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The surface density profile of a lens galaxy is 97.6 per cent1

elliptical power-law2

The projected density profiles of gravitational lens galaxies are often assumed to be consistent3

with a simple elliptical power-law1,2. Previous studies at low angular resolution have found4

this description to be satisfactory3,4,5, but the limitations of this smooth model assumption have5

not yet been observationally tested. Here we report the analysis of a gravitational lens system6

observed at milli-arcsecond angular resolution with very long baseline interferometry at 1.77

GHz6 using a state-of-the-art Bayesian lens modelling technique for interferometric data7. An8

elliptical power-law mass distribution is found to be a remarkably good description of the data,9

but there remain source-plane light components that are misaligned by several milli-arcseconds.10

The addition of angular multipole perturbations gives a significantly better fit (Bayes factor11

of +4751), while the best-focused source model is recovered using pixellated corrections to the12

lens potential. The projected density in our best model deviates from an elliptical power-law13

by 2.4 per cent (RMS) inside a region within 17 mas of the lensed images. The assumption14

of a perfect elliptical power-law would bias the measurement of 𝐻0 by +0.6 per cent, and the15

observed flux ratios by up to 10.3 per cent, for this lens. Our results demonstrate that low-16

level density perturbations exist in this massive elliptical galaxy. Their presence can significantly17

affect studies of galaxy formation via flux-ratio anomalies8,9, but do not strongly affect time-delay18

measurements of the Hubble constant10.19

MG J0751+2716 is a galaxy with powerful radio jets at redshift «.2 that is gravitationally lensed by an20

intervening massive early-type galaxy at redshift 0.«511,12,1«,1». The jetted nature of the background21

radio source results in extended gravitational arcs that probe a wide range of angular and radial22

positions relative to the lens centre. The gravitational arcs are sufficiently bright to be imaged at23

«.7 milli-arcsecond (mas) angular resolution with global Very Long Baseline Interferometry (VLBI;24

observing 𝜆 = 18 cm)6. Given the large area of the lens potential probed by the extended radio25

emission, coupled with the angular resolution and sensitivity of the VLBI imaging, MG J0751+271626

provides a unique laboratory to investigate the mass distribution of the foreground massive galaxy with27
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a resolution of 18 pc.28

We have tested three parametric lens models of varying complexity. Our fiducial model is a power-29

law ellipsoid mass distribution (PEMD; see Methods) density profile with an external shear component,30

which we refer to as PL. Our second model, PL+FG, consists of the same PL parameterization for the31

lens galaxy, but with five additional PEMDs to account for field galaxies within 5 arcsec of the system.32

Finally, we consider a single PEMD with an external shear and an additional angular structure in the33

form of multipole density perturbations up to fourth order, which we refer to as PL+M». We quantify34

the ability of the PL+FG and PL+M» models to explain the observed data in terms of their Bayes35

factors, the difference in the log-Bayesian-evidence relative to the fiducial model PL. We fit each of36

these models to the full surface brightness distribution of the gravitational arcs using a state-of-the-art37

grid-based lensing code that is designed to operate in the native visibility-plane of the data7 (see also38

refs.15,16,17,18). We jointly infer the posterior probability distributions on the mass model parameters,39

recover the pixellated source surface brightness distribution, and compute the marginalized Bayes40

factor Δ log E to enable a robust model comparison. In order to recover further details in the mass41

structure of the lens, we then augment each parametric model by iteratively computing pixellated42

corrections to the lensing potential. We denote these potential corrections as model PX, such that, for43

example, the PL+M» parametric model plus potential corrections is named PL+M»+PX. As we cannot44

efficiently marginalize over all pixels in the potential corrections (see Methods), we compare the PX45

results separately using their maximum log-posterior values Δ log 𝑃 relative to the fiducial PL+PX46

model. The main quantitative results are summarized in Table 1 (see also Table 2 of the Methods for47

the individual model parameters).48

We find that the fiducial model PL is able to fit the data remarkably well. The jet structure is49

clearly recovered in the unlensed source surface brightness distribution, with several knots of emission50

stretching 1»0 mas from northeast to southwest (components 1, 2, «, » and 6 following the nomenclature51

of ref.11; see Figure 2), which is equivalent to a projected jet length of 1.08 kpc at redshift «.2. While52

the recovered source is almost entirely focused by the PL lens model, it misaligns source component53

