small variations in their

values have a great impact on the estimation of
ċ
Xτ . For

more details about the EE method, see Supplementary
Material (Section SM-2). In order to facilitate sorting

parameters by their order of importance with respect
to QoI and to take into account both their direct and
nonlinear effects, we combine the sensitivity indices into

a single metric:

Sk,i =

r⇣
µ⇤

k,i

⌘2

+ (�k,i)
2
. (9)

In this way, the greater the value of Sk,i, the greater

is the overall influence of the i-th parameter on the k-
th QoI. For each equation of the dynamical system, we

order the sensitivity indices Sk,i from lowest to high-

est, we eliminate the least important terms, ensuring

that the influential terms are kept. Thus, each govern-

ing equation must contain at least one active candidate

function at the end of the entire process, assuming that
the modeler knows a priori the number of state vari-

ables in the system.

We develop a scoring scheme to integrate SA at mul-

tiple time instants. Each model parameter receives a
score Pk,i, depending on its rank of importance which

is updated over the analysis times, starting from 0. Of
note, k = 1, . . . , n and i = 1, . . . , d, where n is the num-
ber of state variables, and d is the number of model pa-

rameters. Once, at a given time of analysis, the model
parameters are ordered from the least important pa-
rameter b⇠k,1 to the most important parameter b⇠k,d, we
ensure that the latter terms are kept by assigning −1

to Pk,d. Next, we increment an increasing score ⇡ to

the total score Pk,i for the remaining parameters of the
model. In this way, more influential parameters receive

a lower score, and parameters with less influence receive
a higher score. After analyzing all time instants, we
check if Pk,i = −1 for all k = 1, . . . , n and i = 1, . . . , d,

meaning that all parameters are important. Otherwise,
we eliminate the terms that have the highest total score
Pk,i, being able to eliminate more than one candidate
function for each state variable. Algorithm 2 presents

the pseudocode of the procedure for sensitivity analysis
at multiple time instants.

If all parameters are considered important, the al-
gorithm ends, in which case the coefficient estimates

of the iteration ⌧ are used to construct the govern-

ing equations. Otherwise, the procedure returns to the
first step calculating a least-squares solution with `2-

regularization for bΞτ . It is important to observe that,
in our approach, it is not necessary to specify a maxi-

mum number of iterations because eventually or all the
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Table 1: Mathematical definitions for the mean Mτ and the standard deviation Dτ for each iteration of the SINDy-

SA method, according to three conditions: ⌧ = 1, 1 < ⌧ < W , and ⌧ ≥ W . W denotes the window size of previous

iterations used to check the condition (8).

⌧ = 1 1 < ⌧ < W ⌧ �W

Mτ SSE0

1

⌧

τ�1P
i=0

SSEi

1

W

τ�1P
i=τ�W

SSEi

Dτ 0.1 SSE0

s
1

⌧

τ�1P
i=0

(SSEi �Mτ )
2

s
1

W

τ�1P
i=τ�W

(SSEi �Mτ )
2

Algorithm 2 Sensitivity analysis at multiple time

points

1: Initialize the total score Pk,i  0, with k = 1, . . . , n and
i = 1, . . . , d;

2: for each time instant for analysis do

3: for each state variable k = 1, . . . , n do

4: Order the parameters associated with the state
variable k according to their combined sensitivity index
Sk,i;

5: Pk,d  �1, where b⇠k,d is the most important pa-
rameter in relation to the QoI;

6: ⇡  1;

7: for each parameter b⇠k,i, with i = d� 1, . . . , 1 do

8: if Pk,i 6= �1 then

9: Pk,i  Pk,i + ⇡;
10: ⇡  ⇡ + 1;
11: end if

12: end for

13: end for

14: end for

15: if Pk,i = �1, for all k = 1, . . . , n and i = 1, . . . , d then

16: All parameters are important;
17: else

18: return the terms with the highest total score Pk,i

(i.e., the least importance in relation to the QoI);
19: end if

model parameters are considered important or condi-

tion (8) is satisfied. Indeed, if a model parameter is er-

roneously eliminated according to SA, the SSE between

the current and previous iterations tends to increase,

and the condition (8) must be satisfied.

2.3 General Framework for System Identification

The proposed framework for solving the problem of

identifying nonlinear dynamical systems is represented

schematically in Figure 1. Given the experimental da-

taset X and a library Θ(X) of candidate nonlinear

functions, we define a set of N experiments, in which

we vary the library Θ(X) and the regularization pa-

rameter ↵ of the ridge regression. In this way, we can

investigate the influences of choosing different potential

configurations in modeling.

For each experiment, we run the SINDy-SA method

to solve the sparse regression problem, consisting ba-

sically of the three steps described in Subsection 2.2:

the ridge regression for estimating the sparse vectors

of coefficients bΞτ , the computation of SSE between the

derivatives Ẋ and
ċ
Xτ , and the sensitivity analysis to

eliminate less important terms from the governing equa-

tions. Alternatively, in our general framework for sys-

tem identification, the SINDy-SA method can be re-

placed with other approaches for identifying nonlinear
dynamical systems [2, 7, 6, 25, 20, 35, 37, 29].

