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1 Abstract

The microbiome plays a key role in the health of the human body. Interest often lies

in finding features of the microbiome, alongside other covariates, which are associated

with a phenotype of interest. One important property of microbiome data, which is often

overlooked, is its compositionality as it can only provide information about the relative

abundance of its constituting components. Typically, these proportions vary by several

orders of magnitude in datasets of large dimensions. To address these challenges we de-

velop a Bayesian hierarchical linear log-contrast model which is estimated by mean field

Monte-Carlo co-ordinate ascent variational inference (CAVI-MC). We use novel priors
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which account for the large differences in scale and constrained parameter space associ-

ated with the compositional covariates. A reversible jump Monte Carlo Markov chain

guided by the data through univariate approximations of the variational posterior proba-

bility of inclusion, with proposal parameters informed by approximating variational den-

sities via auxiliary parameters, is used to estimate intractable marginal expectations. We

demonstrate that our proposed method outperforms standard methods of variable selec-

tion applied to compositional data. We then apply the CAVI-MC to the analysis of real

data exploring the relationship of the gut microbiome to body mass index.

Key words: Compositional, variational inference, microbiome, singular multivariate nor-

mal, Markov chain Monte Carlo.

2 Introduction

The human microbiome is the combined genome of the microorganisms that live in the

human body. It has been estimated that these microbes make up to 10 trillion cells,

equivalent to the number of human cells (Sender et al., 2016). Advances in genome

sequencing technologies has enabled scientists to study these microbes and their function

and to research microbiome–host interactions both in health and disease. The decreasing

cost and increasing accessibility of nucleotide sequencing means it is the primary tool used

to study the microbiome (Franzosa et al., 2015). Any microbiome dataset is compositional

(Gloor et al., 2017) as the magnitude of a single operational taxonomic unit (OTU)

depends on the sum of all the OTUs counts, and only provides information about the

relative magnitudes of the compositional components. This means that the standard

methods of analysis such as linear regression are not applicable to microbiome data (Li,

2015), unless a transformation is performed.

The large dimensions of these datasets often present a problem in variable selection where
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the number of covariates p exceeds the number of observations n (p >> n) and the space

of possible combinations of significant variables is large, imposing a high computational

burden. Sparse variable selection of the p covariates is expected, where just a few mi-

crobes are associated with the response. Bayesian variable selection approaches have the

advantage of being able to include prior knowledge and simultaneously incorporate many

sources of variation. Shrinkage priors encourage the majority of regression coefficients

to be shrunk to very small values when an estimator is applied identifying associations

(Park and Casella, 2008). Alternatively, introducing latent variables produces posterior

distributions of model inclusion and parameter values which enable model choice and

a probabilistic understanding of the strength and nature of the association (Guan and

Stephens, 2011). The different approaches within explicit variable selection are char-

acterised by the location of the latent variable and its relationship with the covariates

(George and McCulloch, 1993, Kuo and Mallick, 1998, Dellaportas et al., 2002).

To model compositional data, a transformation must be performed to transfer the com-

positional vectors into Euclidean space. Various log ratio transformations have been pro-

posed including additive log-ratio (alr), centred log-ratio (clr) (Aitchison, 1982) and more

recently isometric log-ratio (ilr) (Egozcue et al., 2003). The ilr transformation defines

balances proportional to the log difference between two groups which are scale invariant.

Only the first coordinate can be interpreted as it represents all the relevant information

about the compositional part.

The alr transformation, which constrains the associated parameter space to sum to 0,

has proved to be useful in frequentist regression problems (Aitchison and Bacon-Shone,

1984), allowing a direct inference between selected covariates and the compositional data

set. Lin et al., 2014 propose an adaptive l1 regularisation regression for sparsity with

the constraint imposed by the log contrasts. This has been extended to multiple linear

constraints for sub-compositional coherence across predefined groups of predictors (Shi
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et al., 2016). A general approach to convex optimisation, where the model has been ex-

tended to the high-dimensional setting via regularization has recently been proposed by

Combettes and Müller, 2021. In the Bayesian framework Zhang et al., 2020 introduce

a generalised transformation matrix on the parameters rather than the covariates, as a

function of a tuning parameter c, similar to the generalized lasso. This ensures parameter

estimates remain in the p space and as c reaches infinity the sum to zero constraint is

imposed. By incorporating the matrix into conjugate prior and avoiding any singular

distributions by not strictly imposing the zero sum constraint, a Gibbs sampler for the

marginal posterior of the selection parameter can be derived. Alternative Bayesian ap-

proaches treat the the microbiome predictors as random, parameterised by a multivariate

count model. Koslovsky et al., 2020 combine this with the ilr transformation in a predic-

tive model which identifies correlations across the microbiome. Li et al., 2019 cluster on a

categorical covariate via a Gaussian mixture model in an ANOVA type model, but both

approaches do not allow a direct inference between the compositional predictors and the

response.

The abundances of features in microbiome data often differ by orders of magnitude. As

far as we know this has not been explicitly accounted for in the current literature. In the

Bayesian lasso (Park and Casella, 2008) separate scale parameters can have a hierarchical

prior placed on them rather than this component being marginalised over which results

in the Laplace prior. In the regularisation case, the choice of hyperprior defines how the

parameters are shrunk to zero. This model is easily extended to the adaptive lasso (Leng

et al., 2014) by positing independent exponential priors on each scale parameter, and then

augmenting each tuning parameter with additional hyperpriors.

Typically, model selection is performed using Markov chain Monte Carlo (MCMC) meth-

ods. Various stochastic search based methods have been used to explore the model space

in a computationally efficient manner (Lamnisos et al., 2013, Nott and Kohn, 2005, Del-
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laportas et al., 2002). Despite this body of work, MCMC can still be considered too slow

in practice for sufficiently large scale problems. Variational inference is an alternative

technique which uses optimisation to achieve computational savings by approximating

the marginal posterior densities. Its success in machine learning problems has led to

concerted efforts in the literature to encourage its use by statisticians (Blei et al., 2017,

Ormerod and Wand, 2010). The speed of variational inference gives it an advantage,

particular for exploratory regression, where a very large model is fitted to gain an under-

standing of the data and identify a subset of the microbiome which can be explored in

more detail.

Approximate solutions arise in variational inference by restricting the family of densities

which can be used as a proxy for the exact conditional density. Typically, the mean field

variational family is used where independence is assumed across the factors. Thus by

specifying conjugate priors, approximate marginal posteriors are members of the expo-

nential family (Carbonetto and Stephens, 2012). However, many models of interest such

as logistic regression and non conjugate topic models, do not enjoy the properties required

to exploit this algorithm. Using variational inference in these settings require algorithms

to be adjusted to for the specific model requirement. A variety of strategies have been

explored including alternative bounds (Jaakkola and Jordan, 1997, Bishop and Svensen,

2003), numerical quadrature (Honkela and Valpola, 2005) and Monte Carlo approximation

(Ye et al., 2020).

We propose a Bayesian hierarchical linear log-contrast model for compositional data

which is estimated by mean field Monte Carlo co-ordinate ascent variational inference.

