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Abstract 

The main purpose of this paper is to predict the performances of the turning process using an 

equivalent oblique cutting model. Based on the real tool, an equivalent cut geometry is performed 

considering the effects of nose and edge radii. Edge direction and normal cutting angles, uncut chip 

thickness and depth of cut were redefined by their equivalent values and then used as new inputs. 

Turning performances, such as cutting force components, cutting temperatures and tribology 

parameters at the tool/chip interface, were predicted over a wide range of cutting conditions. The 

position of the maximum temperature at the tool/chip interface and its value are determined by 

solving the heat equation in the chip using the Finite Difference Method (FDM). Different 

assumptions were concluded, and the thermal problem is simply resolved using Laplace transform. 

Acceptable agreement was concluded between experimental cutting force components and those 

predicted from the equivalent oblique cutting model. It can thus be concluded that the equivalent 

model of cut is highly recommended to predict turning performances and to study crater wear and 

tool life. 

Keywords 

Turning performances, Tool/chip interface temperature, Heat equation, Finite Difference Method 

(FDM), Laplace transform, Partition coefficient. 

Introduction 

Turning represents an essential process in manufacturing components in which tool 

geometry performs material removal. It can be used for a variety of work materials to generate 

different shapes with a better workpiece quality such as roughness, geometric and dimensional 

specifications and surface finish aspects. 
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Machined materials are subject to plastic deformations. More than 90% of mechanical work 

applied to workpiece material transforms to thermal energy which is spread in tool, workpiece, and 

chip [1]. The percentage of cutting heat flowing into the cutting tool varying from 2% and 18%, into 

the workpiece from 1% to 20% and into the chip from 74% to 96% [2]. According to Puls et al. [3], 

elevated tool/chip interface temperature accelerates tool wear and causes a thermal expansion of 

cutting tool which causes cutting edge displacement and worsens machined surface quality. On the 

other hand, it is well known that the direct measurement of tool/chip interface temperature in 

machining is very difficult. Huang et al. [4] have developed an on-line inverse technique to estimate 

the temperature field at the tool/chip interface of a turning tool using temperatures measured at 

some sensor-accessible locations. According to Abdil Kus et al. [5], it is necessary to use different 

measuring techniques to obtain consistent temperature data. They have estimated tool 

temperature by simultaneous measurement employing both a K-type thermocouple and an infrared 

radiation pyrometer. 

Predicting performances, such as cutting forces, tool/chip interface temperature, heat 

partition between workpiece, tool and chip, tribology parameters and tool wear, are highly 

recommended by the machining community. The models commonly used by researchers are 

analytical, numerical, and mechanistic. The analytical approach allows to understand the physical 

phenomenon which occurs when metal cutting and predicts thermomechanical parameters over a 

wide range of cutting conditions. On the other hand, the numerical solutions provide a viable 

alternative to understand the machining process; however, its limitation consists in its ability to 

assimilate the complexity of machining problem. 

Merchant was the pioneer who introduced the concept of shear angle [6]. Then, Lee and 

Shaffer have proposed an analytical model based on the slip line theory [7]. Later, Oxley introduced 

the first model based on the thermo-mechanical approach for the orthogonal cutting [8]. However, 

it was limited to a few industrial applications such as grooving and pipe cutting. For this reason, the 

oblique cutting modelling was highly recommended to study metal cutting with a complex geometry 

for each couple workpiece-tool (CWT). 

The most recent thermomechanical approaches for oblique cutting were developed by 

Moufki et al. [9], Li et al. [10] and Abdellaoui and Bouzid. [11]. However, the effects of edge and 

nose radii are not explicitly considered. In fact, Nose radius has a significant effect on the geometry 

of uncut chip area, uncut chip thickness, cutting forces, chip geometry, heat generation, tool wear 

and surface finish during the turning process [12, 13]. On the other hand, cutting edge radius has a 

critical role in machining performances for small uncut chip thickness. Besides, when turning with a 
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larger tool nose radius, a large part of the uncut chip area will have a chip thickness less than the 

minimum uncut chip thickness. Thus, increasing nose radius increases the ploughing effect [14]. 

Recently, Khlifi et al. have developed a thermo-mechanical approach which leads to determine the 

equivalent geometry of the tool when considering tool nose and edge radii. The main idea consists 

in considering that the equivalent geometry induces the same cutting force as the real tool. Thus, 

equivalent cutting angle, equivalent direction angle, equivalent uncut chip thickness and equivalent 

depth of cut are defined for the new tool geometry. 

In summary, accurate turning performances prediction still remains a challenge due to the 

complexity of contact phenomena at the tool/chip interface and tool geometry. For these reasons, 

establishing a predictive strategy with a good accuracy represents goal desired by researchers. 

That’s why in the present research work, equivalent tool geometry was used, and a predictive model 

was developed. It permits to predict all thermomechanical parameters such as cutting force 

components, maximum tool/chip interface temperature and its position at the rake face and 

tool/chip contact parameters (contact length, temperature evolution, pressure, friction coefficient). 

This paper is organized as follows: in section “Equivalent cutting for turning process”, the 

equivalent model is presented, and its parameters are defined. In section “Thermomechanical 

modeling of equivalent cutting”, two algorithms are presented. Algorithm 1 permits to determine 

equivalent geometry of the tool (𝜅𝑟𝑒𝑞and 𝛼𝑛𝑒𝑞) and the equivalent cutting parameters (𝑎𝑝𝑒𝑞and 𝑡1𝑒𝑞) 

and the second one predicts all equivalent thermomechanical parameters. Besides, in section 

“Study of the thermal problem in the chip” is presented and three approaches are used. Oxley’s 

models, applied to equivalent oblique cutting, predicts the average tool/chip interface temperature. 

Then, a Finite Difference Method (FDM) is presented to solve the heat equation in the chip. Based 

on the numerical results, the thermal problem was simplified and solved using Laplace Transform. 

The analytical solution permits to predict the maximum tool/chip interface temperature and its 

position in the rake face. Finally, in the section “Experimental results and discussion”, experimental 

tests are presented, and good agreement was noted between experimental force components and 

those predicted by equivalent model. 

Equivalent cutting for turning process. 

The real tool’s geometry is characterized by many parameters such as nose radius 𝑟𝜀, edge radius 𝑟𝛽, normal cutting angle 𝛼𝑛 and the edge direction angle 𝜅𝑟. Moreover, the turning operation is 

defined by cutting parameters which are depth of cut 𝑎𝑝 , feed rate 𝑓  and cutting speed 𝑉𝑐 . 

Considering all these parameters makes the study more and more complex. Thus, working with the 
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equivalent tool geometry permits to avoid this complexity, mainly that of the nose and edge radii. 

The equivalent geometry is defined while conserving the same uncut chip area and values of the 

cutting force components compared to real cutting geometry [15]. 

In the present research work, equivalent parameters are defined using the work of Khlifi et al. [15]. 

Both effects of nose and edge radii are considered. Thus, the main equivalent cutting model is 

defined by four parameters which are the equivalent edge direction angle 𝜅𝑟𝑒𝑞, the equivalent depth 

of cut 𝑎𝑝𝑒𝑞 , the equivalent uncut chip thickness 𝑡1𝑒𝑞  and the equivalent normal rake angle 𝛼𝑛𝑒𝑞 

(Figures 1 and 2). 

   

Figure 1. View in the reference plan (𝑃𝑟) of the turning process in finishing case (𝑎𝑝 ≤ 𝑟𝜀(1 − 𝑐𝑜𝑠 𝜅𝑟)): (a) 

Real geometry, (b) equivalent geometry  

  

Figure 2. View in the normal plan (𝑃𝑛) of the turning process: Real geometry, (b) equivalent geometry 

Thermo-mechanical modeling of equivalent cutting 

Thermomechanical parameters are defined and determined using the work of Abdellaoui and 

Bouzid [11, 13] and the work of Khlifi et al. (2019) [15]. Two algorithms are used to determine cutting 

forces, cutting temperatures and chip geometry (Figure 3). The first one allows to determine the 

equivalent geometry of the tool (𝜅𝑟𝑒𝑞and 𝛼𝑛𝑒𝑞) and the equivalent cutting parameters (𝑎𝑝𝑒𝑞and 𝑡1𝑒𝑞). 
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The second algorithm leads to determine the average tool/chip interface temperature and all other 

thermomechanical parameters for the equivalent cutting. 

 

Figure 3. Analytical algorithm for the prediction of thermomechanical parameters of the equivalent turning 

process 

Study of the thermal problem in the chip 

Oxley’s models applied to equivalent oblique cutting 

Oxley has proposed a model which permits to determine the average temperature at the tool/chip interface �̃�𝑖𝑛𝑡𝑒𝑞  [8]. This model is described by the following equation: �̃�𝑖𝑛𝑡𝑒𝑞 = 𝑇𝑠ℎ𝑒𝑞 + 𝜓∆𝑇𝑐ℎ𝑖𝑝𝑚𝑎𝑥      (1) 

Where, ∆𝑇𝑐ℎ𝑖𝑝𝑚𝑎𝑥 is the maximum temperature rise into the chip, which occurred at the tool-chip interface and 𝜓 = 0.7, is a factor that allows for �̃�𝑖𝑛𝑡 being an average value. 

