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Abstract 1 

 2 

Conventional genome-wide association studies interrogate individual variants against individual 3 

traits. We introduce a multivariate adaptive shrinkage (mash) model that allows each variant to 4 

be modeled as a mixture of multivariate normal distributions, boosting power when genetic 5 

effects across conditions are shared, using summary statistics. We show that controlling local 6 

false sign rates accurately and powerfully identifies replicable genetic associations, and that 7 

multivariate control furthers the ability to explain complex disease. We apply this framework to 8 

the genetic analyses of blood lipid levels, principal predictors and therapeutic targets for 9 

coronary artery disease. Our approach yields high concordance between independent datasets, 10 

more accurately prioritizes causal genes, and significantly improves polygenic prediction beyond 11 

state-of-the-art methods by up to 59% for lipid traits. Importantly, we describe a framework with 12 

important implications for genome-wide association studies and polygenic risk score 13 

construction.  14 
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Introduction 1 

A principal goal of genome-wide association studies (GWAS) is to accurately identify genetic 2 

variants that influence risk of developing a phenotype of interest. For the vast majority of 3 

complex traits, the number of significantly associated variants increases with increasing sample 4 

size but only the minority of estimated heritability remains explained1,2. Novel Bayesian methods 5 

leveraging genetic pleiotropy applied to existing samples may improve power for genetic 6 

discovery beyond widespread existing univariate approaches 3,4.  As many phenotypes in 7 

biology exist on quantitative and continuous spectra describing multivariate continuous effects is 8 

an essential step towards better understanding of complex phenotypes.   9 

Multivariate adaptive shrinkage (mash) is a Bayesian adaptive shrinkage tool designed to 10 

estimate genetic variants associated with multiple phenotypes, thus taking advantage of any 11 

correlation in genetic signals that might boost power to detect associations and improve 12 

precision of effect size estimates4,5. Mash uses empirical estimates of overall covariance 13 

structure to model the genetic effect at any given single nucleotide polymorphism (SNP) as a 14 

mixture of multivariate normal distributions, where each component of the mixture defines a 15 

‘pattern of sharing’ of effects among conditions from which the SNP might arise (Fig 1) and is 16 

readily available using the accompanying software mashR4. Using empirical Bayes methods, 17 

the patterns of covariance are estimated from the strongest signals in the dataset, scaled to a 18 

unit variance, and ‘stretched’ by a grid of magnitudes to reflect an abundance of shape-scale 19 

combinations. The relative frequency of each shape-scale combination is then estimated from a 20 

sampling of the overall dataset. Armed with this prior information, the likelihood for each SNP is 21 

then calculated for each mixture component. If the effects are strongly correlated, such 22 

estimates will receive a boost in precision and power by incorporation of additional data. 23 

Importantly, if there is no sharing, multivariate estimates have been shown to do no worse than 24 

univariate estimates4,6.  25 

Genome-wide association studies for blood lipid concentrations have advanced our 26 

understanding of causal relationships for diverse cardio-metabolic conditions, including coronary 27 

artery disease (CAD), the leading cause of death worldwide7. Since currently identified variants 28 

explain only a small fraction of the estimated overall heritabilities of plasma lipids8,9, improved 29 

efficiency for lipid genetic associations may yield new insights using existing genetic association 30 

data.  31 

 32 

Results 33 

 34 

Multivariate genetic discovery for plasma lipids. Using summary-level lipid GWAS data 35 

generated with conventional methods from the Million Veterans Project (MVP) across 291,746 36 

individuals (210,967; 72.3% European ancestry8), we sought first to jointly estimate effect sizes 37 

across the four plasma lipid traits (i.e., total cholesterol [TC], low-density lipoprotein [LDL-C] 38 

cholesterol, high-density lipoprotein [HDL-C] cholesterol, and triglycerides [TG]) for 39 

approximately 28 million SNPs using mash. We identify 5,007 500-kb linkage disequilibrium 40 
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(LD) blocks (from 1000 Genomes European Samples10) in the MVP data set containing at least 1 

one variant with a local false sign rate less than 0.05 for at least one lipid trait. Here, the local 2 

false sign rate (lfsr) is defined as the posterior probability of incorrectly identifying the sign of the 3 

effect, and has been used to help provide a bridge between FDR (false discovery rates) and 4 

effect size estimation5.  5 

 6 

Omnigenic model. We next used mashR to analyze the distribution of regression coefficients 7 

from the set of all SNPs5. Mash models the GWAS results as a mixture of SNPs that have a true 8 

effect size of exactly zero, with SNPs that have a true effect size that is not zero, across multiple 9 

traits. The additional multivariate layer captures information about patterns of sharing across 10 

traits when compared to univariate shrinkage approaches.5 Using this approach, we estimated 11 

that 84% of all SNPs present in the MVP data set are associated with non-zero effects on LDL 12 

cholesterol, including both causal SNPs as well as nearby SNPs in linkage disequilibrium (LD).  13 

Critically, this does not imply that the majority of variants are causal: given that the typical extent 14 

of LD is around 10kb–100kb11, this implies that most 100kb windows in the genome include 15 

variants that affect lipid levels. Stratifying by the LD Score for each SNP12, we see a clear effect 16 

that SNPs with more LD partners are more likely to be associated with each lipid trait (Fig 2A). 17 

Briefly, this was LD Scores from the European ancestry samples in the 1000 Genomes 18 

Project (EUR) using an unbiased estimator of r2 with 1 centiMorgan (cM) windows.12 This is 19 

consistent with the conclusions of Boyle et al13 who introduced the idea of an ‘omnigenic’ 20 

hypothesis in which many quantitative traits are influenced by the majority of genomic SNPs, 21 

each contribution and that there is an extremely large number of causal variants with tiny effect 22 

sizes on quantitative traits. 23 

 24 

Boyle et al13 found clear enrichment of shared directional signal for most SNPs, even for SNPs 25 

with p-values as large as 0.5, leading us to consider the information contained in those with 26 

non-null (but potentially not genome wide significant effects). After applying mashR, we find that 27 

the median absolute effect size for a SNP satisfying an lfsr threshold of  0.05 is 0.1533 while the 28 

median absolute effect size for a SNP satisfying a local false discovery rate (lfdr) of 0.05 is 29 

0.1528 and one satisfying a genome-wide significance threshold of 5x10-8 is 6.54, consistent 30 

with the results of Boyle et al13 who found that the median effect of non-null SNPs was 31 

approximately 10% that of genome-wide significant SNPs (Fig 2B-D) Importantly, both the 32 

resolution and stringency using lfsr thresholds is greater than lfdr for a given level of evidence 33 

