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Abstract Limit cycle oscillations (LCO) can be supercritical or subcritical. The su-

percritical response is benign, while the subcritical response can be destructive. It is

desirable to avoid subcritical responses by enforcing LCO stability through design

optimization constraints. However, there is a need for a computational approach that

can model this instability and can handle hundreds or thousands of design variables.

We propose a simple metric to determine the LCO stability using a fitted bifurcation

diagram slope to address this need. We develop an adjoint-based formula to compute

the stability derivative efficiently with respect to many design variables. To evaluate

the stability derivative, we only need to compute the time-spectral adjoint equation

three times no matter the number of design variables in the optimization problem.

The proposed adjoint method is verified with finite differences, achieving a five-digit

agreement between the two approaches. We consider a stability-constrained LCO pa-

rameter optimization problem and demonstrate that the optimizer can suppress the

instability. Finally, we consider a more realistic LCO speed and stability-constrained

mass minimization problem for an airfoil. The proposed method can be extended to

optimization problems with a PDE-based model, opening the door to applications

where high-fidelity models are needed.
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1 Introduction

Limit cycle oscillation (LCO) is frequently encountered in engineering applications,

such as, aeroelastics (Thomas et al., 2002; Huang et al., 2018; He et al., 2019a; Li and

Ekici, 2019; Jonsson et al., 2019; Riso et al., 2020), bipedal robotics (Grizzle et al.,

2001; Shiriaev et al., 2008; Manchester et al., 2011), and combustion (Waugh et al.,

2014; Xu et al., 2020). In the context of design optimization, the scalability of compu-

tational cost with respect to the number of design variables is essential for problems

with a large number of design variables and with a PDE governing equation. The

adjoint method can compute the derivative with a computational cost independent of

the number of design variables (Jameson, 1988). From the perspective of dynamical

system, using adjoint method, significant progress has been made in fixed point prob-

lem (Jameson, 1988; Kenway et al., 2014, 2019; Shi et al., 2020), LCO (Thomas and

Dowell, 2019; He et al., 2019a), and chaotic dynamical system (Wang, 2013; Shimizu

and Fidkowski, 2016; Lasagna, 2018).

For derivatives related to LCO, most of the previous research focused on the

derivative of LCO parameters, such as amplitude, phase, or period (Wilkins et al.,

2009; Thomas and Dowell, 2019; He et al., 2019a). The stability of LCO and its

derivative are also critical characteristics. The LCO stability, or periodic system sta-

bility, is traditionally evaluated using the Floquet theory (Floquet, 1883; Friedmann

et al., 1977; Chicone, 2006). It states that the stability of a periodic dynamical system

is determined by the eigenvalue distribution of the monodromy matrix. The mon-

odromy matrix is obtained by evaluating the fundamental solution matrix of the peri-

odic system at t = 0 and t = T , where t is the time and T is one period of the system

(see Chapter 2.4 of the textbook by Chicone (2006)). In practice, the monodromy

matrix is obtained by simulating the time-periodic dynamical system N times for

one period, where N is the number of states of the dynamical system. This is pro-

hibitively expensive for problems governed by a PDE, in particular when N is large,

such as the high-fidelity aeroelastic systems considered by Thomas et al. (2002); He

et al. (2019a). Furthermore, Bauchau and Nikishkov (2001) realized that it is pos-

sible to use the Arnoldi algorithm to compute the dominant eigenvalue, instead of

computing all eigenvalues to determine the stability of a periodic dynamical sys-

tem. This approach is appealing because the matrix is never formed explicitly; only

matrix-vector products are required by the Arnoldi algorithm, where the response

vector can be evaluated using a time integration for one period for a given initial con-

dition. However, to compute the derivative of this approach efficiently, an unsteady

adjoint (Cao et al., 2003) is necessary, which requires significant development ef-

fort and computational time. The Floquet analysis was differentiated in the forward

mode by Seyranian et al. (2000). However, the computational cost of such a derivative

computation method scales with the number of design variables. Recently, Riso et al.