Once the mathematical model is identified, we can

optionally improve the accuracy of the estimate for the
sparse vectors of coefficients bΞτ using, for example, the
Levenberg-Marquardt optimization algorithm, as sug-

gested in Jiang et al. [15], or the Bayesian calibration,
through which parameter uncertainties can be quanti-
fied. The model recalibration step is optional, but it can
be critical for selecting the best model in relation to the

experimental data.

After applying the SINDy-SA method and recali-

brating the model, the set of experiments yields a set

of candidate models from which the best model is se-

lected using a model selection technique. Here, we use

some of the most used model selection methods for com-

paring both nested and non-nested models: the Akaike

Information Criterion (AIC), the second-order Akaike

(AICc), and the Bayesian Information Criterion (BIC)

[4], which are described in the Supplementary Material

(Section SM-3) for completeness.

3 Applications and Results

In this section, we employ the proposed SINDy-SA ap-
proach in a variety of applications with different be-

haviors. We also employ the original SINDy method in

the same applications to compare the results. We use

simulated data from a prey-predator model (Subsection

3.1), a tumor growth model (Subsection 3.2), a pen-

dulum equation (Subsection 3.3), and a compartmen-

tal model (Subsection 3.4). Specifically for the prey-
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Fig. 1: Schematic representation of the framework for solving the problem of identifying nonlinear dynamical

systems, using the proposed SINDy-SA approach. The flowchart detailing the SINDy-SA method is shown in the

Supplementary Material.

predator model, we detail all steps of Algorithm 1 in

order to improve the understanding of the proposed

approach. In Subsection 3.5, we apply the SINDy-SA

method to limited and noise-contaminated data scenar-

ios and briefly present the limitations of our proposed

approach.

Importantly, we use the LSODA (Livermore Solver

for Ordinary Differential Equations) method [27] to nu-
merically simulate the mathematical models and col-

lect measurement data. We approximate the derivative
Ẋ from the collected data using the second-order fi-

nite difference method. For each application, we elabo-

rate different experimental settings, varying the candi-

date nonlinear function library Θ(X), the tuning pa-

rameter ↵ of the ridge regression, and, for the SINDy

experiments, the threshold � of the STLSQ method.

For the SINDy-SA experiments, we run the Levenberg-
Marquardt optimization algorithm to enhance the accu-
racy of the coefficient estimates. We then compare the

resulting models against the available data by obser-
ving the Pareto curve and calculating the AIC, AICc,

and BIC, and their corresponding weights that repre-

sent the probability of being the best model given the

data.

3.1 Prey-Predator Model

In our first application, we use the prey-predator model

to generate the simulated data that will be used in

the sparse identification problem. This model describes

the evolution of interactions between prey and predator

over time t, until t = tf = 20.0, and is given by:

8
>>>><
>>>>:

dx

dt
= c0x+ c1xy,

dy

dt
= c2y + c3xy,

x(0) = x0, y(0) = y0,

(10)

where x(t) and y(t) denote prey and predator popula-

tions, respectively. In this illustrative example, we use

the prey birth rate c0 = 1.0, the predator death rate

c2 = −1.0, and the interaction coefficients c1 = −1.0

and c3 = 1.0, and the initial conditions are set equal to

(x0, y0) = (4.0, 1.0). The training set is built by simu-

lating the model and collecting the numerical solutions
at m = 200 equally distributed time points. Using these

collected solutions, we approximate the derivative Ẋ

and build a library Θ(X) consisting only of polynomi-

als, varying their maximum degree Pi, i ∈ {2, 3, 4, 5}.
For example, if the maximum degree of the polynomial

is P2 with two state variables representing prey and

predator populations, there are six candidate functions
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so that

Θ(X) =

2
4
| | | | | |
1 x y x2 xy y2

| | | | | |

3
5

is the 200 × 6 matrix of potential candidate functions.

For each chosen maximum degree, we also vary the

tuning parameter ↵ ∈ {10�3, 10�2, 10�1, 100, 101} of

the ridge regression, totalizing 20 experiments for the

SINDy-SA method. For the original SINDy approach,

we additionally vary the threshold � ∈ {10�1, 100, 101}
of the STLSQ method, ending up with 60 experiments.

In all SINDy-SA experiments, we use " = 100.0 and

perform the SA at t = tf .