(Fig 2E). 34 

Under this observation, we hypothesized that a method which is capable of both incorporating 35 

refined joint posterior effect size estimates and quantifying posterior probabilities of being non-36 

zero (or, even more stringently, incorrectly signed) might add to the ability to explain the 37 

heritability of complex disease in a polygenic risk score. First, we sought to compare directly to 38 

a univariate approach for adaptive Bayesian shrinkage5 as published GWAS have 39 

acknowledged that using an FDR threshold as previous approaches have validated the use of  a 40 

5% FDR threshold to replicate GWAS targets14. We show that a univariate shrinkage approach 41 

which controls for local false discovery (ash) replicates everything in previously published MVP 42 

data8 and results in a consistent power increase across phenotypes (Fig 3A, Fig 3C, green to 43 
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blue) owing to the adaptive control of local false discovery when compared with Bonferroni-1 

corrected GWAS. We depict the number of LD blocks containing an effective variant in at least 2 

one block, defined by p-value <5x10-8 in traditional analyses or lfsr <5x10-2 in adaptive 3 

shrinkage analyses. 4 

We can then ascertain the improvement in multivariate control of false discovery when 5 

comparing multivariate adaptive shrinkage to univariate adaptive shrinkage (Fig 3-C, blue to 6 

red). Furthermore, most effects are shared across conditions, owing to the assessment of 7 

effects jointly, in comparison to univariate shrinkage effects (Fig 3B). 8 

 9 

Improved polygenic risk scoring across ancestries. When compared to weights derived 10 

from traditional univariate maximum likelihood association mapping, mash-derived weights 11 

show improvements up to 58% in the proportion of variance explained by the polygenic score. 12 

Furthermore, these improvements hold when subdividing the testing population into European 13 

and Non-European individuals on all traits excluding triglycerides, a phenomenon which has 14 

been observed elsewhere15(Fig 4A-C, Table S1). Of note, the baseline performance of models 15 

excluding genetic variables from association with LDL-C is quite poor owing to the phenotypic 16 

heterogeneity inherent in statin dosing and duration present in the UKBB population, and yet 17 

mash inputs still impove the proportion of variation explained by a considerable (53%). 18 

Importantly, we shrink the input ‘weights’ derived from our multivariate discovery set using LD 19 

score regression from the 1000 Genomes reference 10. We then compute scores on a 20 

completely independent set of individuals in the UKBB, without the need for parameter tuning in 21 

an additional set of data. This is due to the analytic solution innate in the infinitesimal model 22 

introduced by Privé16 (details in Materials and Methods). 23 

 24 

In simulation in which we simulate true effects arising from the empirical patterns of sharing 25 

identified by mash in the MVP data, we find that mash estimates are superior in terms of 26 

precision (relative root mean squared error, RRMSE) and in power compared with typical 27 

univariate shrinkage approaches and with canonical multivariate methods that attempt to model 28 

the set of multivariate effects as arising from a mixture of distributions constrained by a rigid 29 

configuration approach6 (Extended Data Figure 1). Furthermore, when all associations are 30 

simulated to be truly null, our mash method detects 0 false positive associations at a lfsr 31 

threshold of up to 0.54 (and 0 associations are detected at an lfsr of 0.05), indicating the 32 

accuracy of the false sign rate for thresholding purposes. Furthermore, mash allows us to 33 

consider which hierarchical patterns receive the most `weight’ in the mixture model and as 34 

expected the matrices which received most of the hierarchical weight showed effects that were 35 

shared in sign and magnitude among LDL-C, TC and TG and strongly inversely correlated with 36 

strong effects in HDL-C (Extended Data Figure 2). 37 

 38 

Sources of improved heritability explained. To understand from where the additional 39 

heritability explained arises, we sought to evaluate extent of cross-replication between UK 40 

Biobank (UKBB) and MVP results.  After computing mash posterior means for all overlapping 41 
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SNPs from models fit separately using MVP and UKBB (Extended Data Figure 3), we aimed to 1 

identify replication on a per-trait and across trait basis. Using UKBB lipid genetic summary 2 

statistics for 315,133 individuals (100 % European ancestry)17 overlapping the same boundaries 3 

used above, we identify 3,935 500 kb-LD blocks containing at least one lfsr < 0.05 across traits. 4 

3761 of these 3935 of these identified UKBB blocks are replicated in the MVP discovery. 5 

Therefore, 95.6% and 75.1% of the discoveries in UKBB and MVP, respectively, cross-replicate 6 

(Fig 5A; Extended Data Figure 1). Additionally, we reproduce all associations captured by the 7 

prevailing multivariate GWAS package MTAG18 and we replicate 12-fold (Fig 5A; Extended 8 

Data Figure 3) more LD blocks when comparing non-zero blocks containing at least one 9 

significant effect across traits between mtag18 and mash-posterior results without incurring 10 

additional false positives (see also simulations, Extended Data Figure 1). 11 

In a per-trait analysis, 68% of MVP discoveries and 88% of UKBB cross-replicate for HDL-C, 12 

42% and 82% of MVP and UKBB discoveries cross-replicate for LDL-C, 63% MVP and 91% 13 

UKBB for triglycerides, and 50% MVP and 81% UKBB for total cholesterol. Again, when 14 

comparing to existing multivariate approaches for common disease using the software MTAG18, 15 

this boost holds across traits. Taken with the result that comparing to traditional univariate 16 

assessments of the MVP data set at a genome-wide family wise error-rate of 5x10-8, we identify 17 

15-fold more blocks containing a variant significant in at least one trait (Fig 3A), we see that our 18 

Bayesian multivariate effect size estimate using mash improves our sensitivity to both detect 19 

and replicate associations between datasets. 20 

We find that this 15-fold improvement over univariate association is driven largely by 21 

improvement in precision, and also by control of false discovery versus family-wise error rate, a 22 

concept shown to safely increase the power to detect associated non-zero effects 19, 14. The 23 

effective sample size can be determined by considering the ratio of the original standard error to 24 

the posterior standard error for an individual trait (Equation 1): We find that effects with small 25 

sample sizes (and accordingly large standard errors) benefit from the greatest effective sample 26 

boost (that is, increase in posterior sample size over initial sample size). 27 

n!""!#$%&! = '̂!"#$#%&'
(

'̃)!*+,"#!"
( n*+%,%-./ (1) 28 

We find a median effective sample boost of 4.4-fold (IQR 3.54-5.64) using the relationship 29 

between the original standard error and the posterior marginal variance, consistent with the 30 

strong sharing among lipid subgroups (Extended Data Figure 4). 31 

 32 

Improved causal gene prioritization. We next sought to investigate how mash would prioritize 33 

known Mendelian lipid targets in comparison to univariate methods. We used the Polygenic 34 

