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Abstract

The Heisenberg limit, corresponding to a root mean square error vanishing as 1/N with the num-

ber N of independent processes probed in an experiment, is widely believed to be an ultimate limit

to the precision of quantum metrology. In this work, we experimentally demonstrate a quantum

metrology protocol surpassing Heisenberg limit by implementing indefinite (a superposition of)

orders of two groups of independent processes. Each process creates a phase space displacement,

and the precision to estimate the geometric phase introduced by a total number of 2N processes

approaches the super-Heisenberg limit 1/N2. In our setup, the polarization of a single photon

coherently controls the order of displacements on the transverse modes of the radiation field, re-

sulting into indefinite order and allowing us to outperform every setup where the displacements

are probed in a definite order. Our experiment features a realization of coherent control over the

order in a continuous-variable system, and can be applied to the measurement of various important

parameters.
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INTRODUCTION

Quantum metrology [1–3] is one of the most promising near-term quantum technolo-

gies. Its core promise is that quantum resources, such as entanglement and coherence, can

improve the precision of measurements beyond the limits of classical setups. The paradig-

matic example is the reduction of the root mean square error (RMSE) from the standard

quantum limit (SQL) 1/
√
N to the Heisenberg limit 1/N for the estimation of a parameter

from N independent processes, or from N independent applications of the same process.

The Heisenberg scaling has been demonstrated in a variety of setups, e.g., by preparing

N entangled probes [4–6], or by letting a single probe evolve sequentially through the N

processes under consideration [7, 8]. Generally, the Heisenberg limit 1/N is regarded as

the ultimate quantum limit for independent processes [9]. Scalings beyond the Heisenberg

limit are known in the presence of inefficient detectors [10], nonlinear interactions among N

particles [11–15], or non-Markovian correlations between N processes [16]. However, such

enhancements typically do not apply to the basic scenario of N independent processes.

Recently, research in the foundations of quantum mechanics identified a new quantum

resource that could be exploited in quantum metrology, potentially breaking the 1/N barrier

of the Heisenberg limit [17]. Such resource is the ability to combine quantum processes in a

superposition of alternative orders, using a primitive known as the quantum SWITCH [18,

19]. The quantum SWITCH is a hypothetical machine that operates on physical processes,

taking two processes as input and letting them act in an order controlled by the state

of a quantum particle. Originally motivated by foundational questions about causality in

quantum mechanics [20, 21], the research on the applications of the quantum SWITCH has

revealed a number of information-processing advantages in various tasks, including quantum

channel discrimination [22, 23], distributed computation [24], quantum communication [25]

and quantum thermodynamics [26]. The application to quantum metrology was recently

explored in a series of theoretical works [17, 27–29]. In particular, Ref. [17] identified a

scenario where the ability to coherently control the order of 2N independent processes on

an infinite dimensional system enables the estimation of a geometric phase with a super-

Heisenberg scaling 1/N2. This enhancement was shown to be due to the indefinite order in

which the unknown processes are probed: any setup that probes the same 2N processes in

a definite order using a finite amount of energy will necessarily be subject to the Heisenberg
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FIG. 1: Geometric phase associated to two sets of phase space displacements. The

displacements take place in the plane associated to two canonically conjugated variables x and

p. The first set consists of displacements {α1, . . . , αN} (in blue), while the second consists of

displacements {β1, . . . , βN} (in grey). When the two sets of displacements are performed in two

alternative orders, they give rise to two paths that enclose an areaA, corresponding to the geometric

phase associated to a continuous variable quantum system subject to two sequences of phase space

displacements in two alternative orders.

scaling 1/N .

While the theory indicates that the ability to coherently control the order is a resource

for quantum metrology, the benefits of this resource had not been observed experimentally

until now. For the demonstration of the super-Heisenberg scaling metrological protocol, the

main challenge is that the setup of Ref. [17] requires coherent control over the order of

operations in an infinite dimensional, continuous variable system, which is beyond the state

of the art of the existing experiments [30–36].

Here, we initiate the application of indefnite gate order in quantum metrology, by building

a photonic quantum Switch in a continuous-variable system. The setup is used to estimate
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the geometric phase associated to two groups of N phase space displacements, as illustrated

in Fig. 1. By combining the two groups of displacements in a coherent superposition of

orders, we experimentally observe an 1/N2 scaling of error, which beats the scaling achievable

by every setup where the probed processes are arranged in a definite gate order. Our proof-

of-principle demonstration opens up the exploration of new schemes for quantum metrology

boosted by coherent control over the order.