The equivalent shearing temperature (𝑇𝑠ℎ𝑒𝑞) is obtained from the equivalent shearing power (𝑃𝑠ℎ𝑒𝑞) which is 

evaluated through the two following expressions. 𝑃𝑠ℎ𝑒𝑞 = 𝐹𝑠ℎ𝑒𝑞𝑉𝑠ℎ𝑒𝑞 = 𝜌𝑐𝑎𝑝𝑒𝑞𝑡1𝑒𝑞𝑉𝑐(𝑇𝑠ℎ𝑒𝑞 − 𝑇0)    (2) 

Where: 𝑐 is the work material specific heat (𝐽/𝐾𝑔°𝐶), 𝜌 is the work material density (𝐾𝑔/𝑚3), 𝐹𝑠ℎ𝑒𝑞 is the 

shearing force and 𝑉𝑠ℎ𝑒𝑞 is the shearing velocity. 

Based on the above equation, 𝑇𝑠ℎ𝑒𝑞 is given by the following equation: 𝑇𝑠ℎ𝑒𝑞 = 𝑇0 + 𝐹𝑠ℎ𝑒𝑞𝜌𝑐𝑎𝑝𝑒𝑞𝑡1𝑒𝑞 cos𝛼𝑛𝑒𝑞 cos𝜆𝑠cos𝜂𝑠ℎ𝑒𝑞 cos(𝜙𝑛𝑒𝑞−𝛼𝑛𝑒𝑞)     (3) 

According to Oxley [8], not all the plastic work of chip formation has occurred at the primary shear band. 

Moreover, according to Boothroyd [16], not all heat generated in the primary shear band is conducted to 

chip. Thus, the equivalent shearing temperature, based on the above assumptions, is given as follows: 𝑇𝑠ℎ = 𝑇0 + 𝜂(1 − 𝜆) 𝐹𝑠ℎ𝑒𝑞𝜌𝑐𝑎𝑝𝑒𝑞𝑡1𝑒𝑞 cos𝛼𝑛𝑒𝑞 cos𝜆𝑠cos𝜂𝑠ℎ𝑒𝑞 cos(𝜙𝑛𝑒𝑞−𝛼𝑛𝑒𝑞)   (4) 
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Where: 𝜂 = 0.7, is the factor that allows the fact that not all the plastic work of chip formation has occurred 

at the primary shear zone. 

The parameter 𝜆 (0 ≤ 𝜆 ≤ 1) is the proportion of heat conducted into the workpiece which is determined 

using the following equation. 

{  
  𝜆 = 0.5 − 0.35 log10(𝑅𝑇 tan𝜙𝑛𝑒𝑞)  if  0.04 ≤ 𝑅𝑇 tan𝜙𝑛𝑒𝑞 ≤ 10   𝜆 = 0.3 − 0.15log10(𝑅𝑇 tan𝜙𝑛𝑒𝑞) if 𝑅𝑇 tan𝜙𝑛𝑒𝑞 > 10                   𝑅𝑇 = 𝜌𝑐𝑡1𝑒𝑞𝑉𝑐𝑘                                                                                                 (5) 

Where, 𝑘(𝑊𝑚−1𝐾−1) is the thermal conductivity of workpiece material. 

Based on the research work done by Weiner [17], Rapier [18] and Boothroyd [16], Oxley [8] has represented 

Boothroyd’s results by the following equation: 

log10 (∆𝑇𝑐ℎ𝑖𝑝𝑚𝑎𝑥∆�̃�𝑐ℎ𝑖𝑝) = 0.06 − 0.195𝛿√𝑅𝑇𝑡2𝑒𝑞𝑙𝑐𝑒𝑞 + 0.5 log10 (𝑅𝑇𝑡2𝑒𝑞𝑙𝑐𝑒𝑞 )  (6) 

Where: 𝛿 is the ratio of the plastic zone thickness to the chip thickness (𝑡2𝑒𝑞). 

The average temperature rise in the chip (∆�̃�𝑐ℎ𝑖𝑝) is determined from the equivalent friction power (𝑃𝑖𝑛𝑡𝑒𝑞) 
generated at the tool-chip interface. 𝑃𝑖𝑛𝑡𝑒𝑞 = 𝑇(𝑡/𝑐)𝑉𝑐ℎ𝑖𝑝 = 𝜌𝑐𝑎𝑝𝑡1𝑉𝑐∆�̃�𝑐ℎ𝑖𝑝     (7) 

Where: 𝑉𝑐ℎ𝑖𝑝 is the chip flow velocity and 𝑇(𝑡/𝑐) is the tool-chip interfacial force which is determined from 

the tool-chip interface pressure distribution (𝑝(𝑧𝑓𝑙)) and the average friction coefficient (𝑓). Hence: 𝑇(𝑐/𝑡) = ∫ �̃�𝑎𝑝𝑝(𝑧𝑓𝑙)cos𝜆𝑠 𝑑𝑧𝑓𝑙𝑙𝑐0 = �̃�𝑎𝑝𝑙𝑐𝑝𝑚𝑎𝑥3cos𝜆𝑠      (8) 

Based on the above equations, the average temperature rise in the chip is given as follows: ∆�̃�𝑐ℎ𝑖𝑝 = �̃�𝑙𝑐𝑝𝑚𝑎𝑥 sin𝜙𝑛3𝜌𝑐𝑡1 cos(𝜙𝑛−𝛼𝑛)     (9) 

Numerical approach using Finite Difference Method (FDM) 

To predict the position and the maximum value of the tool/chip interface temperature, a numerical 

simulation is developed based on the Finite Difference Method (FDM). Only the chip is considered 

and is supposed to have a rectangular form which is defined by its equivalent tool/chip contact 

length 𝑙𝑐𝑒𝑞  and equivalent chip thickness 𝑡2𝑒𝑞 . However, effects of equivalent normal shear angle 𝜙𝑛𝑒𝑞, equivalent normal cutting angle 𝛼𝑛𝑒𝑞 and equivalent chip flow angle 𝜂𝑐𝑒𝑞 are considered in the 

calculus of the boundary conditions and loadings. 

Figure 4 corresponds to the thermal loadings and boundary conditions used to solve the heat 

equation which governs in the chip. The shearing plane is supposed to be at the same equivalent 

shearing temperature 𝑇𝑠ℎ𝑒𝑞 . Surfaces 𝑆1  and 𝑆2  are subject to convection fluxes. The tool/chip 

interface undergoes a heat flux 𝑄𝑒𝑞(𝑧𝑓𝑙) which is generated by friction when the chip slides. 
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Figure 4. Thermal loading and boundary conditions 

In the transient state, the general heat equation in the chip is given when two dimensional as 

follows: 𝜕𝜕𝑧𝑓𝑙 (𝑘𝑒𝑞 𝜕𝑇𝜕𝑧𝑓𝑙) + 𝜕𝜕𝑥 (𝑘𝑒𝑞 𝜕𝑇𝜕𝑥) − 𝜌𝑒𝑞𝑐𝑒𝑞𝑉𝑐ℎ𝑖𝑝𝑒𝑞 ( 𝜕𝑇𝜕𝑧𝑓𝑙) + 𝑄𝑒𝑞(𝑧𝑓𝑙) + 𝑄1𝑒𝑞 + 𝑄2𝑒𝑞 =    (10) 

Where: 𝑘𝑒𝑞(𝑚𝑊/𝑚𝑚°𝐶), 𝜌𝑒𝑞(𝑇𝑜𝑛/𝑚𝑚3), 𝑐𝑒𝑞(𝑚𝐽/𝑇𝑜𝑛°𝐶) 𝑎𝑛𝑑 𝑡 are respectively the equivalent 

thermal conductivity, the equivalent density, the equivalent mass heat capacity of the chip, and the 

time. 

Seven terms were considered in the heat equation which are described as follows: 

 𝜕𝜕𝑧𝑓𝑙 (𝑘 𝜕𝑇𝜕𝑧𝑓𝑙)  : The thermal conduction term according to 𝑍𝑓𝑙 
 𝜕𝜕𝑥 (𝑘 𝜕𝑇𝜕𝑥)  : The thermal conduction term according to 𝑋𝑐 

 𝜌𝑒𝑞𝑐𝑒𝑞𝑉𝑐ℎ𝑖𝑝𝑒𝑞 ( 𝜕𝑇𝜕𝑧𝑓𝑙)  : Advection term 

 𝑄𝑒𝑞(𝑧𝑓𝑙) : Heat flux generated in the tool/chip interface 

 𝑄1𝑒𝑞: A convective heat flow which is applied at the surface 𝑆1 

 𝑄2𝑒𝑞: A convective heat flow which is applied at the surface 𝑆2 

 𝜌𝑒𝑞𝑐𝑒𝑞 𝜕𝑇𝜕𝑡  : Transient term 

To solve the heat equation described by the above equation (equation 10), terms 𝑄𝑒𝑞(𝑧𝑓𝑙), 𝑄1𝑒𝑞 𝑎𝑛𝑑 𝑄2𝑒𝑞 are determined in the following sections. 

