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Abstract
The paper reports rather unique research on the in�uence of freeplay and friction in the car steering mechanism on automatically controlled process
of lane change. The developed controller algorithm was based on very simpli�ed (and thus effective in on-line calculations) reference models of the
car dynamics, obviously without taking into account the nonlinearities of its steering system. Extensive simulation investigations of the developed
controller algorithm carried out in a very wide range of changes in road and operational conditions, with regard to two-axle medium-duty truck,
con�rmed its advantages. The research presented in this article concerns the unpublished area of analyzes concerning the sensitivity of the lane
change controller to freeplay and friction occurring in the steering mechanism of a controlled car. Some results of the simulation tests turned out to
be surprising The piecewise-linear luz(...) and tar (...) projections used in these studies to describe the freeplay and friction effects facilitated
modeling and simulation calculations.

Introduction
Freeplay (backlash, clearance) and especially dry friction (kinetic and static) are one of the most important and “sophisticated” attributes of
mechanical systems from theoretical as well as practical point of view. Models of dynamics of such systems contain "nonsmooth" nonlinearities –
discontinuous characteristics and even forms of description expressed by differential inclusions or differential equations with variable structure.
Such models are usually di�cult to synthesize, di�cult to analytical study, and also di�cult to simulate. This statement is clear studying review
papers and books e.g. [1, 2, 4, 5, 8, 11, 13, 21, 25, 27, 28, 33] and other scienti�c articles e.g. [14, 31, 32, 35, 37]. When formally modeling, analyzing
and simulating such systems (especially systems with dry friction), we encounter, a number of speci�c mathematical problems, such as Painleve
paradoxes, e.g. [29, 31], the existence and uniqueness of solutions e.g. [23], indeterminacy of static friction forces [41], bifurcations and chaos of
stick-slip vibrations e.g. [3, 22, 24], numerical stiffness and stability e.g. [1, 6, 9, 43], etc. These problems are visible end discussed even in quite
simple 1D, single-mass discrete systems. Problems arise dramatically when the objects are spatial multibody systems having many degrees of
freedom. Although some formal methods for modeling and simulating such structures have been developed (e.g LCP method) [19, 20], in practice,
the most commonly used are the methods requiring the replacement of sharp nonlinearities with smooth ones [3, 36].

The in�uence of freeplay and dry friction on control effects has been discussed in a number of publications, e.g. [2, 7, 28, 30]. But these works do not
relate directly to the automotive issues. Due to the real-time signal processing requirements, the controllers of embedded mechatronic systems are
based on relatively simple models describing the dynamics of the controlled car. In such models the freeplay and dry friction effects, which are
di�cult to measure and calculate, are ignored, which means that in fact the control algorithms created relate only to “new” vehicles. Therefore, it is
reasonable to ask about the sensitivity of the designed control algorithms to the appearance of freeplay and dry friction in the steering mechanisms.
Such analyzes are extremely rarely reported in available scienti�c publications and refer rather to classic steering systems e.g. [10, 12, 26] than active
systems equipped with automatic controllers [34].

In several previous papers, e.g. [15, 16, 17, 18], the authors presented design and research works on a steering system controller that automates the
process of changing lane by a car. Note, that the lane change automation is a fundamental problem of autonomous cars and is a key to automate
more complex maneuvers (avoiding, overtaking etc.). The subject of automation of lane change was undertaken by the authors in their research
project on the control of the vehicle with suddenly appearing obstacle. Synthesis of the controller algorithms has been worked up with success. The
developed controller algorithm has been simulation tested (with successes) in relation to a virtual truck STAR 1142 treated as multi-body system
equipped with an active steering system (having own electric actuator), but always without the freeplay and dry friction in its steering (Fig. 1). That
research included wide range of changes in road and operation conditions, and even the presence of signals’ disturbances.

The time has come to extend the scope of research to include the sensitivity of the controller to the occurrence of freeplay and dry friction in the
vehicle steering system. Such research should help in the future to answer the important question whether autonomous cars after long-term use, i.e.
mechanically worn but equipped with e�cient electronics, will be su�ciently safe for users.