Priority Score (PoPS), which is a gene prioritization method 20 that leverages genome-wide 35 

signal from GWAS summary statistics and incorporates data from an extensive set of public 36 

bulk and single-cell expression datasets, curated biological pathways, and predicted protein-37 
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protein interactions. Compared to univariate summary statistics, we found that marginal 1 

estimates from posterior means supplied by mash better prioritizes known lipid candidate genes 2 

and does so more consistently between traits. Among the top 100 prioritized genes for each 3 

trait, there are 47 intersections among HDL-C, LDL-C, and TG using mash and only 27 using 4 

raw univariate estimates: of these 47, 23 are shared with those prioritized by the univariate 5 

approach (Fig 5B, Table S2). Consequently, there are 24 genes that are found consistently by 6 

mash across all 4 lipid traits but not by univariate methods that include LPL (lipoprotein lipase), 7 

CETP (cholesterol ester transfer protein), APOA4 (apolipoprotein A4), LIPG (endothelial lipase) 8 

and ADIPOQ (adiponectin precursor) which have established relevance to lipids in model 9 

systems and human studies. However, the 4 genes that are found consistently by univariate 10 

methods but not by multivariate methods were VEGFA, TP53, ESR1, and ENG, which are not 11 

currently known to robustly influence lipids in model systems or human studies. When 12 

comparing a list of known Mendelian lipid genes21, the median rank assigned using mash 13 

results is consistently higher than when using univariate association summary statistics (Tables 14 

S3,S4.). 15 

 16 

Improved enrichment for functional annotations. We next sought to determine whether 17 

mash discoveries better prioritize biologically relevant associations compared to those observed 18 

from conventional univariate methods. Using TORUS and conservatively defined LD blocks 22,23, 19 

we show that mash versus univariate statistics for this analysis improves estimation of expected 20 

enrichment parameters and depletion accordingly using a list of previously described 21 

annotations12. For example, we demonstrate that areas of the genome known to be enriched for 22 

transcriptional activity (i.e., super enhancers) and promoters show stronger log odds ratio (base 23 

2) of enrichment using mash-derived summary statistics compared to the estimation from using 24 

univariate association statistics to assess annotation enrichment parameters (Fig 5C; Extended 25 

Data Figures 5-7, Table S5, S6). Similarly, annotations with prior evidence for depletion (i.e., 26 

repressors, background selection) show a greater degree of depletion using multivariate 27 

summary statistics, as evidenced by background selection and repressors which are repressed 28 

to a greater degree using mash (p=0.001) and coding regions which are enriched to a greater 29 

degree using mash (p=6e-5;1e-4, see Fig 5C) compared with using univariate association 30 

statistics. The direction of enrichment or depletion is preserved between univariate and mash 31 

multivariate estimates. 32 

 33 

Discussion 34 

Understanding the genetic basis of common disease is a key paradigm toward modern genomic 35 

medicine goals. The principal strategy for improving power for discovery is increasing sample 36 

size to improve precision and including diverse ancestries to analyze new alleles. Here, we 37 

introduce a multivariate approach for enabling both improved discovery and effect size 38 

estimation of genomic variants without increasing the sample size. Not only do such joint 39 
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approaches share information across traits to improve power, but critically, we show that 1 

improved robust effect size estimates enable more precise prioritization of genomic targets, 2 

enhance assessment of enrichment parameters, and finally, show an improvement in prediction 3 

on a polygenic basis when coupled with methods to shrink across LD blocks.  4 

False discovery rates offer a flexible way of capturing inherent differences in the relative signal 5 

between populations while controlling the proportion of discoveries that are false. Local false 6 

discovery rates are thus a compromise between arbitrarily stringent p-values that allow one to 7 

include the prior probability of absence of signal (often termed p0) in computing the posterior 8 

probability of being null and is widely accepted in the genomics  community14,24,25. The local 9 

false sign rate is analogous to the “local false discovery rate” (lfdr), but measures confidence in 10 

the sign of each in addition to confidence in each effect being non-zero, and is thus more 11 

stringent.4  12 

Importantly, we also apply the use of the local false sign rate to characterize effects, a 13 

convenient method of controlling for multiple hypotheses while also incorporating the 14 

consistency in sign and magnitude of effects. It is more stringent than the lfdr because it 15 

requires true discoveries to be not only nonzero, but also correctly signed, and the local false 16 

discovery rate is well known to conservatively control for false discoveries in genomic 17 

applications19,26,5. Furthermore, in some settings with many discoveries, the lfsr and lfdr can be 18 

quite different and emphasize benefits of the lfsr, particularly its increased robustness to 19 

modeling assumptions 5. This allows for a multiple hypothesis correction that incorporates the 20 

precision of the effect size estimate5 beyond confidence in the binary classification of a variant 21 

as associated or unassociated. 22 

 23 

Putting the various lines of evidence together, considering the non-null distribution of SNPs 24 

provides a much broader understanding of the collective contribution of genetic variation to 25 

quantitative phenotype mapping, and the inclusion of local false sign rates broadens this 26 

resolution as a non-null SNP can have varying effect sizes (Figure 2C). Our multivariate 27 

mapping furthers this resolution as two SNPs with the same local false sign rate can have 28 

different posterior effect estimates arising from the mixture of multivariate normal distributions 29 

that depend on the ‘boost’ the SNP receives from the effects in correlated phenotypes.  More 30 

generally, the heritability of complex traits and diseases is spread broadly across the genome 27 31 

implying that a large fraction of all genes contribute to variation in quantitative traits. We then 32 

combine this increased power from false discovery control with the precision and adaptive 33 

nature of estimates effects across conditions, presumably adding to the 15-fold increase in 34 

power. We show that these effects are biologically believable. In summary, we improve our 35 

power to both predict and to detect through control of false discovery instead of family wise error 36 

rate and through incorporation of additional information captured by between trait sharing of 37 

effect-size information. 38 

While well-suited to genetic settings in which effects are additive, multivariate normal methods 39 

are limited by settings in which the effects are roughly normally distributed in each individual 40 

trait. Furthermore, the benefit of such a method is stronger when the effects are more strongly 41 
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correlated than the errors. Perhaps most notably, after estimating effects, correction still must 1 

be done for linkage disequilibrium as such a method does not currently take correlation between 2 

