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Abstract: This paper addresses the leader-follower finite-time attitude synchronization and stabilization 

for satellite formation flying (SFF) under directed switching communication topologies. Specifically, a 

distributed attitude synchronization control scheme is proposed to guarantee finite-time convergence to 

leader’s attitude and desired angular velocity for SFF under time-varying but jointly connected switching 

communication topologies. First, finite-time consensus protocols are designed for leader’s attitude 

tracking. The protocols are developed based on non-smooth control techniques such as homogeneity with 

dilatation and LaSalle invariance principle. Then, a distributed finite-time angular velocity estimator is 

designed using super-twisting sliding-mode control. The estimator helps solving communication loss 

issues, reducing communication burden, and canceling chattering effect due to high-rate convergence. 

Simulations are shown to illustrate the effectiveness of the obtained theoretical results. 

Keywords: Distributed consensus, satellite formation flying, multi-agent systems, high-order sliding mode 

 
1. Introduction 

The decentralized coordinated attitude control for Satellite 

Formation Flying (SFF) consists one of the main technical 

requirements for the success of SFF missions. The main 

challenge to maintain formation attitude alignment is the 

synchronization convergence rate. 

The convergence speed of SFF synchronization consists one 

of the most important aspects of SFF control and stabilization. 

A high convergence rate is strongly recommended for high-

accuracy, robust, and low-energy synchronization. In other 

words, the effectiveness of a synchronization algorithm is 

measured by its convergence time. Over the last decades, a 

variety of SFF attitude synchronization algorithms has been 

developed to satisfy SFF attitude synchronization 

requirements [1-10]. However, most existing results only 

show asymptotic convergence, which is slow and high-energy 

consuming. 

To accelerate the SFF synchronization convergence rate and 

improve SFF robustness, finite-time attitude alignment has 

recently drawn the attention of SFF researchers as one of the 

promising solutions. Zhou and Hu [11] designed a SFF 

decentralized finite-time attitude synchronization controller 

and an angular speed estimator using first-order sliding mode. 

Liu et al. [12] addressed the problem of SFF attitude 

coordination in the presence of disturbances and noises based 

on the reference attitude trajectory. The authors combined 

reference model control, H method, sliding mode control, and 

linear matrix inequality method to ensure global robust attitude 

tracking and formation keeping. Integral sliding mode control 

was used in [13] to design adaptive attitude coordinated 

tracking protocols for a group of rigid spacecrafts. Authors 

designed the control system to handle formation control 

problems such as parameters uncertainties, external 

disturbances, and input saturations. A robust SFF control 

system was proposed by Liu et al. [14] for trajectory and 

attitude control to form the desired formation and align the 

satellite attitudes. Output feedback control was used in [15] to 

design a law for finite-time attitude synchronization of 

spacecraft formation flying. The control law was developed 

combining homogenous system theory with a nonlinear filter 

to avoid angular velocity measurement. The control scheme 

provided the attitude synchronization with zero final angular 

velocity. In [16], authors combined a distributed continuous 

protocol with an adaptive sliding mode observer to ensure 

finite-time synchronization of spacecraft formation without 

velocity measurement. Nonsingular fast terminal sliding mode 

was used in [17] to design a decentralized adaptive control law 

for attitude synchronization of a group of spacecrafts. On the 

other hand, inter-satellite communications (ISC) in 

autonomous SFF is a key aspect of promoting on-orbit 

activities such as autonomous data transfer, distributed 

processing, and proximity operations. ISC enable individual 

satellites to share navigation and control information. 

Exchanging attitude and position formation among satellites 

fosters SFF stability and synchronization. However, the 

dynamic change of SFF communication topology and loss of 

communication make the design of distributed consensus and 

formation protocols very challenging problem.  

Very few investigations have been studying the problem of 

finite-time time-varying SFF synchronization and 

stabilization. In [18], the problem of attitude synchronization 

for spacecraft formation in dynamic environments has been 

addressed. The authors proposed an adaptive control scheme 

that can ensure attitude synchronization with switching 

communication topologies at asymptotic rate of convergence.  

The proposed tracking control method requires that the 

switching topologies be jointly connected in finite-time 

intervals. However, according to the obtained results, it is 

observed that the convergence of the method is slow. Authors 

in [19] proposed another control scheme to remedy the 

problem of attitude synchronization in the absence of angular 

velocity information and under switching topologies. The 

control scheme was developed combining auto-stable region 

and Lyapunov function approaches. Although the simulation 



 

 

     

 

results show fast convergence, the required control torques 

exhibit a chattering-like effect with high amplitude. Nonlinear 

fast terminal sliding mode control was combined with adaptive 

fuzzy control in [20] to design a distributed finite-time control 

algorithm for a team of spacecraft vehicles. Although the 

algorithm guarantees finite-time convergence of spacecraft 

formation under switching topologies, it presents high 

overshooting of angular speed tracking and sliding mode 

chattering effect. In [20], the attitude synchronization problem 

of switched networked spacecraft systems has been tackled 

within leader-following based formations.  A distributed 

control law was developed based on asymptotic convergence 

analysis and using lemmas about exponential convergence, 

stability of switched systems, certainly equivalence principal 

control, and asymptotic distributed observation. An event-

triggered based coordinated control of SFF under limited 

communication has been proposed in [22]. By cancelling the 

continuous neighbor-to-neighbor velocity exchange, the 

coordinated controller conjointly with the event-triggered 

mechanism reduced the communication burden and the 

computational cost. Nevertheless, the simulation results reveal 

that the convergence time of the event-triggered controller is 

relatively long, and the control signals suffer from chattering 

effect, which can damage the actuation system of the 

individual spacecraft. A high-order sliding mode-based 

spacecraft formation control scheme was proposed in [23]. In 

this contribution, the super-twisting sliding mode control has 

been used to design a distributed observer and sufficient 

conditions for time-varying practical formation have been 

developed in term of average dwell time. Although, the 

proposed algorithm has shown good tracking, no indication 

was given about the control efforts magnitude and their 

vulnerability to chattering.  