We use the alr transformation proposed by Lin et al., 2014, because it is symmetric and

removes the need to specify a reference category. Sparse variable selection is performed

through novel priors within a hierarchical prior framework which account for the con-

strained parameter space associated with the compositional covariates and the different
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orders of magnitude in the taxon abundances. As our constrained priors are not con-

jugate, Monte Carlo expectations are used to approximate intractable integrals. These

expectations are obtained via a reversible jump Monte Carlo Markov chain (RJMCMC)

(Green, 1995), which is guided by the data through univariate approximations of the

intractable variational posterior probability of inclusion. We exploit the nested nature

of variational inference by proposing parameters from approximated variational densities

via auxiliary parameters. Model averaging over all the explored models can be performed

and shrunk estimates of the regression coefficient (by the model uncertainty) are available.

The approach accommodates high dimensional microbial data and offers the potential to

be scaled up for models with multiple responses.

We compare the performance of the proposed modelling approach with lasso, group

lasso and Ordinary Least Squares (OLS) regressions on simulated data. The methods are

then applied to a subset of the “Know Your Heart” cross-sectional study of cardiovascular

disease (Cook et al., 2018) in order to examine the association of the gut microbiome with

body mass index (BMI). The study was conducted in two Russian cities Novosibirsk and

Arkhangelsk, enrolling 4542 men and women aged between 35-69 years recruited from the

general population. A health check questionnaire was completed, providing information

on smoking, weight and levels of alcohol consumption. We analyse the microbiome of 515

subjects from the Arkhangelsk region at the phylum and genus level, as the 16S rRNA

sequencing of faecal samples was only performed for these participants, alongside age and

health covariates.
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3 Methods

3.1 Microbiome Model

The microbiome data begins as raw counts for each taxon. Any zeros are replaced by

a small pseudo-count (typically 0.5), before each row is standardised to sum to 1. The

sample space of a vector of components is a simplex for each data point, where the rows

of each vector make up the design matrix Qn×d. The set of compositional explanatory

variables can be transformed onto the unconstrained sample space Rd−1 using the alr

transformation

alr(qi) =
[

log

(

qi1
qid

)

, log

(

qi2
qid

)

, ..., log

(

qid−1

qid

)

]

, (3.1)

where qi is the ith row of Q and the ratios have been arbitrarily chosen to involve the

division of each of the first d − 1 components by the final component. The log linear

model, with the alr transformed variables as proposed by Aitchison and Bacon-Shone,

1984, can be expressed as

yi = α1n + alr(qi)θ̃ + ϵi (3.2)

where θ̃ = (θ1, ..., θd−1)
T is the corresponding (d− 1) vector of regression coefficients and

ϵi is independent noise distributed as N(0, σ2). Although convenient, the interpretation

of the model depends on the arbitrary choice of the reference category. If we expand the

dot product alr(qi) · θ̃ and set

θd = −
d−1
∑

j

θ̃j (3.3)

the linear model can be conveniently expressed in matrix form (Lin et al., 2014) as

y = α1n +Zθ + ϵ subject to
d
∑

j=1

θj = 0 (3.4)
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where Z = (log q1, ..., log qd) is the n×d compositional design matrix and θ = (θ1, ..., θd)
T

is a d-vector of regression coefficients constrained to the affine hyperplane.

This likelihood is used by Zhang et al., 2020 who specify a d dimensional multivariate

normal distribution on θ within a “spike-and-slab” prior,

θ|σ2, ψ,V ∼ Nd(0, σ
2ψV), V = Id −

c2

1 + c2d
Jd (3.5)

where Jd is a matrix of ones and V is the generalised transformation matrix which incor-

porates the tuning parameter c to constrain the θ parameter space and takes the form

in (3.5) for the alr transformation. This approach allows the probability distribution to

remain in the d dimensional space as V is a matrix of full rank, facilitating conjugate

updates, as the sum to zero constraint is not imposed exactly.

Interest often lies in assessing the association of unconstrained data, in the form of

categorical or continuous covariates against the response, alongside the microbiome. Two

additional design matrices are added to the likelihood, X which comprises the scaled

continuous covariates and W which contains the dummy variables for the g = 1, ..., G

categorical variables coded to indicate the mg levels with respect to the intercept. The

likelihood for our model is thus expressed as

y = α1n +Xβ +Wζ +Zθ + ϵ subject to
d
∑

j=1

θj = 0. (3.6)

3.2 Compositional Priors

The linear constraint on the unconstrained vector can be expressed in matrix form as

T = (Id − (1/d)Jd) (3.7)
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whereT is an idempotent matrix of rank d−1. If we originally parametrise θj ∼ N(µj, ψj),

where the large differences in the order of magnitude of each row of the Z design matrix

are accounted for by allowing each parameter θj to have a separate variance parameter

ψj, then the constrained random variables associated with the compositional explanatory

variables are from a singular multivariate normal distribution

θ|µ,ψ ∼ SMVNd(Tµ,Tdiag(ψ)TT ). (3.8)

with ψ a vector of scale parameters. This prior respects the sum to zero constraint

imposed by the reparametrisation of the likelihood in (3.6). The distribution is degenerate,

the transformation matrix T means the covariance matrix is singular, and will assign 0

values to all sets in the d dimensional space. Zhang et al., 2020 treat the constraint

as a tuning parameter, restricting the values that θ can take whilst still remaining in

the d dimensional space so that the marginal posterior can be obtained in closed form.

Our approach imposes the constraint exactly. The singular multivariate normal prior

for the compositional data can be considered to be at the unobtainable limit of c in the

alr transformation approach (3.5), when the tuning parameter creates a singular matrix

where the standard normal prior is no longer appropriate.

We augment the prior on θ with dependent latent indicator variables from a product of

Bernoulli distributions which have been truncated to account for the alr transformation

which prevents the selection of a single taxon into the model

p(ξ|κ) ∝
∏

j=1

κξj(1− κ)1−ξj I
[

∑

j

ξj ̸= 1
]

, (3.9)

where I is the indicator function. This truncation is particularly important in the pres-

ence of sparsity. The full singular multivariate normal spike-and-slab prior for p(θ|ξ) =
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p(θξ|ξ)p(θξ̄|ξ), where θξ and θξ̄ are subvectors of θ such that

p(θξ|Σ, ξ) =
1

(det∗(2πΣ+
ξ ))

(−1/2)
exp

(

−
1

2
θξΣ

+
ξ θξ

)

and p(θξ̄ = 0|ξ) = 1, (3.10)

Σ+
ξ denotes the pseudo inverse of the matrix TξD(ψξ)Tξ, det

∗ the psuedo inverse and ξ is

a vector of zeros and ones. The θξ parameters are dependent (the covariance for unit scale

is equal to the fraction −1/dξ and for the case of dξ = 2 the correlation is 1). This prior

implies a univariate spike-and-slab on the diagonal of the covariance matrix in (3.10).

p(ψ|ξ) =
d
∏

j=1

[ b
aψ
ψ

Γ(aψ)
(ψj)

−aψ−1 exp{−bψψ
−1
j }
]ξj
δ0(ψj)

1−ξj ψj > 0 ∀ j. (3.11)

A beta distribution is placed on the sparsity parameter κ and the hyperparameter bψ

is given a gamma prior. This approach can be interpreted as replacing the continuous

mixing density in the Bayesian lasso, which can have either hierarchical structure (Leng

et al., 2014) or be marginalised over (Park and Casella, 2008), with a discrete mixture.