SNPs into account. However, such work must also be done after univariate GWAS estimation, 3 

and here we provide a framework to do so with available linkage disequilibrium tools.16 4 

In conclusion, these methods show the significant promise of multivariate approaches for 5 

genome-wide association studies of complex traits, and the improvement gained in both 6 

prediction and prioritization through control of false discovery of multivariate adaptively shrunk 7 

effect size estimates.  8 
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Fig 1. Mash estimates data-drive covariance patterns of true genetic effects as the 3 

multivariate prior to improve posterior estimates for downstream analyses.  Mash4 4 

estimates the covariance of the effects in an empirical bayes fashion, thus estimating patterns of 5 

sharing among conditions (here, lipid traits) from the strongest signals in the data, and 6 

estimating the relative abundance of such patterns from a random set of all data. This allows us 7 

to provide the posterior estimate of the effect and its associated local false sign rate, or posterior 8 

probability of incorrectly identifying the sign of the effect, for each SNP and use these posterior 9 

estimates to improve performance in polygenic prioritization, enrichment analyses, on polygenic 10 

risk scoring. Mash=multivariate adaptive shrinkage; SNP=Single Nucleotide 11 

Polymorphism; LFSR=Local False Sign Rate; PRS=Polygenic Risk Score; LD=Linkage 12 

Disequilibrium.  13 
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Figure 2. The Utility of Controlling for False Discovery. A) We demonstrate the relationship 2 

between effect size and P value and in B) A multivariate approach allows that for a given 3 

probability of being null (lfdr)28 or for a given local false sign rate (lfsr) C) there can be a variety 4 

of effect sizes depending on the relative strength of evidence in alternative subgroups. 5 

Furthermore, a given non-null rate can lead to greater resolutions in the range of possible local 6 

false sign rates (D) as reflected in a variety of Local false sign rates for a given non-null rate. E) 7 

Finally, as the number of SNPs tagged by a given variant increases, the non-null probability 8 

increases. HDL-C=High Density Lipoprotein Cholesterol, LFSR= Local False Sign Rate, 9 

LFDR=Local False Discovery Rate, LDL-C= Low-Density Lipoprotein Cholesterol, 10 

LDSC=Linkage Disequilibrium Score, TG=Triglycerides.  11 
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Fig 3. Control of False discovery improves power to detect over control of Family-Wise 3 

Error Rate  A). A joint approach results in most significant associations being shared in at least 4 

2 subgroups, whereas a univariate approach does not capture the tendency to share effects 5 

across conditions. B). Univariate measure of local false sign rate control using ash5 replicates 6 

essentially all existing associations and dramatically increases power to detect. Multivariate 7 

adaptive shrinkage adds an additional layer of local false sign rate control by incorporating 8 

information across phenotypes. We plot the number of LD blocks containing at least one 9 

significant variant across traits in C). HDL-C, LDL-C, and TG. Ash= univariate adaptive 10 

shrinkage, mash=multivariate adaptive shrinkage, HDL-C=High-Density Lipoprotein 11 

Cholesterol, mash=multivariate adaptive shrinkage, LDL-C=Low-Density Lipoprotein 12 

Cholesterol, TG=Triglycerides. 13 
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Figure 4. Mash Improves Polygenic Prediction. We consider the improvement in proportion 2 

of variation explained by LDpred216  on prediction of lipid traits across ethnicities using mash 3 

derived posteriors and univariate GWAS estimates as weight inputs over a model including only 4 

baseline covariates. We compare the performance of the infinitesimal model using univariate 5 

shrinkage (ash) or multivariate (mash) output for all (Global), European ancestry, or non-6 

European ancestry (See Methods for details; Table S4 for results in tabular form) to a baseline 7 

model using only baseline covariates of age and sex in each model. GWAS = genome-wide 8 

association study. ash = univariate adaptive shrinkage, mash=multivariate adaptive 9 

shrinkage, HDL-C=High-Density Lipoprotein Cholesterol, mash=multivariate adaptive 10 

shrinkage, LDL-C=Low-Density Lipoprotein Cholesterol, TG=Triglycerides. 11 
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Figure 5: Bayesian multivariate method improves discovery by 15-fold and improves 3 

polygenic prioritization consistency of known lipid targets while enhancing known 4 

annotation estimation A). MVP and UKB were fit using mash separately and 500-kb LD blocks 5 

were compared containing a significant variant at an lfsr of 0.05. We consider all blocks 6 

previously identified in Klarin et al.8 Mash consistently prioritizes 47 genes among LDL-C, HDL-7 

C, and TG, while univariate methods prioritize 23. Of these, 24 are found consistently by mash 8 

but not by univariate (MLE) approach, while only 4 are found consistently by univariate 9 

approach but not mash. We use polygenic prioritization framework detailed in 20. C) Using 10 

TORUS22 we consider enrichment in 27 of the 52 classes examined by Finucane et al.12 and 11 

see that mash versus univariate estimates tend to increase features known to be enriched in 12 

GWAS hits and decrease those known to be depleted (p-values for difference in the plot). We 13 

display for HDL-Cholesterol (LDL-C, TG, and TC in Extended Data Figure 5-7; Table S5). 14 

GWAS = genome-wide association study; HDL-C = high-density lipoprotein cholesterol; 15 

LDL-C = low-density lipoprotein cholesterol; mash = multivariate adaptive shrinkage; TG 16 

= triglycerides, TC = total cholesterol; MVP:mash = Million Veterans Program data 17 

analyzed using mash; MVP:uni =Million Veterans Program Data analyzed using 18 

traditional GWAS univariate analysis; UKB:mash = UK Biobank data analyzed using 19 

mash; UKBB:uni =UK Biobank data analyzed using traditional GWAS univariate analysis; 20 

MVP:mtag: Million Veterans Program Data analyzed using MTAG18. 21 
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 49 

 50 

Methods and Materials for: Bayesian Multivariate Genetic Analysis Boosts Translational 51 