(2021) proposed an approximate recovery rate as a metric for post-flutter analysis

and gradient-based optimization that avoids the otherwise expensive transient simu-

lation necessary. The method is demonstrated in a simple optimization problem on a

typical airfoil section, minimizing the mass ratio, subject to flutter and the proposed

post-flutter constraint. The proposed method successfully eliminates any subcritical

characteristics.
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To mitigate the computational cost and implementation challenges encountered

when applying the Floquet theory, we propose a bifurcation diagram-based fitting

method to capture the instability and an adjoint method to evaluate the derivative of

the instability metric efficiently with respect to the design variables. A third-order

polynomial is fitted by sampling a total of three post bifurcation points and enforcing

the intersection angle with the parameter axis at the Hopf-point to be 90◦. In principle,

the sampling points can be computed using various approaches, but in this work, they

are evaluated by solving the so-called time-spectral LCO equation (Thomas et al.,

2002; He et al., 2019b, 2021). The slope is used as a metric to determine stabil-

ity. The derivative of the stability metric is then computed using the adjoint method.

The fitted curve adjoint requires the solution of the so-called time spectral LCO ad-

joint (Thomas and Dowell, 2019; He et al., 2019a) for all three points. This is the

first time the time spectral method has been applied for LCO optimization with the

stability constraint. The method can potentially be extended to solving high-fidelity

optimization problems because the derivative computational cost is independent of

the number of design variables.

The paper is organized as follows. In Section 2, we gave an overview of the prob-

lem and optimization setup. In Section 3, we discuss the governing time spectral

equations used for LCO computation. The proposed fitted curve-based stability crite-

rion is presented in Section 4, followed by Section 5, detailing the adjoint equations

used to compute the underlying LCO parameter derivative and the formula to com-

pute the stability derivative. Then, in Section 6, we test the analysis algorithm by

comparing the adjoint derivative with finite differences. We consider an optimization

problem maximizing the LCO parameter while also ensuring the system is stable. We

then consider a more practical LCO parameter- and stability-constrained airfoil mass

minimization problem. In this problem, we aim to minimize the weight of an airfoil,

and thus, leave more weight for the payload. However, by doing so, the structure may

potentially become more flexible and prone to LCO at a lower air speed. We constrain

the LCO parameter (in this case, air speed) and LCO stability to avoid this. Finally,

we present our conclusions in Section 7.

2 Problem setup

This section provides an overview of the problem setup and optimization problem

statement. A dynamic system can be described by the following general equation:

dw

dt
= f(µ,w(x),x), (1)

where f : RN → R
N is some nonlinear function, µ ∈ R is the LCO parameter, and

w(x) ∈ R
N is the vector of state variables. Also, when the motion magnitude ap-

proaches to zero, µ is also equal to the bifurcation parameter. The state variables

depend on the design variable vector, x ∈ R
nx , where nx is the number of design

variables, and N is the dimension of the state space.
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The optimization problem is formulated as follows:

minimize −µ(x)

by varying x,

subject to gstab(x)> ĝ,

x≤ x≤ x̄,

(2)

where gstab(x) is the stability constraint, ĝ is a non-negative real number that can be

tuned to make sure the dynamical system is stable, and x and x̄ are the lower and

upper bound vectors for the design variable, x, respectively. Here gstab(x) is a scalar

since only one operation condition is considered. When a multipoint optimization

is conducted, we can use a vector to store the stability of all points that need to be

constrained.

It is also possible to choose a different objective function to be optimized and

set both the LCO stability and the LCO parameter as constraints. In this case, the

problem is formulated as follows,

minimize f (x),

by varying x,

subject to gstab(x)> ĝ,

µ(x)≥ µ,

x≤ x≤ x̄,

(3)

where f (x) is the objective function and µ is a lower bound for the LCO parameter.

3 Time spectral LCO equation

The time spectral LCO equation was first proposed by Thomas et al. (2002). It com-

prises a time spectral dynamic equation, motion magnitude, and phase equation. The

motivation behind the motion magnitude is illustrated in Fig. 1. The magnitude con-

straint intersects with the bifurcation diagram and makes the solution unique. The

fundamental idea of the time spectral method is to approximate a periodic dynam-

ical system using several equally-spaced time snapshots. The temporal residual is

computed by first computing the Fourier coefficient of the periodic state variables,

evaluating the time derivative in the frequency domain, and converting it back to the

time domain snapshots. The spatial residual is computed in the time domain.