This set of explicit variable selection priors on the compositional data ensures that the

marginal posterior of variable ξj represents the inclusion of the jth taxon in the model.

3.3 Priors

The choice of the remaining prior distributions is partly down to convenience. The prior

distributions and likelihood are semi-conjugate pairs which means the optimal form for

the mean field variational density is in the same exponential family form.

We employ a variable selection spike-and-slab prior George and McCulloch, 1997 for βs

associated with the continuous variables in the design matrix X, where each s parameter

is independent. The spike is a point mass at 0 (Dirac distribution) with probability

1− p(γs) = 1− ω and the slab is a zero centred Gaussian with variance w which requires
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the variables to be standardised. The binary latent indicator variable γs represents the

inclusion of the sth covariate in the model.

In the case of the categorical data matrix, we are interested in selecting the group of

variables associated with the response into the model, rather than a particular level. Each

factor variable (or group) g = 1, .., G has j = 1, ...,mg,mg + 1 levels which are coded as

dummy variables inW with reference to the intercept. Motivated by the Bayesian group

lasso (Xu and Ghosh, 2015) who introduce binary indicators to perform selection both

between and within the groups levels, we employ a variable selection spike-and-slab prior

on the vector ζg with dimension mg. The spike is a point mass at 0 (Dirac distribution)

with probability 1− p(χg) = 1− ϱ and the slab is a zero centred Gaussian with variance

v. The binary latent indicator variable χg represents the inclusion of the gth categorical

variable into the model. In the case where there factors have just 2 levels, the prior

reduces to the same form as its unrestricted continuous counterpart, with a different scale

parameter.

Hierarchical priors are also included to fully incorporate the uncertainty surrounding

these parameters. The probability that a given covariate in the design matrices of X and

W affects the response is modelled by the parameters ω and ϱ, with beta priors. Inverse

gamma distributions with gamma (shape and scale) hyperpriors on their respective scales

are placed on the prior variance parameters w and v.

3.4 Variational Inference

We employ coordinate ascent variational inference (CAVI) (Blei et al., 2017) as our esti-

mation procedure, rather than relying entirely on MCMC which often requires substantial

computing resources when the dimensionality of the problem is large. We use the mean

field variational family, but allow dependencies within each member (block), where the
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latent variables are mutually independent and each governed by a distinct factor in the

variational density. We define the blocks to ensure the dependency between the latent

indicator variable(s) and their associated parameter(s) is captured. An example of a block

is the joint q approximating density for the prior parameters q(βs, γs) directly associated

with the design matrix X. The full mean field approximation distribution q(ϑ) is defined

in the Supplementary Materials.

3.5 Unconstrained Updates

The variational inference updates are available analytically for all unconstrained param-

eters and hyperparameters in the model. Derivations are given in the Supplementary

Material. The updates involve a combination of univariate and multivariate calculations.

The regression parameters directly associated with the X and W design matrices have

joint updates in the same spike-and-slab form as their priors. The conjugate update for

q(βs, γs) is

q(βs|γs,y) = N (µβs , σ
2
βs)

γsδ0(βs)
1−γs q(γs|y) = Bern((γs)

(1)).

with free parameters

σ2
βs =

(

∥Xs∥
2(σ−2)(1) + (w−1)(1)

)−1
,

µβs = (σ−2)(1)σ2
βsX

T
s

(

y − (α)(1)1n −
∑

k ̸=s

Xk(βk)
(1) −

∑

g

Wg(ζg)
(1) −Z(θξ)

(1)

)

,

(γs)
(1) =

[

1 + exp

{

(log(1− ω))(1) − (logω)(1) −
1

2

(

(logw−1)(1) − µ2
βsσ

−2
βs

− log
(

σ2
βs

))

}]−1

,

where (·)(1) denotes the q expectation. The conjugate update for q(ζg, χg) is

q(ζg|χg,y) = Nmg(µζg ,Σζg)
χgδ0(ζg)

1−χg q(χg|y) = Bern((χg)
(1)),
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where the free parameters for ζg are updated by the multivariate extension of the previous

univariate update,

Σζg =
[

(σ−2)(1)W T
g Wg + (v−1)(1)

]−1
,

µζg =(σ−2)(1)ΣζgW
T
g

(

y − (α)(1)1n −
∑

s

Xs(βs)
(1) −

∑

k ̸=g

Wk(ζk)
(1) −Z(θ)(1)

)

,

(χg)
(1) =

[

1 + exp

{

(log(1− ϱ))(1) − (log ϱ)(1) −
mg

2
(log v−1)(1) −

1

2
µTζgΣ

−1
ζg
µζg+

−
1

2
log
(

det(Σζg)
)

}]−1

.

The marginal expectation of ζg and βs is the mean of the conditional density when the

parameter is included in the model, shrunk by the probability of being included in the

model. The nested q density update for each free parameter(s) is the expectation of the

log joint distribution with respect to all the other factors. Thus, any update involving

a marginal expectation from a parameter with a spike and slab prior involves a form of

regularisation.

The selection of the spike-and-slab priors for βs, ζg and θ with sparsity inducing hy-

perparameters for variable selection, shrinks the parameters estimates in the variational

updates rather then performing explicit variable selection as in MCMC. These estimates

are a useful proxy for the final model effects, but as opposed to a model with regulari-

sation priors, the expectation of the model indicator parameters gives us the probability

of a covariate being associated with the response. In the case of ζg, which is associated

with the gth categorical covariate, the parameterisation has a convenient interpretation.

Each element in the vector is free to vary but all elements are shrunk by the same value.

Thus the expectation (χg)
(1) is the probability of the categorical covariate (rather than

the individual levels) being included in the model.
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3.6 CAVI-MC

The conditional vector update q(θ|ψ, ξ) is available analytically and takes the form

q(θξ|ξ,y) = SMVNdξ(Tξµθξ ,TξΣθξTξ), q(θξ̄|ξ,y) = δ0(θξ̄), (3.12)

where δ0 is the Dirac distribution on the subvector θξ̄ with updates

µθξ = Σθξ(σ
−2)(1)ZT

ξ (y − (α)(1)1n −
∑

s

Xs(βs)
(1) −

∑

g

Wg(ζg)
(1)) (3.13)

Σθξ =
(

(TξD(ψξ)Tξ)
+ + (σ−2)(1)ZT

ξ Zξ

)−1
(3.14)

The truncated Bernoulli prior distributions for ξ and unique scale parameter ψj for each

element in θ, prevents a conjugate posterior update for the joint block q(θ,ψ, ξ). All

other updates are available analytically.