Convective heat flows: 𝑄1𝑒𝑞 and 𝑄2𝑒𝑞 

Surfaces 𝑆1 and 𝑆2 of the chip are exposed, respectively, to convective heat flows: 𝑄1𝑒𝑞 and 𝑄2𝑒𝑞. 𝑄1𝑒𝑞 

is applied at surface 𝑆1 and is given by the following equation: 𝑄1𝑒𝑞 = ℎ1𝑒𝑞(𝑇1 − 𝑇𝑎)      (11) 

Where: ℎ1𝑒𝑞 , 𝑇1 and 𝑇𝑎  are, respectively, the equivalent heat convection coefficient, the 

temperature in surface 𝑆1 and the air temperature. 

The convective heat flow 𝑄2𝑒𝑞 is applied at the surface 𝑆2 and is given by the following equation: 
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𝑄2𝑒𝑞 = ℎ2𝑒𝑞(𝑇2 − 𝑇𝑎)      (12) 

Where ℎ2𝑒𝑞 , 𝑇2 and 𝑇𝑎  are, respectively, the equivalent heat convection coefficient, the 

temperature in surface 𝑆2 and the air temperature. 

The coefficients of convection ℎ1𝑒𝑞 and ℎ2𝑒𝑞 are expressed in (𝑚𝑊/(𝑚𝑚2°𝐶)) and determined 

using the dimensionless numbers which are Nusselt’s number (𝑁𝑢), Reynold’s number (𝑅𝑒) and 

Prandtl’s number (𝑃𝑟). 

{  
  𝑁𝑢𝑖𝑒𝑞 = ℎ𝑖𝑒𝑞𝑑𝑖𝑒𝑞𝑘𝑎         𝑅𝑒𝑖𝑒𝑞 = 𝜌𝑎𝑉𝑐ℎ𝑖𝑝𝑒𝑞 𝑡2𝑒𝑞𝜇𝑎𝑃𝑟𝑖𝑒𝑞 = 𝜇𝑎𝐶𝑎𝑘𝑎         

      (13) 

Where: 

 𝑘𝑎, 𝜌𝑎, 𝐶𝑎 and 𝜇𝑎 are respectively the thermal conductivity in (mW/(mm°C)), the density 

in (𝑇𝑜𝑛/𝑚𝑚3) , the mass heat capacity in (𝑚𝐽/(𝑇𝑜𝑛 °𝐶))  and dynamic viscosity in (𝑇𝑜𝑛𝑛𝑒/𝑚𝑚𝑠) of the air. 

 𝑖 : is surface index 1 or 2 

 𝑑𝑖𝑒𝑞 represents 𝑙𝑐𝑒𝑞 for 𝑆2 and 𝑡2𝑒𝑞 for 𝑆1 

The thermal properties of air are resumed in Table 1. 

Table 1. Physical properties of air [19]  

Dynamic viscosity 𝝁𝒂(𝑻𝒐𝒏/𝒎𝒎𝒔) Density 𝝆𝒂(𝑻𝒐𝒏/𝒎𝒎𝟑) Thermal conductivity 𝑲𝒂(𝒎𝑾/𝒎𝒎°𝑪) Mass heat capacity 𝑪𝒂(𝒎𝑱/(𝑻𝒐𝒏°𝑪)) 
1,850.10-11 1,177.10-12 0,0262 1006.106 

Based on the above equations, the convection coefficient ℎ𝑖𝑒𝑞 are determined using equations as 

follows: 

{ℎ𝑖𝑒𝑞 = 2𝑘𝑎(𝑅𝑒𝑖)0.5(𝑃𝑟𝑖)0.333𝑑𝑖𝑒𝑞  𝑖𝑓 𝑅𝑒𝑖𝑒𝑞 < 3. 105        ℎ𝑖𝑒𝑞 = 0.036𝑘𝑎(𝑅𝑒𝑖)0.8(𝑃𝑟𝑖)0.33𝑑𝑖𝑒𝑞  𝑖𝑓 𝑅𝑒𝑖𝑒𝑞 > 3. 105     (14) 

Heat flux: 𝑄𝑒𝑞(𝑧𝑓𝑙) 
The heat flux 𝑄𝑒𝑞(𝑧𝑓𝑙) is supposed to have an exponential evolution with respect to the chip flow 

direction and resembles to the evolution of tool/chip interface normal pressure 𝑝𝑒𝑞(𝑧𝑓𝑙) [11]. 

Thus, the heat flux 𝑄𝑒𝑞(𝑧𝑓𝑙) is given as follows:  𝑄𝑒𝑞(𝑧𝑓𝑙) = 𝑞0𝑒𝑞 (1 − 𝑧𝑓𝑙𝑙𝑐𝑒𝑞)2      (15) 

The term 𝑞0𝑒𝑞  represents the equivalent maximum heat flux at the tool/chip interface. It is 

determined from the equivalent thermal power which is evaluated per unit of equivalent length of 

cut (𝐿𝑐𝑢𝑡𝑒𝑞
) and generated by friction at the tool/chip interface. Hence, the total thermal power is 

determined as follows: 𝑃𝑡𝑜𝑡𝑒𝑞 = 𝑇(𝑡/𝑐)𝑒𝑞 𝑉𝑐ℎ𝑖𝑝𝑒𝑞𝐿𝑐𝑢𝑡𝑒𝑞        (16) 

Where: 
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 𝑇(𝑡/𝑐)𝑒𝑞
 is the equivalent tangential force acted by the tool on the chip in the interface. It is 

given by the equation as follows: 𝑇(𝑐/𝑜)𝑒𝑞 = ∫ 𝑓𝑒𝑞𝐿𝑐𝑢𝑡𝑒𝑞 𝑝𝑒𝑞(𝑧𝑓𝑙)𝑑𝑧𝑓𝑙𝑙𝑐𝑒𝑞0 = �̃�𝑒𝑞𝐿𝑐𝑢𝑡𝑒𝑞 𝑙𝑐𝑒𝑞𝑝0𝑒𝑞3    (17) 

 𝑉𝑐ℎ𝑖𝑝𝑖  represents the equivalent chip flow speed and is given as follows: 𝑉𝑐ℎ𝑖𝑝𝑒𝑞 = 𝑉𝑐 sin𝜙𝑛𝑒𝑞 cos𝜆𝑠cos𝜂𝑐𝑒𝑞 cos(𝜙𝑛𝑒𝑞−𝛼𝑛)     (18)  

Based on the above equations, the total thermal power per unit of equivalent length of cut (𝐿𝑐𝑢𝑡𝑒𝑞
) is 

given by the following equation: 𝑃𝑡𝑜𝑡𝑒𝑞 = �̃�𝑒𝑞𝑙𝑐𝑒𝑞𝑝0𝑒𝑞𝑉𝑐 𝑠𝑖𝑛𝜙𝑛𝑒𝑞 𝑐𝑜𝑠 𝜆𝑠3 𝑐𝑜𝑠 𝜂𝑐𝑒𝑞 𝑐𝑜𝑠(𝜙𝑛𝑒𝑞−𝛼𝑛)       (19) 

According to Norouzifard and Hamedi [1], a proportion 𝛽 = 70% of the equivalent thermal power 𝑃𝑡𝑜𝑡𝑒𝑞  generated at the tool/chip interface is transmitted to the chip. Thus, the total thermal power 

per unit of equivalent length of cut (𝐿𝑐𝑢𝑡𝑒𝑞
) transmitted to the chip 𝑃𝑐ℎ𝑖𝑝𝑒𝑞

 is represented by the 

following relation: 𝑃𝑐ℎ𝑖𝑝𝑒𝑞 = 𝛽�̃�𝑒𝑞𝑙𝑐𝑒𝑞𝑝0𝑒𝑞𝑉𝑐 𝑠𝑖𝑛𝜙𝑛𝑒𝑞 𝑐𝑜𝑠 𝜆𝑠3 𝑐𝑜𝑠 𝜂𝑐𝑒𝑞 𝑐𝑜𝑠(𝜙𝑛𝑒𝑞−𝛼𝑛)       (20) 

On the other hand, 𝑃𝑐ℎ𝑖𝑝𝑒𝑞
 can be determined by the calculus of the integral of the function 𝑄𝑒𝑞(𝑧𝑓𝑙) 

which describes the heat flux distribution along the tool/chip contact. That is way 𝑃𝑐ℎ𝑖𝑝𝑒𝑞
 is given as 

follows: 𝑃𝑐ℎ𝑖𝑝𝑒𝑞 = ∫ 𝑄𝑒𝑞(𝑧𝑓𝑙)𝑑𝑧𝑓𝑙𝑙𝑐𝑒𝑞0 = 𝑞0𝑒𝑞𝑙𝑐𝑒𝑞3       (21) 

Based on equations (20 and 21), the term representing the equivalent maximum heat flux at the 

tool/chip interface is described by the following relation: 𝑞0𝑒𝑞 = 𝛽�̃�𝑒𝑞𝑝0𝑒𝑞𝑉𝑐 𝑠𝑖𝑛𝜙𝑛𝑒𝑞 𝑐𝑜𝑠 𝜆𝑠𝑐𝑜𝑠 𝜂𝑐𝑒𝑞 𝑐𝑜𝑠(𝜙𝑛𝑒𝑞−𝛼𝑛)       (22) 