The dynamic system, Eq. (1), can be cast into time-spectral form as follows. We

write the LCO equation in residual form as

Rdyn = ẇn−







f(µ,w1)
...

f(µ,wn)







=
(

P⊺DN(ω)P
)

wn−







f(µ,w1)
...

f(µ,wn)







, (4)
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Speed
Flutter point

Limit cycle

amplitude

LCO pointsǫ

Subcritical

Supercritical

Fig. 1: Bifurcation diagram for systems with subcritical and supercritical responses.

where wn ∈ R
n×N represents the state variables for all time instances, wi are the

states for the ith time instance, and ω is the angular velocity defined as ω = 2π/T .

The matrix P is a permutation matrix defined as

Pi, j =

{

1 if mod( j,N) = ⌈i/n⌉
0 otherwise

. (5)

The matrix DN is composed of N spectral differentiation matrices on the diagonal and

is given by

DN(ω) =













D 0 . . . 0

0 D
. . . 0

...
. . . D 0

0 . . . 0 D













, Di, j(ω) =











ω(−1)( j−i)

2sin(π( j− i)/n)
, if i 6= j,

0, if i = j,

. (6)

where i, j = 1, . . . ,n. Here, we have N matrix blocks of D on the diagonal.

In addition to the LCO equations, we constrain the magnitude and phase of the

motion of one DOF. In residual form this can be written as,

Rm(w
n) = |ŵ1|− α̂ = 0,

Rp(w
n) = φ(ŵ1)− φ̂ = 0,

(7)

where |ŵ1| is the motion magnitude of the first DOF from wn, φ is the phase of the

motion, and α̂, φ̂ are the prescribed motion magnitude and phase, respectively. Here,

ŵ1 is the state variables for all the first DOF. He et al. (2021) provides more details

on how the motion magnitude and phase constraints are implemented.

Combining Eq. (4) and Eq. (7), the full system of equations becomes

R(q) =





Rm(w
n)

Rp(w
n)

Rdyn(µ,ω,wn)



= 0, (8)
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where q is the state vector defined as

q =





µ
ω
wn



 . (9)

This system can be solved by segregated Newton–Raphson method (Thomas et al.,

2002), or by a coupled Newton–Krylov method (He et al., 2021, 2019b). In this work,

we use the latter. Newton-type methods are appealing because of their quadratic con-

vergence rate property. However, all Newton-type methods require the initial point to

be within the basin-of-attraction to converge, which often leads to issues with solution

robustness. In the following sections, we discuss our proposed solution strategy.

3.1 Jacobian-free Newton–Krylov method

In this work, we apply a coupled Jacobian-free Newton–Krylov method to solve

Eq. (8). The Newton increment ∆q is computed by solving the following equation:

J(q(k))∆q =−R(q(k)), (10)

where J is the Jacobian matrix of Eq. (8), and q(k) is the solution from the kth iteration.

The updated state approximation is defined as

q(k+1) = q(k)+θ∆q, (11)

where θ is determined by the line search.

When applying a Krylov subspace method to solve Eq. (10), only matrix–vector

products are required. The product can be approximated by directional finite differ-

ence

J(q(k))v≈
R(q(k)+ εv(k))−R(q(k))

ε
, (12)

thus never explicitly forming and storing the Jacobian. He et al. (2021) provides more

details on the solver and preconditioners used to obtain the Newton increment in

Eq. (10). In this work, we use the Scipy (Virtanen et al., 2020) implementation of the

Jacobian-free Newton–Krylov method (Knoll and Keyes, 2004).

3.2 Warm-start strategy based on Hopf bifurcation analysis

Newton-type methods require the initial point to be reasonably close to the final so-

lution to converge robustly. However, determining or finding a suitable initial point

can be challenging and problem-dependent. Globalization methods that address the

issue of robustness do exist, e.g., approximate Newton–Krylov (ANK) Yildirim et al.

(2019), but such approach is not implemented here. Initialization with a prescribed

motion is usually sufficient for a simple problem. However, this initialization strat-

egy is insufficient for a more complex problem and requires a better strategy. Here we
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implement a warm-start strategy, proposed by Thomas et al. (2002), where the initial

point is based on a Hopf bifurcation analysis.