The difficult to compute joint q(θ,ψ, ξ) update is performed by inserting a Monte Carlo

step within the mean field variational inference approach. We take advantage of the

structure of the target density p(ϑ,y) ≡ f(ϑ) (the data y is omitted for notational

purposes as its fixed) which has the form

f(ϑ) = h(ϑ) exp(⟨η, T (ϑ)⟩ − A(η)), ϑ ∈ Sp (3.15)

for r-dimensional constant vector η, vector function T (ϑ) and relevant scalar functions

h > 0. In our case this admits the factorisation

h(ϑ) = hq(ϑj)(ϑj)hq(ϑ−j)(ϑ−j), Tl(ϑ) = Tl,j(ϑj)Tl,−j(ϑ−j), 1 ≤ l ≤ r, for all j /∈ J ,

where J is the set of all analytically available updates. This allows us to avoid generating

and storing the samples from the approximating densities which would involve consider-
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able computational cost, by using the q marginal expectations in the Monte Carlo estimate

for q(θ|ψ, ξ). Ye et al., 2020 show that, under regularity conditions, an MC-CAVI recur-

sion will get arbitrarily close to a maximiser of the evidence lower bound with any given

high probability.

The MCMC approach involves two move types, within-model moves where the samples

are generated from a Metropolis-Hastings sampler and between-model moves which are

sampled from a RJMCMC. The samplers involve using some form of the joint approxi-

mating posterior q(θ,ψ, ξ|y) ∝ q(θ|ψ, ξ,y)q(ξ,ψ|y) which is simplified as q(θ|ψ, ξ,y)

has the conjugate spike-and-slab form (3.12).

Randomly choose either a between-model move which consists of sequentially updating

ξ,ψ|ξ and θ|ψ, ξ or a within-model move where ξ is not updated. This naturally leads

to questions regarding the proposals for ψ which has a constrained support and ξ which

has the potential to be a very large binary space.

3.6.1 Between-model RJMCMC - Approximating q(ξ,ψ|y) to p(ξ|ϑ) for the

proposal distribution jm(ξ, ξ
′)

The choice of priors for the parameters associated with microbiome features, the indicator

vector ξ and set of scale parameters ψξ, prevents a conjugate update for q(θ,ψ, ξ). An

MCMC step is introduced to sample from the intractable q approximating posterior. To

search the binary space we use a RJMCMC where the proposal for ψj conditional on

ξj = 1 is from the q approximating density of the auxiliary parameter Ωj

π(ψj|ξj = 1) = IGq(a
∗
∆j
, b∗∆j), (3.16)

where the calculation of the free parameters a∗∆j and b
∗
∆j

is explained in the next section.

θ is generated directly from the singular multivariate normal target distribution (3.12).
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There is considerable research in sampling high-dimensional binary vectors. Lamnisos

et al., 2009 propose a general model for the proposal which combines local moves with

global ones by changing blocks of variables. They find that the acceptance rates for

Metropolis-Hastings samplers that include, exclude or swap a single variable improves.

Lamnisos et al., 2013 extend their model with adaptive parameters which change dur-

ing the mixing of the MCMC. Motivated by incorporating information from data into

the proposal parameters, we use the variational inference posterior distribution q(ξ,ψ|y)

which is only available up to a constant of proportionality

q(ξ,ψ|y) ∝ exp

(

1

2
(µTθ(ξ,ψ)

Tξ(T
T
ξ Σθ(ξ,ψ)

Tξ)
+Tξµθ(ξ,ψ)

) +
1

2
log
(

det∗(TξΣθ(ξ,ψ)
Tξ)
)

+

∑

j

ξj(log κ)
(1) −

1

2
log(det∗(TξD(ψξ)Tξ)) +

∑

j

(1− ξj)(log(1− κ))(1)+

− (aψ + 1)
∑

j

ξj log(ψj)− bψ
∑

j

ξjψ
−1
j + (aψ log(bψ)− log(Γ(aψ))

∑

j

ξj

)

, (3.17)

to obtain a univariate approximation relative to the jth element to guide the RJM-

CMC. These normalised probabilities are used to obtain our proposal probabilities in a

birth-death and swap sampling scheme. Similar to adaptive parameters in MCMC, these

selection probabilities are updated at each iteration of the CAVI.

The pseudo determinant in (3.17) is approximated by removing the constraints Tξ and

taking the MCMC expectation conditional on ξj = 1. So for the jth element the approx-

imation is

log(det∗(TξD(ψξ)Tξ)) ≈ {log(ψj)}
{1}

✁0
(3.18)

where the curly brackets {} denote an MCMC expectation and ✁0 defines an expectation

over all non-zero values. A similar approach can be used to approximate the determinant
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containing Σθξ

log
(

det∗(TξΣθξTξ)
)

≈ log
(

σ̄2
θj

)

.

where σ̄2
θ,tj is the non-zero variance average over the MCMC iterations, obtained by ex-

tracting the diagonal from Σθ(ξ,ψ)
at each iteration. If the jth term has not been included

in the model the term is approximated by

log
(

det∗(TξΣθξTξ)
)

≈ log
(

[

∥Zj∥
2(σ−2)(1)

]−1
)

(3.19)

After approximating Σθξ to a scalar for each jth element the matrix dot product reduces

to

µTθξTξ(T
T
ξ ΣθξTξ)

+Tξµθξ ≈ σ̄2
θj

(

∑

j

(1− 1/dξ)µ
2
θξj

− 2
∑

j<j′

(µθξ
j′
µθξj /dξ)

)

. (3.20)

To account for the cross product terms which contains the elements of ξ not equal to

j and the associated µθ terms, a combination of conditional expectations and marginal

expectations which shrink the values in proportion to its probability of being zero, is used.

As ξj can not be separated from the sum in the numerator dξ, two approximations of the

matrix dot product are used conditional on the expectation from the previous chain.

Defining the expectations with respect to the parameter currently being updated from

the previous MCMC by a curly bracket as:

• {µθj}
{1}

✁0
: Conditional expectation ξj = 1. Weighted average of the nonzero terms

from previous chain,

• {µθj}
{1}: Expectation wrt q from the previous chain,

• {dξ}
{1}: Expectation wrt q from the previous chain,

17



the approximation of the dot product (Tξµθξ)
TTξµθξ is thus

σ̄−2
θ,j

(

∑

j

(1− 1/{dξ}
{1})ξj({µθj}

{1}

✁0
)2 −

2

{dξ}{1}

∑

j<j′

ξj{µθξj }
{1}

✁0
{µθξ

j′
}{1}

)

{dξ}
{1} > 2

σ̄−2
θ,j

∑

j

ξj({µθj}
{1}

✁0
)2 {dξ}

{1} < 2.