Boundary conditions 
The boundary conditions are as follows: 

{  
  
  𝑇(𝑧𝑓𝑙 = 0, 𝑥) = 𝑇𝑠ℎ𝑒𝑞 𝑝𝑜𝑢𝑟 0 ≤ 𝑥 ≤ 𝑡2𝑒𝑞                                 𝑄𝑒𝑞(𝑧𝑓𝑙) = −𝑘𝑒𝑞 𝜕𝑇𝜕𝑥|𝑥=0 𝑝𝑜𝑢𝑟 0 ≤ 𝑧𝑓𝑙 ≤ 𝑙𝑐𝑒𝑞                          𝑄1𝑒𝑞 = ℎ1𝑒𝑞(𝑇1 − 𝑇𝑎) = −𝑘𝑒𝑞 𝜕𝑇𝜕𝑧𝑓𝑙|𝑧𝑓𝑙=𝑙𝑐𝑒𝑞 𝑝𝑜𝑢𝑟 0 ≤ 𝑥 ≤ 𝑡2𝑒𝑞𝑄2𝑒𝑞 = ℎ2𝑒𝑞(𝑇2 − 𝑇𝑎) = −𝑘𝑒𝑞 𝜕𝑇𝜕𝑥|𝑥=𝑡2𝑒𝑞 𝑝𝑜𝑢𝑟 0 ≤ 𝑥 ≤ 𝑡2𝑒𝑞    

    (23) 

Discretization of the heat equation using Finite Difference Method (FDM) 

The chip is discretized into elements: (𝑀 − 1) elements along the equivalent tool/chip contact 𝑙𝑐𝑒𝑞 

and (𝑁 − 1)  elements along the equivalent chip thickness 𝑡2𝑒𝑞 . Thus, it results (𝑀 × 𝑁)  nodes 

(Figure 5). 
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Figure 5. Chip discretization 

The dimensions of each element are defined as follows: 

{Δ𝑧 = 𝑙𝑐𝑒𝑞𝑀−1Δ𝑥 = 𝑡2𝑒𝑞𝑁−1       (24) 

The increment time is determined by the following relation: ∆𝑡 = 𝑙𝑐𝑒𝑞(𝑁𝑡−1)𝑉𝑐ℎ𝑖𝑝𝑒𝑞        (25) 

Where, 𝑀,𝑁 and 𝑁𝑡 are chosen under the condition of stability as follows: 

{∆𝑡𝛼𝑒𝑞 ( 1∆𝑥2 + 1∆𝑧2) ≤ 12𝛼𝑒𝑞 = 𝑘𝑒𝑞𝜌𝑒𝑞𝑐𝑒𝑞                    (26) 

In the present research work, thermal conductivity 𝑘𝑒𝑞, mass heat capacity 𝑐𝑒𝑞 and density 𝜌𝑒𝑞 of 

the chip material are estimated at the equivalent shearing plane temperature �̃�𝑠ℎ𝑒𝑞. 

At 𝑗𝑡ℎ time, the equations in discrete forms are given by:  

{   
  
   𝜕2𝑇𝜕𝑥2 ≈ 𝑇𝑚,𝑛+1𝑗 +𝑇𝑚,𝑛−1𝑗 −2𝑇𝑚,𝑛𝑗(∆𝑥)2𝜕2𝑇𝜕𝑧𝑓𝑙2 ≈ 𝑇𝑚+1,𝑛𝑗 +𝑇𝑚−1,𝑛𝑗 −2𝑇𝑚,𝑛𝑗(∆𝑧)2𝜕𝑇𝜕𝑧𝑓𝑙 ≈ 𝑇𝑚+1,𝑛𝑗 −𝑇𝑚−1,𝑛𝑗2∆𝑧              𝜕𝑇𝜕𝑡 ≈ 𝑇𝑚,𝑛𝑗+1−𝑇𝑚,𝑛𝑗∆𝑡                     

     (27) 
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Based on boundary conditions and loading, equations in discrete forms, heat equation and the 

principle of equilibrium at nodes (𝑀,𝑁) and (𝑀, 1), temperatures in all nodes are determined by 

equations as follows: 

 Nodes inside chip: 2 ≤ 𝑚 ≤ 𝑀 − 1 et 2 ≤ 𝑛 ≤ 𝑁 − 1 𝑇𝑚,𝑛𝑗+1 = (1 − 2𝛼𝑒𝑞∆𝑡 ( 1∆𝑥2 + 1∆𝑧2)) 𝑇𝑚,𝑛𝑗 + 𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑚,𝑛+1𝑗 + 𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑚,𝑛−1𝑗 + (𝛼𝑒𝑞∆𝑡∆𝑧2 − ∆𝑡𝑉𝑐ℎ𝑖𝑝𝑒𝑞2∆𝑧 ) 𝑇𝑚+1,𝑛𝑗 +(𝛼𝑒𝑞∆𝑡∆𝑧2 + ∆𝑡𝑉𝑐ℎ𝑖𝑝𝑒𝑞2∆𝑧 ) 𝑇𝑚−1,𝑛𝑗
           (28) 

 Nodes at tool/chip contact: 2 ≤ 𝑚 ≤ 𝑀 − 1 𝑇𝑚,1𝑗+1 = (1 − 2𝛼𝑒𝑞∆𝑡 ( 1∆𝑥2 + 1∆𝑧2)) 𝑇𝑚,1𝑗 + 2𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑚,2𝑗 + 2𝛼𝑒𝑞∆𝑡𝑘𝑒𝑞∆𝑥 𝑄𝑚,1𝑒𝑞 + (𝛼𝑒𝑞∆𝑡∆𝑧2 − ∆𝑡𝑉𝑐ℎ𝑖𝑝𝑒𝑞2∆𝑧 ) 𝑇𝑚+1,1𝑗 +
(𝛼𝑒𝑞∆𝑡∆𝑧2 + ∆𝑡𝑉𝑐ℎ𝑖𝑝𝑒𝑞2∆𝑧 ) 𝑇𝑚−1,1𝑗

           (29) 

 Nodes at surface 𝑆1: 2 ≤ 𝑛 ≤ 𝑁 − 1 𝑇𝑀,𝑛𝑗+1 = (1 − 2𝛼𝑒𝑞∆𝑡 ( 1∆𝑥2 + 1∆𝑧2) − 2ℎ1𝑒𝑞∆𝑡𝑘𝑒𝑞 (𝛼𝑒𝑞∆𝑧 − 𝑉𝑐ℎ𝑖𝑝𝑒𝑞2 ))𝑇𝑀,𝑛𝑗 + 𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑀,𝑛+1𝑗 + 𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑀,𝑛−1𝑗 +
2𝛼𝑒𝑞∆𝑡∆𝑧2 𝑇𝑀−1,𝑛𝑗 + 2ℎ1𝑒𝑞𝑇𝑎∆𝑡𝑘𝑒𝑞 (𝛼𝑒𝑞∆𝑧 − 𝑉𝑐ℎ𝑖𝑝𝑒𝑞2 )         (30) 

 Nodes at surface 𝑆2: 2 ≤ 𝑚 ≤ 𝑀 − 1 𝑇𝑚,𝑁𝑗+1 = (1 − 2𝛼𝑒𝑞∆𝑡 ( 1∆𝑥2 + 1∆𝑧2) − 2𝛼𝑒𝑞ℎ2𝑒𝑞∆𝑡𝑘𝑒𝑞∆𝑥 ) 𝑇𝑚,𝑁𝑗 + 2𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑚,𝑁−1𝑗 + (𝛼𝑒𝑞∆𝑡∆𝑧2 − ∆𝑡𝑉𝑐ℎ𝑖𝑝𝑒𝑞2∆𝑧 ) 𝑇𝑚+1,𝑁𝑗 +
(𝛼𝑒𝑞∆𝑡∆𝑧2 + ∆𝑡𝑉𝑐ℎ𝑖𝑝𝑒𝑞2∆𝑧 ) 𝑇𝑚−1,𝑁𝑗 + 2𝛼𝑒𝑞ℎ2𝑒𝑞∆𝑡𝑘𝑒𝑞∆𝑥 𝑇𝑎         (34) 

 Nodes at shearing plane: 1 ≤ 𝑛 ≤ 𝑁 𝑇1,𝑛𝑗+1 = 𝑇𝑠ℎ             (35) 

 Nodes of continuity (𝑀,𝑁) and (𝑀, 1) 𝑇𝑀,𝑁𝑗+1 = (1 − 2ℎ1𝑒𝑞∆𝑡𝑘𝑒𝑞 (𝛼𝑒𝑞∆𝑧 − 𝑉𝑐ℎ𝑖𝑝𝑒𝑞2 ) − 2𝛼𝑒𝑞∆𝑡 ( 1∆𝑥2 + 1∆𝑧2) − 2𝛼𝑒𝑞ℎ2𝑒𝑞∆𝑡𝑘𝑒𝑞∆𝑥 ) 𝑇𝑀,𝑁𝑗 + 2𝛼𝑒𝑞∆𝑡∆𝑧2 𝑇𝑀−1,𝑁𝑗 +
2𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑀,𝑁−1𝑗 + 2ℎ1𝑒𝑞𝑇𝑎∆𝑡𝑘𝑒𝑞 (𝛼𝑒𝑞∆𝑧 − 𝑉𝑐ℎ𝑖𝑝𝑒𝑞2 ) + 2𝛼𝑒𝑞ℎ2𝑒𝑞∆𝑡𝑘𝑒𝑞∆𝑥 𝑇𝑎       (36) 