The idea is that we first linearize the Eq. (1) around a steady solution for certain

µ . We decompose the state variable into a steady component and a perturbed state

w = w+δw, (13)

where w is a steady solution and δw is a perturbed state. Inserting the decomposed

state into Eq. (1) we obtain

d(w+δw)

dt
= f(µ,w+δw). (14)

Linearizing about the steady component of the state we obtain,

f(µ,w+δw) = f(µ,w)+Jdyn(µ,w)δw+H.O.T(δw). (15)

It follows that the steady solution, w, satisfies

f(µ,w) = 0, (16)

and the perturbed state variable δw satisfies

dδw

dt
= Jdyn(µ,w)δw+H.O.T(δw). (17)

The Jacobian matrix is defined as

Jdyn(µ,w) =
∂ f

∂w
(µ,w) . (18)

We can now identify the bifurcation point from the eigenvalues of the Jacobian

matrix. The eigenmode of the solution δw takes the form

δw = eλ tδ w̃, (19)

where λ is the eigenvalue and δ w̃ is the eigenvector. Inserting Eq. (19) into Eq. (17)

and ignoring the higher order terms, we obtain

Jdyn(µ,w)δ w̃ = λδ w̃. (20)

The bifurcation happens when the maximum real part (the damping) of one conjugate

pair of the eigenvalues is equal to zero, that is,

max
j

Re
(

λ j

(

Jdyn(µ,w)
))

= 0. (21)

We denote the steady solution of Eq. (16) at the bifurcation point as

µbif,wbif. (22)

Similarly, we denote the eigenpair for the eigenvalue problem, Eq. (20), at the bifur-

cation point as

λbif,δ w̃bif, (23)
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where Re(λbif) = 0. There are multiple ways to solve for µbif. One way is to define a

search range and use bisection to find µbif.

After the bifurcation problem is solved, we can use the solution to initialize the

time spectral LCO solver. The process to convert an eigenvalue problem solution to

an initial point for the time spectral LCO solver is detailed in Algorithm 1. The output

q(0) is the initial solution found by this warm-start strategy.

Algorithm 1 Warm-start strategy using the bifurcation point solution

1: function finit(µbif,wbif,λbif,δ w̃bif, α̂, φ̂ )

2: µ(0)← µbif ⊲ Initialize the LCO parameter.

3: ω(0)← |Im(λbif) | ⊲ Initialize the frequency.

4: wn(0)← 0 ⊲ Allocate and initialize the displacement.

5: q(0)← 0 ⊲ Allocate and initialize the state variables.

6: for i = 1; i≤ n; i++ do ⊲ Traverse the time instances.

7: for j = 1; j ≤ N; j++ do ⊲ Traverse the DOFs.

8: ∆φ , j = φ(δwbif, j)−φ(δwbif,1) ⊲ Compute the phase difference.

9: φi, j = 2π i−1
n

+ φ̂ +∆φ , j ⊲ Compute the phase.

10: γ j←
|δwbif, j |

|δwbif,1|
⊲ Compute the magnitude ratio.

11: wn(0)
i, j ← wbif, j + γ jα̂ sinφi, j ⊲ Compute the state variable.

12: end for

13: end for

14: q(0)←
(

µ(0),ω(0),wn(0)
)

⊲ Stack the initial state variables.

15: return q(0)

16: end function

4 Stability criterion via fitted bifurcation diagram

The stability of an LCO point can be determined by the slope of its bifurcation dia-

gram. For a bifurcation diagram with µ < µbif the steady solution is stable, we have

dα̂

dµ
> 0, (24)

indicates that the LCO is stable; if otherwise, dα̂/dµ < 0, the system is unstable; and

dα̂/dµ = 0 is a critical point. We assume that when µ < µbif the steady solution is

stable because, otherwise, by defining µ as −µ , the conclusion will be the opposite.
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This assumption can usually be met in physical problems. For example, for aeroelas-

tic LCO where µ can be chosen as the airspeed, we know that the steady solution is

stable when the airspeed is low. This can also be verified by checking the Jacobian of

a steady solution with an LCO parameter slightly lower than the bifurcation point to

ensure that all the eigenvalues are negative.