», which straddles the caustic, by 2 mas, and disrupts components 2 and «. The PL+FG model, which54

was equally favoured with a power-law model in the analysis by ref.6, provides a significantly poorer55
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fit to the data, with a Bayes factor of Δ log E = −7060 relative to model PL. In addition to exacerbating56

the misalignment of source component » to 5 mas, the PL+FG model also produces a highly disrupted57

source component « and a mis-aligned source component 6. The poor Bayes factor for model PL+FG58

indicates that this form of parameterization for groups is still not well understood, in terms of how best59

to account for the mass-to-light ratios of the group galaxies and/or the effects of a group halo1«. Model60

PL+M» drastically improves the fit by a Bayes factor of +»751 over the PL model, properly focusing61

source component ». This is a strong indication that there is additional angular structure beyond the62

simple ellipticity provided by a PEMD mass distribution. After extending each model using pixellated63

potential corrections, we find that the source model is clearly focused in all three cases (PL+PX,64

PL+FG+PX, PL+M»+PX). We find that PL+FG+PX is disfavored by Δ log 𝑃 = −1084 relative to65

PL+PX. PL+M»+PX gives Δ log 𝑃 = −21, which is neither strongly favored nor disfavored. This66

indicates that in the presence of pixellated potential corrections, the multipole terms in the parametric67

model are unnecessary, as the potential corrections are able to absorb this angular structure. Due to68

its relative simplicity and its ability to properly focus the source, we consider PL+PX to be our “best”69

model.70

To quantify the deviation of the PL+PX from the PL model, we determine the fractional difference in71

the projected surface density, Δ𝜅, between the two (see Figure 1; we show the results for all models in72

Figure «). We compute the RMS of this difference in a masked region containing all points within 1773

mas (« beam widths) of the lensed emission, which yields𝜎Δ𝜅 = 2.4 per cent. Hence, on the 17»-parsec74

scales probed by the potential corrections close to the lensed images, at least 97.6 per cent of the mass75

distribution can be described by a smooth PEMD model. In this respect, our analysis validates the use76

of a PEMD model for those applications of gravitational lensing where only the large-scale properties77

of the global mass model are relevant. This has important implications for modelling the large number78

of gravitational lenses to be found with, for example, Euclid, where the angular resolution is relatively79

low (> 100 mas) and a simple PEMD will most likely be assumed.80

We now discuss the observational consequences of this 2.» per cent deviation from a globally smooth81

mass distribution. Measurements of the Hubble constant (𝐻0) inferred with time-delay cosmography82

are known to be biased if the mass profile of the lens is not sufficiently well-known19,20,21. We find83
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that the models with the largest bias are PL+FG and PL+FG+PX, which would underestimate 𝐻0 by84

22.» and 2».8 per cent, respectively, when compared to the PL+PX model; this can be explained by the85

additional group of galaxies that creates an effective mass sheet around the lensing galaxy. Also, for86

the PL+M» model, the presence of additional degrees of freedom in the mass profile could change the87

measured value of 𝐻0 by a significant amount; in this case it would be lowered by 6.2 per cent. Our88

best parametric model, PL, gives a bias in 𝐻0 of +0.6 per cent. Most of the relative changes in 𝐻0 are89

due to the underlying parametric lens model, rather than the potential corrections themselves, in line90

with the findings of ref.10. The fact that the PL+PX model is able to focus the source with minimal91

departure from the smooth PL model, in terms of density and the inferred Hubble constant, indicates92

that multipole terms, while attractive in their parametric simplicity, can bias inferred global properties93

of the lens while attempting to fit local image positions and magnifications20,22.94

We also assess the impact of the assumed lens profile on the measured flux-ratios of the lensed95

images. We compute the observed magnifications at the position of the brightest source component96

(component 1; see Figures 2 and « of the Methods) for each of the lens models. We find that97

the maximum change in magnification for any of these images (relative to PL+PX, with the mean98

magnification removed) is between 10.« and 1».9 per cent for the different parametric models. Such99

large changes are comparable to the scatter in the measured flux ratios from gravitational lens systems,100

which are typically attributed to unconstrained mass structure in the lens8,9. Models that include101

potential corrections find a maximum change in magnification of up to 1.6 per cent. This demonstrates102

that density structure in the lens beyond a PEMD is a plausible source of this scatter, and that the103

density profile must depart from a PEMD by only a few per cent locally in order to produce flux-ratio104

anomalies.105

To illustrate the importance of high resolution imaging in differentiating lens model parameteri-106

zations, we repeated our analysis using a 2.12 μm observation of MG J0751+2716 taken using the107

adaptive optics (AO) system on the W. M. Keck-II Telescope, which provides an angular resolution108

of ∼ 65 mas (point spread function FWHM). We find that models PL+FG and PL+M» give a Bayes109