Although {dξ ∈ N0|dξ ≤ d, dξ ̸= 1}, the support of the MCMC expectation {dξ}
{1} is the

positive real line so we threshold on 2. When {dξ}
{1} > 2 the probabilities used in the

proposal distribution for the RJMCMC, derived from approximating Equation (3.17) and

normalising is

p̃(ξj = 1|ϑ) ≡

[

exp

{

(log(1− κ))(1) −
1

2σ̄2
θ,j

(

(1− 1/{dξ}
{1})({µθj}

{1}

✁0
)2+ (3.21)

−
2

{dξ}{1}
{µθξj }

{1}

✁0

∑

j′ ̸=j

{µθξ
j′
}{1}

)

−
1

2
log
(

σ̄2
θ,j

)

+
1

2
(logψj)

{1}

✁0
− (log κ)(1)+

(log Γ(aψ)− aψ log bψ) + +(aψ + 1)(logψj)
{1}

✁0
+ bψ(ψ

−1
j )

{1}

✁0

}

+ 1

]−1

,

which contains the variational expectations and an MCMC conditional expectation from

the previous iterations. This is then used to propose the various move types in the

RJMCMC.

3.6.2 Pseudo Updates for MCMC proposals

A conjugate update for the parameters associated with the microbiome features q(θ,ψ, ξ)

is prevented by the choice of priors for the indicator vector ξ and set of scale parameters

ψξ. Samples from the intractable q approximating posterior are simulated from an MCMC

step instead. The move types in the RJMCMC for ξ use an element-wise approximation

of the joint q(ξ) density (3.21). For the proposal distribution of ψ, we use the model

likelihood and an unconstrained approximation to the constrained priors. In order to do
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this we define auxiliary parameters (upper case Greek letters) which are unconstrained

versions of the constrained parameters. We derive pseudo variational updates from an

unconstrained model with a simpler prior parametrisation, then use the q approximating

distribution of the relevant auxiliary parameter as our proposal for ψ. We can think of the

auxiliary parameters as introducing an alternative directed acyclic graph (DAG) which

is updated first, helping us to approximate the model in order to guide the MCMC step.

These updates are refined by the full variational inference updates which account for the

constraint at each iteration. The parameter κ and the hyperparameters a∆, b∆ which are

set to aψ, bψ provide a link back to the constrained model.

The series of pseudo variational updates are determined from a simple prior parametri-

sation where the parameters associated with the compositional covariates are not con-

strained to sum to 0. This unconstrained model has the following prior parametrisation

p(Ωj|∆j,Υj) = N(Ωj|0,∆j)
Υjδ0(Ωj)

1−Υj p(∆j|Υj) = IG(∆j|a∆, b∆)
Υjδ0(∆j)

1−Υj

p(Υj) = Bern(Υj|κ).

WhereΩ are the unconstrained version of the θ parameters,∆ are the variance parameters

for Ω which are both dependent on the model selection parameters Υ. The prior for the

model selection parameter Υj is a simple Bernoulli distribution. The remaining priors and

likelihood take the form defined in the initial prior parametrisation. The introduction of

independence across each univariate (Ωj,∆j,Υj) block, (where the data is being treated

as unconstrained) ensures the q expectations are all available in closed form (derived in

the Supplementary Section).

Despite the similarities of the prior parametrisation to (3.5), the addition of a separate

scale parameter ∆j for Ωj prevents a joint conjugate update on the (Ωj,∆j,Υj) block.

Instead we update q(Ωj,Υj) (for j = 1, ..., d) before updating q(∆j|Υj). Both require

expectations conditional on Υj as well as the typical marginal expectations. The q(Ωj,Υj)
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update is

q(Ωj,Υj) ∝ N(Ωj|µΩj , σ
2
Ωj
)Υjδ0(Ωj)

1−Υj (3.22)
{

exp
(1

2
log σ2

Ωj
+ (log κ)(1) −

1

2
Eq(log∆j|Υj) +

1

2
µ2
Ω,jσ

−2
Ω,j + a∆ log(b∆)+ (3.23)

− log(Γ(a∆))− (a∆ + 1)Eq(log∆j|Υj)− b∆Eq[∆
−1
j |Υj]

)}Υj{

1− κ)(1) + δ0(∆j)
}1−Υj

The binary form of the pseudo update for Ωj and Υj enables us to determine the values

for the conditional expectations. In Equation (3.22) we have under q, where we condition

on the value of Υj

q(Ωj|Υj = 1,y) = N (µΩ,j, σ
2
Ω,j) q(Ωj|Υj = 0,y) = δ0(Ωj), (3.24)

which allows us to set the expectations in the normal variance update as Eq[∆
−1
j |Υj = 1]

σ2
Ω,j =

(

∥Zj∥
2(σ−2)(1) + Eq[∆

−1
j |Υj = 1]

)−1
(3.25)

µΩ,j = σ2
Ω,jZ

T
j

{

(σ−2)(1)

(

y −
∑

k ̸=j

Zk(Ωk)
(1) −

∑

s

Xs(βs)
(1)

)}

. (3.26)

The conditional expectation prevents us averaging over Υj which shrinks the marginal

expectation, creating an update which has the same form as (3.5). Using the form of

(3.23) to determine the conditional expectation and normalising gives the probability of

inclusion

(Υj)
(1) =

[

exp

{

log
(

σ−2
Ω,s

)

2
+ (log(1− κ))(1) − (log κ)(1) +

Eq(log∆j|Υj = 1)

2
+ log Γ(a∆)

−
1

2
µ2
Ω,jσ

−2
Ω,j − a∆ log(b∆) + (a∆ + 1)Eq(log∆j|Υj = 1) + b∆Eq[∆

−1
j |Υj = 1]

}

+ 1

]−1

.

The univariate approximation of q(ξ,ψ|y) (3.21) can be interpreted as a refinement
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of (Υj)
(1) using MCMC expectations and information on all elements of ξ to partially

account for the constraint in the probability of inclusion.

The spike-and-slab form of the pseudo update for q(∆j|Υj) allows us to again back out

the conditioning in the conditional expectation of Eq[Ω
2
j |Υj] in b

∗
∆j
.

q(∆j|Υj = 1,y) = IG

(

∆j

∣

∣

∣

∣

1

2
+ aψ,

(σ2
Ω,j + µ2

Ω,j)

2
+ bψ

)

, q(∆j|Υj = 0,y) = δ0(∆j)

As the update ∆j is conditional on Υj, the free parameters in the proposal distributions

are not a function of shrunken estimates. The q(∆j|Υj,y) auxiliary approximating density

is then used to propose scale parameters with the appropriate support, which are informed

by the data, for ψξ in the MCMC move.

3.6.3 Algorithm

CAVI is performed by iterating through the analytical variational updates, maximising

the evidence lower bound (ELBO) with respect to each coordinate direction whilst fixing

the other coordinate values. For the q(θ,ψ, ξ) block an MCMC is implemented to obtain

Monte Carlo estimates of the intractable marginal expectations of the approximating

densities. The proposal probabilities for the sampling scheme are a function of the data

and the free parameters, and are updated at each iteration of the CAVI.

For each run we compute the ELBO (derived in Section 1 of the Supplementary Mate-

rial), with the updated free parameters, until this converges to the local optimum. The

ELBO is no longer monotonically increasing because of the Monte Carlo variability, but

we are able to declare convergence when the random fluctuations are small around a fixed

point. The implementation of the overall approach is described in Algorithm 1, with the

MCMC move detailed in 2.