We enforce an intersection angle constraint that the fitted bifurcation diagram

curve shall intersect with the x axis in 90◦ as shown in Fig. 2. In addition, the curve

shall also go through the three sampling points. Then, we compute the slope of a

fitting curve and determine the stability using Eq. (24).

The bifurcation diagram is approximated using a third-order polynomial,

aα̂3 +bα̂2 + cα̂ +d = µ, (25)

where a, b, c, and d are coefficients to be determined by the three sampling points

and the intersection angle constraint. Three sampling points,

(µ0, α̂0), (µ−, α̂−), (µ+, α̂+), (26)

where (µ0, α̂0) denotes the parameters with the original LCO point, and (µ−, α̂−)
and (µ+, α̂+) denotes parameters from two neighboring points, are considered. One

additional constraint for the third-order polynomial fitting is that the slope dα̂/dµ at

α̂ = 0 shall be zero. The slope constraint at the intersection can be satisfied by

c = 0. (27)

The remaining coefficients are found by solving the following equation





α̂3
− α̂2

− 1

α̂3
0 α̂2

0 1

α̂3
+ α̂2

+ 1









a

b

d



=





µ−
µ0

µ+



 . (28)

The stability criterion from Eq. (24) can then be written as

gstab = 3aα̂2
0 +2bα̂0 > ĝ, (29)

where gstab is the stability measure. As mentioned before, ĝ is a non-negative param-

eter that can be used to further stabilize the system.

5 Derivative computation

For PDE constrained gradient-based optimization, in particular where the function

evaluation is expensive, the derivatives must be computed efficiently. The adjoint

method is ideal for such a task because the computational cost is independent of the

number of design variables. In this section, we derive an adjoint-based approach to

compute the derivatives of the proposed constraint.
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Limit cycle

amplitude

Fitted curve

Actual curve

Slope

Intersection slope constraint

Sampling points

µµbif

α̂

α̂
−

α̂0

α̂+

µ
−
µ0 µ+

Fig. 2: Stability measure via fitted curve slope.

5.1 Computing dµ/dx using adjoint method

To derive the total derivative of a parameter with respect to the design variables, we

apply the adjoint method to Eq. (8). The objective, f (µ,ω,wn;x), is a functional of

µ,ω,wn, and x. We further define,

q =





µ
ω
wn



 . (30)

Then, differentiating the function of interest and Eq. (8), applying the chain rule, we

have
d f

dx
=

∂ f

∂x
+

∂ f

∂q

dq

dx
,

dR

dx
=

∂R

∂x
+

∂R

∂q

dq

dx
= 0,

(31)

where the second equality is due to the fact that the residual remains zero for any

design variable x. Apply the adjoint method, we have

d f

dx
=

∂ f

∂x
−ψψψ⊺

∂R

∂x
,

∂R

∂q

⊺

ψψψ =
∂ f

∂q

⊺

,

(32)

where ψψψ is the adjoint variable. It is evident that by solving one linear equation, we

obtain the derivative with respect to all the design variables.

5.2 Computing dgstab/dx

The derivative of the constraint dgstab/dx is computed using Eq. (28) and Eq. (29),

and Eq. (32). We use the adjoint equation Eq. (32) by setting the entries of the µµµ as
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the function of interest f . It can be computed using the chain rule

dgstab

dx
=

dgstab

dc

dc

dµµµ

dµµµ

dx
, (33)

where

c =









a

b

c

d









, µµµ =





µ−
µ0

µ+



 . (34)

The derivatives
dgstab

dc
,

dc

dµµµ
, (35)

can be evaluated analytically. The most computationally demanding derivative is

dµµµ

dx
. (36)

It can be computed by applying the above adjoint method three times, independent

of the number of design variables. It is also possible to use the adjoint method to

compute dα̂/dµ . However, this makes the computation of its derivative challeng-

ing because it requires a second-order adjoint method to compute design variable

derivatives, which is expensive. The proposed fitting method circumvents this by for-

mulating the constraint in terms of µ instead of its derivative.