The article presents the newest research on the sensitivity analysis of the lane change controller, this time due to the freeplay and the dry friction in
steering system that have been ignored in the design. In connection with the above, the previously used model of the dynamics of a virtual truck, has
been supplemented by elements that describe as simply as possible the freeplay and the friction in steering actuator as well as in steering system
mechanism (gear, king-pins). In modeling the freeplay and friction nonlinearities, the piecewise-linear luz(...) and tar(...) projections and their
surprisingly simple mathematical apparatus have been used. This Żardecki’s method (detail description in e.g. [39, 40, 41, 42, 44] simpli�es the
synthesis of the model, as well as its functioning in the simulation program.

The Method Of Description Freeplay And Friction Effects With Using Luz(…) And Tar(…) Projections
Modeling of multi-body systems with freeplay and friction (kinetic and static) provide strong non-linear inclusion forms or forms containing variable-
structure ordinary differential equations with algebraic constrains.. Such models are di�cult for analysis and simulation. A quest of more “friendly”
methods of modeling has ever been an attractive challenge.
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In cases of steering mechanisms, the freeplay and friction actions can be expressed by piecewise linear dynamical models with piecewise linear
characteristics (Fig. 2).

The characteristics presented in Fig. 2 can be described analytically as:

FS = k ∙ luz z, z0

1

FT =
Ctar ż,

FT0

C if ż ≠ 0

F − luz F, FT0 if ż = 0

2
where luz(...) and tar(…) are piecewise linear projections (Fig. 3) de�ned below (here a ≥ 0):

luz(x, a) = x +
|x − a| − |x + a|

2

3

 tar(x, a) = x + a ⋅ sgh(x)  where sgh(x) =

−1 if x < 0
s ∗ ∈ [ − 1,1] if x = 0

1 if x > 0
 (4)

The luz(…) and tar(…) are reversible projections. They have a lot of mathematical properties which create their common mathematical apparatus [8].
Examples formulas (here all parameters ≥ 0):

 luz(x, a) = tar −1(x, a) , luz(x, a) = tar −1(x, a), (5, 6)

 luz( − x, a) = − luz(x, a)  tar( − x, a) = − tar(x, a) (7, 8)

 kluz(x, a) = luz(kx, ka) , ktar(x, a) = tar(kx, ka), (9, 10)

 luz(luz(x, a), b) = luz(x, a + b) , tar(tar(x, a), b) = tar(x, a + b), (11, 12)

k1tar x, a1 + k2tar x, a2 = k1 + k2 tar x,
k1a1 + k2a2

k1 + k2

13

If luz(y, b) = kluz(x − y, a) then luz(y, b) =
k

k +1 luz(x, a + b) (14)

If 0 ∈ y − ktar(x, a)) then x = luz
1
ky, a  (15)

The luz(…) and tar(…) mathematical apparatus is very useful for the synthesis of the piecewise linear mathematical models and their formal
parametrically-made reductions. An explanation of this important property is provided below with a simple demonstrative example.

Example

Notation:

M1, M2 – masses,

K – stiffness coe�cient,

z0 – freeplay parameter,

C – viscous friction coe�cient,

( )

{ ( )
( )

{

( ) ( ) ( ) ( )

( )



Page 4/22

FT0 – dry friction parameter,

z – relative displacement,

F1, F2 – acting forces.

For the double-mass system with freeplay and friction (Fig. 4) the starting dynamical model has a compact but inclusion-type form (with unknown
formulation for zero speeds).

According to (1) and (2), a starting inclusion-type model is:

M1 ⋅ z̈1(t) =
−C ⋅ tar ż1(t) − ż2(t) ,

FT0

C − K ⋅ luz z1(t) − z2(t) , z1 − z2 + F1(t) if ż1(t) ≠ ż2(t)

−FT0 ⋅ s ∗ (t) − K ⋅ luz z1(t) − z2(t) , z1 − z2 + F1(t),  s ∗ (t) ∈ [ − 1,1] if ż1(t) = ż2(t)

16

M2 ⋅ z̈2(t) =
C ⋅ tar ż1(t) − ż2(t) ,

FT0

C + K ⋅ luz z1(t) − z2(t) , z1 − z2 + F2(t) if ż1(t) ≠ ż2(t)

FT0 ⋅ s ∗ (t) + K ⋅ luz z1(t) − z2(t) , z1 − z2 + F2(t),  s ∗ (t) ∈ [ − 1,1] if ż1(t) = ż2(t)

17
Formal calculation of s ∗ (t) (or static friction force FT0 ⋅ s ∗ (t)) is based on the Gauss rule, through the minimization of acceleration energy Q.