It is computationally inefficient to start with a large number of iterations m, when the
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current variational distribution can be far from the maximiser. The software allows the

user to specify a smaller number of iterations to begin with before increasing the number

of iterations as the algorithm becomes more stable, improving the accuracy of the Monte

Carlo estimates.

Algorithm 1: MC - CAVI for variable selection.

Input : A model p(y,ϑ), a data set y. Number of Monte Carlo samples m.
Output : Variational densities q(ϑ−(θ,ψ,ξ)) =

∏

v qv(ϑv) and Monte Carlo
expectations.

Intialize: First and second order raw moments of the variational factors, prior
hyperparameters.

for k = 1,..,K do

for v = 1,...,V do
Set qv(ϑv) ∝ exp{E−v[log p(ϑv|ϑ−v,y)]}

end

Calculate the arguments for proposal distribution for ψ from the psuedo
variational updates.

a∗∆j =
1

2
+ a∆ b∗∆j =

1

2
(µ2

Ωj
+ σ2

Ωj
) + b∆

ψj ∼ IG(a∗∆j , b
∗
∆j
)

Calculate the probabilities p̃(ξ|ϑ) for the ξ proposal (by approximating q(ξ|y)
and normalising) in the RJMCMC.

p̃(ξj = 1|ϑ) ≡

[

exp

{

(log(1− κ))(1) −
1

2
log
(

σ̄2
θ,j

)

+
1

2
(logψj)

{1}

✁0
− (log κ)(1)+

+ (log Γ(aψ)− aψ log bψ) + (aψ + 1)(logψj)
{1}

✁0
+ bψ(ψ

−1
j )

{1}

✁0

}

+

−
1

2σ̄2
θ,j

(

(1− 1/{dξ}
{1})({µθj}

{1}

✁0
)2 −

2

{dξ}{1}
{µθξj }

{1}

✁0

∑

j′ ̸=j

{µθξ
j′
}{1}

)

+ 1

]−1

Perform MCMC step Algorithm:
return Eq(ξ|y)

[k], Eq(ψ|y)
[k], Eq(θ|y)

[k], Eq(θ
T
ξ Z

T
ξ Zξθξ|y)

[k] and cross product
terms in the ELBO calculation
Compute ELBO.

end

return q(ϑ−(θ,ψ,ξ)), Eq(ξ|y), Eq(ψ|y), Eq(θ|y).
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Algorithm 2: MCMC step for CAVI-MC.

Input: k current loop of CAVI-MC, q expectations, pseudo VB updates,
normalised approximate marginal probability p(ξ|ϑ).

for i = 1,...,m do

if Between-model move proposed then
Given the current position of the variational samples ξ, ψξ and θ(ψ,ξ),
propose either a birth-death move or swap move.
Propose a new model with probability jm(ξ, ξ

′) ∝ p̃(ξ|·).
Draw ψ′ proposals for all the nonzero elements in ξ′ with probability

π(ψ′|ξ′, a∗∆j , b
∗
∆j
) =

∏

j

[

IG
(

ψj|
1

2
+ a∆,

1

2
(µ2

Ωj
+ σ2

Ωj
) + b∆

)

]ξ′j

Calculate the corresponding target mean and variance given ξ′ and ψ′,
draw the θ′ proposal

µ′
θ(ξ,ψ)

= Σθ(ξ,ψ)
(σ−2)(1)ZT

ξ (u✁J)
(1) Σ−1′

θ(ξ,ψ)
=
(

(Tξdiag(ψ
′
ξ)Tξ)

+ + (σ−2)(1)ZT
ξ Zξ

)

θ′(ψ,ξ) ∼ SMVNd′
ξ
((Tξµθξ)

′, (TξΣθξTξ)
′|·)

Part of the target q(θ,ψ, ξ) cancels with the proposal for θ to give the
acceptance probability of

αb = min

{

q(ψ′, ξ′|y)jm(ξ
′, ξ)π(ψ|ξ, , a∗∆, b

∗
∆)

q(ψ, ξ|y)jm(ξ, ξ′)π(ψ′|ξ′, a∗∆, b
∗
∆)

, 1

}

with the simplified target density q(ξ,ψ|y):
for l=1,...,L do

Perform within-model moves: Given the current position of the
variational samples ξ, ψ and θ draw proposals ψ′|ξ and θ′|ψ′, ξ using
the same distributions as the between-model move.
Proposed moved accepted with probability

αw = min

{

q(ψ′, ξ|y)π(ψ|ξ, a∗∆, b
∗
∆)

q(ψ, ξ|y)π(ψ′|ξ, a∗∆, b
∗
∆)
, 1

}

.

end

else

for l=1,...,L do
Perform within-model moves with probability αw.

end

end

end
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4 Simulation Study

We validate the performance of our variational inference model against two frequentist

variable selection approaches, ordinary least squares (OLS) (when n >> p) and group

lasso regression which have software freely available on CRAN (R, 2017). Importantly,

both of these approaches ignore the sum to zero constraint on the associated vector of

parameters θ after the columns of the compositional design matrix Q have been logged.

We generate the covariate data using an approach which is similar to Lin et al., 2014. An

n× d data matrix O = (oij) is drawn from a multivariate normal distribution Np(µo,Σo),

and then the compositional covariate matrix Q = (qij) is obtained via the transformation

qij = exp(τoij)/
∑d

k=1 exp(τoik). The covariates thus follow a logistic normal distribution

(Aitchison and Shen, 1980). To account for the differences in the order of magnitudes

of the components, we fix τ = 2 and let µoj = log(d× 0.5) for j = 1,...,5 and µoj = 0

otherwise. As the correlations between the abundances of features in the microbiome

can vary quite considerably according to the taxonomy class, we choose three settings for

Σo: Σo = I, (ρ|i−j|) with ρ = 0.2 or 0.5. We vary the number of compositional features

from 45 (n = 100, d = 45) to 100 (n = 100, d = 100) and (n = 200, d = 100), but keep

the total number of continuous covariates p = 20 and categorical covariates G = 4 with

associated levels (3, 5, 5 and 5) fixed. Two scenarios are simulated from model (3.6),

non-zero θ elements only with θ = (1,−1.3, 0.7, 0, 0,−1, 1.3,−0.7, 0, 0, ..., 0) (“simple”

scenario) and additional non-zero elements of β = (1,−0.8, 0.6,−1.5, 0, 0, ..., 0) and the

second categorical covariate with reference to the intercept ζ = (1,−0.8, 0.6, 1.5) as the

first level is included in the intercept (“mixed” scenario).

Fast OLS backward selection via Akaike information criterion is performed using “fastbw”

(Harrell, 2021), where factors rather than columns are removed from the design matrix. A

complete model is fitted and the approximate Wald statistics are computed via restricted

maximum likelihood, assuming multivariate normality of estimates. The regularisation
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paths of the group lasso penalised learning for a sequence of regularization parameters are

fitted by “gglaso” (Yang et al., 2020). Group lasso is used so that selection, as in the OLS

approach, is performed on the categorical group rather than the individual levels within

the factor. The penalty parameter selection is performed using cross validation over a

grid of values and the mean squared error loss function. For the CAVI-MC model, vague

priors are placed on the hyperparameters and initial q expectations are randomly sampled

from the prior distributions. 30 variational inference iterations are performed (although

the algorithm typically converges after approximately 8 iterations) for each run. The

initial number of between-model MCMC iterations is set to 5000, before 10000 iterations

are performed after the 5th set of variational inference updates.