𝑇𝑀,1𝑗+1 = (1 − 2𝛼𝑒𝑞∆𝑡 ( 1∆𝑥2 + 1∆𝑧2) − 2ℎ1𝑒𝑞∆𝑡𝑘𝑒𝑞 (𝛼𝑒𝑞∆𝑧 − 𝑉𝑐ℎ𝑖𝑝𝑒𝑞2 ))𝑇𝑀,1𝑗 + 2𝛼𝑒𝑞∆𝑡∆𝑧2 𝑇𝑀−1,1𝑗 + 2𝛼𝑒𝑞∆𝑡∆𝑥2 𝑇𝑀,2𝑗 +
2𝛼𝑒𝑞∆𝑡𝑘𝑒𝑞∆𝑥 𝑄𝑀,1𝑒𝑞 + 2ℎ1𝑒𝑞𝑇𝑎∆𝑡𝑘𝑒𝑞 (𝛼𝑒𝑞∆𝑧 − 𝑉𝑐ℎ𝑖𝑝𝑒𝑞2 )          (37) 

Equations 28 to 37 can be written with matrix writing as follows: [𝑇𝑗+1] = [𝐴][𝑇𝑗] + [𝐵]           (38) 

Solving the above equation permits to determine temperatures in all nodes at every 𝑗𝑡ℎ increment 

of time. 
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Hybrid analytical-numerical algorithm 
The analytical algorithm allows to determine all equivalent thermo-mechanical parameters for the 

turning process such as cutting temperatures, cutting forces and tribology parameters. To 

determine the position and the value of the maximum tool/chip interface temperature, a hybrid 

analytical-numerical algorithm is developed with respect to the assumptions presented in the above 

sections. The equivalent tool/chip interface temperature �̃�𝑖𝑛𝑡𝑒𝑞 , the equivalent tool/chip contact 

length 𝑙𝑐𝑒𝑞 , the equivalent chip thickness 𝑡2𝑒𝑞 , the equivalent chip flow velocity 𝑉𝑐ℎ𝑖𝑝𝑒𝑞
 and the 

maximum of the equivalent of normal pressure 𝑝0𝑒𝑞 at tool/chip interface are determined by the 

analytical algorithm and thus, they represent the inputs of the numerical algorithm. Besides, the 

equivalent convection coefficients ℎ1𝑒𝑞  and ℎ2𝑒𝑞  are estimated and the spatial and temporal 

discretization are done. Finally, equation 38 is resolved and isotherms are known for each time 

increment. Temperatures for nodes along the tool/chip contact permit to determine the position 

and the value of the maximum temperature. Figure 6 corresponds to the hybrid flowchart used in 

the present research work. 

 

Figure 6. Hybrid analytical numerical algorithm 

FDM results and discussion 

Figures 7 and 8 present results predicted from the numerical simulation by FDM. Oblique cutting 

with a single cutting edge was considered and four cutting speeds were used (𝑉𝑐=180, 300, 420 and 

540m/min ). The workpiece material used in the simulation is AISI304 and its thermal properties and 

Johnson-Cook parameters are presented in Table 2. Normal cutting angle 𝛼𝑛 = −6°, inclination 

angle 𝜆𝑠 = −6°, edge direction angle 𝑘𝑟 = 75°, depth of cut 𝑎𝑝 = 1𝑚𝑚 and uncut chip thickness 𝑡1 = 0.1𝑚𝑚. 



13 

Table2. Johnson-Cook and thermal parameters of AISI304 [20]  

Johnson Cook law: 𝝉𝒔𝒉 = 𝟏√𝟑 (𝑨 + 𝑩(𝜸𝒔𝒉 √𝟑)𝒏) {𝟏 +𝒎𝐥𝐧 (�̇�𝒔𝒉 �̇�𝟎 )} {𝟏 − (𝑻𝒔𝒉 −𝑻𝟎𝑻𝒇−𝑻𝟎 )𝝂} 
A B n m 𝜈 �̇�0 𝑇𝑓 (K) 

110 1500 0.36 0,014 1 1√3 
1694 

Thermal properties 𝝆(𝑲𝒈/𝒎𝟑) 𝑐(𝐽𝐾𝑔−1𝐾−1) 𝑘(𝑊𝑚−1𝐾−1) 𝟖𝟏𝟗𝟑. 𝟔 − 𝟎. 𝟓𝟏𝐓(𝐊) 444.83 + 0.16T(K) 10.86 + 0.014T(K) 
Figure 7 corresponds to the temperature distribution in the chip when steady state is reached. It is 

underlined that the maximum tool/chip interface temperature 𝑇𝑖𝑛𝑡𝑚𝑎𝑥  in the chip increases with 

respect to cutting speed. However, tool/chip contact length 𝑙𝑐 and chip thickness 𝑡2 decrease.  

 

 
Figure 7. Isotherm in the chip: Oblique cutting of AISI304: 𝛼𝑛 = −6°, 𝜆𝑠 = −6°, 𝑘𝑟 = 75°, 𝑡1 = 0.1𝑚𝑚, 𝑎𝑝 = 1𝑚𝑚 

(a) 𝑉𝑐 = 180𝑚/𝑚𝑖𝑛, (b) 𝑉𝑐 = 300𝑚/𝑚𝑖𝑛, (c) 𝑉𝑐 = 420𝑚/𝑚𝑖𝑛 and (d) 𝑉𝑐 = 540𝑚/𝑚𝑖𝑛 

 

Figure 8 presents the evolution of the tool/chip interface temperature along the tool/chip contact 

length 𝑙𝑐  with respect to 𝑧𝑓𝑙 . It can be concluded that maximum temperature is situated 

approximately at 
𝑙𝑐3  and approaches the cutting edge as cutting speed increases. Moreover, it is 

highlighted that the temperature at the chip’s top is kept at the shearing temperature 𝑇𝑠ℎ  and a 

slight decrease of shearing temperature is noted with respect to cutting speed. Figure 9 corresponds 

to the evolution of both the position and the maximum tool/chip interface temperature. It is shown 

that uncut chip thickness significantly affects the position and value of the maximum tool/chip 

interface temperature. In fact, this temperature increases with uncut chip thickness and its position 

moves away from the cutting edge. 

(a) (b) 

(c) (d) 

Chip’s top 

Shearing  

temperature 
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Figure 8. Evolution of the temperature at the tool/chip interface and chip’s top: Oblique cutting of AISI304L: 𝛼𝑛 = −6°, 𝜆𝑠 = −6°, 𝑎𝑝 = 1𝑚𝑚; 𝑘𝑟 = 75°, 𝑡1 = 0.1𝑚𝑚 

 

Figure 9. Evolution of the position and the maximum temperature at the tool/chip interface with respect to 

cutting speed: Oblique cutting of AISI304L: 𝛼𝑛 = −6°, 𝜆𝑠 = −6°, 𝑎𝑝 = 1𝑚𝑚; 𝑘𝑟 = 75° 
Figure 10 presents the evolution of the maximum tool/chip interface temperature and its position 

with respect to time. Two cutting speeds are considered (𝑉𝑐 = 180 𝑎𝑛𝑑 420𝑚/𝑚𝑖𝑛) and two states 

were underlined: transient and steady state. The simulation period used represents the sliding time 

of the chip on the rake face. The transient regime takes about half of this period, then the steady 

state settles down. Evolution of the position (𝑧𝑓𝑙𝑚𝑎𝑥) and the maximum value of tool/chip interface 

temperature (𝑇𝑐ℎ𝑖𝑝𝑚𝑎𝑥) with respect to time is drawn in the same curve (Figure 11). It is shown that 

steady state took place rapidly (about 0.25ms for cutting with 𝑉𝑐 = 180𝑚/𝑚𝑖𝑛 and 0.06ms for 

cutting with 𝑉𝑐 = 420𝑚/𝑚𝑖𝑛 ). Both position and value of 𝑇𝑐ℎ𝑖𝑝𝑚𝑎𝑥  vary when transient regime 

happened. 
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Figure 10. Evolution of the maximum tool/chip interface temperature and its position with respect to time: 

Oblique cutting of AISI304: 𝛼𝑛 = −6°, 𝜆𝑠 = −6°, 𝑎𝑝 = 1𝑚𝑚; 𝑘𝑟 = 75°, 𝑡1 = 0.1𝑚𝑚 

 

Figure 11. Evolution of the position and the maximum tool/chip interface temperature with respect to time: 

Oblique cutting of AISI304: 𝛼𝑛 = −6°, 𝜆𝑠 = −6°, 𝑎𝑝 = 1𝑚𝑚; 𝑘𝑟 = 75°, 𝑡1 = 0.1𝑚𝑚 

Figure 12 corresponds to the evolution of the temperature in the chip when fixing 𝑧𝑓𝑙 at 𝑧𝑓𝑙𝑚𝑎𝑥  and 

varying 𝑥 along chip thickness 𝑡2. It is found that the top part of the chip (more than the half) is at 

the shearing temperature 𝑇𝑠ℎ. This remark permits to neglect the convection in the chip’s top and 

consider it at the shearing temperature. Hence boundary condition of the thermal problem can be 
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changed and the Dirichlet condition (imposed temperature) can be used instead of the Neuman 

condition (imposed flux). 