6 Numerical results

In this section, we first verify the analysis and derivative computation capability of the

proposed method in Section 6.1. Then, in Section 6.2, we consider a simple dynami-

cal system problem where the initial instability is suppressed and a higher bifurcation

parameter is sought. Finally, in Section 6.3, we demonstrate the proposed approach

on an aeroelastic problem where we optimize the structural weight and compliance.

The data of the problems are available online1.

6.1 Verification

6.1.1 Stability analysis

In this section, we verify that the proposed fitting method can capture and represent

the bifurcation diagram characteristics, and the proposed Eq. (33) can compute its

slope accurately. Consider the following analytical dynamical system

ẇ1 = (µ−1)w1−w2 +w3
1,

ẇ2 = w1 +(µ−1)w2 +w3
2.

(37)

1 https://github.com/SichengHe/LCO_stability_fit_data

https://github.com/SichengHe/LCO_stability_fit_data
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In this case, we have N = 2, and the number of time instances used to solve the

problem is set to n = 5. The sampling points are arbitrarily chosen for verification

with (α̂−, α̂0, α̂+) = (0.4,0.5,0.6). As a reminder the α̂ refers to the magnitude of

the first DOF, |ŵ1|.

The fitted and the actual curve for the bifurcation diagram are shown in Fig. 3.

Overall, there is a good agreement between the two curves, in particular close to the

sampling points, but further away at the extreme α̂ = 1 there is a minimal visible

difference. The stability measure, gstab, obtained from the fitted curve using analytic

formula, Eq. (29), and by central finite differences, are compared in Table 1. We

achieve a 4-digit match for this specific case, demonstrating that the proposed method

can accurately capture the underlying physics.

0.2 0.4 0.6 0.8 1.0

µ

0.00

0.25

0.50

0.75

1.00

α̂

Fitted

Actual

Data

Fig. 3: Stability measure using the proposed method via fitted curve slope compares

well with the actual bifurcation map.

Table 1: Verification of stability measure, gstab, computed in the analytic form of the

fitted curve and finite difference methods of the actual curve (central difference, step

size 2×10−7).

Fitted curve, gstab Actual curve, FD

−0.74309383 −0.74319293

6.1.2 Derivative verification

In the previous section, we verified the stability measure. In this section, we verify

adjoint computation of the derivative of this stability measure, dgstab/dx. The dynam-
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ical system for this task now includes design variables and is defined as

ẇ1 = (µ− x1)w1−w2 +(2x1x2−1)w3
1,

ẇ2 = w1 +(µ− x2)w2 +(2x2−1)w3
2.

(38)

The prescribed motion magnitude is set to α̂0 = 0.5 and the delta magnitude is the

same as before (±0.1) for the adjacent sampling points. The numerical values are

listed in Table 2. We obtain a 4 to 5 digit match for this case, demonstrating that the

adjoint method can be used to compute the derivatives accurately.

Table 2: Verification of the stability measure adjoint derivative, dgstab/dx, compared

with the finite difference method.

Design variable Adjoint FD

x1 −0.69548584 −0.69549213

x2 −1.47698321 −1.47698905

6.2 Instability suppression using gradient-based optimization

Now that we have verified the derivatives, we can perform optimization. The objective

is to maximize the LCO parameter, subject to the proposed stability constraint that

characterizes the system stability. The optimization problem statement is summarized

by Eq. (2). The physical interpretation of this problem is that we want to postpone

the onset of bifurcation while ensuring that the LCO branch is stable.

The dynamical system is the same as before, defined in Eq. (38). Also, we need

to specify a motion magnitude for the time spectral LCO solver. As before, we set

the prescribed motion magnitude to α̂0 = 0.5 and the number of time instances to

n = 5. The design variable bounds we consider here are set to be 0 ≤ x ≤ 1. The

lower bound of the constraint value, ĝ from Eq. (29), is set to be 0.1 to make sure the

dynamical system is indeed stable. The optimization is conducted using SNOPT (Gill

et al., 2002) with the Python interface provided by pyOptsparse (Wu et al., 2020).

It is possible to visualize this problem’s design space because there are only two

design variables, where we also show The contour plots for the constraint and ob-

jective functions are shown in Fig. 4. the major iterations and the optimal point. The

optimizer started from the baseline design (x1 = 0.3,x2 = 1) and found the optimal

point to be at x1 = 1,x2 = 0.43.