We define the signal to noise ratio (SNR) as SNR = mean |βγ +ζχ+θξ|/σ. To generate

the data with SNR of 0.5, 1 and 5 the SNR expression is solved for σ and 100 simulations

for each setting are preformed. To assess the performance of the approaches we use metrics

which evaluate the ability to select the correct variables and estimate the appropriate

effects. We compute the l2 loss ||θ̂ − θ + β̂ − β + ζ̂ − ζ||2 to assess the accuracy of the

coefficient estimates, where the approximate posterior mean is used for the parameter

estimate of the Bayesian model. To asses the accuracy of the variable selection, the

true positive rate (TPR or sensitivity) and false positive rate (FPR or 1 - specificity)

is reported, where positives and negatives in the context of the frequentist approaches

refer to non-zero and zero coefficients respectively. Variable selection is performed by

thresholding the marginal approximate posterior distributions E[q(γj|y)], E[q(χj|y)] and

E[q(ξj|y)] at 0.5. When there is a mixture of different parameters in the true model, the

TPR and FPR are also decomposed in to the TPR(θ) and FPR(θ) for the compositional

covariates and TPR(β, ζ) and FPR(β, ζ) for the unconstrained covariates.

The proposed CAVI-MC method performs much better than the existing methods in

terms of estimation with low to moderate dimensionality. When the signal is moderate or
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strong the CAVI-MC approach provides a more accurate estimation of the model, both in

terms of a lower false positive rate (FPR) and L2 loss. The approach works well even in

the presence of high correlation with sufficient signal. This can be seen in Table 1 for the

“mixed” scenario with a SNR of 1, and in the full table of results in the Supplementary

material.

The lasso approach fails to capture the sparsity of the true model in each of the scenarios.

This characteristic is particularly obvious when n >> p. In Table 2, where the SNR is 1,

n = 100 and ρ = 0, the FPR of the compositional covariates for the group lasso is 35%.

For ρ = 0.2, the FPR is approximately 70%. The presence of correlation between the

compositional covariates appears to make this problem worse.

When the true model contains both types of covariates, the two alternative approaches

which fail to account for the compositional nature are easily outperformed by the CAVI-

MC. The lasso methods suffer from high FPR even when the SNR is high and the correla-

tion is low. The OLS approach struggles to identify the correct unconstrained covariates.

This maybe due to the much larger variability in the true β compared with θ, despite

similar means.

Each of the methods perform poorly when the SNR is low and the correlation is high.

Where as the lasso approaches are inclined to include unnecessary variables in the model

(leading to a very high FPR), the OLS and the CAVI-MC tend to exclude relevant vari-

ables resulting in low TPR, whilst maintaining low FPR. This increases the l2 loss as

the non zero parameter estimates shrink to zero. High correlation tends to magnify the

problems with low SNR. The between-model moves in the CAVI-MC rely on a RJMCMC

which is guided by independent pseudo updates. These are analogous to the OLS regres-

sion model, which tends to drop true positive variables from the model when the signal

reduces and the correlation increases. When this happens the low signal is coupled with

a poor guide for searching the large binary space for ξ parameter. This may explain why
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in Table 1 for n = 100, d = 100, the CAVI-MC has a TPR for θ below that of the group

lasso approach.

A snapshot of the failings of all three approaches is provided by the plot of the ROC

curves for a SNR of 0.5 in the “simple” scenario (Figure 1) where the red and green dots

and blue cross represent the TPR and FPR of the CAVI-MC, lasso and OLS approach

respectively. When the correlation increases from 0.2 to 0.5, the green dot shifts to the

right as the FPR increases, where as the blue cross and red drop down as the TPR

decreases. The CAVI-MC outperforms the two alternative approaches easily in the first

two scenarios by combination of a very high TP and very low FP. When ρ = 0.5 the TPR

of 0.72 for the CAVI-MC is not as large as the lasso but the FPR of 0.01 is two orders

of magnitude lower than the lasso. Despite the lower TPR for ρ = 0.5 the parameter

estimation of the CAVI-MC remains far more accurate, with a considerably lower L2 loss

than the lasso.

5 Data

We apply our proposed method to a subset of the main study in Arkhangelsk, containing

515 men and women aged between 35-69 years recruited from the general population, from

the “Know your Heart” cross-sectional study of cardiovascular disease (Cook et al., 2018).

As part of the study, participants were asked to volunteer faecal samples for analysis of the

gut microbiome. The relative abundances of the microbes were then determined by 16S

rRNA sequencing (using the variable regions V3-V4) followed by taxonomic classification

using a Naive Bayes Classifier (Bokulich et al., 2018). A baseline questionnaire captured

unconstrained covariate information on age, sex and smoking status. Information on

alcohol consumption from the questionnaire and biomarker data was used to derive a

categorical factor with four levels on alcohol use.
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The gut microbiome plays an important role in energy extraction and obesity (Tseng

and Wu, 2019), which we illustrate by regressing body mass index (BMI) against the

microbiome at the phylum and genus level alongside the unconstrained covariates. The

counts are transformed into relative abundances after adding a small constant of 0.5

to replace the zero counts (Aitchison, 2003) and then log transformed. BMI is also

log transformed and the continuous age covariate is standardised. The same CAVI-MC

variational inference set up described in the simulation study is applied to each regression

model and the ELBO is monitored to confirm convergence. Four separate CAVI-MC runs

are performed at different initial starting points for the q expectations.

Thresholding the marginal expectation of the approximate posterior distributions at

0.5, we find an increase in Firmicutes (which has a -0.8 correlation with Bacteroidetes)

and a decrease in Synergistetes is associated with an increase of BMI at the phylum

level. At the genus level, BMI is increased by an increase in Roseburia and a reduction

in Oscillospira. The corresponding marginal expectation of the approximating posterior

E[q(ξ|y)] is plotted in Figure 2. We also find BMI to be positively associated with age.

The corresponding ELBO for each model clearly indicates an optimum has been reached

(Figure 3), with each run finding the same local optimum.

Our findings appear to be consistent with previous studies. The ratio of Firmicutes to

Bacteroidetes at the phylum level is considered to be a biomarker for obesity (Armougom

et al., 2009, Davis, 2016). Increases in physical training of rats has led to an increase

in their levels of Synergistetes (de Oliveira Neves et al., 2020). At the genus level Yuan

et al., 2021 identifies Roseburia to be positively correlated with obesity in children, and

Chen et al., 2020 determines Oscillospira to be negatively associated with BMI.
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6 Discussion

Our Bayesian hierarchical linear log-contrast model estimated by mean field Monte Carlo

co-ordinate variational inference improves regression modelling for compositional data.