Insights 52 

 53 

 54 

Other Methods and Materials for this manuscript include the following:  55 

 56 

 57 

1. Online methods for rerunning mash with available summary statistics are available at 58 

https://broadinstitute.github.io/natarajanlab_wiki/MVP-mfit.html 59 

 60 

2. Software for the mashR package: https://github.com/stephenslab/mashr 61 

 62 

3. Software for the Torus package: https://github.com/xqwen/torus 63 

 64 

4. Online methods for producing Torus metaplots: 65 

https://broadinstitute.github.io/natarajanlab_wiki/metaplot_strat_torus.html 66 

 67 

5. Online methods for reproducing venn diagrams: 68 

https://broadinstitute.github.io/natarajanlab_wiki/venn_diagrams.html 69 

 70 

6. Software for the PoPs package: https://github.com/FinucaneLab/pops 71 

 72 

7. Software for LDpred2: https://privefl.github.io/bigsnpr/ 73 

 74 

8. Worklow for running LDpred2 with MVP summary statistics using SoS pipeline for simple 75 

univariate case (template for adding analogous mash summary stats for additional traits) 76 

https://broadinstitute.github.io/natarajanlab_wiki/hdl_univariate.html 77 

 78 

 79 

 80 

 81 

82 
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Materials and Methods 83 

 84 

Study Participants 85 

 86 

Association testing was performed in up to 297,626 white (European ancestry), black (African 87 

ancestry), and Hispanic Million Veterans Program (MVP) participants with blood lipids stratified 88 

by ethnicity followed by a meta-analysis of results across all three groups as previously 89 

described8.  Samples were imputed to the 1000 Genomes project p3v5 reference panel (b37), 90 

and ancestry specific Hardy-Weinberg equilibrium P <1x10-20, posterior call probability < 0.9, 91 

imputation quality/INFO <0.3, minor allele frequency (MAF) < 0.0003, call rate < 97.5% for 92 

common variants (MAF > 1%), and call rate < 99% for rare variants (MAF < 1%) were used for 93 

QC. Variants were also excluded if they deviated > 10% from their expected allele frequency 94 

based on reference data from the 1000 Genomes Project.  Trans-ethnic meta-analysis of white 95 

(European ancestry), black (African ancestry), and Hispanic MVP participants for 291,933 and 96 

297,626 people was produced for Inverse normal transformed HDL cholesterol, Inverse normal 97 

transformed LDL cholesterol, Inverse normal transformed triglyceride levels and inverse normal 98 

transformed Total Cholesterol.29 99 

 100 

UK Biobank samples30 were genotyped on either the UK BiLEVE or UK Biobank Axiom arrays 101 

and imputed into the Haplotype Reference Consortium panel and the UK10K+1000 Genomes 102 

panel. Variant positions were keyed to the GRCh37 human genome reference. Genotyped 103 

variants with genotyping call rate < 0.95 and imputed variants with INFO score < 0.3 or minor 104 

allele frequency <= 0.005 in the analyzed samples were excluded. After variant-level quality 105 

control, 11,622,901 imputed variants remained for analysis  Lipid Levels were collected on the 106 

Beckman Coulter AU5800 Platform and were adjusted for Cholesterol medication31. Participants 107 

without imputed genetic data, or with a genotyping call rate < 0.98, mismatch between self-108 

reported sex and sex chromosome count, sex chromosome aneuploidy, excessive third-degree 109 

relatives, or outliers for heterozygosity were excluded from genetic analysis.30 110 

 111 

 112 

Model and Fitting of mash model 113 

 114 

Using the procedure outlined in Urbut et al4, we summarize here for the purpose of 115 

completeness: Let 𝑏01 (j = 1,…, J; r = 1,…, R) denote the true value of effect j in condition r. 116 

Further, let 𝑏$01 denote the “observed” estimate of this effect, and let �̂�01 be the standard error of 117 

this estimate, so 𝑧01 ≔	𝑏$01/�̂�01 is the standard Z statistic used to test whether 𝑏01 is zero. Let B, 118 

𝐵$ , S and Z denote the corresponding J × R matrices, and let 𝒃𝒋 (respectively, 𝒃-𝒋, 𝒛𝒋) denote the 119 

jth row of B (respectively, 𝐵$ , Z). 120 
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 121 

We assume 𝒃-𝒋 is normally distributed about 𝒃𝒋, with variance-covariance matrix 𝑽𝒋 (defined 122 

below), and that the 𝒃𝒋 follows eq. 1: 123 

 124 

𝑝(𝒃; 𝝅, 𝑼) = 	77𝜋3,5𝑁6(𝒃; 𝟎, 𝜔5𝑈3)
7

589

:

389

, 125 

(1) 126 

 127 

𝑝=𝒃-0 	>	𝒃0 , 𝑉0) = 𝑁6=𝒃-0; 𝒃0 , 𝑉0@ 128 

(2) 129 

𝒑=𝒃𝒋	>	𝝅, 𝑼) = 77𝝅𝒌,𝒍𝑵𝑹(𝒃𝒋; 𝟎,𝝎𝒍𝑼𝒌)
𝑳

𝒍8𝟏

𝑲

𝒌8𝟏

. 130 

(3) 131 

 132 

Combining these two implies that the marginal distribution of 𝒃-𝒋, integrating out 𝒃𝒋, is 133 

 134 

𝑝=𝒃-0 	>	𝝅, 𝑼, 𝑉0) = 77𝜋3,5𝑁6(𝒃-0; 𝟎, 𝜔5𝑈3 + 𝑉0)
7

589

:

389

. 135 

(4) 136 

 137 

 138 

Each covariance matrix 𝑽𝒋 is specified as 𝑽𝒋 =	𝑺𝒋𝑪𝑺𝒋, where C is a correlation matrix that 139 

accounts for correlations among the measurements in the R conditions, and 𝑺𝒋 is the R × R 140 
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diagonal matrix with diagonal elements 𝒔I𝒋𝟏, … , 𝒔I𝒋𝑹. We estimate 𝑪- as the estimated covariance 141 

matrix of the weakest (|𝒁-| <2) effects across condition4. 142 

 143 

The two steps of mash are: 144 

i. Estimate 𝑼 and 𝝅. This involves two sub-steps: 145 

a. Define a set of (normalized) data-driven and canonical covariance matrices, 𝑼- . 146 

b. Given 𝑼- , estimate 𝝅 by maximum likelihood. (A key idea is that if some matrices 147 

generated in Step i–a do not help capture patterns in the data, then they will receive 148 

little weight.) Let 𝝅L denote this estimate. 149 

ii. Compute, for each j, the posterior distribution 𝒑=𝒃𝒋	>	𝒃-𝒋, 𝝅L, 𝑼-, 𝑽𝒋). 150 

These steps are detailed in (4) and described briefly below.  151 

Generate data-driven covariance matrices Uk. We first identify rows j of matrix 𝑩- that likely have 152 

an effect in at least one condition. In the MVP data we chose rows corresponding to the “top” 153 