Motivated by the above results, this paper addresses the 

finite-time distributed control design for SFF systems subject 

to loss of communication. Specifically, our main contribution 

is the development of a robust distributed control scheme that 

would enable satellite system networks to  achieve consensus 

and formation objectives in leader-follower switching 

topology architecture with fast rate convergence and 

chattering free control. The control scheme consists of a 

distributed formation synchronization controller and an 

angular velocity estimator. The distributed control law is 

developed using leader-follower consensus approach for 

undirected communication topologies and the estimator is 

designed using high-order sliding mode control. 

 The first part of the paper studies the finite-time distributed 

attitude synchronization problem of SFF under fixed and 

switched communication topologies. The theoretical aspect of 

the SFF consensus is investigated based on the graph theory, 

Lyapunov’s direct method, homogeneity with dilation, and 
LaSalle’s invariance principle. In the second part, and to 

maintain the SFF in case of communication loss between 

agents or with the leader, a distributed second order sliding 

mode observer based on the super-twisting algorithm is 

designed. Conjointly with the attitude synchronization 

controller, the observer allows the individual satellites to 

estimate the desired angular velocity in case of ISC links 

break. The super-twisting sliding mode control ensures the 

finite-time convergence of the sliding surface, cancels or 

alleviates the chattering effect of conventional sliding mode, 

and provides robustness against parameter uncertainties. 

The rest of the paper is organized as follows. In section 2, 

satellite attitude kinematics and dynamics are formulated 

using quaternions, the basics of graph theory are given, and the 

necessary assumption and lemmas are made. Section 3 

presents the main results of this work about the distributed SFF 

synchronization control protocols under undirected fixed and 

switched communication topologies. Section 4 presents the 

design of the distributed finite-time super-twisting estimator 

for individual satellites to obtain an accurate estimation of the 

leader angular velocity in case of break of ISC links or loss of 

communication with the leader. The effectiveness of the 

proposed control scheme is validated via numerical 

simulations in section 5. Finally, conclusions are made in 

section 6. 

 

2. Preliminaries 
Consider the case of a group of  𝑁 satellites in a SFF and use 

subscribe 𝑖 ∈ 𝒩 = {1,2, … , 𝑁} to denote the ith agent satellite. 

The following preliminaries are given to solve the finite-time 

attitude synchronization problem of SFF. 

2.1 Satellite attitude kinematics and dynamics 

Let ℱ0, ℱi, ℱF being the inertial, satellite body, and 

formation frames, respectively. Consider the quaternion �̅�𝑖 =  [𝑞0𝑖     𝒒𝑖]𝑇 and the vector 𝛚i to denote the 
orientation and the angular velocity of the ith satellite from 

the frame ℱi to the frame ℱ0, respectively. 𝒒𝑖  and q0i  are 

the vector part and scaler part of the quaternion and �̅�𝑖∗ = [±𝑞0𝑖     −𝒒𝑖]𝑇 denotes the inverse of the quaternion. The 

rigid-body kinematics and dynamics of the ith satellite 

from the frame ℱi to the frame ℱ0 can be described as 

follows [24] �̇�𝑖 = −12𝝎𝑖× × 𝒒𝑖 + 12𝑞0𝑖  𝝎𝑖              �̇�0𝑖 = −12 𝝎𝑖𝑇𝒒𝑖                                       𝑱𝒊�̇�𝑖 = −𝝎𝑖×(𝐽𝑖𝝎𝑖) + 𝝉𝑖 + 𝒅𝑖                                        (1) 
where 𝐉i ∈  R3×3, 𝛕i =∈  R3×1, and 𝒅i =∈  R3×1 denote the 

inertia tensor, the control vector of torques, and the 

external disturbance torque of the ith satellite, 

respectively.  

 

2.2 Graph theory 

Define 𝐺 = {𝒱, ℰ,𝓐} as the weighted graph that describes 

the communication topology among the SFF agents. 𝒱 ={𝜐1, 𝜐2, … , 𝜐𝑁} denotes the nonempty set of the 𝑁 nodes 

(satellites) and ℰ ⊆ 𝒱 × 𝒱 denotes the edge set (ISC links). 

The weighted adjacency matrix 𝓐 ∈ 𝑅𝑛,𝑛 is defined with 

nonnegative adjacency elements 𝑎𝑖𝑗 ≥ 0, ∀ 𝑖, 𝑗 ∈ 𝒩. The 

communication topology described by the graph 𝐺 is supposed 

to fulfil the following properties: 

• An edge 𝑒𝑖𝑗 = (𝜐1, 𝜐2) ∈ ℰ indicates the communication 

link from the ith satellite (parent) to the jth satellite 

(child). 

• If 𝑒𝑖𝑗 ∈ ℰ then 𝑎𝑖𝑗 > 0 else 𝑎𝑖𝑗 = 0. 



 

 

     

 

• If the graph 𝐺 is indirect where the satellites exchange 

information with each other then 𝑎𝑖𝑗 = 𝑎𝑗𝑖 > 0. 

• ∀ (𝑖, 𝑖) ∈ ℰ, 𝑎𝑖𝑖 = 0 (i.e., the graph 𝐺 has no self-loops). 