factor of «.» and 6.7, respectively, three orders of magnitude weaker than those obtained from the110

global VLBI observation. Therefore, the ability to resolve source structure in the lensed images is111
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of major consequence for sensitivity to the mass structure in lens galaxies. Our analysis shows the112

computational feasibility of modeling large, high-resolution interferometric data with 2.5 × 108 visi-113

bilities. The numerical techniques from7, along with the fast 𝜒2 computation (see Methods), allows114

the efficient evaluation of the posterior samples, independent of the number of visibilities. This new115

ability to rapidly model high-resolution interferometric data opens a new window into the complex116

physical processes that determine the small-scale mass structure of elliptical galaxies.117
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H Description Δ log EH Δ log 𝑃H 𝜎Δ𝜅 (%) 𝑓𝐻0
(%) |Δ𝜇 |max (%)

PL Power-law ellipsoid (PEMD) ≡ 0 - 2.4 +0.6 10.3

PL+FG PEMD plus field galaxies −7060 - 6.3 −22.4 14.9

PL+M» PEMD plus multipoles 𝑚 ≤ 4 +4751 - 1.8 −6.2 12.6

PL+PX PL plus potential corrections - ≡ 0 ≡ 0 ≡ 0 ≡ 0

PL+FG+PX PL+FG plus potential corrections - −1084 4.2 −24.8 1.2

PL+M»+PX PL+M» plus potential corrections - −21 1.3 −6.6 1.6

Table 1ȷ Summary of the main quantitative results for each model parameterization. We present

the Bayes factor Δ log EH relative to the fiducial model PL. For models that include pixellated potential

corrections (PX), we present the maximum log-posterior Δ log 𝑃H relative to PL+PX. The RMS

fractional difference in convergence, 𝜎Δ𝜅, relative to the best model PL+PX, is measured inside a

masked region within 17 mas (« beam widths) of the lensed images (see Figure 1). The fractional

difference 𝑓𝐻0
in the measurement of 𝐻0 inferred using time-delay cosmography for each model is

stated relative to model PL+PX. The maximum change in flux for the brightest part of the source

(source component “1”; see Figures 1, 2, and «) in each model, |Δ𝜇 |max, is given relative to the

flux-weighted mean magnification. Although the projected surface mass densities depart from the best

PL+PX profile by only a few per cent (RMS) within the mask, the effect on inferences made using

time-delays or flux ratios can be substantial.
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Figure 1ȷ The best-fit lens mass and source surface brightness models. These were obtained using a

power-law ellipsoid (PEMD) plus pixellated potential corrections (PL+PX; see Table 1). Top-left: The

sky model, with critical curves shown in white. Top-right: The source surface brightness distribution,

with the caustic curve in white, and the brightest source light components labeled following6,11,1«. The

grey contours in the top panels show the (rest-frame) optical emission from the Keck AO observation

of this lens. Bottom-left: The total projected surface mass density. The black density isocontour

levels are in units of critical density Σ𝑐, while the colour map is in logarithmic units. Bottom-right:

The fractional difference between the projected surface mass density and that of the simple PEMD

model (PL). The RMS fractional deviation from an elliptical power-law model, computed within the

mask (black dashed outlines), is 𝜎Δ𝜅 = 2.4%.
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Figure 2ȷ Comparison of maximum a posteriori (MP) source and sky models for each lens mass

profile. Colour scales and physical sizes are consistent across each row. Top row: The lens-plane sky

model, with critical curves in white. Second row: An image-plane representation of the residuals,

which have been normalized to the noise in the visibility space and then Fourier transformed for

visualization purposes. The mask is shown as a thin black outline in the left panel. The top two rows

use the same physical extent and scale for each panel. Third row: The source surface brightness for

each model, which are translated relative to one another depending on the mean deflection of the lens

model. In the leftmost panel of the third row, we label the brightest light components of the source

following refs.6,11,1«. Bottom row: A zoomed view of the main source features (with an extent shown

by the dashed square in the left-hand panel of the third row) in order to illustrate the improvement in

the focusing of the source when using pixellated potential corrections (PX).
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Figure «ȷ Comparison of convergence and magnification maps for the lens mass profiles. The

physical extent is the same for all panels; a scale bar is shown in the top-left panel. The colour

scales are consistent within each row. Top row: Total convergence maps, in units of critical density

Σ𝑐. Second row: Differences from the best model PL+PX as a fraction of the total convergence.