SNP for each LD block, which we define to be the SNP with the highest value of 𝒁𝒋𝐦𝐚𝐱 ≔154 

	𝐦𝐚𝐱
𝒓

𝒃-𝒋𝒓/𝒔I𝒋𝒓. (We use the maximum, rather than the sum because we would like to include 155 

effects that are strong in a single lipid trait, not just effects that are shared among all lipids.)  156 

 157 

Next, we fit a mixture of MVN distributions to these strongest effects using methods from Bovy 158 

et al32. Results in Bovy et al describe an EM algorithm for fitting a model similar to eqs. 2 & 3, 159 

with the crucial difference that there are no scaling parameters on the covariances; 160 

 161 

𝒑=𝒃𝒋	>	𝝅, 𝑼) = 7𝝅𝒌𝑵𝑹=𝒃𝒋; 𝟎, 𝑼𝒌@
𝑲

𝒌8𝟏

. 162 

(5) 163 

 164 

We used a list of 16 matrices (i.e., K=16) in this application that incorporated 7 data driven 165 

matrices as well as the identity and 4 canonical ‘trait specific’ matrices as well as matrix for 166 

equal effects and three matrices which varying levels of fixed heterogeneity(4,6,33). We then 167 

expanded by a grid of 21 scaling factors (i.e, L = 21) ranging from 𝜔E = 0.07 to 𝜔E = 72.43	as 168 

specified by the range of observed `noisy` effects in a training set of 40,000 SNPS.  169 

 170 



 

12 

 

To compute the data-driven covariance matrices U, the strongest SNP per each of the 1703 171 

conservatively defined LD blocks specified in23 were chosen as the SNP with the strongest 172 

absolute observed Z statistic across traits from the matrix of Z statistics. We then repeated this 173 

model fitting procedure with the UKBB data, choosing a new set of `maxes’ and computing 174 

weights on a training set from UKBB. 175 

 176 

We computed posterior means and local false sign rates for 28,686,877 SNPs in the MVP 177 

databases and 13,788,619 million SNPs in the UKBB which overlapped at 11,1577,790 loci.  178 

 179 

Posterior calculations. According to the standard Bayesian result for a multivariate normal 180 

inference and detailed in5, if 𝒃	~	𝑵𝑹(𝟎, 𝑼) and 𝒃-	|	𝒃	~	𝑵𝑹(𝒃, 𝑽), then 181 

 182 

𝒃-|𝒃	~	𝑵𝑹=𝝁Y,𝑼Z@, 183 

 184 

where 185 

 186 

𝑼Z = 𝑼Z(𝑼, 𝑽) ≔ =𝑼F𝟏 + 𝑽F𝟏@F𝟏 (6) 187 

𝝁Y = 𝝁Y=𝑼, 𝑽, 𝒃-@ ≔ 𝑼Z(𝑼, 𝑽)𝑽F𝟏𝒃- (7) 188 

(6) 189 
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This result is easily extended to the case where the prior on b is a mixture of MVNs (eq. 1). In 190 

this case, the posterior distribution is a mixture of MVNs, where here again as in4 we have 191 

collapsed all shape scale combinations into P components. 192 

 193 

𝒑=𝒃𝒋	>	𝒃-𝒋, 𝑽𝒋, 𝝅) = 	7𝝅Y𝒋𝒑𝑵𝑹=𝒃𝒋; 	𝝁Y𝒋𝒑, 𝑼Z 𝒋𝒑@,
𝑷

𝒑8𝟏

 194 

 195 

where 𝑼Z𝒋𝒑 ≔ 𝑼Z=𝚺𝒑, 𝑽𝒋@ (eq. 6) and 𝝁Y𝒋𝒑 ≔ 𝝁Y=𝚺𝒑, 𝑽𝒋, 𝒃-𝒋@ (eq. 7), and 196 

 197 

𝝅Y𝒋𝒑 ≔ 𝝅𝒑𝑵𝑹(𝒃-𝒋; 𝟎, 𝚺𝒑 + 𝑽𝒋)
∑ 𝝅𝒑I𝑵𝑹(𝒃-𝒋; 𝟎, 𝚺𝒑I + 𝑽𝒋)𝑷
𝒑I8𝟏

. 198 

 199 

From these results, it is straightforward to compute the posterior mean 200 

 201 

𝒃Z𝒋 ≔ 𝑬=𝒃𝒋	>	𝒃- 𝒋, 𝑽𝒋, 𝝅) = 7𝝅Y𝒋𝒑𝝁Y𝒋𝒑
𝑷

𝒑8𝟏

 202 

(7) 203 
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 204 

and posterior variance 205 

 206 

𝐕𝐚𝐫=𝒃𝒋𝒓	>	𝒃-𝒋, 𝑽𝒋, 𝝅) = 	7𝝅Y𝒋𝒑=𝑼Z𝒋𝒑,𝒓𝒓 + 𝝁Y𝒋𝒑,𝒓𝟐 @ −	a7 𝝅Y𝒋𝒑I𝝁Y𝒋𝒑I,𝒓𝑷

𝒑I8𝟏
b
𝟐

,
𝑷

𝒑8𝟏

 207 

 208 

as well as the local false sign rate. We use the posterior mean in (8) as the input to our 209 

downstream analyses. 210 

 211 

Local false sign rate. To measure “significance” of an effect 𝒃𝒋𝒓, we use the local false sign 212 

rate15, 213 

 214 

𝒍𝒇𝒔𝒓𝒋𝒓 ∶= 𝐦𝐢𝐧i𝐏𝐫=𝒃𝒋𝒓 ≥ 𝟎	|	𝑫@, 𝐏𝐫=𝒃𝒋𝒓 ≤ 𝟎	|	𝑫@n,   (8) 215 

 216 

 217 

where D denotes the available data. 𝒍𝒇𝒔𝒓𝒋𝒓 is the probability that we would incorrectly predict 218 

the sign of the effect if we were to call an effect positive or negative based on the sign of the 219 

posterior mean. A small lfsr indicates high confidence in the sign of an effect. The lfsr is more 220 