To detail the steps of Algorithm 1, consider the ex-

periment in which the maximum degree of the polyno-

mial is P2 and the tuning parameter is ↵ = 10�3. With
these settings, the SINDy-SA method leads to the se-

quence of bΞ, SSE(Ẋ,
ċ
X), M, and "D displayed in Ta-

ble 2 for each iteration. Figure 2 graphically relates the

SSE(Ẋ,
ċ
X) with the sumM+"D, where the bar graphs

represent the SSE, the points denote the mean M, and

the vertical lines describe the margin of error "D. Figure

3 displays the heatmap of the total scores Pk,i calcu-

lated for all candidate functions in each iteration of the
method. The corresponding combined sensitivity index

Sk,i are indicated inside each heatmap cell. The total
score Pk,i depicts four possible situations:

(i) Pk,i = −1: the term is considered to be more im-

portant in relation to QoI by SA and thus should

be kept in the governing equations;

(ii) Pk,i = 0: the term was eliminated in some previ-
ous iteration;

(iii) Pk,i = 1, . . . , 4: the term has medium importance
and can be deleted or maintained; and

(iv) Pk,i = 5: the term is considered to be less impor-

tant in relation to QoI by SA and thus should be

eliminated from the governing equations.

According to Table 2 and Figures 2 and 3, the me-

thod performed six iterations, in each eliminating two

candidate functions from the mathematical model. SSE

increased as terms are eliminated, remaining relatively

small until ⌧ = 4. In this iteration, the elimination of
the nonlinear terms leads to a significant increase in the

SSE of the iteration ⌧ = 5 that satisfies the stopping
criterion (8). Thus, the identified model is the one as-

sociated with iteration ⌧ = 4 (step 7 of Algorithm 1),

which corresponds to the true model although with pa-

rameters slightly different from 1.0. Those estimates are

improved using the Levenberg-Marquardt optimization

algorithm through which model (10) is recovered. It is

important to note that, throughout the algorithm, each

eliminated candidate function is associated with a state

variable of the dynamical system. This behavior is due
to the fact that we performed the SA of the parameters
only at the final time of the experimental time frame
for this illustrative example. If SA is performed at mul-

tiple time instants, each iteration can eliminate varying
numbers of candidate functions. For a generic applica-
tion, in which the true model is not known a priori,

we recommend that SA be performed at multiple time
instants.

Running the SINDy-SA method for all 20 experi-

ments resulted in four different mathematical models.

For comparison, running the original SINDy method for
all 60 experiments resulted in eight different mathemat-
ical models. In order to select the best model among
the resulting set of models, we numerically simulate

each dynamical system, given the initial conditions and

the discretized time domain defined in Equation (10),

and compare with the measurement data calculating

SSE(X, cX). Using m = 200 data, we calculate AIC,

AICc, and BIC, and their corresponding weights, as
shown in Table 3. Of note, Figure SM-2 in the Supple-

mentary Material illustrates the Pareto curve relating
the SSE to the model complexity, measured in terms of
the number of parameters d.

According to Table 3, the first model is the best

according to all the three considered information crite-

ria for the SINDy-SA method. This is due to the fact

that the number of parameters in this model is rela-

tively small, and the SSE(X, cX) is significantly lower

compared to the other identified models. On the other

hand, the model selected by the information criteria for

the original SINDy approach structurally corresponds

to the true model (10), but its parameter values are

approximately equal to 1.0 in absolute values. Figure
4 shows a comparison between the observed data and

the numerical solution of the selected model for both

SINDy-SA and SINDy approaches, as well as the corre-

sponding identified best models. The best model in the

original SINDy approach needs to be recalibrated us-

ing, for example, the Levenberg-Marquardt algorithm

in order to improve its accuracy in representing the

data. Therefore, the results obtained for this applica-

tion demonstrate that the model recalibration step can

be essential for the accurate identification of the true

mathematical model. Specifically in this application,

the model identified by the original SINDy method would

be the same obtained by the SINDy-SA (true model) if

there was a recalibration after the identification of the

model. As we will see in the following, this is not always

the case.
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Table 2: Behavior of the SINDy-SA method for the prey-predator model (10), using the maximum degree of the

polynomial P2 and the tuning parameter ↵ = 10�3. We present bΞ, SSE(Ẋ,
ċ
X), M, and "D at each iteration of

the method, dropping the subscript ⌧ to ease notation. The identified model is highlighted in the gray line.

⌧ Model SSE(Ẋ,
ḃ
X) M "D

0

⇢
ẋ = �0.021 + 1.043x+ 0.034y � 0.017x2 � 0.981xy � 0.014y2

ẏ = 0.021� 0.033x� 1.045y + 0.013x2 + 0.982xy + 0.018y2
0.065 – –

1

⇢
ẋ = 0.011 + 0.981x� 0.006y � 0.981xy � 0.002y2

ẏ = �0.003 + 0.014x� 1.014y + 0.981xy + 0.009y2
0.125 0.065 0.651

2

⇢
ẋ = 0.015 + 0.981x� 0.015y � 0.981xy
ẏ = �0.015 + 0.014x� 0.981y + 0.981xy

0.153 0.095 2.990

3

⇢
ẋ = �0.002 + 0.991x� 0.989xy
ẏ = �0.002� 0.988y + 0.989xy

0.205 0.114 3.648

4

⇢
ẋ = 0.990x− 0.989xy

ẏ = −0.989y + 0.989xy
0.206 0.161 3.325

5

⇢
ẋ = �0.167x
ẏ = �0.006y

1115.975 0.188 2.501

Fig. 2: SSE between the derivatives Ẋ and
ċ
X, mean M and margin of error "D at each iteration of the SINDy-SA

method, considering the iteration window W = 3 and the scaling factor " = 100.0.