Third row: Magnification maps, with magnifications of the bright source component 1 (see Figure

2) labeled for each of the four images. Bottom row: Differences in magnification relative to model

PL+PX. We additionally plot the change in magnification from PL+PX at the location of the brightest

image corresponding to source component 1. Relative magnifications are standardized to the flux-

weighted mean magnification for each model, in order to remove the mass-sheet degeneracy from the

comparison.
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Methods118

Radio interferometric data119

MG J0751+2716 is a strongly-lensed quasar initially observed in the MG-VLA survey2«. Its120

discovery was presented along with follow-up observations at systematically higher angular121

resolution with the VLA and MERLIN, as well as a preliminary lens model by ref.11. Ref.1«
122

proposed an improved lens model incorporating the mass of additional nearby galaxies, which were123

spectroscopically confirmed by ref.12 to be members of a common group with the lens galaxy at124

𝑧𝑙 = 0.35, as well as the source redshift of 𝑧𝑠 = 3.2, measured by ref.2». Recently, ref.6 presented an125

analysis of a global VLBI observation of MG J0751+2716. This is the highest angular resolution126

observation of any gravitational lens system containing extended arcs to date, with sharply resolved127

arcs and images localized to within a few milli-arcseconds.128

Measurement sets and flagging129

The observation of MG J0751+2716 was carried out on 21 October 2012 using the global VLBI130

array composed of 2» antennas from the European VLBI Network (EVN) and the Very Long131

Baseline Array (VLBA) (project GM070; PIȷ McKean). The total time on-source was 18.5 hours,132

with a visibility integration time of 2 s. The total bandwidth is 6» MHz, centred around 1.65 GHz.133

This bandwidth is divided into 256 frequency channels («2 channels in each of 8 spectral windows).134

For detailed information about the calibration and data reduction procedures, we refer to ref.6.135

In addition to ref.6, we estimate the noise from the data using the procedure described in the next136

section. We then flag all visibilities with noise greater than 1 Jy. Finally, we flagged the137

Effelsberg-Jodrell Bank baseline so as not to allow our inference to be dominated by this single, very138

sensitive baseline. The final calibrated and edited observation used in this work contains 2.5 × 108
139

unflagged visibilities.140

Noise estimation141

The noise column provided in a CASA measurement set is computed from the radiometer equation,142

𝜎 ∝ (Δ𝜈Δ𝑡)− 1
2 , which depends on the channel bandwidth Δ𝜈 and the integration time Δ𝑡. However,143
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this is a simple theoretical estimate which may not capture other instrumental and atmospheric effects144

that vary on timescales shorter than the full observation. We instead measure the noise empirically145

from the data as follows.146

We first partition the data by baseline, observation epoch, spectral window, and polarization. We147

further divide these data into 15-minute blocks, giving ∼ 250 visibilities per block. We then subtract148

time-adjacent visibilities from one another. Under the assumption that the sweep of each baseline149

across the 𝑢𝑣 plane is sufficiently small between integrations, this difference between neighboring150

visibilities cancels the sky signal and provides a sample of the noise. We then take the RMS of these151

time-differenced samples, corrected by
√

2 to account for the subtraction, to obtain our estimate of the152

noise. Using this differencing scheme, we attempt to utilize as much information from the data as153

possible by computing a detailed noise estimate for each visibility.154

Image plane155

The image plane pixel scale and dimensions are chosen to meet two criteria. First, it must be large156

enough to contain all of the lensed light that we wish to model; we use a 1.2 arcsec × 1.2 arcsec field157

of view. Second, the pixel scale must be small enough that the dirty beam is properly Nyquist158

sampled, which is determined by the 𝑢𝑣 coverage of the observation. We accomplish this by choosing159

an image-plane resolution of 𝑁pix = 10242 and a pixel size of 1.17 mas × 1.17 mas.160

In order to aid the inference process, we mask the image plane (see ref.25). This serves both to reduce161

the dimensionality of the reconstructed source and to constrain the region of the image plane that is162

allowed to contain emission. It is desirable to make the mask as tight as possible without excluding163

any real emission. This can be interpreted as a prior on the model; we refer the reader to ref.7 for a164

more detailed discussion.165

To generate the mask, we use the CLEANed image of MG J0751+2716 by ref.6. We first threshold166

the image at 5𝜎RMS, where 𝜎RMS = 41 μJy/beam is the residual RMS off-source noise of the167

self-calibrated image. We then pad the resulting region of the image by three beams (« mas × 9.8168

mas) in all directions. Because the emission comes from multiple disjoint components, we lastly169

connect these components along a path defined by the locations determined by ref.6. The resulting170

mask is shown in the lower-right panel of Figure 1. The image plane (and hence the triangulated171
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source grid) contains 𝑁src = 4.5 × 104 unmasked pixels.172