RESULTS

Our experiment is conducted on a single-photon quantum system, with a discrete vari-

able degree of freedom corresponding to the photon’s polarization, and a continuous variable

degree of freedom associated to the photon’s transverse spatial modes. We consider a sce-

nario where the continuous variable degree of freedom undergoes two sets of phase space

displacements, with set S1 consisting of displacements {Dαj
}Nj=1 and set S2 consisting of

displacements {Dβk
}Nk=1, where {αj} and {βk} are arbitrary complex numbers, regarded as

shifts in two conjugate variables x and p, as shown in Fig. 1. The displacements in S1 and

S2 determine two alternative paths in phase space: one path is generated by applying first

the displacements in S1 and then those in S2, while the other path is generated by applying

first the displacements in S2 and then those in S1. Together, the two paths identify a cycle

encircling an area A. The associated phase factor eiA is an example of the geometric phase,

in this case associated to the geometry of the plane.

We now provide an experimental setup for measuring the geometric phase approach-

ing super-Heisenberg limit precision. Specifically, our setup provides an estimate of the

regularized area A := A/N2, which is equal to the product of the average displacements

α =
∑

j αj/N and β =
∑

k βk/N . For simplicity, we will restrict our analysis to the case

where set S1 consists of position displacements Dxj
:= e−ixjP , while set S2 consists of mo-

mentum displacements Dpk := eipkX , with X = (a+ a†)/
√
2 and P = −i(a− a†)/

√
2. Then,

the task is to estimate A = x̄p̄, where x and p are the average x-displacement and the

average p-displacement.

In the experiment, the x and p displacements are introduced by sets of customized birefrin-

gent MgF2 plates and wedge pairs shown in Fig. 2 (see Methods). The x (p) displacements

take slightly different values with fluctuations no more than ±5% around a reference value.
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FIG. 2: Experimental setup for coherently controlling gate orders in a continuous

variable photonic system. The experimental setup consists of three parts: (1) a polarization

controller of heralded signal photons, (2) a Mach-Zehnder (M-Z) interferometer that provides

control on the order, and (3) a polarization analyser (PA) to perform projective measurements

on the control qubit. The signal and idler photon pairs are generated through a spontaneous

parametric down conversion process by pumping Beta Barium Borate crystal (not shown in the

figure) with 390nm light, and the signal photons are initialized to 1√
2
(|H⟩+ |V ⟩) (|H⟩ and |V ⟩

denote horizontal and vertical polarization) by PBS1 and HWP0. This coherent superposition

in polarization is transformed into the coherent superposition between the two arms (denoted as

yellow and blue arms) of the M-Z interferometer, which is composed of beam displacers (BD1

and BD2) and the optical components in between. The x and p displacements are caused by

the MgF2 plates and the wedge pairs, respectively. The two arms constitute the control qubit

and the transmission of a single photon in a superposition of the two arms induces a a coherent

superposition of two alternative orders of displacements on the transverse modes. At the end of

the M-Z interferometer, the two arms are recombined by BD2 and transformed to a polarization

qubit, which is projected to |±⟩ := 1√
2
(|H⟩ ± |V ⟩) by the PA (consisting of SHWP3 and PBS2).

The two exits of PBS are connected to two single photon detectors (SPDs), and the corresponding

clicks coincident with those generated by the idler photons are recorded by ID800.

For the x displacements, we have xj ≈ 18.6 µm for horizontally polarized (|H⟩) photons.

For the p displacements, we have pj ≈ 2πθeffj /λ [37], where θeffj ≈ 2.8 × 10−4 rad is the

deflection angle associated to the wedge pair.

As shown in Fig. 2, The order of the displacements is controlled by the polarization
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of a single photon, which is initialized in the state (|H⟩ + |V ⟩)/
√
2, where |H⟩ and |V ⟩

denote the states of horizontal and vertical polarization. The preparation of control qubit is

achieved by a polarization controller for heralded single photons, implemented by a polarizing

beam splitter (PBS1) and a half-wave plate (HWP0). The superposition of polarizations

then induces a superposition of paths through a M-Z interferometer, with the two paths

traversing the two groups of displacements in opposite orders. Finally, at the output of

the interferometer, the photon polarization is measured in the basis {|+⟩, |−⟩}, with |±⟩ =
(|H⟩±|V ⟩)/

√
2. Then a polarization analyser (PA) consisting of a phase compensation plate

(PCP), a small half-wave plate (SHWP3) and a polarizing beam splitter (PBS2) is used to

implement projective measurement on the polarization degree of freedom. When more x and

p displacements are implemented, the required number of optical elements increases and a

stochastic phase shift occurs. This stochastic phase messes up the estimated geometric

phase and has to be eliminated before the running of quantum SWITCH (see the Methods

for more details).