Table 3: Model selection results for the prey-predator application. Subscripts wi indicate the model selection

criterion weights. Models selected as the best ones are indicated in the gray line.

Method Model d SSE(X, bX) AIC AICc BIC AIC wi AICc wi BIC wi

SINDy-SA

1 4 2.910⇥ 10�24 �11890.428 �11890.223 �11877.235 1.000 1.000 1.000
2 18 0.950 �1034.015 �1030.236 �974.646 0.000 0.000 0.000
3 22 0.380 �1208.986 �1203.269 �1136.423 0.000 0.000 0.000
4 28 650.070 291.753 301.250 384.106 0.000 0.000 0.000

SINDy

1 4 15.427 �504.434 �504.229 �491.241 1.000 1.000 1.000
2 0 2466.120 502.417 502.417 502.417 2.318⇥ 10�219 2.568⇥ 10�219 1.698⇥ 10�216

3 8 1677.234 441.317 442.071 467.703 4.293⇥ 10�206 3.263⇥ 10�206 5.860⇥ 10�209

4 6 1411.009 402.749 403.184 422.538 1.018⇥ 10�197 9.073⇥ 10�198 3.761⇥ 10�199

5 4 773.716 278.577 278.783 291.771 9.357⇥ 10�171 9.357⇥ 10�171 9.357⇥ 10�171

6 1 821.749 284.624 284.644 287.922 4.552⇥ 10�172 4.993⇥ 10�172 6.411⇥ 10�170

7 4 2793.863 535.373 535.578 548.566 1.617⇥ 10�226 1.617⇥ 10�226 1.617⇥ 10�226

8 3 1407.354 396.230 396.352 406.125 2.650⇥ 10�196 2.762⇥ 10�196 1.379⇥ 10�195
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Fig. 3: Heatmap of the total scores Pk,i for all candidate functions of the dynamical system in each iteration of the

SINDy-SA method. The corresponding combined sensitivity index Sk,i are indicated inside each heatmap cell. The

darkest color indicates terms to be eliminated in the current iteration; the white color indicates terms eliminated

in previous iterations; the lightest gray indicates more important terms.

3.2 Tumor Growth Model

In our next application, we consider the logistic growth

model, previously calibrated using 14 tumor volume (in

mm3) data points from the breast cancer growth (GI-

101A xenografts) in athymic mice, distributed over 114

days [24]. By denoting x(t) as the tumor volume at

time t, the evolution of the tumor volume over time,
0 < t ≤ tf = 300 days, is then given by:
8
<
:

dx

dt
= c0x+ c1x

2,

x(0) = x0,

(11)

where c0 = 0.028 /day, c1 = −3.305 × 10�6 /(day ×

mm3), and x0 = 245.185 mm3. The absolute value of
c1 is obtained by dividing the growth rate c0 by the

carrying capacity 8472.914 mm3. The derivatives Ẋ are
approximated from the numerical solution obtained by

simulating model (11) at m = 300 evenly distributed

time points. As in the previous application, we define

20 experiments for the SINDy-SA method by building

Θ(X) using polynomials of degree at most equal to Pi,

i ∈ {2, 3, 4, 5}, and varying ↵ ∈ {10�3, 10�2, 10�1, 100,

101}. We also vary the threshold � ∈ {10�7, 10�6, 10�5}
of the STLSQ method, which yields 60 experiments for

the original SINDy approach. We use " = 10.0 and we

perform the SA at t = tf .

The execution of the SINDy-SA method for all 20

experiments resulted in only two different mathemati-

cal models. For comparison, the execution of the orig-

inal SINDy method for all 60 experiments resulted in

three different mathematical models. Table 4 presents

the sets of models discovered by each system identifi-

cation method. The model comparison of the identified

models is performed, and the results are displayed in

Table 5. For completeness, Figure SM-3 in the Supple-

mentary Material illustrates the corresponding Pareto

curves.