 

Figure 12. Evolution of chip temperature along chip thickness at maximum tool/chip temperature position: 

Oblique cutting of AISI304: 𝛼𝑛 = −6°, 𝜆𝑠 = −6°, 𝑎𝑝 = 1𝑚𝑚; 𝑘𝑟 = 75°, 𝑡1 = 0.1𝑚𝑚 

Analytical approach of thermal problem for equivalent cutting using 

Laplace transform method 

Based on results found in the above section and when neglecting conduction in the direction of 

motion of the chip (along 𝑧𝑓𝑙), thermal problem and boundary conditions can be drawn in Figure 13. 

In this section, thermal problem will be solved using Laplace transform method. 

Based on the above considerations and adapting steady state, the heat equation in the chip can be 

described by the following equation: 

{   
   𝑎 𝜕2𝑇(𝑧𝑓𝑙,𝑥)𝜕𝑥2 = 𝑉𝑐ℎ𝑖𝑝𝑒𝑞 𝜕𝑇(𝑧𝑓𝑙,𝑥)𝜕𝑧𝑓𝑙 , 𝑎 = 𝑘𝑒𝑞(�̃�𝑠ℎ𝑒𝑞)𝜌𝑒𝑞(�̃�𝑠ℎ𝑒𝑞)𝑐𝑒𝑞(�̃�𝑠ℎ𝑒𝑞) 𝑇(𝑧𝑓𝑙 = 0, 𝑥) = �̃�𝑠ℎ𝑒𝑞                                                    𝑇(𝑧𝑓𝑙, 𝑥 = 𝑡2𝑒𝑞) = �̃�𝑠ℎ𝑒𝑞                                                   −𝑘𝑒𝑞 𝜕𝑇(𝑧𝑓𝑙,𝑥=0)𝜕𝑥 = 𝑄𝑒𝑞(𝑧𝑓𝑙) = 𝑞0𝑒𝑞 (1 − 𝑧𝑓𝑙𝑙𝑐𝑒𝑞)2                   

    (39) 
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Figure 13. Thermal loading and boundary conditions 

Through the change of variables 𝑇∗(𝑧𝑓𝑙, 𝑥) = 𝑇(𝑧𝑓𝑙, 𝑥) − �̃�𝑠ℎ𝑒𝑞, equation 39 becomes 

{   
   𝑎𝑒𝑞 𝜕2𝑇∗(𝑧𝑓𝑙,𝑥)𝜕𝑥2 = 𝑉𝑐ℎ𝑖𝑝𝑒𝑞 𝜕𝑇∗(𝑧𝑓𝑙,𝑥)𝜕𝑧𝑓𝑙 , 𝑎𝑒𝑞 = 𝑘𝑒𝑞(�̃�𝑠ℎ𝑒𝑞)𝜌𝑒𝑞(�̃�𝑠ℎ𝑒𝑞)𝑐𝑒𝑞(�̃�𝑠ℎ𝑒𝑞) 𝑇∗(𝑧𝑓𝑙 = 0, 𝑥) = 0                                                             𝑇∗(𝑧𝑓𝑙, 𝑥 = +∞) = 0                                                         −𝑘𝑒𝑞 𝜕𝑇∗(𝑧𝑓𝑙,𝑥=0)𝜕𝑥 = 𝑞0𝑒𝑞 (1 − 𝑧𝑓𝑙𝑙𝑐𝑒𝑞)2                                      

    (40) 

The Laplace transform of 𝑇∗(𝑧𝑓𝑙, 𝑥) is given as follows: 𝜃(𝑝, 𝑥) = 𝐿 (𝑇∗(𝑧𝑓𝑙, 𝑥)) = ∫ 𝑇∗(𝑧𝑓𝑙, 𝑥)𝑒−𝑝𝑧𝑓𝑙𝑑𝑧𝑓𝑙+∞0     (41) 

In the Laplace domain and using Laplace transform properties and theorems, the heat equation 

becomes as follows: 𝑑2𝜃(𝑝,𝑥)𝑑𝑥2 − 𝜔2𝜃(𝑝, 𝑥) = 0       (42) 

With 𝜔 = √ 𝑝𝑎∗ and 𝑎∗ = 𝑎𝑒𝑞𝑉𝑐ℎ𝑖𝑝𝑒𝑞  

Based on the boundary conditions, the solution of the heat equation in the Laplace domain is given 

as follows: 

𝜃(𝑝, 𝑥) = 𝑞0𝑒𝑞𝑘𝑒𝑞( 1𝑝√ 𝑝𝑎∗) 𝑒−𝜔𝑥 − 2𝑞0𝑒𝑞𝑘𝑒𝑞𝑙𝑐𝑒𝑞( 1𝑝2√ 𝑝𝑎∗) 𝑒−𝜔𝑥 + 2𝑞0𝑒𝑞𝑘𝑒𝑞(𝑙𝑐𝑒𝑞)2( 1𝑝3√ 𝑝𝑎∗) 𝑒−𝜔𝑥  (44) 

Based on the table of selected Laplace transforms, the equivalent temperature at the tool/chip 

interface is determined, when considering 𝑥 = 0, and is given by the following equation: 𝑇𝑒𝑞(𝑧𝑓𝑙, 0) = �̃�𝑠ℎ𝑒𝑞 + 2𝑞0𝑒𝑞√𝜋𝑘𝑒𝑞(�̃�𝑠ℎ𝑒𝑞)𝜌(�̃�𝑠ℎ𝑒𝑞)𝑐(�̃�𝑠ℎ𝑒𝑞)𝑉𝑐ℎ𝑖𝑝𝑒𝑞 (𝑧𝑓𝑙12 − 43𝑙𝑐𝑒𝑞 𝑧𝑓𝑙32 + 815(𝑙𝑐𝑒𝑞)2 𝑧𝑓𝑙52 )   (45) 
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Where: 𝑞0𝑒𝑞 = 𝜓�̃�𝑒𝑞𝑝0𝑒𝑞𝑉𝑐 𝑠𝑖𝑛𝜙𝑛𝑒𝑞 𝑐𝑜𝑠 𝜆𝑠𝑐𝑜𝑠 𝜂𝑐𝑒𝑞 𝑐𝑜𝑠(𝜙𝑛𝑒𝑞−𝛼𝑛)  

The average temperature at the tool/chip interface is determined as follows: 

�̃�𝑖𝑛𝑡𝑒𝑞 = 1𝑙𝑐𝑒𝑞 ∫ 𝑇𝑒𝑞(𝑧𝑓𝑙, 0)𝑑𝑧𝑓𝑙𝑙𝑐𝑒𝑞0 = �̃�𝑠ℎ𝑒𝑞 + 47 𝑞0𝑒𝑞√ 𝑙𝑐𝑒𝑞𝜋𝑘𝑒𝑞(�̃�𝑠ℎ𝑒𝑞)𝜌(�̃�𝑠ℎ𝑒𝑞)𝑐(�̃�𝑠ℎ𝑒𝑞)𝑉𝑐ℎ𝑖𝑝𝑒𝑞   (46) 

The position of the highest temperature at the tool/chip interface is determined from the equation 

45 and is given as follows: 𝑧𝑓𝑙(𝑇𝑖𝑛𝑡𝑚𝑎𝑥) = (3−√3)4 𝑙𝑐𝑒𝑞 ≈ 0.317𝑙𝑐𝑒𝑞      (47) 

The highest temperature at the tool/chip interface is calculated from the following equation: 

𝑇𝑖𝑛𝑡𝑚𝑎𝑥 = 𝑇𝑒𝑞(𝑧𝑓𝑙(𝑇𝑖𝑛𝑡𝑚𝑎𝑥), 0) = �̃�𝑠ℎ𝑒𝑞 + 0.71𝑞0𝑒𝑞√ 𝑙𝑐𝑒𝑞𝜋𝑘𝑒𝑞(�̃�𝑠ℎ𝑒𝑞)𝜌(�̃�𝑠ℎ𝑒𝑞)𝑐(�̃�𝑠ℎ𝑒𝑞)𝑉𝑐ℎ𝑖𝑝𝑒𝑞   (48)  

Laplace transform results and discussion 

Based on the same cutting conditions used in the above section (FDM results and discussion), a 

comparison between results found with FDM and the analytical approach using Laplace transform 

(Equation 45) is done (Figure 14). Steady state was considered and very well agreement was found 

between the two methods. These results are very encouraging and lead to simplifying the thermal 

problem in metal cutting. Hence, tool/chip interface temperature can be described by equation 45 

which also permits to determine the highest one (Equation 48) and its position (Equation 47). 