Keck adaptive optics data173

For comparison purposes, we also make use of an infrared (2.12 μm) observation of MG J0751+2716174

taken with the W. M. Keck-II Telescope as part of the Strong-lensing at High Angular Resolution175

Programme (SHARP; reg.26, e.g.). The adaptive optics (AO) system on Keck provides a PSF width176

of 65 mas (FWHM) at this wavelength. See ref.1» for a detailed description of this observation and177

the data reduction process. Contours of the image- and source-plane emission are shown in Figure 1178

of this work.179

Lens mass models180

The lens mass profile of MG J0751+2716 has been studied in detail by several authors to date. Ref.11
181

used VLA and MERLIN data (with a maximum resolution of 50 mas) to fit a lens model containing182

ellipsoidal power-law potentials for the main lens galaxy, plus four additional group galaxies. Ref.1«
183

use the same data, along with improved optical HST observations, to model the lens and group using184

elliptical power-law density profiles. In addition, ref.1« include a common group dark matter halo,185

claiming an improved fit. Ref.6 then provided improved lens modeling for this system using several186

bright features in the same global VLBI observation used in this work. They propose both a single187

PEMD model, as well as a model that includes additional PEMDs for five nearby group galaxies.188

Both of these models were only able to account for the observed image positions to within ∼ 5 mas,189

which is quite significant considering the astrometric precision of the observation. All of these190

aforementioned studies fit lens models by first identifying the image positions obtained from a191

separate imaging step, then fitting the lens parameters that best reproduce those positions.192

In this section, we enumerate an extended set of lens mass model parameterizations with which we193

attempt to improve upon previous modeling attempts using the method of ref.7, using the full surface194

brightness of the arc and fitting to the native visibility data. We describe them in terms of their195

projected surface mass density 𝜅. The models as defined here lie their local reference frame, centred196

at the origin and aligned with the 𝑥 and 𝑦 axes. In practice, we translate and rotate them to the lens197

centre (𝑥0, 𝑦0) and position angle 𝜃𝑞. Additionally, we include for all models an external shear198
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defined by its strength Γ and direction 𝜃Γ.199

Power-law ellipsoid200

The power-law ellipsoid mass distribution (PEMD, see e.g. ref.27) is a ubiquitous lens mass profile201

due to its simplicity and ability to fit a wide range of observed lens systems. As this is the simplest202

model, with only 8 free parameters, we use the PEMD as our fiducial density profile, which we label203

“PL”. The PEMD has a normalized projected mass density204

𝜅(𝑥, 𝑦) =
𝜅0

(

2 − 𝛾

2

)

𝑞𝛾−
3
2

2
[

𝑞2𝑥2 + 𝑦2
]
𝛾−1

2

, (1)

where 𝜅0 is the mass normalization, 𝑞 is the elliptical axis ratio, and 𝛾 is the power-law slope (with205

𝛾 = 2 corresponding to an isothermal power-law). In practice we use the FASTELL library28 to206

compute the deflection angles.207

Field galaxies208

Ref.29 identify a total of 1« galaxies that are spectroscopically confirmed to be members of the same209

compact group along with the main lens galaxy. Both ref.11 and ref.1« include additional mass210

components for these galaxies in their lens models. Most recently, ref.6 also modeled this system211

with group galaxy properties inferred as followsȷ positions, ellipticities, and position angles were212

measured using archival optical HST data (GO-7»95; PIȷ Falco). Mass normalizations were set213

relative to the main lens galaxy using their optical magnitudes and scaling relations appropriate to214

their Hubble types (refs.«0,«1, e.g.). However, they also find that the inclusion of a global dark matter215

halo as in ref.1« does not afford a well-constrained position or mass, so they do not include it in the216

model.217

In order to test whether external differential shear due to tidal forces from neighboring galaxies can218

improve upon the fiducial PL model, we also test a mass model that includes these field galaxies. We219

use the same positions, masses, and ellipticities as found by6. We plot the total convergence of the220

group in a 15 arcsec × 15 arcsec field of view in Figure 5, along with labels for the galaxies221

consistent with the aforementioned previous works. The free parameters in this mass distribution are222
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those of the main lens galaxy, G«, which is a PEMD. We hereafter label this model as “PL+FG”.223

Multipole perturbations224

As an extension to the PEMD profile PL, we include multipole-like terms describing angular225

variation in the mass distribution. This model is meant to encompass generic smooth deviations from226

the PEMD, which may arise from mergers, tidal forces, and/or baryonic processes. The functional227

form of the convergence is228

𝜅𝑚 (𝑟, 𝜃) = 𝑟−(𝛾−1) [𝑎𝑚 sin(𝑚𝜃) + 𝑏𝑚 cos(𝑚𝜃)] . (2)