All three model selection criteria agreed in choos-

ing the best models, as shown in Table 5. While the
SINDy-SA method identified the correct model, notice
that the SINDy approach could not capture the correct

structure of the model since it wrongly incorporates a

source term. Figure 5 illustrates a comparison between

the observed data and the numerical solution of the se-

lected best model for each sparse identification method
as well as the corresponding mathematical description.
Thus, despite the SINDy-SA method having identified

two mathematical models considering different exper-

imental settings, the information criteria correctly se-

lected the most parsimonious model that best fits the

simulated data. In comparison, the original SINDy ap-

proach fails to solve the system identification problem
in this example, mainly due to the difference between

the orders of magnitude of the two terms in the true

model. Therefore, the results obtained for this applica-

tion show a limitation of using a threshold to eliminate

candidate functions from the governing equations and

highlight the importance of performing the SA of model

parameters as in our proposed approach, allowing us to
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(a) SINDy-SA method

⇢
ẋ = 1.000x� 1.000xy
ẏ = �1.000y + 1.000xy

(b) SINDy method

⇢
ẋ = 0.990x� 0.989xy
ẏ = �0.989y + 0.989xy

Fig. 4: Comparison between the observed data X and the numerical solution cX of the best predator-prey models

selected by the information criteria, shown in the bottom right. The observed data are simulated from the prey-

predator model (10), which corresponds to the best mathematical model identified by the SINDy-SA method. The
best model identified by the original SINDy approach structurally corresponds to the prey-predator model (10),

but its parameter values are not exactly equal to 1.0 in absolute values.

Table 4: Mathematical models identified by the SINDy-SA and SINDy methods after running all experiments

using simulated data from the logistic model (11).

Method Model Equation

SINDy-SA
1 ẋ = 0.028x� 3.305⇥ 10�6x2

2 ẋ = 0.028x� 3.305⇥ 10�6x2 � 2.393⇥ 10�16x3

SINDy
1 ẋ = 0.002 + 0.028x� 3.304⇥ 10�6x2

2 ẋ = 35.436� 0.002x
3 ẋ = 0.004x

correctly discover the governing equations that gener-

ated the data.

3.3 Pendulum Motion Model

In this subsection, we apply the pendulum equation to

generate the simulated data that is used in the dynam-

ical system identification problem. The pendulum mo-

tion over time t under the influence of gravity and fric-
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Table 5: Model selection results for the tumor growth application. Subscripts wi indicate the model selection

criterion weights. Models selected as the best ones are indicated in the gray line.

Method Model d SSE(X, bX) AIC AICc BIC AIC wi AICc wi BIC wi

SINDy-SA
1 2 8.103⇥ 10�17 �12822.639 �12822.598 �12815.231 1.000 1.000 1.000
2 3 1.842⇥ 10�5 �4975.767 �4975.686 �4964.656 0.000 0.000 0.000

SINDy
1 3 6.221 �1156.734 �1156.652 �1145.622 1.000 1.000 1.000
2 2 227667433.107 4065.884 4065.925 4073.292 0.000 0.000 0.000
3 1 8557132954.600 5151.875 5151.888 5155.578 0.000 0.000 0.000

(a) SINDy-SA method

ẋ = 0.028x� 3.305⇥ 10�6x2

(b) SINDy method

ẋ = 0.002 + 0.028x� 3.304⇥ 10�6x2

Fig. 5: Comparison between the observed data X and the numerical solution cX of the best tumor growth models

selected by the used information criteria, which are shown inside the graphs. Although the dynamics are quite

similar, the model in (b) includes a source term (shown in gray) that is not present in the true model.

tion may be described in terms of the angle x(t) and

the angular velocity y(t) through the following system

of differential equations [34]:

8
>>>><
>>>>:

dx

dt
= 1.0y,

dy

dt
= c0y + c1 sin (x),

x(0) = x0, y(0) = y0.

(12)
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In this example, we use the parameters c0 = −0.25 and

c1 = −5.0, and we set (x0, y0) = (⇡ − 0.1, 0.0). System
(12) is integrated up to time tf = 30.0, and we collect

the numerical solutions at m = 301 evenly distributed

time points, which are used to approximate the deriva-

tive Ẋ. Due to the specific dynamics observed in this
problem, we build the library Θ(X) using both polyno-

mials, varying their maximum degree Pi, i ∈ {1, 2, 3},
and trigonometric functions (sine and cosine), varying

their frequency Fj , j ∈ {1, 2, 3}. If, for example, the

maximum degree of the polynomial is P1 and the fre-

quency of the trigonometric functions is F1, the library

Θ(X) is given by:

Θ(X) =

2
4
| | | | | | |
1 x y sin (x) cos (x) sin (y) cos (y)

| | | | | | |

3
5 ,

which contains seven candidate functions. As in the pre-

vious examples, for each chosen maximum degree and

frequency, we also vary ↵ ∈ {10�3, 10�2, 10�1, 100, 101},
which means that we have 45 experiments for the SINDy-
SA method. These experiments are also combined with

possible variations of the threshold � for the original
SINDy approach, leading to 135 experiments by set-

ting � ∈ {10�3, 10�2, 10�1}. In all SINDy-SA exper-

iments, we use " = 105 and we perform the SA at

three time instants over the experimental time frame,

t = 10.0, 20.0, 30.0, to keep track of the dynamics of the
pendulum motion.

The SINDy-SA and SINDy methods identified four

and 84 different mathematical models, respectively. Ta-

ble 6 details the model selection results and indicates

the best model among the candidate set. To comple-

ment these results, Figure SM-4 in the Supplementary

Material illustrates the corresponding Pareto curves re-

lating the SSE with the model complexity.