• It corresponds to the graph 𝐺 a Laplacian matrix 𝑳[𝑙𝑖𝑗] ∈ ℝ𝑛,𝑛  

 

𝑙𝑖𝑗 = {  
  −𝑎𝑖𝑗                   𝑖𝑓    𝑖 ≠ 𝑗      − ∑ 𝑙𝑖𝑗𝑁

𝑗=1,𝑗≠𝑖           𝑖𝑓   𝑖 = 𝑗                                          (2) 
 
2.3 Assumptions and lemmas 

 

Assumption 1: In the leader-follower SFF considered in this 

paper, the vertex 𝜐𝑑 represents the leader while the 

vertices 𝜐1, 𝜐2, … , 𝜐𝑁 represent the followers. 

Assumption 2: Only one or few followers communicate with 

the leader. If a follower satellite ‘i’ is connected to the leader, 

then the connection weight is denoted by 𝑏𝑖 > 0, otherwise  𝑏𝑖 = 0, ∀ 𝑖 ∈ 𝒩. 

Assumption 3: The states of all followers can be affected 

directly or indirectly by the leader states under a set of 

protocols 𝝉𝑖 satisfying 𝑏𝑖 ≥ 0. 

Assumption 4: the switched graph 𝐺𝑠 is undirected and 

connected in each interval [𝑡𝑘,𝑡𝑘+1). 
Lemma 1 [25,26]: If the graph 𝐺 is indirect and connected then 

the Laplacian matrix 𝑳 is semi-positive definite, its 

eigenvalues are real and satisfy  0 = 𝜆1(𝑳) < 𝜆2(𝑳) ≤⋯𝜆𝑁(𝑳), with 𝟏𝑁 = [1,1, … ,1]𝑇 is a right eigenvector to 𝜆1(𝑳). 
Lemma 2 [27,28] (Non-smooth LaSalle Invariance Principle): 

Consider the nonlinear dynamical system �̇� = 𝒇(𝒙), 𝒇(0) = 0 

with 𝒙(0) = 𝒙0 and 𝒇:𝑫 → ℝ𝑛 is a locally Lipchitz function 

defined over an open subset 𝑫 ⊂ ℝ𝑛  (0 ∈ 𝑫) . Let 𝛀 ⊂ 𝑫 be 

a positively invariant compact set of D, V(𝒙): 𝑫 → ℝ be a 

continuously differentiable positive definite function over 𝑫 

such that 𝐷+𝑉(𝒙) ≤ 0 in 𝛀, and 𝑺 = {𝒙 ∈ 𝛀 | 𝐷+𝑉(𝒙) = 0} 
where𝐷+ denote the upper Dini derivative. Then the positive 

limit 𝐿+(𝒙0) set is a compact nonempty invariant set. 

Lemma 3 [29] (Finite-time convergence in homogeneous 

systems): Suppose that the vector field of the system �̇� = 𝒇(𝒙) 
is continuous and homogenous of degree 𝑝 with dilation 

coefficient  𝑟 = (𝑟1, 𝑟2, … , 𝑟𝑛), 𝑟𝑖 > 0, 𝑖 = 1,2, … , 𝑛. Then 

• If 𝑝 > 0, 𝑥 = 0 is an asymptotically stable 

equilibrium of the system. 

• If 𝑝 = 0, the system equilibrium is exponentially 

stable. 

• If 𝑝 < 0, the system equilibrium is locally finite-time 

stable 

It results from Lemma 3 that there exists a Cm-smooth 

homogeneous Lyapunov function V(𝒙):𝑫 → ℝ of degree of 

homogeneity 𝑙 > 0 where for any 𝜀 > 0  

 𝑉(𝜀𝑟1𝑥1, … , 𝜀𝑟𝑛𝑥𝑛) = 𝜀𝑙𝑉(𝑥1, … , 𝑥𝑛)                      (3)  
 

For the case 𝑝 < 0, the following condition holds when 𝑡 ≤−𝑝 (𝑐𝑘)⁄ 𝑉0𝑡/𝑙 
 

𝑉(𝑡) ≤ (𝑐1 𝑘𝑝 𝑡 + 𝑉0−1𝑙)−1𝑙                                    (4) 
 

where 𝑉0 is an initial value of 𝑉 and for ‖𝑤‖{𝑟,2} = 1 

(homogeneous norm) 

 

 𝑐1 = sup𝑤∈{𝑦| ‖𝑦‖{𝑟,2}=1} 〈∇𝑉(𝑤).𝑭(𝑤)〉∇𝑉(𝑤)𝑙+1𝑙                               (5) 
 

For 𝑡1 = −𝑝 (𝑐𝑘)⁄ 𝑉0𝑡/𝑙 , 𝑉(𝑡1) = 0 and 

 𝑉(𝑡) = 0       (𝑡 > 𝑡2)                                          (6) 
 

This proves the finite-time stability of the homogenous system �̇� = 𝒇(𝒙).  
Lemma 4 [30] (Local finite-time convergence in homogeneous 

systems): Suppose Lemma 3 holds, if �̃� is a continuous vector 

field satisfying 

 �̇� = 𝒇(𝒙) + �̃�(𝒙),         �̃�(𝟎) = 𝟎, 𝒙 ∈ ℝ𝑛                     (7)     
 

and lim𝜀→0 𝑓𝑖(𝜀𝑟1𝑥1, … , 𝜀𝑟𝑛𝑥𝑛)𝜀𝑟1+𝑙 = 0,    ∀𝒙 ≠ 0, 𝑖 = 1,2, …𝑛      (8) 
 

Then the equilibrium of system (7) is locally finite-time stable.  