Here:

Q(t) =
M1 ⋅ z̈1(t) 2

2 +
M1 ⋅ z̈1(t) 2

2 =
F11(t) − FT0 ⋅ s ∗ (t) 2

2M1
+

F22(t) + FT0 ⋅ s ∗ (t) 2

2M2
=

=
M2 F11(t) − FT0 ⋅ s ∗ (t) 2 + M1 F22(t) + FT0 ⋅ s ∗ (t) 2

2M1M2
=

=
M1 + M2 ⋅ FT0

2M1M2
s ∗ (t) −

M2F11(t) − M1F22(t)

M1 + M2 FT0

2
+

F11(t) + F22(t) 2

2M1M2

18
where

F11(t) = − K ⋅ luz z1(t) − z2(t) , z1 − z2 0
+ F1(t)

19

F22(t) = K ⋅ luz z1(t) − z2(t) , z1 − z2 0
+ F2(t)

20
The minimization task:

s ∗ :  min
s ∗

M1 + M2 FT0

2M1M2
s ∗ −

M2F11 − M1F22

M1 + M2 FT0

2
+

F11 + F22
2

2M1M2
  ∧  s ∗ ∈ [ − 1,1]

21

For s ∗ ∈ [ − 1,1]the optimal solution is s ∗ =
M2F11−M1F22

M1+M2 FT0

 (22)

{ (( ) ) ( ( ) ( ))

( ( ) ( ))

{ ( ( ) ) (( ) ( ) )

(( ) ( ))

( ) ( ) ( ) ( )

( ) ( )

( ) ( ( ) ) ( )

( ( ) ( ) )

(( ) ( ) )

( ( ) ( ( ) ) ( ) )
( )
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For arbitrary F11 and F22, the solution s ∗ F11, F22  must be saturated. Therefore �nally:

s ∗ (t) =
M2 ⋅ F11(t) − M1 ⋅ F22(t)

M1 + M2 FT0

− luz
M2 ⋅ F11(t) − M1 ⋅ F22(t)

M1 + M2 FT012

, 1

23

FT0 ⋅ s ∗ (t) =
M2 ⋅ F11(t) − M1 ⋅ F22(t)

M1 + M2
− luz

M2 ⋅ F11(t) − M1 ⋅ F22(t)
M1 + M2

, FT0

24
So, using the Gauss rule, the model can be presented by variable structure differential equations:

M1 ⋅ z̈1(t) =

−C ⋅ tar ż1(t) − ż2(t) ,
FT0

C − K ⋅ luz z1(t) − z2(t) , z1 − z2 0 + F1(t) if ż1(t) ≠ ż2(t)

M1

M1+M2
⋅ F1(t) + F2(t) + luz − K ⋅ luz z1(t) − z2(t), z1 − z2 0 +

M2 ⋅ F1( t ) −M1 ⋅ F2( t )
M1+M2

, FT0 if ż1(t) = ż2(t)

25

M2 ⋅ z̈2(t) =

C ⋅ tar ż1(t) − ż2(t) ,
FT0

C + K ⋅ luz z1(t) − z2(t) , z1 − z2 0 + F2(t) if ż1(t) ≠ ż2(t)

M2

M1+M2
⋅ F1(t) + F2(t) − luz − K ⋅ luz z1(t) − z2(t), z1 − z2 0 +

M2 ⋅ F1( t ) −M1 ⋅ F2( t )
M1+M2

, FT0 if ż1(t) = ż2(t)

26
The presented model has a clear interpretation:

Note 1

When {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right) and -{F}_{T0}\le -K\cdot luz\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),{\left({z}_{1}-
{z}_{2}\right)}_{0}\right)+\frac{{M}_{2}\cdot {F}_{1}\left(t\right)-{M}_{1}\cdot {F}_{2}\left(t\right)}{{M}_{1}+{M}_{2}}\le {F}_{T0} ,

then

 \left({M}_{1}+{M}_{2}\right)\cdot {\ddot{z}}_{1}\left(t\right)={F}_{1}\left(t\right)+{F}_{2}\left(t\right)  and \left({M}_{1}+{M}_{2}\right)\cdot
{\ddot{z}}_{2}\left(t\right)={F}_{1}\left(t\right)+{F}_{2}\left(t\right) (27, 28)

These equations have identical forms. It means that {\ddot{z}}_{1}\left(t\right)={\ddot{z}}_{2}\left(t\right) (stick state).