Here, we express the convergence more naturally in polar coordinates, with 𝑟 in arcseconds. 𝑎𝑚 and229

𝑏𝑚 together describe the strength and orientation of the multipole perturbation. These coefficients230

give the deviation from the underlying PEMD in units of the critical density Σ𝑐 at a radius of 1 arcsec231

from the lens centre. The slope 𝛾 is fixed to the slope of the PEMD (Equation 1). The potential and232

deflection angles are obtained trivially via the Poisson equation.233

We impose a flat prior of width 0.02 on 𝑎𝑚 and 𝑏𝑚. Our choice of prior is motivated by ref.«2, who234

note a typical amplitude of 𝜅0

√︃

𝑎2
4
+ 𝑏2

4
∼ 0.005 from numerical simulations. The conversion to our235

units is not exact, as they assume an isothermal (𝛾 = 2) density slope, but it is sufficient for our236

purposes. We see in Table 2 that this choice of prior is indeed able to accommodate the multipole237

amplitudes favored by the data. We include multipole perturbations up to order 𝑚 = 4, labelling this238

model “M»”. We do note consider multipole components with 𝑚 > 4, as they can correspond to the239

presence of subhaloes or other fine structure in the lens, which we describe instead with pixellated240

potential corrections.241

Hierarchical Bayesian inference242

In radio interferometry, the data take the form of visibilities, which sample Fourier modes of the sky.243

Hence, our data 𝒅 is a vector of 𝑁vis complex numbers. The source 𝒔 is a vector of length 𝑁src, which244

we represent on an adaptive Delaunay-tessellated grid as in ref.25. The source light is mapped from245

the source plane to the image plane by the lens operator L(𝜼H), which has dimensions 𝑁src × 𝑁pix.246

The image dimension 𝑁pix is set by the field of view and the angular resolution of the instrument,247
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while 𝑁src is determined by a light mask in the image plane. 𝜼H is the set of parameters describing248

the lens mass distribution used to generate L, where H denotes model parameterization. The249

instrumental response is D, the Fourier transform corresponding to the 𝑢𝑣 coverage of the250

interferometer. Written as a matrix, D is dense with dimensions 𝑁vis × 𝑁pix. We assume additive251

Gaussian noise 𝒏 with covariance C
−1.252

With this notation, our model for the data 𝒅 is253

𝒅 = DL(𝜼H)𝒔 + 𝒏. («)

We jointly infer 𝒔 and 𝜼H as follows. We first compute the maximum a posteriori source 𝒔MP for a254

given set of lens parameters 𝜼H and source regularization strength 𝜆𝒔. The regularized least-squares255

equation for 𝒔MP is256

A 𝒔MP = (DL)𝑇C
−1𝒅 , (»)

where257

A ≡
[

(DL)𝑇C
−1

DL + 𝜆𝒔R
𝑇
𝒔 R𝒔

]

. (5)

The operator R𝒔 is a discrete gradient operator defined on the Delaunay mesh. The Gaussian source258

prior has covariance 𝜆𝒔R
𝑇
𝒔 R𝒔, which penalizes large gradients in the reconstructed source. We solve259

Equation (») using a preconditioned conjugate gradient solver, where the Fourier operator D is260

implemented using a nonuniform fast Fourier transform (NUFFT). We refer the reader to ref.7 for261

further details on the method. Marginalizing over all possible source configurations for a given 𝜼H262

and 𝜆𝒔 gives the likelihood263

2 log 𝑃(𝒅 | 𝜼H, 𝜆𝒔) = −𝜒2 − 𝜆𝒔𝒔
𝑇
MPR

𝑇
𝒔 R𝒔 𝒔MP − log det A + log det(𝜆𝒔R

𝑇
𝒔 R𝒔) + log det(2𝜋C) , (6)

which follows from the Gaussianity of both the noise and source prior. As R𝒔 and C are sparse, the264

terms containing them are easy to evaluate. Computing log det A is non-trivial; we approximate it265

using the preconditioner from the inference on 𝒔MP as described in ref.7.266
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The 𝜒2 term, needed for the likelihood in Equation (6), is267

𝜒2 = (DL𝒔MP − 𝒅)𝑇C
−1(DL𝒔MP − 𝒅). (7)

We speed its evaluation as follows. We first expand the quadratic form into its individual terms,

𝜒2 = 𝒔𝑇MPL
𝑇

D
𝑇

C
−1

DL𝒔MP − 2𝒔𝑇MPL
𝑇

D
𝑇

C
−1𝒅 + 𝒅𝑇C

−1𝒅.