Lemma 5 [29] (finite-time stability of switched systems): 

Consider the class of switched systems described as 

 �̇� = 𝒇𝜎(𝒙),   𝒇𝜎(0) = 0                          (9) 
 

where 𝒙 ∈ ℝ𝑛, 𝒙(𝑡0) = 𝒙𝟎.  

Let Σ𝒇 denotes the finite switching index set and assume that 𝒇𝑖 ∈ 𝐹 ≜ {𝑓𝑗}, 𝑗 ∈ Σ𝒇 ≜ {1,2, … , 𝑁𝑓} is continuous with 

respect to 𝒙 and the switching signal 𝜎𝑓 ∈ ℝ+ × ℝ𝑛 → Σ𝒇 is a 

piecewise constant function of time. If system (9) is 

asymptotically stable and �̇� = 𝒇𝑖(𝒙) for fixed 𝑖 ∈ Σ𝒇 is finite-

time stable, then the switched system (9) is finite-time stable. 

Lemma 6 [31] (Barbalat’s principle): Consider a Lyapunov 

function V(𝒙): 𝑫 → ℝ with  

1. V(𝒙) > 0 and V(0) = 0,  

2. V(𝒙) ≤ 𝜇 ∈ ℝ+ (lower bounded) 

It follows that  

1. V(𝒙) is strong if V̇(𝒙) ≤ −ℎ(𝒙) ∈ ℝ+ 

2. V(𝒙) is weak if V̇(𝒙) ≤ 0 

3. If V̈(𝒙) is bounded, then lim𝑡→∞ (V̇(𝒙)) = 0 

Lemma 7: (Rayleigh quotient): Let 𝑷 and 𝒛 being a symmetric 

positive definite matrix and a nonzero vector, respectively. 

The corresponding Rayleigh quotient 𝑅(𝑷, 𝒛) is bounded as 

follows 𝜆𝑚𝑖𝑛(𝑷) ≤ 𝑅(𝑷, 𝒛) = 𝒛𝑇𝑷𝒛𝒛𝑇𝒛 ≤ 𝜆𝑚𝑎𝑥(𝑷)                     (10) 
 

where 𝜆𝑚𝑖𝑛(𝑷), 𝜆𝑚𝑎𝑥(𝑷) are the smallest and the largest 

eigenvalues of 𝑷. 

 



 

 

     

 

3. Satellite Attitude Synchronization  

Consider the case of a group of 𝑛 satellites labelled ′1, . . 𝑛′ 
and a virtual leader labelled ′0′. Since the SFF control aims 

to enforce satellites agents to track desired dynamics 

(virtual leader states), we define 𝒒𝑑  and 𝝎𝑑  as the desired 

states for each agent relative to the inertial frame ℱ0.  

Definition 1: Assuming that the SFF attitude is described 

by Eq. (1), the finite-time closed-loop system stability and 

attitude synchronization can be achieved if, for any initial 

values of the system states, there exists a synchronization 

time 𝑇 ∈ [0, +∞) such that the solution of Eq. (1) satisfies 𝑙𝑖𝑚𝑡→𝑇(𝒒𝑖 − 𝒒0) = 0, 𝑙𝑖𝑚𝑡→𝑇(𝝎𝑖 − 𝝎0) = 0                   (11𝑎)  𝒒𝑖 = 𝒒0,     𝝎𝑖 = 𝝎0,     ∀𝑡 ≥ 𝑇, 𝑖 ∈ 𝒩                   (11𝑏)  
The synchronization time 𝑇 depends on the initial values of 

the system states   𝒙𝑖(𝑡0) = 𝒙𝑖0  ,    𝝎𝑖(𝑡0) = 𝝎𝑖0,      ∀ 𝑖 ∈ 𝒩              (12)  
 

3.1 FSS Attitude Synchronization with Fixed Network 

Consider the system described by Eq. (1) with fixed network 

topologies where the interconnection among the nodes 

(satellites) remains unchanged over time. To achieve the finite-

time synchronization of the i-th satellite in the formation, we 

choose the following control law  𝝉𝑖 = 𝝎𝑖×𝑱𝑖𝝎𝑖 −                                                                             𝑘1𝑱𝑖 {∑[𝑎𝑖𝑗(𝒒𝑖 − 𝒒𝑗)]𝛼𝑗∈𝒩 + [𝑏𝑖(𝒒𝑖 − 𝒒0)]𝛼} −
𝑘2𝑱𝑖 {∑[𝑎𝑖𝑗(𝝎𝑖 −𝝎𝑗)]𝛽𝑗∈𝒩 + [𝑏𝑖(𝝎𝑖 −𝝎0)]𝛽}

(13) 
where 𝑘1, 𝑘2 > 0 are the control gain, with 0 < 𝛼 < 1, 𝛽 ≥1 and the skew-symmetric matrix 𝝎𝑖×(𝝎) is defined as  

𝝎𝑖× = ( 0 −𝜔𝑧 𝜔𝑦𝜔𝑧 0 −𝜔𝑥−𝜔𝑦 𝜔𝑥 0 )                               (14)  
For each i-th satellite, the first term in the control protocol 

(13) describes the compensation for the nonlinear 

dynamics in Eq. (1), the second term penalizes errors in 

the attitude synchronization, and the third term ensures 

the finite-time convergence of the angular velocity 

towards the leader one.  