 

Figure 14. Comparison between numerical and analytical temperature at the tool/chip interface (Finite 

difference method and analytical solution with Laplace transforms): Oblique cutting of AISI304L: 𝛼𝑛 = −6°, 𝜆𝑠 = −6°, 𝑎𝑝 = 1𝑚𝑚; 𝑘𝑟 = 75°, 𝑡1 = 0.1𝑚𝑚 
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Effects of uncut chip thickness 𝑡1  and cutting speed 𝑉𝑐  were studied on the value of maximum 

tool/chip interface temperature 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 and its position 𝑧𝑓𝑙(𝑇𝑖𝑛𝑡𝑚𝑎𝑥)(Figure 15). In fact, 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 increases 

with cutting speed and uncut chip thickness, however, its position moves away from the cutting 

edge when 𝑡1 or/and 𝑉𝑐 increase. 

 
Figure 15. Evolution of maximum tool/chip interface temperature and its position with respect to cutting 

speed. Oblique cutting of AISI304L: 𝜶𝒏 = −𝟔°, 𝝀𝒔 = −𝟔°, 𝒂𝒑 = 𝟏𝒎𝒎; 𝒌𝒓 = 𝟕𝟓° 
Average tool/chip interface temperature �̃�𝑖𝑛𝑡 is determined using the approaches presented in this 

section: Oxley’s theory adapted for oblique cutting, Finite Difference Method (FDM) and Analytical 

approach using Laplace transform. Figure 16 presents a comparison between these three 

approaches in terms of �̃�𝑖𝑛𝑡 . Good agreement is noted between the three approaches and the 

maximum difference is about 50°C. 

 
Figure 16. Comparison between average tool/chip interface temperature (Finite difference method (FDM), 

analytical solution with Laplace transform (Laplace transform) and modified Oxley’s approach): Oblique 

cutting of AISI304L: 𝜶𝒏 = −𝟔°, 𝝀𝒔 = −𝟔°, 𝒂𝒑 = 𝟏𝒎𝒎; 𝒌𝒓 = 𝟕𝟓°, 𝒕𝟏 = 𝟎. 𝟏𝒎𝒎 
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Based on the equalities between the expressions of average tool/chip interface temperature �̃�𝑖𝑛𝑡 
given by Oxley’s theory (Equation 1) and that found with Laplace transform (Equation 46), the 

partition coefficient 𝛽 is given by the following equation: 

𝛽 ≈ 1.225 ∆𝑇𝑐ℎ𝑖𝑝𝑚𝑎𝑥�̃�𝑝0 √ 𝜋𝑘𝜌𝑐𝑙𝑐𝑉𝑐ℎ𝑖𝑝      (49) 

Where ∆𝑇𝑐ℎ𝑖𝑝𝑚𝑎𝑥  is evaluated by equations (6 and 9) and 𝑝0  is the maximum tool/chip interface 

pressure. 

Figure 14 corresponds to the evolution of partition coefficient β with respect to sliding velocity 

(𝑉𝑐ℎ𝑖𝑝). It is shown that β decreases with respect to 𝑉𝑐ℎ𝑖𝑝 and it is represented, following a linear 

regression, by the equation as follows: 𝛽 = 0.765 − 0.026𝑉𝑐ℎ𝑖𝑝     (50) 

 

Figure 14. Evolution of partition coefficient 𝛽 with respect to chip velocity (sliding speed). Results from 

simulation of oblique cutting of AISI304 

Experimental results and discussion 
For the validation, experimental data for oblique turning with 304 stainless steels conducted by 

Abdellaoui and Bouzid [11], are used. The tool holder is PCBNL2525M12 (𝜅𝑟 = 75◦, 𝛼𝑛=−6◦, 𝜆𝑠=−6◦). 

The cutting inserts are referenced CNMG120408 and CNMG120412 (𝑟𝜀= 0.8mm et 𝑟𝜀= 1.2mm). 

According to Sela et al. [21], the cutting-edge radius 𝑟𝛽 = 24 𝜇𝑚. The cutting force components 

were registered on TRANSMAB 450TD lathe machine using a triaxial force dynamometer KISTLER 

9257A. Experimental cutting conditions were conducted using Taguchi array L9, as shown in Table 

2. 
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Table 2. Cutting conditions used in the experiments 

Tests 1 2 3 4 5 6 7 8 9 𝑽𝒄(𝒎/𝒎𝒊𝒏) 180 180 180 250 250 250 400 400 400 𝒇(𝒎𝒎/𝒓𝒆𝒗) 0.1 0.15 0.2 0.1 0.15 0.2 0.1 0.15 0.2 𝒂𝒑(𝒎𝒎) 0.5 1 2 1 2 0.5 2 0.5 1 

When running algorithm1 (Figure 3), results of equivalent parameters were determined and 

resumed in Table 3. It is noted that the equivalent normal cutting angle has become approximately 

twice the initial value (𝛼𝑛=-6°). However, the edge direction angle 𝜅𝑟 decreases and has reached 

32° for test 6 when using CNMG120412. Moreover, it decreases with tool nose radius 𝑟𝜀. 

Table 3. Equivalent parameters of oblique turning 

Tests  1 2 3 4 5 6 7 8 9 

Insert CNMG120408: 𝒓𝜺 = 𝟎. 𝟖𝒎𝒎, 𝒓𝜷 = 𝟐𝟒𝝁𝒎 𝒂𝒑𝒆𝒒(mm) 0.50 1.00 2.00 1.00 2.00 0.50 2.00 0.50 1.00 𝒕𝟏𝒆𝒒(mm) 0.07 0.13 0.18 0.08 0.14 0.13 0.09 0.10 0.17 𝜶𝒏𝒆𝒒(°) -13.37 -12.42 -11.55 -14.25 -12.85 -11.52 -15.15 -13.13 -12.09 𝜿𝒓𝒆𝒒(°) 41.98 57.35 65.81 58.14 66.27 39.44 66.71 40.74 56.52 

Insert CNMG120412: 𝒓𝜺 = 𝟏. 𝟐𝒎𝒎, 𝒓𝜷 = 𝟐𝟒𝝁𝒎 𝒂𝒑𝒆𝒒(mm) 0.50 1.00 2.00 1.00 2.00 0.50 2.00 0.50 1.00 𝒕𝟏𝒆𝒒(mm) 0.06 0.11 0.18 0.08 0.13 0.11 0.09 0.08 0.15 𝜶𝒏𝒆𝒒(°) -13.08 -12.29 -11.52 -14.08 -12.82 -11.40 -15.11 -13.02 -12.05 𝜿𝒓𝒆𝒒(°) 33.88 49.65 62.02 50.31 62.44 31.97 62.84 32.94 48.98 

A comparison was made between experimental cutting force components (𝐹𝑐_𝑒𝑥𝑝, 𝐹𝑓_𝑒𝑥𝑝 𝑎𝑛𝑑 𝐹𝑟_𝑒𝑥𝑝) 

and those predicted by simulation (𝐹𝑐_𝑒𝑞 , 𝐹𝑓_𝑒𝑞 𝑎𝑛𝑑 𝐹𝑟_𝑒𝑞 ) using the equivalent model and two 

inserts were considered: CNMG120408 in Figure 15 and CNMG120412 in Figure 16. Good 

agreement was be underlined for the two experimental sets. The results found are of great 

importance because they will allow us to study the equivalent tribological parameters and deduce 

the equivalent turning performances. 

 

Figure 15. Comparison between experimental and predicted cutting force components: AISI304L, 

CNMG120408, 𝜶𝒏 = −𝟔°, 𝝀𝒔 = −𝟔° 
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Figure 16. Comparison between experimental and predicted cutting force components: AISI304L, 

CNMG120412, 𝛼𝑛 = −6°, 𝜆𝑠 = −6° 
Table 4 presents the tribology parameters which are tool/chip contact length, friction coefficient at 

the tool/chip interface and the maximum too/chip interface temperature and its position. All these 

parameters were determined, from simulation, for all tests conducted by the two inserts 

(CNMG120408 and CNMG120412). Besides, a similarity criterion, namely, the Po-criterion (𝑃𝑜_𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛) according to Astakhov [22], is determined. This dimensionless parameter is defined as 

the ratio of tool/chip contact length 𝑙𝑐 to the uncut chip thickness 𝑡1 (𝑃𝑜_𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛 = 𝑙𝑐𝑡1). According 

to Astakhov [22] and Abdellaoui and Bouzid [13], cutting performances such as tribology parameters 

are mainly controlled by this parameter. 

When analyzing the results in Table 4, it is underlined that 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 is between 1200°C and 1500°C for 

all tests. The highest one was determined for test 9 and the lowest one for test 1. This result was 

confirmed with two inserts. Moreover, it can be highlighted that 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 decreases with tool nose 

radius 𝑟𝜀 and this result was confirmed by the work of Abdellaoui et al. [14] and Kishawy [12]. This 

decrease seems to be due to the increase of the tool-workpiece contact surface which promotes 

the thermal exchange. However, the equivalent oblique cutting considered in the present research 

work agrees well with this result. 