Note 2

When {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right) and \frac{{M}_{2}\cdot {F}_{1}\left(t\right)-{M}_{1}\cdot {F}_{2}\left(t\right)}{{M}_{1}+
{M}_{2}}=0,

{M}_{1}\cdot {\ddot{z}}_{1}\left(t\right)=\frac{{M}_{1}}{{M}_{1}+{M}_{2}}\cdot \left({F}_{1}\left(t\right)+{F}_{2}\left(t\right)\right)+luz\left(-K\cdot
luz\left({\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right),{F}_{T0}\right)
29
{M}_{2}\cdot {\ddot{z}}_{2}\left(t\right)=\frac{{M}_{2}}{{M}_{1}+{M}_{2}}\cdot \left({F}_{1}\left(t\right)+{F}_{2}\left(t\right)\right)-luz\left(-K\cdot
luz\left({\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right),{F}_{T0}\right)
30

( )

( ) ( ( ) )

( )

{ ( ( ) ) (( ) ( ) )
( ) ( (( ( )) ) )

{ (( ) ) ( ( ) ( ) )
( ) ( (( ( )) ) )
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Applying (7), (9), (11)

{M}_{1}\cdot {\ddot{z}}_{1}\left(t\right)=\frac{{M}_{1}}{{M}_{1}+{M}_{2}}\cdot \left({F}_{1}\left(t\right)+{F}_{2}\left(t\right)\right)-K\cdot
luz\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),{\left({z}_{1}-{z}_{2}\right)}_{0}+\frac{{F}_{T0}}{K}\right)
31
{M}_{2}\cdot {\ddot{z}}_{2}\left(t\right)=\frac{{M}_{2}}{{M}_{1}+{M}_{2}}\cdot \left({F}_{1}\left(t\right)+{F}_{2}\left(t\right)\right)+K\cdot
luz\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),{\left({z}_{1}-{z}_{2}\right)}_{0}+\frac{{F}_{T0}}{K}\right)
32

Note 3

When external forces are zeroes

{M}_{1}\cdot {\ddot{z}}_{1}\left(t\right)=\left\{\begin{array}{ccc}-C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)-
{\dot{z}}_{2}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)-K\cdot luz\left(\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right),{\left({z}_{1}-
{z}_{2}\right)}_{0}\right)& if& {\dot{z}}_{1}\left(t\right)\ne {\dot{z}}_{2}\left(t\right)\\ luz\left(-K\cdot luz\left({\left({z}_{1}\left(t\right)-
{z}_{2}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right),{F}_{T0}\right)& if& {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right)\end{array}\right.
33
{M}_{2}\cdot {\ddot{z}}_{2}\left(t\right)=\left\{\begin{array}{ccc}C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)-
{\dot{z}}_{2}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)+K\cdot luz\left(\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right),{\left({z}_{1}-
{z}_{2}\right)}_{0}\right)& if& {\dot{z}}_{1}\left(t\right)\ne {\dot{z}}_{2}\left(t\right)\\ -luz\left(-K\cdot luz\left({\left({z}_{1}\left(t\right)-
{z}_{2}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right),{F}_{T0}\right)& if& {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right)\end{array}\right.
34

Using (7), (9), (11) we obtain

{M}_{1}\cdot {\ddot{z}}_{1}\left(t\right)=\left\{\begin{array}{ccc}-C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)-
{\dot{z}}_{2}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)-K\cdot luz\left(\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right),{\left({z}_{1}-
{z}_{2}\right)}_{0}\right)& if& {\dot{z}}_{1}\left(t\right)\ne {\dot{z}}_{2}\left(t\right)\\ -K\cdot luz\left(\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right),
{\left({z}_{1}-{z}_{2}\right)}_{0}+\frac{{F}_{T0}}{K}\right)& if& {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right)\end{array}\right.
35
{M}_{2}\cdot {\ddot{z}}_{2}\left(t\right)=\left\{\begin{array}{ccc}C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)-
{\dot{z}}_{2}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)+K\cdot luz\left(\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right),{\left({z}_{1}-
{z}_{2}\right)}_{0}\right)& if& {\dot{z}}_{1}\left(t\right)\ne {\dot{z}}_{2}\left(t\right)\\ K\cdot luz\left(\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right),
{\left({z}_{1}-{z}_{2}\right)}_{0}+\frac{{F}_{T0}}{K}\right)& if& {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right)\end{array}\right.
36