Theorem 1: Suppose that assumptions 1-3 hold. Then, the 

finite-time synchronization of the SFF in Eq. (1) around the 

attitude of the leader according to the agreement (11) can 

be achieved by the local torque control law (13) if, for 𝑘1, 𝑘2 > 0, the parameters 𝛼 and 𝛽 are selected such that 0 < 𝛼 < 1 and 𝛽 = 2𝛼/(1 + 𝛼). 
Proof: Define �̂�𝑖 = 𝒒𝑖 − 𝒒0, �̂�𝑖 = 𝝎𝑖 −𝝎0, ∀𝑖 ∈ 𝒩 to be the 

tracking quaternion and angular velocity errors, 

respectively. Then we have from Eqs. (1) and (13) 

�̇̂�𝑖 =  −12 �̂�𝑖 × �̂�𝑖 + 12𝑞0𝑖�̂�𝑖                                                       �̇̂�𝑖 =  −𝐽𝑖−1�̂�𝑖 × (𝐽𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖 −                                                                         −𝑘1𝑱𝑖 {∑[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛼𝑗∈𝒩 + [𝑏𝑖(�̂�𝑖)]𝛼}           
− 𝑘2𝑱𝑖 {∑[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛽𝑗∈𝒩 + [𝑏𝑖(�̂�𝑖)]𝛽}       

(15) 

The objective here is to prove that the consensus (11) can 

be achieved within a finite-time synchronization T. To do 

so, consider a positive definite Lyapunov function 

candidate as 𝑉 = 𝑉1 + 𝑉2                                               (16𝑎) 
where 

𝑉1 = 12∑∑∫ 𝑘1𝑱𝑖[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛼𝑑𝑠�̂�𝑖−�̂�𝑗0
𝑛
𝑗=1

𝑛
𝑖=1+∑∫ 𝑘1𝑱𝑖[𝑏𝑖�̂�𝑖]𝛼𝑑𝑠�̂�𝑖0
𝑛
1=1                                          (16b) 

𝑉2 = 12∑�̂�𝑖2𝑛
𝑖=1                                                                         (16c) 

Tacking the time derivative of V along the trajectories of 

system (15) 

�̇� = 12∑∑𝑘1𝑱𝑖[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛼𝑗∈�̅�
𝑛
𝑖=1 (�̂�𝑖 − �̂�𝑗)                      

+∑𝑘1𝑱𝑖𝑏𝑖(�̂�𝑖)𝛼�̂�𝑖𝑛
𝑖=1 +∑�̂�𝑖𝑇[−𝐽𝑖−1�̂�𝑖 × (𝐽𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖𝑛

𝑖=1+∑�̂�𝑖𝑇[−𝐽𝑖−1�̂�𝑖 × (𝐽𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖                                     𝑛
𝑖=1  

−𝑘1𝑱𝑖 {∑[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛼𝑗∈𝒩 + [𝑏𝑖(�̂�𝑖)]𝛼}                           
− 𝑘2𝑱𝑖 {∑[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛽𝑗∈𝒩 + [𝑏𝑖(�̂�𝑖)]𝛽}]                    

(17) 



 

 

     

 

= ∑�̂�𝑖𝑇[−𝑱𝑖−1�̂�𝑖 × (𝑱𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖]  𝑛
𝑖=1                      

−𝑘2∑�̂�𝑖𝑇  𝑱𝑖 {∑[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛽𝑗∈𝒩 + [𝑏𝑖(�̂�𝑖)]𝛽}]𝑛
𝑖=1= ∑�̂�𝑖𝑇[−𝑱𝑖−1�̂�𝑖 × (𝑱𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖]                      𝑛
𝑖=1−𝑘22 ∑∑𝑱𝑖(�̂�𝑖 − �̂�𝑗)[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛽∈𝒩

𝑛
𝑖=1                

−∑�̂�𝑖𝑇𝑱𝑖[𝑏𝑖(�̂�𝑖)]𝛽𝑛
𝑖=1                                                    

 

 

For 𝑘2 > 0 

�̇� <∑�̂�𝑖𝑇[−𝑱𝑖−1�̂�𝑖 × (𝑱𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖]                           (18) 𝑛
𝑖=1  

Since �̂�𝑖 × (𝑱𝑖�̂�𝑖) = �̂�𝑖×𝑱𝑖�̂�𝑖 , it results that �̇� ≤ �̂�𝑖𝑇(𝑰 − 𝑱𝑖−1)�̂�𝑖×𝑱𝑖�̂�𝑖≤ 0                                                                     (20) 
To prove that the agreement (11) holds for each agent, we 

consider the case �̇� = 0  

∑�̂�𝑖𝑇[−𝑱𝑖−1�̂�𝑖 × (𝑱𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖]                      𝑛
𝑖=1−𝑘22 ∑∑𝑱𝑖(�̂�𝑖 − �̂�𝑗)[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛽∈𝒩

𝑛
𝑖=1            

−∑�̂�𝑖𝑇𝑱𝑖[𝑏𝑖(�̂�𝑖)]𝛽𝑛
𝑖=1 = 0                                               

            (21) 
The condition (21) can hold if and only if �̂�𝑖 = �̂�𝑗 = 0 

which implies �̇̂�𝑖 = 0 . From Eq. (15), it follows   ∑[𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)]𝛼𝑗∈𝒩 + [𝑏𝑖(�̂�𝑖)]𝛼 = 0                           (22) 
Equality (22) implies that �̂�𝑖 = �̂�𝑗 = 0 ∀𝑖, 𝑗 ∈ 𝒩. From 

Lemma 2, 𝒒𝑖 − 𝒒0 → 0,𝝎𝑖 − 𝝎0 → 0, ∀𝑖 ∈ 𝒩, as 𝑡 → ∞. 

Define the homogeneity degree of system (15) as 𝑝 = 𝛼 −1 < 0, according to Lemma 3 the equilibrium of system 

(15) is globally asymptotically stable with local finite-time 

convergence. It results that the origin is a globally finite-

time stable equilibrium of system (15) and the consensus 

(11) is reached in finite-time. This completes the proof. 