As shown in Table 6, the first pendulum motion
model was selected as the best among the four models

identified by the SINDy-SA method for the three in-
formation criteria with weights of 100%. Regarding the
original SINDy approach, the model selected by all in-
formation criteria does not correspond to the pendulum

motion equation (12). Indeed, it incorporates three ad-

ditional terms in the time evolution of the angle x(t)
and five terms in the time evolution of the angular ve-

locity y(t) that are not present in the true model. The
AIC and AICc weights indicate that the probability of

model 4 being the best model is around 91%, although

the structure of the true model is present in the set of

resulting models (model 3), which has approximately

zero probability of being the best model. This happens

due to inaccuracy of the coefficient values determined

by the SINDy method so that all information criteria

favored the best fit model. Figure 6 displays a compar-

ison between the experimental data and the numerical
solution of these best models for each sparse identifica-
tion method, including their mathematical description.

In this application, the information criteria were

able to correctly select the most parsimonious model
that best fits the observed data for the SINDy-SA ex-
periments. In comparison, the models identified by the
original SINDy approach need to be recalibrated so that

the true model can be selected by the information cri-
teria. Therefore, the results obtained for this applica-
tion also demonstrate that the model recalibration step

can be important for the correct identification of the

true mathematical model. Unlike the application of the

prey-predator model, all discovered models must be re-

calibrated in this case since the true model structure

was not selected by the information criteria, but it is

present in the set of resulting models.

3.4 Compartmental Model

Our fourth application involves using the epidemiologi-

cal SIR compartmental model to generate the simulated

data as input to both SINDy-SA and SINDy methods.

This model describes the evolution of a fixed popula-
tion of N individuals over time t divided into three

compartments: susceptible S(t), infected I(t), and re-

covered R(t). For t ≤ tf , it is represented by:

8
>>>>>>>>>>>><
>>>>>>>>>>>>:

dS

dt
= c0SI,

dI

dt
= c1SI + c2I,

dR

dt
= c3I,

S(0) = S0, I(0) = I0, R(0) = R0,

N = S(t) + I(t) +R(t).

(13)

By construction, ci are the transition coefficients that

satisfy c0 = −c1 and c2 = −c3, so that R(t) is known

from the infected individuals I(t). In this way, we can

simplify the sparse identification problem of this model

by removing the equation associated with the recovered

individuals. To generate the training data, we collect

the numerical solution of m = 400 evenly distributed
time points using tf = 40.0, the infection coefficient

c0 = −c1 = −4×10�4 and the recovery rate c2 = −0.04.

We set S0 = 997 and I0 = 3 so that N = 1000 indi-

viduals (R0 = 0). From the collected solution, we ap-

proximate the derivative Ẋ and build the SINDy-SA

experiments by setting Θ(X) consisting of polynomi-

als, varying their maximum degree Pi, i ∈ {2, 3, 4, 5},
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Table 6: Model selection results for the pendulum application. Subscripts wi indicate the model selection criterion

weights. Models selected as the best ones are indicated in the gray line.

Method Model d SSE(X, bX) AIC AICc BIC AIC wi AICc wi BIC wi

SINDy-SA

1 3 6.554⇥ 10�7 �5997.491 �5997.410 �5986.370 1.000 1.000 1.000
2 17 0.057 �2546.523 �2544.360 �2483.502 0.000 0.000 0.000
3 35 0.115 �2297.928 �2288.418 �2168.179 0.000 0.000 0.000
4 43 0.014 �2926.289 �2911.565 �2766.883 0.000 0.000 0.000

SINDy

1 10 1.738 �1531.467 �1530.708 �1494.396 0.049 0.053 0.253
2 6 2.480 �1432.442 �1432.156 �1410.199 1.529⇥ 10�23 2.094⇥ 10�23 1.318⇥ 10�19

3 3 4.619 �1251.263 �1251.182 �1240.142 6.951⇥ 10�63 1.055⇥ 10�62 1.557⇥ 10�56

4 11 1.693 �1537.331 �1536.418 �1496.553 0.914 0.914 0.744
5 12 1.721 �1530.390 �1529.307 �1485.905 0.028 0.026 0.004
...

...
...

...
...

...
...

...
...

80 43 2.531 �1352.359 �1337.636 �1192.954 6.235⇥ 10�41 6.255⇥ 10�44 8.822⇥ 10�67

81 25 3.252 �1312.912 �1308.184 �1220.234 1.694⇥ 10�49 2.517⇥ 10�50 7.403⇥ 10�61

82 10 3.505 �1320.333 �1319.574 �1283.262 6.923⇥ 10�48 7.485⇥ 10�48 3.595⇥ 10�47

83 41 2.527 �1356.817 �1343.520 �1204.826 5.792⇥ 10�40 1.186⇥ 10�42 3.339⇥ 10�64

84 29 2.046 �1444.377 �1437.956 �1336.870 5.972⇥ 10�21 3.806⇥ 10�22 1.573⇥ 10�35

and ↵ ∈ {10�3, 10�2, 10�1, 100, 101}. Those 20 experi-

ments are solved using " = 100.0 and performing the

SA at t = 10.0, 20.0, 30.0, 40.0 to capture the overall

solution behavior over the considered time frame. For

the original SINDy, we consider 60 experiments by ad-

ditionally varying � ∈ {10�5, 10�4, 10�3}.