The baseline and optimized bifurcation diagrams are shown in Fig. 5. The base-

line design has a lower value of µ and turns out to be unstable; the optimized result

has a higher value of µ , and is stable. This demonstrates the capability of the algo-

rithm for LCO stability optimization.
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Fig. 4: Stability constraint gstab (left) and the objective function µ (right) contour. The

infeasible region is shaded. The brown arrows indicate the path of the optimization.

The square mark indicates the starting point and the diamond mark indicates the

optimized solution.
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Fig. 5: Baseline, optimized, and intermediate design bifurcation diagrams. The inter-

mediate designs are equally spaced on the straight line linking the baseline and the

optimized solution.

6.3 Aeroelastic LCO optimization problem

6.3.1 Problem setup

In this section, we consider an aeroelastic LCO optimization problem. The aeroe-

lastic model used here is adopted from Riso et al. (2021), consisting of a flat-plate

typical section in a quasi-steady incompressible potential flow. The dynamical system

is given as,

ẇ = f(µ,w,x) = A(µ,x)w+Fnl(w,x), (39)
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where the total function, f(µ,w,x), in composed of a linear coefficient matrix, A(µ,x),
and a nonlinear vector, Fnl(w,x).

The state variable vector is defined as

w =









h

α

ḣ

α̇









, (40)

where h and α are a dimensionless plunging and pitching variables, respectively. The

design variable vector is defined as

x =

[

m

κ
(3)
α

]

, (41)

where m is a dimensionless mass per unit length, and κ
(3)
α is a dimensionless stiffness

parameter, which appears later in the nonlinear load.

The linear coefficient matrix is defined as

A(µ,x) =

[

02×2 I2×2

−M−1
S (KS +KA(µ,x)) −M−1

S DA(µ,x)

]

. (42)

The structural mass and stiffness matrices are defined as

MS =

[

1 xα

xα r2
α

]

, KS =

[

Ω 2 0

0 r2
α

]

, (43)

where xα , Ω , and rα are constant parameters. The aerodynamic damping and stiffness

matrices are defined as

DA(µ,x) =
2

m
µ

[

1 0

−e 0

]

, KA(µ,x) =
2

m
µ2

[

0 1

0 −e

]

, (44)

where µ is dimensionless LCO speed, e is a constant parameter. The nonlinear load

is defined as

Fnl(w,x) =
r2

α

(

κ
(3)
α α3 +κ

(5)
α α5

)

r2
α − x2

α









0

0

xα

−1









(45)

where κ
(5)
α is another constant dimensionless stiffness parameter. The values of the

constants are listed in Table 3.
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Table 3: Constant dimensionless parameters for aeroelastic LCO problem.

Property Description Value

e Elastic from aerodynamic center offset 0.2

Ω Plunge-pitch structural frequency ratio 0.5

rα Pitch inertia moment 0.3

xα Static unbalance per unit length 0.2

Table 4: Parameter values for subcritical and supercritical analysis.

Property Subcritical Supercritical

m 10.0 10.0

κ
(3)
α -1.5 1.5

κ
(5)
α 50.0 0.0

6.3.2 Bifurcation diagram

Similar to the example shown in Section 6.1.1, we compare the fitted bifurcation

diagram with the true bifurcation diagram for two sets of parameters corresponding

to a subcritical and a supercritical behavior. For the time-spectral analysis, the number

of time instances is n = 5. The prescribed motion center point is set to 5◦ with a delta

of±4◦. Both cases use the parameters shown in Table 3. And the different parameters

used for the subcritical and supercritical cases are shown in Table 4.

The results are shown in Figs. 6 and 7. The fitted curve agrees well with the true

curve for the supercritical case. However, for the subcritical case, there is some clear

deviation. In the region between 1◦ ≤ α ≤ 9◦, the fitted curve is close to the true

curve, but for the prescribed motion magnitude α > 9◦ there is some clear deviation.