 

3.2 SFF Synchronization with Switching Network 

Consider the case of networked systems with switching 

communication topologies. Let 𝐺𝑠 = {𝒱, ℰ,𝓐𝜎(𝑡)} denotes the 

finite set of all possible topologies, ℳ = {1,2, … ,𝑀} denotes 

the index set, and 𝑀 denotes the number of switching 

topologies.  We define a switching signal 𝜎(𝑡): 𝑅+ →ℳ and 

a switching sequence of bounded non-overlapping time 

intervals [𝑡𝑠,𝑡𝑠+1). The control objective is now to reach 

following switched state consensus in finite-time. 

 𝑙𝑖𝑚𝒕∈[𝒕𝒔,𝒕𝒔+𝟏)(𝒒𝑖 − 𝒒0) = 0                          𝑙𝑖𝑚𝒕∈[𝒕𝒔,𝒕𝒔+𝟏)(𝝎𝑖 − 𝝎0) = 0                                               (23) 
where 𝑡 ∈ [𝑡𝑠,𝑡𝑠+1), 𝑡𝑠+1 − 𝑡𝑠 = 𝜏 > 0 is the dwell period and 𝑘 = 0,1, … ,𝑀. We define 𝑎𝑖𝑗𝑠  and 𝑏𝑖𝑠 as agent-to-agent and 

agent-to-leader adjacency weights, respectively. 

Theorem 2: Suppose that assumption 4 holds. Then for a 

switching SFF with a dwelling period , the finite-time 

synchronization of the formation can be achieved by the 

following individual satellite torques 𝝉𝑖 = 𝝎𝑖×(𝑡)𝑱𝑖𝝎𝑖(𝑡) − 𝑘1𝑱𝑖 ∑[𝑎𝑖𝑗𝑠 (𝒒𝑖 − 𝒒𝑗)]𝛼𝑗∈𝒩                   
−𝑘2𝑱𝑖 ∑[𝑎𝑖𝑗𝑠 (𝝎𝑖 −𝝎𝑗)]𝛽𝑗∈𝒩 − 𝑘1𝑱𝑖[𝑏𝑖𝑠(𝒒𝑖 − 𝒒0)]𝛼   −𝑘2𝑱𝑖[𝑏𝑖𝑠(𝝎𝑖 −𝝎0)]𝛽                                                    

(24) 
Proof: Under switching communication topologies, system 

(15) can be written as 

�̇̂�𝑖 =  −12 �̂�𝑖 × �̂�𝑖 + 12𝑞0𝑖�̂�𝑖                                                     �̇̂�𝑖 = −𝐽𝑖−1�̂�𝑖 × (𝐽𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖 −                                                                     −𝑘1𝑱𝑖 {∑[𝑎𝑖𝑗𝑘 (�̂�𝑖 − �̂�𝑗)]𝛼𝑗∈𝒩 + [𝑏𝑖𝑘(�̂�𝑖)]𝛼}               
− 𝑘2𝑱𝑖 {∑[𝑎𝑖𝑗𝑘 (�̂�𝑖 − �̂�𝑗)]𝛽𝑗∈𝒩 + [𝑏𝑖𝑘(�̂�𝑖)]𝛽}           

(25) 

For 𝑡 ∈ [𝑡𝑘,𝑡𝑘+1) and 𝑠 ∈ ℳ, a Lyapunov candidature 

function is chosen as  

𝑉1 = 12∑∑∫ 𝑘1𝑱𝑖[𝑎𝑖𝑗𝑠 (�̂�𝑖 − �̂�𝑗)]𝛼𝑑𝑠�̂�𝑖−�̂�𝑗0
𝑛
𝑗=1

𝑛
𝑖=1+∑∫ 𝑘1𝑱𝑖[𝑏𝑖𝑠�̂�𝑖]𝛼𝑑𝑠�̂�𝑖0 +𝑛

1=1
12∑�̂�𝑖2𝑛
𝑖=1                           (26) 

As in the proof of theorem 1, a condition like (8) can be 

written as 



 

 

     

 

∑�̂�𝑖𝑇[−𝑱𝑖−1�̂�𝑖 × (𝑱𝑖�̂�𝑖)+�̂�𝑖×𝑱𝑖�̂�𝑖]                      𝑛
𝑖=1−𝑘22 ∑∑𝑱𝑖(�̂�𝑖 − �̂�𝑗)[𝑎𝑖𝑗𝑠 (�̂�𝑖 − �̂�𝑗)]𝛽∈𝒩

𝑛
𝑖=1            

−∑�̂�𝑖𝑇𝑱𝑖[𝑏𝑖𝑠(�̂�𝑖)]𝛽𝑛
𝑖=1 = 0                                               

         (27) 
The new condition (27) is valid, if and only if, �̂�𝑖 = �̂�𝑗 = 0 

which implies �̇̂�𝑖 = 0 and ∑[𝑎𝑖𝑗𝑠 (�̂�𝑖 − �̂�𝑗)]𝛼𝑗∈𝒩 + [𝑏𝑖𝑠(�̂�𝑖)]𝛼 = 0                           (28) 
It results from conditions (27) and (28) that, ∀𝑡 ∈ [𝑡𝑠,𝑡𝑠+1) 
and ∀𝜎(𝑡) = 𝑚 ∈ ℳ, the agreement (23) holds, which 

implies that 𝒒𝑖 − 𝒒0 → 0,𝝎𝑖 − 𝝎0 → 0, ∀𝑖 ∈ 𝒩. 