Our setup generates a coherent superposition of different orders of continuous-variable

gates. Precisely, the setup reproduces the overall action of the quantum SWITCH, making

the photon experience the x and p displacements in a coherent superposition of two alter-

native orders. The state of the photon right before the measurement is the superposition

1√
2
(|H⟩ ⊗ DpN . . . Dp1DxN

. . . Dx1
|ψ⟩ + eiφ0 |V ⟩ ⊗ DxN

. . . Dx1
DpN . . . Dp1 |ψ⟩), where |ψ⟩ is

the state of the transverse modes of a Gaussian beam and is set to the ground state of a

harmonic oscillator. φ0 is a constant offset for varying N , which is caused by the unevenness

of the four full-sized HWPs (HWP1, HWP2, HWP3, and HWP4) (see Methods for more

details).

When the photon’s polarization is measured in the basis {|+⟩, |−⟩}, the probabilities of

the possible outcomes are

P± =
1

2

(

1± cos(N2A+ φ0)
)

. (1)

Crucially, the phase exhibits a quadratic dependence on the number of displacements, leading

to a super-Heisenberg sensitivity to small changes of A. In the experiment, we estimated

the probability P− for N = 0, 1, 2, · · · , 8, as shown in Fig. 3. The data is in agreement with

Eq. (1) with parameters A = 0.042 rad and φ0 = 0.307 rad.

The statistics is obtained by repeating the experiment for ν times. From the ob-
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FIG. 3: P− for Varying N . The black dots are the experimentally measured data of P− for

varying N . The red lines is the fitting of these dots with fitting function 1
2
(1 − cos(N2A + φ0)).

As we can see, all the data points falls at the fitting curve within the error-bar.

tained data, the phase A is then estimated with a maximum likelihood estimate Â :=

argmaxA log p(m1, . . . ,mν |A), where mj ∈ {+,−} is the j-th measurement outcome, and

p(m1, . . . ,mν |A) is the probability of obtaining the measurement outcomes {m1, . . . ,mν}
conditioned on the parameter being A. Theoretically, the RMSE of this parameter is [17]

δA =
1√
νN2

. (2)

The x (p) displacement can also be estimated through A if p (x) displacement is known,

and the RMSE vanishes with same scaling of Eq. (2).

To indicate that indefinite causal order can boost the precision of quantum metrology, we

use ν = 1000 counts to calculate P− in each trial of measurement, and the precision is defined

as the RMSE of the results from 30 trials of measurement. The RMSE for different N are

plotted in Fig. 4, and it is shown that δA decreases with super-Heisenberg scaling δA ∝ 1
N2 ,

as predicted by Ref. [17]. Furthermore, the quadratically fitted line (color black) approaches
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FIG. 4: Super-Heisenberg scaling of the RMSE of A. The black data points are the experi-

mentally measured RMSE of A for varying N . The black line is the fitting of the data with fitting

function 1
cN2 where c ≈ 30.65 is the parameter for fitting. The red line represents the theoretical

super-Heisenberg limit δA = 1√
νN2

with ν = 1000. The dashed blue line is the theoretical lower

bound on the RMSE for an experimentally feasible strategy with fixed order, analyzed in Supple-

mentary Information.

the theoretical super-Heisenberg limit δA = 1/(
√
νN2) (color red). The super-Heisenberg

limit approached in the experiment is in stark contrast with the ultimate limit achievable

by probing the displacements in a fixed order, using probes with the same amount of energy

as used in our experiment: as shown in Ref. [17] every setup with fixed order and minimum

probe energy will necessarily lead to an RMSE with Heisenberg limited scaling ∝ 1/N . In

Fig. 4, we also compare the precision achieved in our experiment with the precision of an

alternative, experimentally feasible strategy that achieves Heisenberg scaling by probing the

displacements in a fixed order.

To further investigate the origin of the super-Heisenberg scaling in our experiment, we

implemented another experimental test by keeping only one fixed p displacement while
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FIG. 5: The scaling of the total phase against N . (a) Total phase Φtot = N2A+ φ0 derived

from Fig. 3. The black squares are the experimental data and the red line is the quadratic

fitting. (b) Total phase Φtot for varying number of x-displacements when only one p-displacement

is applied. The black squares are the experimental data and the red line is the linear fitting.

merely varying the number of x displacements. To be specific, we insert only one wedge pair

into the setup and keep θeffsingle fixed, and then we change the number ofMgF2 plates Nx from

0 to 8. The corresponding total phase is linear in Nx, as shown in Fig. 5 (b); by contrast,

as shown in Fig. 5 (a), the total phase obtained with the original indefinite gate order

protocol is quadratic in N , which yields a RMSE approaching super-Heisenberg limit. From

this point of view, solely increasing the x (p) displacements cannot constitute the effective

resources of an indefinite gate order protocol, and the resulted RMSE is Heisenberg-limited.