Table 4. Equivalent tribology parameters 

Tests 1 2 3 4 5 6 7 8 9 

Insert CNMG120408: 𝒓𝜺 = 𝟎. 𝟖𝒎𝒎, 𝒓𝜷 = 𝟐𝟒𝝁𝒎 𝑻𝒊𝒏𝒕_𝒎𝒂𝒙𝒆𝒒
(°C) 1227 1266 1281 1329 1365 1347 1429 1468 1508 𝒛𝒇𝒍 (𝑻𝒊𝒏𝒕_𝒎𝒂𝒙𝒆𝒒
)(mm) 0.13 0.20 0.25 0.14 0.20 0.19 0.17 0.15 0.23 𝒍𝒄𝒆𝒒(mm) 0.42 0.63 0.78 0.45 0.64 0.59 0.53 0.46 0.72 �̃� 𝒆𝒒 0.58 0.46 0.41 0.51 0.42 0.44 0.45 0.43 0.36 

Po_criterion 6.00 4.85 4.33 5.62 4.57 4.53 5.88 4.60 4.23 

Insert CNMG120412: 𝒓𝜺 = 𝟏. 𝟐𝒎𝒎, 𝒓𝜷 = 𝟐𝟒𝝁𝒎 𝑻𝒊𝒏𝒕_𝒎𝒂𝒙𝒆𝒒
(°C) 1208 1246 1280 1325 1357 1321 1459 1437 1486 
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𝒛𝒇𝒍 (𝑻𝒊𝒏𝒕_𝒎𝒂𝒙𝒆𝒒
)(mm) 0.12 0.18 0.25 0.15 0.19 0.17 0.15 0.13 0.21 𝒍𝒄𝒆𝒒(mm) 0.39 0.58 0.78 0.46 0.61 0.55 0.47 0.41 0.66 �̃� 𝒆𝒒 0.61 0.50 0.41 0.51 0.43 0.47 0.44 0.47 0.38 

Po_criterion 6.50 5.27 4.33 5.75 4.69 5 5.22 5.12 4.40 

The evolutions of maximum tool/chip interface temperature 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 and average tool/chip friction 

coefficient 𝑓  are given in Figure 17. It is revealed that 𝑇𝑖𝑛𝑡𝑚𝑎𝑥  decreases with the dimensionless 

number 𝑃𝑜 , however, the friction coefficient increases. This result seems to be correct because 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 increases with cutting speed however tool/chip contact length 𝑙𝑐 decreases and so necessary 

the dimensionless number 𝑃𝑜. On the other hand, and according to Abdellaoui and Bouzid [13] and 

Mustapha et al. [23], average friction coefficient 𝑓  decreases with average tool/chip interface 

temperature �̃�𝑖𝑛𝑡  and uncut chip thickness 𝑡1 . Moreover, when 𝑡1  increases slightly, 𝑙𝑐  increases 

significantly and consequently the dimensionless number 𝑃𝑜, too. Therefore, the average tool/chip 

interface temperature decreases and induces an increase in the average friction coefficient. 

Following a linear regression, the maximum tool/chip interface temperature 𝑉𝑐ℎ𝑖𝑝 and the friction 

coefficient 𝑓 are given by the following equations: 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 = 1667.6 − 63.15𝑃𝑜     (51) 𝑓 = 0.08 + 0.07𝑃𝑜      (52) 

 
Figure 17. Evolution of maximum tool/chip interface temperature and tool/chip interface coefficient with 

respect to Po-criterion (Po) 

Conclusion 

In the present paper, turning performances were determined using equivalent oblique cutting with 

a single cutting edge. Equivalent tool parameters and equivalent cutting conditions were evaluated 

considering the effects of tool nose and edge radii. The results are used in a thermomechanical 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0

200

400

600

800

1000

1200

1400

1600

4 4.5 5 5.5 6 6.5 7 To
o

l/
ch

ip
 in

te
rf

a
ce

 f
ri

ct
io

n
 c

o
e

ff
ic

ie
n

t 
f

M
a

xi
m

u
m

 t
o

o
l/

ch
ip

 in
te

rf
a

ce
 

te
m

p
e

ra
tu

re
 (

°C
)

Po-criterion (Po)

Maximum tool/chip interface Friction coefficient



24 

algorithm which is controlled by one loop with respect to average tool/chip interface temperature. 

All equivalent thermomechanical parameters such as cutting force components, cutting 

temperatures and tribology parameters were determined with a good accuracy. 

To determine the maximum tool/chip interface temperature and its position, a hybrid analytical-

numerical algorithm was used. The thermal problem in the chip is resolved in the first time using 

the Finite Difference Method (FDM) considering transient regime. It is concluded that a steady state 

takes place rapidly and a transient regime can be omitted in the resolution of the heat equation in 

the chip. Besides, the chip’s top was considered as a convection surface, however numerical results 

show that it can be considered as a Dirichlet condition (fixed temperature) instead of a Neumann 

one (heat flux across the boundaries).  

Based on the considerations drawn from numerical results, steady state and a fixed temperature in 

the chip’s top were considered. The thermal problem was resolved again using Laplace transforms. 

The evolution of tool/chip interface temperature was represented by an equation that permits to 

determine the highest temperature and its position at the tool/chip interface. Good agreement was 

underlined between numerical (FDM) and analytical (Laplace transform) results which proves the 

simplification used in the heat equation. Moreover, it was determined that the maximum tool/chip 

interface temperature is situated far from the cutting edge about 0.317𝑙𝑐. 

The average tool/chip interface temperature was evaluated using three approaches (FDM, Laplace 

transform and Oxley’s theory) and good agreement was noted. Using this equality, the partition 

coefficient was represented by an equation with respect to the sliding velocity of the chip. It was 

found that the partition coefficient is strongly related to sliding speed. However, it decreases about 

20% when chip velocity increases from 1 to 5m/s. 

Experimental data for oblique cutting with 304 stainless steels were used and all equivalent 

parameters were evaluated. Good agreement was noted in terms of cutting force components, 

between experiments and predicted results using the equivalent oblique cutting model. Tribology 

parameters at the tool/chip interface as like maximum tool/chip interface temperature 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 and 

its position, tool/chip contact length 𝑙𝑐  and average friction coefficient 𝑓  were evaluated for all 

tests. It was concluded that 𝑇𝑖𝑛𝑡𝑚𝑎𝑥  and 𝑓 were mainly controlled by the Po-criterion (𝑃𝑜). In fact, 𝑇𝑖𝑛𝑡𝑚𝑎𝑥 decreases with 𝑃𝑜 however 𝑓 increases. 

As a perspective, the equivalent oblique cutting model will be used to predict all turning 

performances over a wide range of cutting conditions. Crater wear and tool life will be studied with 

respect to tribological parameters for each couple workpiece-tool (CWT). 
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Nomenclature 

𝑎𝑝 Cutting depth [mm] 𝑎𝑝𝑒𝑞 Equivalent depth of cut [mm] 𝑐𝑒𝑞 Equivalent work material specific heat [JKg-1K-1] 𝑓 Feed rate [mm/rev] 𝑓   Average coefficient of friction at tool-chip interface 𝑓 𝑒𝑞 Equivalent average coefficient of friction at tool chip interface 𝐹𝑐𝑒𝑞 Equivalent tangential force [N] 𝐹𝑓𝑒𝑞 Equivalent feed force [N] 𝐹𝑟𝑒𝑞 Equivalent radial force [N] 𝐹𝑠ℎ𝑒𝑞 Equivalent shearing force [N] 𝑘𝑒𝑞 Equivalent work material thermal conductivity [Wm-1K-1] 𝑙𝑐𝑖  Tool-chip contact length for element i [mm] 𝑝0𝑒𝑞 equivalent of maximum normal stress at tool-chip contact [N/mm²] 𝑟𝛽 Cutting edge radius [mm] 𝑟𝜀 Tool-nose radius [mm] 𝑡1  Uncut chip thickness [mm] 𝑡2𝑒𝑞 equivalent chip thickness [mm] 𝑇𝑓 Workpiece melting temperature [K] 𝑇0 Initial work-piece temperature [K] 𝑇𝑠ℎ𝑒𝑞 Equivalent shearing temperature [K] �̃�𝑖𝑛𝑡𝑒𝑞  Average tool-chip interface temperature [K] 𝑉𝑐 Cutting speed [m/min] 𝑉𝑐ℎ𝑖𝑝𝑒𝑞
 Equivalent chip velocity [mm/s] 𝑉𝑠ℎ𝑒𝑞 Equivalent shearing velocity [mm/s] 𝛼𝑛 Normal rake angle [°] 𝛿 Secondary shear zone thickness ratio to chip thickness 𝜙𝑛𝑒𝑞 Equivalent normal shear angle [°] 𝛾𝑠ℎ𝑒𝑞 equivalent shear strain �̇�𝑠ℎ𝑒𝑞 Equivalent shear strain rate  𝜂𝑐𝑒𝑞 Equivalent chip flow angle [°] 𝜂𝑠ℎ𝑒𝑞 Shearing direction angle [°] 𝜅𝑟 Edge direction angle [°] 𝜅𝑟𝑒𝑞 Equivalent edge direction angle [°] 
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𝜆𝑠 Edge inclination angle [°] 𝜌𝑒𝑞 Equivalent work material density [Kg/m3] 𝜏𝑠ℎ𝑒𝑞 Equivalent shear stress [N/mm²] 
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