Consequently, the origin is a finite-time stable equilibrium 

of system (25) and according to Lemma 3, the system (25) 

is finite-time convergent. This completes the proof. 

 

4. Finite-time SFF control design with HOSM 
Estimator 

In this section, a high-order sliding mode angular velocity 

estimator is designed based on the super-twisting algorithm. 

The distributed estimator allows satellites to estimate 

accurately the desired angular velocity in the presence of 

disturbances and in case of loss of communication among SFF 

agents or with the leader. The distributed sliding mode 

observer is obtained, for each agent ‘i’, as follows 

 {�̇̂�𝒊 = −𝜆1‖𝝈𝑖‖21/2𝑠𝑖𝑔𝑛(𝝈𝑖) + 𝝋𝑖�̇�𝑖 = −𝜆2𝑠𝑖𝑔𝑛(𝝈𝑖)                                                   (29) 
 

with 𝒛𝑖, 𝝋𝑖   being the observer states and 𝝈𝑖 the sliding mode 

surface defined as 

 𝝈𝑖 = {∑ 𝑎𝑖𝑗(�̂�𝑖 − �̂�𝑗)𝑗∈𝒩 + 𝑏𝑖(�̂�𝑖 −𝝎𝑑)}           (30)  
 𝜆1, 𝜆1 ∈ ℝ+ are the observer parameters. Considering �̂�𝒊 =𝑸𝑖𝒛𝑖 as the angular velocity estimator, the distributed control 

law (13) is replaced by the following control law 

 𝝉𝑖 = 𝝎𝑖×𝑱𝑖�̂�𝑖 − 𝑘1𝑱𝑖 ∑[𝑎𝑖𝑗𝑠 (𝒒𝑖 − 𝒒𝑗)]𝛼𝑗∈𝒩                                   −𝑘1𝑱𝑖[𝑏𝑖𝑠(𝒒𝑖 − 𝒒0)]𝛼   − 𝑘2𝑱𝑖𝑸𝑖�̇̂�𝑖𝛽       (31) 
 
Theorem 3: Assume that the graph G is undirected and at least 

one 𝑏𝑖 > 0. The distributed control law (31) ensures that 𝑙𝑖𝑚𝑡→𝑇(𝒒𝑖 − 𝒒𝑗) = 0 and  𝑙𝑖𝑚𝑡→𝑇(�̂�𝑖) = 𝑙𝑖𝑚𝑡→𝑇(�̂�𝑗) = 𝝎𝑑 in finite-

time, if there exists a pair of parameters 𝜆1, 𝜆2 > 0 that make 

the following matrices 𝑷 and 𝑸  positive definite symmetric,  

 𝑷 = 12 [4𝜆2 + 𝜆12 −𝜆1−𝜆1 2 ] ,       𝑸 = 𝜆12 [2𝜆2 + 𝜆12 −𝜆1−𝜆1 1 ] 
Proof: To prove that the super-twisting estimator (29) can 

guarantee the finite-time convergence of �̂�𝑖 → 𝝎𝑑 , we 

define a vector 𝝃𝒊 = [‖𝝈𝑖‖21/2 ‖𝝋𝑖‖2]𝑇, 𝑖 = {1, … , 𝑛}. 
Consider, for each agent ′𝑖′, a quadratic form 𝑉𝑖  
corresponding to 𝑷 and being a Lyapunov function 

candidate  Vi = 𝛏iT𝐏𝛏𝐢                                            (32) 
From Lemma 7, it results that the functions 𝑉𝑖  (𝑖 = 1,… , 𝑛) 
are bounded by λmin(𝐏) ‖𝛏𝐢‖𝟐𝟐 ≤ Vi ≤ λmax(𝐏) ‖𝛏𝐢‖𝟐𝟐              (33) 
One can find that the time derivatives of the functions 𝝃𝒊 
and 𝑉𝑖  are given as follows �̇�𝒊 = 1|𝜉𝑖,1| [(− 𝜆12 𝜉𝑖,1 + 12 𝜉𝑖,2) (−𝜆2𝜉𝑖,1 + |𝜉𝑖,1|)]   (34) 

V̇i = −1|ξi,1|1/2 𝛏iT𝐐𝛏𝐢                                                            (35) 
It follows that V̇i ≤ −λmin(𝐐)|ξi,1|1/2 ‖𝛏𝐢‖𝟐𝟐  ≤  −1|ξi,1|1/2 λmin(𝐐)λmax(𝐏) ‖𝛏𝐢‖𝟐𝟐            (36) 
where ‖𝝃𝒊‖𝟐𝟐 = ‖𝝈𝑖‖2 + ‖𝝋𝑖‖22 is the Euclidian norm of �̇�𝒊 
and 𝜆𝑚𝑖𝑛(𝑸), 𝜆𝑚𝑎𝑥(𝑷) are the minimum and maximum 

eigenvalues of the matrices 𝑸 and 𝑷, respectively. 

Knowing that |𝜉𝑖,1|1/2 ≤ ‖𝝃𝒊‖𝟐 and using the inequality 

(33), it follows that 

|ξi,1|1/2 ≤ Vi1/2(𝛏𝐢)λmin1/2 (𝐏)                                          (37) V̇i ≤ −ηVi1/2(𝛏𝐢)                                           (38) 
with 

η = λmin1/2 (𝐏)λmin(𝐐)λmax(𝐏)                                   (39) 
End of proof. 

 

5. Numerical Simulations  

In this section, numerical examples are given to illustrate 

the obtained theoretical results and demonstrate the 

effectiveness and performance of the proposed distributed 

SFF attitude synchronization  protocols. The different 

torque control laws and the angular velocity estimator are 

simulated to achieve finite-time attitude synchronization 

of a given SFF. The satellites orbit under the undirected 

graph 𝐺𝑘 , 𝑘 = 1, . . ,4 as shown in Fig. 1.  