conservative than its analogue, the local false discovery rate (lfdr)28 because requiring high 221 

confidence in the sign is more stringent than requiring high confidence that the effect be non-222 

zero. More importantly, the lfsr is more robust to modelling assumptions than the lfdr5, a 223 

particularly important issue in multivariate analyses where modelling assumptions inevitably 224 

play a larger role4. 225 

 226 

Gene Enrichment 227 

 228 

TORUS22 uses a hierarchical Bayes model to estimate the enrichment of a variety of genomic 229 

annotations in QTL and in turn assigns a posterior probability of inclusion to the ‘causal’ nature 230 

of the corresponding loci. We used the assigned posterior mean expected Z scores from mash 231 

and corresponding univariate Z statistics as inputs to the TORUS model and observed the 232 

estimation of log OR of an annotation parameter being enriched (depleted) in QTL. This 233 

package considers the strongest loci per block, and we used the 1703 blocks as conservatively 234 

defined by23. Furthermore, we used the set of annotation parameters available through the Price 235 
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lab and described in34. We provide a link to the commands to run appropriate pipeline35 and 236 

corresponding annotation file. 237 

 238 

Gene Prioritization 239 

 240 

In order to rank genes based on their strength of effects as demonstrated by associated SNPs 241 

and consequent feature enrichment, The Polygenic Gene Prioritization (PoPs) algorithm works 242 

in 3 steps20. 243 

1. Use magma to assign gene association statistics based on significance of associated 244 

SNPs as detailed in20  245 

2. Select marginally associated features by performing enrichment analysis for each gene 246 

feature separately.  247 

3. Estimate Polygenic Priority Scores (PoPs) by fitting a joint model for the enrichment of 248 

all selected features using ‘leave one out’ regression. 249 

Here, we used the local false sign rate (lfsr) and p-value for all SNPs considered by the MVP 250 

project for our mash and univariate analyses, respectively. We used the 1000 Genomes human 251 

reference to specify LD among variants per the PoPS protocol, the MAGMA list of genetic 252 

annotations to map genes to respective loci, and control and PoPS features from the available 253 

packages as detailed within the PoPS package and accompanying software36. We then ranked 254 

genes in order of prioritization score and compared mash estimates to univariate assessments.  255 

 256 

 257 

Polygenic Score Prediction 258 

 259 

We used the LDpred2 (16) infinitesimal sites model to control for this genetic correlation. In this 260 

model, all markers are causal (p=1), and effects are drawn from a Gaussian distribution, i.e.,  261 

𝐵01  ~	𝑁(0, K-(L ) (9) 262 

 263 

 264 

where h2 represents the heritability of the trait and M the number of markers. The posterior 265 

mean can be derived analytically  266 

𝐸=𝐵01>𝐵$n01 , 𝐷  ≈   s L

MK(
𝐼  + 𝐷uF9 𝐵$01 (10) 267 

 268 

ordinary least square estimate from a univariate GWAS analysis. Here, D denotes the LD matrix 269 

between the markers obtained from an outside reference panel, in our case the 1000 Genomes 270 

EUR data set.  271 

 272 

In a typical analysis, one uses 𝑏$01 that are estimated from a univariate GWAS analysis in each 273 

trait separately. However, we replace this with the posterior means on a per trait basis from 274 
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mash. The βjr are each the marginal output of the posterior mean arising from the mixture 275 

normal cited in4 [eq. 7]. 276 

 277 

Because we use the exchangeable Z- statistic model where we assume the standard errors 𝑠Ev 278 

are known, these estimates are then rescaled by their standard error to compute the input 279 

summary statistic weights for rescaling in LDpred216. 280 

 281 

General workflow as follows: 282 

 283 

1) We perform QC on reference panel (1000 genomes10) 284 

 285 

2) We intersect SNPs common to the reference panel (1000 genomes10), discovery data set 286 

(MVP) and scoring data set (UKBB). This left us with approximately 400K SNPs.  287 

 288 

3) Harmonize alleles for shared direction 289 

 290 

4) We calculate the LD matrix and fit the LDSC per LDpred216. 291 

 292 

5) We use this LD matrix and to compute the posterior weights from initial summary statistics 293 

(either arising from GWAS summary statistics or from the posterior means of mash output). 294 

 295 

6) We compute the PRS for approximately 4,700 randomly chosen scoring individuals in UKBB. 296 

 297 

7) We associated these scores with the phenotype of interest in a linear model that includes age 298 

and sex as additional (baseline) covariates. 299 

 300 

8) We then divide into EUR and non-EUR individuals to assess population specific performance. 301 

A sample vignette running it on HDL univariate summary statistics is available at37.  302 

 303 

 304 

  305 
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Extended Data Figures 397 

This PDF file includes: 398 

 399 

Extended Data Figures 1-7 400 

 401 

Other Supplementary Materials for this manuscript include the following:  402 

 403 

1. Supplementary Tables S1 to S6 (included in an attached .xlsx file) 404 

 405 

2. Online methods for rerunning mash with available summary statistics are 406 

available at https://broadinstitute.github.io/natarajanlab_wiki/MVP-mfit.html 407 

 408 

3. Software for the mashR package: https://github.com/stephenslab/mashr 409 

 410 

4. Software for the Torus package: https://github.com/xqwen/torus 411 

 412 

5. Online methods for producing Torus metaplots: 413 

https://broadinstitute.github.io/natarajanlab_wiki/metaplot_strat_torus.html 414 

6. Online methods for reproducing venn diagrams: 415 

https://broadinstitute.github.io/natarajanlab_wiki/venn_diagrams.html 416 

 417 

7. Software for the PoPs package: https://github.com/FinucaneLab/popste 418 

 419 

8. Software for LDpred2: https://privefl.github.io/bigsnpr/ 420 

 421 

9. Worklow for running LDpred2 with MVP summary statistics using SoS pipeline 422 

for simple univariate case (template for adding analogous mash summary stats 423 

for additional traits) 424 

https://broadinstitute.github.io/natarajanlab_wiki/hdl_univariate.html 425 

 426 

 427 

 428 

 429 

  430 
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 431 

 432 

  433 

 434 

Extended Data Figure 1: mash estimates are superior in terms of precision and in 435 

power.  436 

(a) mash38 estimates improve the relative root mean squared error, indicating improved 437 

precision, when comparing with canonical multivariate (bmalite)6 and univariate (ash)39 438 

methods. Mash also offers improved power for a given level of specificity (b) when 439 