Table 7 shows the model selection results for the 10

and 15 models identified for the SINDy-SA and orig-

inal SINDy methods, respectively. The corresponding

Pareto curves relating the SSE to the number of model
parameters are illustrated in Figure SM-5 in the Sup-
plementary Material. Of note, both approaches iden-

tified a larger number of mathematical models than

the other presented applications, but the information

criteria were able to correctly select the true model

that originated the experimental data for the SINDy-

SA method. However, the model selected for the orig-

inal SINDy approach does not correspond to the true

model since it incorporates a source term in the time

evolution of the susceptible population S(t) that is not

present in the true model. In both cases, there was
great evidence in the choice of the best models. Figure

7 shows a comparison between the experimental data
and the numerical solution of the selected best models,
whose mathematical description is also shown inside the
graphs.

As in the tumor growth model application, the orig-

inal SINDy approach also fails to solve the system iden-

tification problem. Therefore, the results obtained for

this application also show that the SA of model param-

eters in our proposed approach circumvents the diffi-

culty of choosing the threshold and allows the correct

identification of the true dynamical system.

3.5 Remarks on Limited and Noise-Contaminated

Data Scenarios

It is worth commenting on the robustness of the SINDy-

SA approach with respect to scenarios with noisy or

sparse data. We carry out studies with the prey-predator

(10), the tumor growth (11), and the pendulum motion

(12) models to investigate these issues while keeping

the other application settings. For simulating scenarios

with noisy data, the first two models were perturbed

with a multiplicative noise following Log-normal(0, 0.01)

and Log-normal(0, 0.1), respectively, while the data of

the latter model were contaminated with N (0, 0.01) ad-

ditive noise. For investigating scenarios with limited

data, we then reduce the number of data from those

three applications to m = 70, 10, 70 evenly distributed

time points, respectively. Both the noisy data and such

a significant reduction in the number of data points did

not prevent the method from identifying the structures

of the true models.

With a further increase in the noise level (i.e., in-

crease the standard deviation of the probability distri-

butions) or reduction in the number of simulated data,

our approach is not able to solve the dynamical system

identification problems. Of note, the original SINDy

method is also sensitive to noisy and limited data. In
these cases, a possible way to overcome these limita-
tions could be the application of some data preprocess-

ing. In particular, we have obtained promising results

by using the Gaussian process regression technique [18]

in terms of reducing the noise of experimental data and

increasing the number of data, both in synthetic and

real applications.
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(a) SINDy-SA method

⇢
ẋ = 1.000y
ẏ = �0.250y � 5.000 sin(x)

(b) SINDy method

8
<

:

ẋ = �0.003 + 0.994y+0.004 cos(x) + 0.001 sin(y)
ẏ = 0.011� 0.017x� 0.250y � 4.938 sin(x)

�0.014 cos(x) + 0.005 sin(y) + 0.002 cos(y)

Fig. 6: Comparison between the observed data X and the numerical solution cX of the best pendulum motion

models, shown inside the graphs. Although the dynamics are quite similar, the model in (b) includes eight terms

(shown in gray) that are not present in the true model.

4 Final Remarks

In this work, we build on the original SINDy method
by integrating it with a global SA technique of model
parameters. The SINDy method has recently been used
to identify nonlinear dynamical system structures from

noisy measurement data. However, this method depends
on choosing a threshold under which regression coeffi-

cients are eliminated in the process of identifying the

model structure. The SA technique circumvents the need

to define a threshold value by classifying terms accord-

ing to their importance in relation to the rate of change

in time of each state variable (QoI) and eliminating

those less influential.

In our proposed SINDy-SA approach, we employed

the EE method to analyze the sensitivity of the param-

eters, and the defined QoI is associated with the for-

mulation of a sparse regression problem. We chose the

EE method since it allows ranking the global influence

of the model parameters on a QoI and requires a rela-

tively small number of model evaluations compared to
variance-based methods. We remark that the proposed
methodology is not dependent on the EE method and

other global SA techniques can also be used. For solv-

ing the sparse regression problem, we used ridge regres-

sion, also implemented in the PySINDy module, due

to several previous experiments involving using classi-

cal regression methods to identify nonlinear dynamical

systems. Our SINDy-SA method is carried out through

an iterative process, whose convergence is dictated by

statistics of the dynamic change of previously computed

errors.
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Table 7: Model selection results for the SIR application. Subscripts wi indicate the model selection criterion

weights. Models selected as the best ones are indicated in the gray line.