Since our goal is to improve the stability property of one LCO point at α = 5◦, the

current method is sufficient. Otherwise, if we want to improve the stability of the

whole bifurcation diagram, like the current one, it is necessary to add more sampling

points and use a higher-order polynomial for the curve fitting. However, the agree-

ment is sufficient for optimization purposes as it captures the overall characteristics of

the bifurcation diagram, particularly in the unstable branch. Furthermore, as the opti-

mization progresses, the difference between the fitted and actual bifurcation diagrams

should reduce as it approaches a supercritical response, which is well represented by

the fitting method.
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Fig. 6: True (red line) and fitted (blue line) bifurcation diagrams with sampling points

(red dots) using parameters from Table 3.
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Fig. 7: True (red line) and fitted (blue line) bifurcation diagrams with sampling points

(red dots) using parameter from Table 3.

6.3.3 Optimization

With the bifurcation verified, we are ready to conduct an optimization. The optimiza-

tion problem statement is given in Eq. (46), and is a special form of Eq. (3). The

objective is to minimize a function of the structural weight and compliance with re-

spect to the structural weight and cubic stiffness coefficient, subject to the LCO speed
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and LCO stability constraints. We prefer a more flexible structure and less mass.

minimize m−κ
(3)
α

2
,

by varying m,κ
(3)
α ,

subject to gstab(m,κ
(3)
α )≥ ĝ,

µ(m,κ
(3)
α )≥ µ,

x≤

[

m

κ
(3)
α

]

≤ x̄.

(46)

Both constraints are bound, where ĝ is the LCO stability lower bound, and µ is the

LCO speed lower bound. In this work, the lower bounds are set as follows,

ĝ = 0.02,

µ = 0.8.
(47)

The bounds for the design variables are defined as

x =

[

5

−3

]

, x̄ =

[

15

0

]

. (48)

As before, the number of time instances is set to n = 5, which corresponds to two

temporal modes. This choice was shown to be sufficient by He et al. (2021) for an

airfoil. For more complex problems where the higher modes play a more significant

role, the users can always add more modes at a price of computational time. As

before, we conduct the optimization using SNOPT (Gill et al., 2002) with the Python

interface provided by pyOptsparse (Wu et al., 2020).

The contour plot for the two constraints in the given design space is shown in

Fig 8. The initial solution is set to be

[

m

κ
(3)
α

](0)

=

[

15

−3

]

, (49)

and the optimized solution is found to be

[

m

κ
(3)
α

](∗)

=

[

9.25

−0.37

]

. (50)

The initial design has a lower objective function value,

m(0)−
(

κ
(3)
α

)(0)2

= 6.00. (51)

However, this violates the stability constraint; the optimized solution has a higher

objective function value of

m(∗)−
(

κ
(3)
α

)(∗)2

= 9.11, (52)
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but this design does not violate the stability constraint. This is evident in Fig. 9, which

shows the initial and optimized bifurcation diagrams. Although it has a higher LCO

speed, the baseline design went from supercritical to subcritical for the optimized

design.
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Fig. 8: Contours of the LCO stability constraint gstab (left), the LCO speed constraint

µ (middle), and the objective function (right) with the infeasible regions shaded. The

brown arrows indicate the path of the optimization. The square mark indicates the

starting point and the diamond mark indicates the optimized solution.
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Fig. 9: Baseline, optimized, and intermediate design bifurcation diagrams. The inter-

mediate designs are taken equally spaced on the straight line linking the baseline and

the optimized solution.
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7 Conclusion

In this paper, we propose a fitting curve-based method as a metric for LCO stability

and an adjoint-based derivative computation that can be used for design optimization.

The advantage of this method is that the stability metric is computed with only three

points, in this case, solved using a time-spectral method, making the approach com-

putationally efficient for estimating the bifurcation diagram. Further, the computa-

tional cost of the adjoint approach is independent of the number of design variables.

For the analysis, three adjoint solutions are required in computing the total deriva-

tive. We demonstrated the proposed method in two problems: (1) An LCO stability

constrained LCO parameter optimization problem where we found that the initial

instability was suppressed and the optimized solution was stable, (2) An aeroelas-

tic optimization problem with LCO parameter and LCO stability constraints, where

the baseline design subcritical behavior was successfully suppressed, resulting in a

supercritical optimized design. This method can be used to solve large-scale design

optimization problems, such as a flutter speed optimization problem with a stability

constraint for an aircraft wing.
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