 

 

     

 

For illustration, two scenarios are considered. In the first 

scenario, the control laws (13) and (24) are us to achieve 

unperturbed SFF attitude synchronization in finite-time. In 

the second scenario, the observer-controller scheme given 

by Eqs. (29) and (31) is used to enable the formation 

satellites to track a desired time-varying angular velocity 

in the presence of external disturbances and under 

switched communication topology.  

For fair comparison, the data of the three-satellite SFF 

given in [11] is used in the simulations. The case where the 

three satellites orbit with a switching communication 

topology composed of four digraphs 𝐺1-𝐺4 as shown in Fig 

1 is considered. For simplicity, the adjacency matrix 

elements are 0 or 1. Table 1 gives the SFF parameters and 

initial conditions. 

 

Table 1 Simulation parameters 

Index Inertiel matrix 𝑱 (𝑘𝑔/𝑚2)  Initial 𝒒(0) Initial 𝝎(0)  (rad/s)  
1 𝑑𝑖𝑎𝑔{24.31,24.37,23.64} [0.8986,0.4, −0.1,0.15]𝑇 [0.13, −0.15,0.1]𝑇 

2 𝑑𝑖𝑎𝑔{20.25,20.33,20.66} [0.8888, −0.2,0.1,0.40]𝑇 [0.11,0.16, −0.08]𝑇 

 3 𝑑𝑖𝑎𝑔{30.35,30.17,30.61} [0.8426, −0.4, −0.2,0.3]𝑇 [−0.1,0.12, −0.13]𝑇 

 

 

 

 

 

 

 

 

 

Scenario 1: The attitude of the satellites in formation is 

enforced to achieve the unperturbed consensus 𝐪i → 𝐪d =[1,0,0,0]T, 𝛚i → 𝛚d = [0,0,0]T in finite-time. The 

parameters of the controller given by Eq. (24) are given as 𝑎 = 0.85 , b = 2a/(1 + a) = 0.92, k1 = 1.25, k2 = 1.5 and 

dwell time τ = 20s. The attitude and angular velocity 

tracking errors for the three satellites (𝑖 = 1,2,3) and their 

required control inputs (torques) are shown in Figs. 2,3,4, 

respectively. Figure 2 shows that the synchronization 

occurs in approximately 20 s. 

 

 

 

Fig. 1 Four diagraphs G1 − G4 communication topology of 

three-satellite SFF 

 

 

 

 

 

  

Fig. 2 Attitude tracking errors for SFF satellites with distributed controller (24) 
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                                                   Fig. 3 Angular velocity tracking for SFF satellites with distributed controller (24) 

 

 

                                                     Fig. 4 Control inputs(torques) for SFF satellites with distributed controller (24) 

 

Scenario 2: The observer-controller scheme given by Eqs. 

(29) and (31) is used to enable the satellites tracking a 

desired time-varying angular velocity 𝝎𝑑 = 1/10[sin(𝑡/40) , − sin(𝑡/50) , −cos (𝑡/60)]𝑇(𝑟𝑎𝑑/𝑠) in the presence of 

an external disturbance torque due to the orbital motion 𝒅𝑖 = 𝒅 = [−1.025,   6.248, −2.415]𝑇 × 10−1 𝑁𝑚. The 
control parameters are selected as 𝛼 = 0.15, 𝛽 = 0.26, 𝑘1 =  𝑘2 = 0.25, 𝜆1 =  𝜆2 = 0.5 and dwell time 𝜏 = 15𝑠. 
Figs. 5,6 show the relative angular velocity errors 𝝎𝑖𝑗 =𝝎𝑖 −𝝎𝑗  and control torques, respectively. The SFF attitude 

synchronization accuracy is determined using the relative 

attitude errors �̅�𝑖𝑗 = �̅�𝑗∗�̅�𝑖  for the three satellites. As shown 

in Fig. 7, a threshold of  10−9 occurs at 22 s. Figure 8 depicts 

the attitude tracking path for the three satellites using the 

observer-controller scheme (29)-(31).  

The main contribution of the proposed control scheme is 

twofold. First, both controllers (24) and (31) enable finite-

time SFF consensus, despite satellite-to-satellite or 

satellite-to-leader communication losses. It is worth 

noting that finite-time formation control under loss of 

communication is highly recommended for performance 

improvement rather than asymptotic formation control. 

Second, the controller (24) conjointly with the observer 

(29) provide more stable and chattering free SFF attitude 

tracking as compared to relevant recent works (e.g., [11]). 

 

 

   

Fig. 5 Control inputs(torques) for SFF satellites with distributed controller (31) 



 

 

     

 

 

  

Fig. 6 Control inputs(torques) for SFF satellites with distributed controller (31) 

  

Fig. 7 Control inputs(torques) for SFF satellites with distributed controller (31) 

 

 

 

Fig. 7 Attitude tracking path for the three satellites of the 

SFF 

 

6. Conclusion 

The finite-time attitude synchronization problem for SFF 

under switching communication topology is investigated 

in this paper. First, SFF finite-time consensus problem 

under fixed and switching communication topologies was 

solved based upon graph and matrix theories, local finite-

time convergence in homogeneous systems, and non-smooth LaSalle’s invariance principle. Then, to reduce the 

number of communication links, supper-twisting sliding 

mode control theory was used to design a finite-time 

observer for estimating the desired angular velocity (i.e., 

leader velocity). Numerical simulations showed the outer 

performance and effectiveness of the proposed design.  
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