compared to multivariate canonical and univariate approach. Furthermore, when 440 

simulating the instance in which all associations are truly null, mash detects 0 false 441 

positive associations at an lfsr threshold of up to 0.54 (c), indicating the accuracy of the 442 

false sign rate for thresholding purposes. This scenario was based on the fit of the mash 443 

model (equation (1)) to the MVP data (see Methods). When simulating an instance in 444 

which 0 of the effects are real (c), 0 effects are identified at an lfsr of up to 0.54. 445 

ash = adaptive shrinkage, lfsr = local false sign rate, mash = multivariate adaptive 446 

shrinkage, MVP = Million Veterans Program. 447 

 448 

 449 

  450 

a) b) c)
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 451 

Extended Data Figure 2: hierarchical patterns of sharing learned by mash. 452 

Mash allows us to consider the hierarchical patterns which receive the most `weight’ in 453 

the mixture model and as expected the matrices which received the majority of the 454 

hierarchical weight showed effects that were shared in sign and magnitude among LDL-455 

C, TC and TG that were strongly inversely correlated with strong effects in HDL-C. In (a) 456 

and (c), these are the two matrices to receive the predominant weight as estimated by 457 

the likelihood step38, and the histogram demonstrating the hierarchical weight in (b). 458 

HDL-C = High-density lipoprotein cholesterol, LDL-C = Low-density lipoprotein 459 

cholesterol, mash = multivariate adaptive shrinkage, TC = Total cholesterol, TG = 460 

Triglycerides. 461 

  462 
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 463 

Extended Data Figure 3: Manhattan plot of all variants deemed significant at a 464 

genome-wide lfsr 0.05 in a mash analysis of MVP.  465 

Multivariate shrinkage analysis was performed using mashR38 on 28 million genetic 466 

variants in MVP and cross-referenced with publication on existing data set (8). Variants 467 

were colored in purple if they were deemed significant in mash analyses of both MVP 468 

and UKBB30 datasets, and replaced with blue if they were within 500 kb of a published8 469 

result.15-fold increase in identified associations, all replicated in UKBB, as defined by 470 

those SNPs which contained at least one significant association across lipid traits. 471 

HDL-C = HDL-cholesterol, LDL-C = LDL cholesterol, mash = multivariate adaptive 472 

shrinkage, MVP = Million Veterans Program, TG = Triglyceride, UKBB = UK 473 

Biobank. 474 

  475 
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 476 

Extended Data Figure 4: mash increases effective sample size by 4-6-fold.  477 

Here, we plot the median increase in effective sample size between multivariate and 478 

univariate marginal estimates per trait for all interrogated SNPs. Values computed using 479 

Equation 1 in text. Point represents median and upper, lower whiskers 25th and 75th 480 

percentile respectively. 481 

HDL-C = high-density cholesterol, LDL-C = low-density cholesterol, mash = 482 

multivariate adaptive shrinkage, SNP = single nucleotide polymorphism, TC = 483 

total cholesterol, TG = triglycerides. 484 

 485 

  486 
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 487 

 488 

Extended Data Figure 5: Log 2 Fold Odds Ratio using TORUS: LDL-Cholesterol. 489 

We fit the annotation enrichment tool TORUS22 using summary statistics from univariate 490 

(GWAS) and multivariate (mash analyses) in LDL cholesterol. We plot the log 2-fold 491 

Odds Ratio (OR) for each annotation parameter and compare the difference between 492 

estimates using raw univariate and multivariate (mash) estimates with corresponding p-493 

values in the figure.  494 

GWAS = genome-wide associate study, LDL-C = low-density lipoprotein 495 

cholesterol, mash = multivariate adaptive shrinkage, OR = odds ratio. 496 

 497 
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 499 

Extended Data Figure 6. Log 2 Fold Odds Ratio using TORUS: Triglycerides. 500 

We fit the annotation enrichment tool TORUS22 using summary statistics from univariate 501 

(GWAS) and multivariate (mash analyses) in triglycerides. We plot the log 2-fold Odds 502 

Ratio (OR) for each annotation parameter and compare the difference between 503 

estimates using raw univariate and multivariate (mash) estimates with corresponding p-504 

values in the figure. 505 

GWAS = genome-wide associate study, mash = multivariate adaptive shrinkage, 506 

OR = odds ratio, TG = triglycerides. 507 

  508 

WeakEnhancer Hoffman

PromoterFlanking Hoffman

Ancient Sequence Age Human Enhancer

CTCF Hoffman

DGF ENCODE

H3K9ac peaks Trynka

alleleage

Intron UCSC

H3K4me1 peaks Trynka

UTR 3 UCSC

Conserved Mammal phastCons46way

TSS Hoffman

Ancient Sequence Age Human Promoter

Human Enhancer Villar.extend.500

Conserved Primate phastCons46way

Conserved Vertebrate phastCons46way

Repressed Hoffman

Human Enhancer Villar

CTCF Hoffman.extend.500

DGF ENCODE.extend.500

Promoter UCSC

Intron UCSC.extend.500

Backgrd Selection Stat

SuperEnhancer Hnisz

Coding UCSC.extend.500

Coding UCSC

H3K27ac Hnisz

−8 −4 0 4 8

Log2OR

mash
univariate

TG

0.660

0.939

0.334

0.003

1e−04

2e−04

0.389

0.271

0.260

0.882

0.103

0.775

0.031

2e−05

0.476

0.684

0.217

0.320

0.500

0.009

0.982

0.013

0.218

0.003

0.335

0.454

0.992

0.660

0.939

0.334

0.003

1e−04

2e−04

0.389

0.271

0.260

0.882

0.103

0.775

0.031

2e−05

0.476

0.684

0.217

0.320

0.500

0.009

0.982

0.013

0.218

0.003

0.335

0.454

0.992

P−value



 

27 

 

 509 

Extended Data Figure 7: Log2 Fold Odds-Ratio using TORUS: Total Cholesterol 510 

We fit the annotation enrichment tool TORUS22 using summary statistics from univariate 511 

(GWAS) and multivariate (mash analyses) in total cholesterol. We plot the log 2-fold 512 

Odds Ratio (OR) for each annotation parameter and compare the difference between 513 
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estimates using raw univariate and multivariate (mash) estimates with corresponding p-514 

values in the figure.  515 

GWAS = genome-wide associate study, mash = multivariate adaptive shrinkage, 516 

OR = odds ratio, TC = total cholesterol. 517 

  518 
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