We next observe that D
𝑇

C
−1𝒅 is the naturally-weighted dirty image, which we denote 𝒅𝑥 . Similarly,268

D
𝑇

C
−1

D performs a convolution with the naturally-weighted dirty beam, which we carry out269

efficiently using an FFT7. We define C̃
−1
𝑥 ≡ D

𝑇
C
−1

D, where the tilde indicates that C̃
−1
𝑥 is270

implemented as a function rather than an explicit dense matrix. The last term, 𝒅𝑇C
−1𝒅, is a constant271

that need only be evaluated once. Making these substitutions yields272

𝜒2 = 𝒔𝑇MPL
𝑇

C̃
−1
𝑥 L𝒔MP − 2𝒔𝑇MPL

𝑇 𝒅𝑥 + 𝒅𝑇C
−1𝒅. (8)

We have shown here that the 𝜒2 can be computed entirely in the image and gridded 𝑢𝑣-plane bases,273

without the need to explicitly enter the (extremely high-dimensional) visibility space. No information274

is lost between the visibility space and the image plane, given that the image plane is sub-Nyquist275

sampled. After precomputing and storing the dirty image and beam, each evaluation consists of just276

one forward/backward FFT pair and a few sparse matrix multiplications. This fast method for277

evaluating the 𝜒2 is crucial to the feasibility of our analysis, which would otherwise require an278

expensive de-gridding operation at every likelihood evaluation.279

The final step of inference is to compare the relative probability of each lens mass parameterization,280

H, given the observed data. This is done using the Bayesian evidence, which is computed by281

marginalizing over the entire parameter space of 𝜼H, 𝜆𝒔, and 𝒔ȷ282

𝑃(𝒅 | H) =
∫

𝑃(𝒅 | 𝜼H, 𝜆𝒔) 𝑃(𝜼H) 𝑃(𝜆𝒔) d𝜆𝒔 d𝜂 . (9)

We use a uniform prior 𝑃(𝜼H) and log-uniform 𝑃(𝜆𝒔). Note that the marginalization over 𝒔 has283
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already taken place in Equation 6.284

This integral has no closed-form solution, so it must be computed numerically. We accomplish this285

using the MultiNest algorithm««, which samples the full posterior distribution in the parameter286

space, while also computing the total evidence. For practical purposes, we express the evidence in287

logarithmic units using the notation288

log EH ≡ log 𝑃(𝒅 | H). (10)

We can then compare models using the difference in log-evidence, Δ log E, between the two. In this289

context, by “different models” we mean different parameterizations of the lens mass distribution. The290

Bayesian evidence provides us with an objective means to compare the ability of different models to291

explain the data, while automatically penalizing unnecessarily complex models.292

Pixellated potential corrections293

In addition to the three fully parametric mass profiles, we also fit models that augment the parametric294

profiles using pixellated corrections to the lensing potential. We denote these potential corrections by295

𝛿𝝍, which is a vector that inhabits a 41 × 41 grid with an extent of 1.4 × 1.4 parsec, corresponding to296

a pixel scale of «» mas, or 17» parsecs when projected to the lens redshift 𝑧𝑙 = 0.35. This pixel scale297

was chosen to be fine enough to focus the source, but coarse enough to avoid introducing too many298

additional degrees of freedom to the model. Our results show that the potential corrections in the299

preferred model PL+PX vary on scales several times larger than one pixel (Figure 1), even with this300

relatively coarse grid.301

We regularize the potential corrections using a Gaussian prior on 𝛿𝝍,302

2 log 𝑃(𝛿𝝍 | 𝜆𝛿𝝍) = −𝜆𝛿𝝍𝛿𝝍𝑇
R
𝑇
𝛿𝝍R𝛿𝝍 𝛿𝝍 + log det(𝜆𝛿𝝍R

𝑇
𝛿𝝍R𝛿𝝍), (11)

where R𝛿𝝍 minimizes gradients in the convergence (surface mass density) of 𝛿𝝍. The prior modifies303

the usual source-marginalized likelihood (Equation 6) as304

log 𝑃(𝒅 | 𝜼H, 𝜆𝒔, 𝜆𝛿𝝍) = log 𝑃(𝒅 | 𝜼H, 𝛿𝝍, 𝜆𝒔) + log 𝑃(𝛿𝝍 | 𝜆𝛿𝝍). (12)
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log 𝑃(𝒅 | 𝜼H, 𝛿𝝍, 𝜆𝒔) is computed via the usual source inversion described above, where 𝛿𝝍 is305