Method Model d SSE(X, bX) AIC AICc BIC AIC wi AICc wi BIC wi

SINDy-SA

1 3 0.861 �2450.414 �2450.353 �2438.440 1.000 1.000 1.000
2 8 29.585 �1025.674 �1025.305 �993.742 0.000 0.000 0.000
3 8 28.116 �1046.044 �1045.676 �1014.113 0.000 0.000 0.000
4 16 2.799 �1952.874 �1951.453 �1889.010 0.000 0.000 0.000
5 19 2.201 �2043.051 �2041.051 �1967.214 0.000 0.000 0.000
6 29 2.318 �2002.284 �1997.582 �1886.532 0.000 0.000 0.000
7 35 24577261.088 4480.347 4487.270 4620.048 0.000 0.000 0.000
8 41 23109275.001 4467.712 4477.332 4631.362 0.000 0.000 0.000
9 37 23261656.824 4462.341 4470.109 4610.025 0.000 0.000 0.000
10 40 23261940.744 4468.346 4477.482 4628.004 0.000 0.000 0.000

SINDy

1 8 25.032 �1092.525 �1092.156 �1060.593 3.799⇥ 10�279 3.324⇥ 10�279 1.296⇥ 10�282

2 5 6.657 �1628.340 �1628.188 �1608.383 8.523⇥ 10�163 8.308⇥ 10�163 1.158⇥ 10�163

3 5 330004554.088 5459.261 5459.413 5479.218 0.000 0.000 0.000
4 3 26515437.944 4446.709 4446.770 4458.684 0.000 0.000 0.000
5 6 25.405 �1090.612 �1090.398 �1066.663 1.460⇥ 10�279 1.380⇥ 10�279 2.697⇥ 10�281

6 4 1.035 �2374.697 �2374.596 �2358.732 1.000 1.000 1.000
7 1 286004483.738 5394.021 5394.031 5398.013 0.000 0.000 0.000
8 4 7.000 �1610.199 �1610.098 �1594.233 9.800⇥ 10�167 9.800⇥ 10�167 9.800⇥ 10�167

9 5 26.101 �1081.792 �1081.639 �1061.834 1.774⇥ 10�281 1.730⇥ 10�281 2.412⇥ 10�282

10 5 78453297.719 4884.620 4884.772 4904.577 0.000 0.000 0.000
11 3 379233834557190.940 11037.084 11037.144 11049.058 0.000 0.000 0.000
12 5 515618574.162 5637.765 5637.918 5657.723 0.000 0.000 0.000
13 2 378395244710651.600 11034.198 11034.229 11042.181 0.000 0.000 0.000
14 0 286256888.883 5392.374 5392.374 5392.374 0.000 0.000 0.000
15 2 244661978.480 5333.569 5333.600 5341.552 0.000 0.000 0.000

Both SINDy-SA and SINDy approaches were exe-

cuted in a variety of applications, in which we gener-
ated simulated data from a true model in order to an-

alyze the ability of the methods to correctly discover
the structure of the mathematical model, as well as
the parameter values. The applications presented in-
clude models with different behaviors encompassing a

prey-predator model, a logistic model calibrated from
tumor growth data, a pendulum motion model, and a
SIR compartmental model. For each example, we elab-

orated different experimental settings yielding a set of

resulting models, whose best model was selected using

information criteria.

In the prey-predator and pendulum motion appli-
cations, the original SINDy method correctly discov-

ered the structure of the dynamical system, although
not selected by the information criteria in the pen-
dulum application. However, the parameter values of

the discovered models were approximated. Thus, the

results obtained for these applications highlighted the

importance of a model recalibration step to improve

the accuracy of the parameter estimates. In the logis-

tic growth and compartmental applications, the SINDy
method wrongly incorporated additional terms to the
true mathematical model, showing a limitation of us-

ing a threshold to eliminate candidate functions. On

the other hand, our combined approach was able to

correctly identify the true model that generated the

available data in all applications, emphasizing a rele-

vant advantage of performing a SA of model parameters

to solve the system identification problem. These facts

demonstrate the potential of our SINDy-SA method to

be used in real applications, in which the true model is

not known a priori, in the search for interpretable and

predictive mathematical models.

The time and state variables to perform a global sen-

sitivity analysis can play a crucial role in model identifi-

cation. For problems with multiple dependent outputs,

Saltelli et al. [30] suggest composing multiple outputs

into a single scalar and performing a sensitivity analy-

sis. However, in some situations, it is more appropriate

to quantify the sensitivity of the parameters at each

output [19]. Although this analysis was not carried out

in the present work, applying multi-output global sen-

sitivity analysis methods in our framework is the target
of future investigations.

Overall, our SINDy-SA approach can leverage new

developments together with other recent SINDy works
to deal with, for example, implicit dynamical systems
[16], partial differential equations [29] and control [3],
and with data preprocessing techniques [18] to provide

robustness on system identification, even in scenarios
with limited and noisy data.
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