DISCUSSION

In this paper, we experimentally demonstrated the potential of coherent control over the

order in quantum metrology. We built a photonic setup that estimates a geometric phase

by combining two sets of displacements on the transverse spatial degrees of freedom of a

single photon. Our setup achieves a precision approaching super-Heisenberg limit, which is

impossible to achieve with any scheme that probes the same processes in a fixed order using

the same amount of energy as our scheme. Our setup could be used to perform precision

tests of the canonical commutation relations, and to detect tiny deviations from the standard
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quantum values, such as those envisaged in certain theories of quantum gravity [38–41].

Besides the applications of our setup, it is interesting to explore further applications of the

superposition of orders in quantum metrology. Theoretically, an interesting open question is

whether is it possible to achieve super-Heisenberg scaling for discrete-variable systems like

qubit, which is the basic building block of quantum information processing. Furthermore, it

is interesting to explore whether the quadratic scaling 1/N2 is the ultimate limit achievable

with indefinite gate order, or whether even more favourable scalings could be achieved with

more complex architectures beyond the quantum SWITCH.

METHODS

Implementation of x and p displacements. As shown in Fig. 2, the x displacement is

generated by the birefringence of a 2mm-thickMgF2 plate whose optical axis is at a 45
◦ angle

with x-axis in the x-z plane (the z-axis is defined as the propagating direction of photons

and x-axis is defined as the direction of horizontal polarization). This configuration results

into a reference displacement of approximately 18.6 µm along the x-axis when the photon is

horizontally polarized (|H⟩). The p displacement corresponds to a linear phase modulation

of the photon along the x-direction, and is thus equivalent to a small deflection angle in the

x-z plane (under the paraxial approximation). It is realized by a pair of wedges with the

same wedge angle of 1◦. Here the usage of the wedge pair enables a precise control of the

p displacement by mechanically rotating the stages on which the wedges are mounted. By

rotating one of the two wedges, we introduce a deflection angle θeff ≈ 2.8× 10−4 rad(0.016◦)

of the photon, which in turn induces a linear phase modulation eipX with p ≈ 2πθeff/λ. For

both x and p displacements, the exact values are not uniform across the N devices, and the

fluctuation is no more than ±5% around the reference value.

Initialization of the optical setting. To demonstrate the advantage of coherent

control on the order, an initialization of the M-Z interferometer is performed before the

execution of quantum SWITCH. Here, the coherence of the control qubit is transformed

back and forth between the path degree of freedom (yellow and blue arms in Fig. 2) and

polarization degree of freedom (horizontal and vertical polarization). The main purpose of

the initialization is to eliminate the initial phase between the two arms (denoted as yellow

and blue ) of the M-Z interferometer in Fig. 2, as such phase changes stochastically with the
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number of optical elements inside the M-Z interferometer. In the initialization process, we

firstly prepare the single photons into |+⟩ := 1√
2
(|H⟩+ |V ⟩) by orienting HWP0 to 22.5◦,

and then we use BD1 to coherently split |H⟩ and |V ⟩ components into two arms of the

M-Z interferometer (denoted by yellow and blue lines), which serves as the control qubit.

With the two small HWPs (SHWP1 and SHWP2) orienting at 45◦ , and the four full-sized

HWPs (HWP1, HWP2, HWP3, and HWP4) oriented at 0◦, the photons on the two arms

are both |V ⟩ when passing the MgF2 plates and no x displacement occurs thereby. With

these settings, the two arms are recombined by BD2 without creating a geometric phase. By

tilting the PCP, we can achieve a vanishing projection probability to |−⟩ = 1√
2
(|H⟩ − |V ⟩)

at the PA, the initial phase difference between the two arms is thus eliminated by the PCP.

For a given N , to create a geometric phase, we only need to orient the four full-sized HWPs

(HWP1, HWP2, HWP3, and HWP4) to 45◦; and thus, the polarization of the photon is

the same as that in the initialization step for all the elements in the setup except MgF2

plates. To be specific, HWP1 and HWP3 tune the polarization of photons from |V ⟩ to |H⟩,
which implements the x displacement due to the birefringence of MgF2 plates, HWP2 and

HWP4 keep the polarization of photons unchanged for all other optical elements except the

MgF2 plates. From Fig. 2, we can see that the photon first experiences the p displacements

and then the x displacements for the yellow arm, while it experiences the opposite order for

the blue arm. Thanks to this mechanism, the polarization coherently controls the order of

the x and p displacements, resulting in a superposition of alternative orders whenever the

photon is prepared in a superposition of the |H⟩ and |V ⟩ states. To probe the scaling of

the precision of the geometric phase with the number of displacements, the above procedure

(initialization and generation of the geometric phase) is repeated for different values of N .
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