included implicitly via the lens operator L.306

Starting from the maximum a posteriori (MP) parametric model, we iteratively compute 𝛿𝝍307

following the procedure of ref.«». To ensure convergence while avoiding local minima, we first308

perform 100 iterations with an over-regularized source model, where 𝜆𝒔 is set artificially high by a309

factor of 100. We then do 100 iterations with 𝜆𝒔 high by a factor of 10. Finally, we do 100 iterations310

with 𝜆𝒔 at its best value obtained from the parametric modeling. This totals «00 iterations, with 𝜆𝒔311

slowly cooling towards its optimal value. We perform this procedure for a range of 𝜆𝛿𝝍 , choosing for312

our best model the 𝜆𝛿𝝍 that maximizes Equation 12.313

The posterior (Equation 12) is now non-Gaussian in 𝛿𝝍 in addition to 𝜼H, totaling ∼ 1700 free314

parameters, which cannot be efficiently marginalized, either analytically or with MultiNest. This315

prevents us from computing a formal log-evidence as in Equation 9. In order to compare models that316

include potential corrections, we instead adopt the maximum log-posterior log 𝑃 as our figure of317

merit, following ref.10.318

Comparison of 𝐻0 in time-delay cosmography319

We compute the fractional bias in 𝐻0 that would be inferred assuming each lens model considered320

using the relation given by ref.20. This describes how the inferred 𝐻0 relates to the convergence at the321

Einstein radius of the lensȷ322

𝑓𝐻0
=

𝐻0,true

𝐻0,model

− 1 =
1 − 𝜅𝐸,true

1 − 𝜅𝐸,model

− 1, (1«)

where 𝜅𝐸 ≡ 𝜅(𝑅𝐸 ), the convergence at the Einstein radius of the lens. We use our best model PL+PX323

as the “truth” for this comparison. We compute 𝑅𝐸 and 𝜅𝐸 numerically from the total convergence324

maps.325
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Figure »ȷ 𝑢𝑣-coverage (left), naturally-weighted dirty beam (center), and dirty image (right) of

the global VLBI observation of MG J0751+2716. The main lobe of the dirty beam is 5.5 mas ×

1.8 mas (FWHM) with a position angle of 9.8 degrees. The (𝑥, 𝑦) coordinates of the dirty image are

given in arcseconds relative to the phase center.
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Figure 5ȷ Convergence map showing the projected mass density for model PL+FG. This model

includes five additional group galaxies near the lens, which we label following refs.6,11,1«. The main

lens galaxy, G«, is shown enclosed in the black dashed square, which corresponds to the 1.2 arcsec ×

1.2 arcsec field used in our modelling procedure (see e.g. Figure 2). The units are in critical density

(Σ𝑐) and the field of view is 15 arcsec × 15 arcsec.
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PL PL+FG PL+M»

Par. Mean ± 2𝜎 (95% CI) MP Mean ± 2𝜎 (95% CI) MP Mean ± 2𝜎 (95% CI) MP

𝜅0 0.4627 ± 0.0028 0.4624 0.37062 ± 0.00056 0.37059 0.49531 ± 0.00048 0.49535

𝜃𝑞 19.17 ± 0.12 19.16 −1.180 ± 0.083 −1.187 26.87 ± 0.15 26.86

𝑞 0.89926 ± 0.00035 0.89924 0.90964 ± 0.00011 0.90961 0.84563 ± 0.00042 0.84567

𝑥0 −0.44153 ± 0.00003 −0.44152 −0.43739 ± 0.00001 −0.43739 −0.44408 ± 0.00008 −0.44408

𝑦0 0.17507 ± 0.00002 0.17507 0.17805 ± 0.00002 0.17805 0.17852 ± 0.00006 0.17852

𝛾 1.8977 ± 0.0047 1.8982 1.9033 ± 0.0012 1.9034 1.84119 ± 0.00081 1.84113

Γ 0.09247 ± 0.00039 0.09252 0.03042 ± 0.00008 0.03043 0.08961 ± 0.00012 0.08962

𝜃Γ 73.703 ± 0.050 73.699 57.304 ± 0.032 57.309 81.531 ± 0.052 81.525

𝑎3 - - −0.00082 ± 0.00002 −0.00083

𝑏3 - - 0.00166 ± 0.00006 0.00166

𝑎4 - - 0.00229 ± 0.00003 0.00229

𝑏4 - - 0.00167 ± 0.00005 0.00167

Table 2ȷ Comparison of lens parameters for the parameteric models. We quote the mean and 95

per cent confidence interval, as well as the MP parameters.
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