Sparse variable selection is performed through priors which fully account for the con-

strained parameter space associated with the compositional covariates. We introduce

Monte Carlo expectations to approximate integrals which are not available in closed form.

These expectations are obtained via RJMCMC with proposal parameters informed by ap-

proximating variational densities via auxiliary parameters with pseudo updates. As long

as there is sufficient signal to guide the RJMCMC, the approach leads to an increase in

the TPR and a reduction in the FPR.

The CAVI-MC suffers when the SNR is low and the correlation is high. Addressing the

correlation by adapting the prior parametrisation may help to improve the model in these

settings. One approach to address this issue is to use a Markov Random Field prior (Chen

and Welling, 2012) which imposes a structure on the selection of ξ. Zhang et al., 2020 use

this prior to incorporate the phylogenetic relationship among the bacterial taxa alongside

a model which partially accounts for the constraint on the parameters. Alternatively, to

avoid having to pre-define the structure of the taxa, a Dirichlet Process could be used

to account for the correlation of the microbiome by clustering the covariates (Curtis and

Ghosh, 2011) prior to the regression.

At the genus level, despite the CAVI-MCMC identifying associations between the BMI

and Roseburia and Oscillospira, some of the other microbiome features which have been

found to be associated with BMI were not detected. Bifidobacterium has been found to

be negatively associated with BMI in children (Ignacio et al., 2016). This taxon was also

found to be associated with BMI in adults, alongside a negative association between BMI

and Methanobrevibacter (Schwiertz et al., 2010). However, associations between BMI and

the gut microbiome at the genus level are subject to a high degree of variation across
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studies (Verdam et al., 2013). This maybe partly explained by the tools used to construct

the microbiome datasets, which can identify quite different results from the same sample

(Nearing et al., 2021).

As genetic sequencing becomes more widely available, interest grows in modelling the

relationship between the microbiome and a complex set of phenotypes such as blood

concentrations of lipids or other metabolites. Bayesian hierarchical models have been in-

troduced for multiple outcomes (Ruffieux et al., 2017, Lewin et al., 2016), which leverage

shared information improving predictor selection. These approaches often use the simpli-

fying assumption of conditionally independent residuals to allow different covariates to be

associated with different responses. In future work, we would like to explore this multiple

response extension to our model, using a hierarchical approach to allow information on the

shared parameters to be pooled whilst incorporating correlation between the responses to

aid variable selection.

7 Supplementary Material

Supplementary material which contains the derivations of all of the analytical updates for

the CAVI-MC is available online.
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Tables

Table 1: Subset of the results from the “mixed” scenario with SNR 1 for d = 100 com-
positional covariates, G = 24 categorical covariates, for the variational Bayes (VB) and
group lasso approach. The true positive and false positive rates for the unconstrained and
constrained covariates are reported alongside the L2 loss of the estimated parameters (2
decimal places).

n ρ Method TPR FPR TPR(θ) FPR(θ) TPR(β, ζ) FPR(β, ζ) L2

100 0 VB 0.99 0.00 1.00 0.00 0.98 0.01 0.94
GLasso 0.77 0.20 1.00 0.20 0.60 0.19 5.71

100 0.2 VB 0.99 0.00 1.00 0.00 0.98 0.01 0.99
GLasso 0.74 0.65 0.96 0.71 0.57 0.58 2.79

100 0.5 VB 0.36 0.00 0.26 0.00 0.48 0.00 9.69
GLasso 0.68 0.27 0.89 0.21 0.53 0.21 4.28

200 0 VB 1.00 0.00 1.00 0.00 1 0.00 0.37
OLS 0.68 0.00 1.00 0.00 0.43 0.00 4.57
GLasso 1.00 0.30 1.00 0.32 1.00 0.23 4.06

200 0.2 VB 1.00 0.00 1.00 0.00 1.00 0.01 0.40
OLS 0.67 0.00 1.00 0.00 0.42 0.00 4.65
GLasso 0.99 0.35 1.00 0.37 0.98 0.29 2.53

200 0.5 VB 1.00 0.00 1.00 0.00 1.00 0.00 0.02
OLS 0.68 0.00 1.00 0.00 0.44 0.00 5.16
GLasso 1.00 0.33 1.00 0.33 1.00 0.30 2.74
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Table 2: Table of true positive rate, false positive rate and the L2 loss of the estimated
parameters for the true model with elements θ as the only significant parameter for the
VB approach, OLS and group lasso for a SNR of 1. The total number of compositional,
continuous and categorical covariates are represented by d, p and G respectively.

(n, d, p+G) ρ Method TPR FPR L2 loss

(100, 45, 24) 0 VB 1.00 0.00 0.08
OLS 0.94 0.08 2.32
GLasso 0.98 0.35 3.86

(100, 45, 24) 0.2 VB 1.00 0.01 0.04
OLS 0.97 0.16 2.13
GLasso 0.99 0.68 3.63

(100, 45, 24) 0.5 VB 0.94 0.00 0.39
OLS 1.00 0.16 2.41
GLasso 1.00 0.62 3.84

(200, 100, 24) 0 VB 1.00 0.00 0.03
OLS 0.99 0.00 0.23
GLasso 1.00 0.22 0.16

(200, 100, 24) 0.2 VB 1.00 0.00 0.03
OLS 1.00 0.00 0.13
GLasso 1.00 0.15 0.13

(200, 100, 24) 0.5 VB 1.00 0.00 0.02
OLS 1.00 0.00 0.88
GLasso 1.00 0.23 0.25
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Figures

Figure 1: Plot of the ROC curves for the CAVI-MC from the “simple” scenario for a
SNR of 0.5. The red and green dots and blue cross represent the TPR and FPR of the
CAVI-MC, lasso and OLS respectively.

Figure 2: Plot of the marginal expectation of the approximating posterior Eq[p(ξ|y)] at
the genus level. The grey denotes a positive θj, black a negative θj. The bars above 0.25
probability of inclusion (blue dashed line) are Roseburia, Oscillospira and Oxalobacter
respectively. The red dashed line at 0.5 probability of inclusion indicate the thresholding
value used to determine a significant association.

41



Figure 3: Plot of the ELBO against iterations for the CAVI-MC applied to the “Know
Your Heart” data set with the microbiome grouped at the genus level. 30 iterations are
performed, with 30,000 between state space moves by the RJMCMC after 4 iterations.
The approximate straight line after only 7 iterations implies that the model has reached
convergence. Despite the MCMC component removing the monotonic properties of the
ELBO, the fluctuations are relatively small.

42



Supplementary Files

This is a list of supplementary �les associated with this preprint. Click to download.

BMCBioinformaticsBayesiancompositionalregressionwithmicrobiomefeaturesviavariationalinferenceSupplementaryMaterial.pdf

https://assets.researchsquare.com/files/rs-1401242/v1/1960a45506f8264829c4fdf7.pdf

	Abstract
	Introduction
	Methods
	Microbiome Model
	Compositional Priors
	 Priors
	Variational Inference
	Unconstrained Updates
	CAVI-MC
	
	Pseudo Updates for MCMC proposals
	Algorithm


	Simulation Study
	Data
	Discussion
	Supplementary Material