In this case the lack of movement {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right) occurs when \left|{z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right|\le
{\left({z}_{1}-{z}_{2}\right)}_{0}+\frac{{F}_{T0}}{K} (37)

The equations (25), (26) enable important parametrically made simpli�cations. This is presented below:

Note 4

When {M}_{2}\to \infty the state {\ddot{z}}_{2}\left(t\right)=0 must be steady. It means a blockade of this block. So also {\dot{z}}_{2}\left(t\right)=0
and {z}_{2}\left(t\right)=0. The model passes to the single-mass system model (for the mass M1).

{M}_{1}\cdot {\ddot{z}}_{1}\left(t\right)=\left\{\begin{array}{ccc}-C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)-K\cdot
luz\left(\left({z}_{1}\left(t\right)\right),{\left({z}_{1}-{z}_{2}\right)}_{0}\right)+{F}_{1}\left(t\right)& if& {\dot{z}}_{1}\left(t\right)\ne 0\\
\frac{{M}_{1}/{M}_{2}}{{M}_{1}/{M}_{2}+1}\cdot \left({F}_{1}\left(t\right)+{F}_{2}\left(t\right)\right)+luz\left(-K\cdot
luz\left({\left({z}_{1}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right)+\frac{{F}_{1}\left(t\right)-{M}_{1}/{M}_{2}\cdot {F}_{2}\left(t\right)}
{{M}_{1}/{M}_{2}+{1}_{2}},{F}_{T0}\right)& if& {\dot{z}}_{1}\left(t\right)=0\end{array}\right.
38
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And �nally

{M}_{1}\cdot {\ddot{z}}_{1}\left(t\right)=\left\{\begin{array}{ccc}-C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)-K\cdot
luz\left(\left({z}_{1}\left(t\right)\right),{\left({z}_{1}-{z}_{2}\right)}_{0}\right)+{F}_{1}\left(t\right)& if& {\dot{z}}_{1}\left(t\right)\ne 0\\ luz\left(-K\cdot
luz\left({\left({z}_{1}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right)+{F}_{1}\left(t\right),{F}_{T0}\right)& if&
{\dot{z}}_{1}\left(t\right)=0\end{array}\right.
39

When external excitation F1(t) is absent

{M}_{1}\cdot {\ddot{z}}_{1}\left(t\right)=\left\{\begin{array}{ccc}-C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)-K\cdot
luz\left(\left({z}_{1}\left(t\right)\right),{\left({z}_{1}-{z}_{2}\right)}_{0}\right)& if& {\dot{z}}_{1}\left(t\right)\ne 0\\ -K\cdot luz\left({z}_{1}\left(t\right),
{\left({z}_{1}-{z}_{2}\right)}_{0}+\frac{{F}_{T0}}{K}\right)& if& {\dot{z}}_{1}\left(t\right)=0\end{array}\right.
40

This model is useful for description full dynamics of the mass M1 interacting with the mass M2 when M2 > > M1.

Note 5

When {M}_{1}\to 0 the state {\ddot{z}}_{2}\left(t\right)=0 must be steady. the movement of massless element has a kinetic character. Firstly we
analyze the Eq. (25) for the zeroed mass M1. Now:

0=\left\{\begin{array}{ccc}-C\cdot tar\left(\left({\dot{z}}_{1}\left(t\right)-{\dot{z}}_{2}\left(t\right)\right),\frac{{F}_{T0}}{C}\right)-K\cdot
luz\left(\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right)\right),{\left({z}_{1}-{z}_{2}\right)}_{0}\right)+{F}_{1}\left(t\right)& if& {\dot{z}}_{1}\left(t\right)\ne
{\dot{z}}_{2}\left(t\right)\\ luz\left(-K\cdot luz\left({\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right)+
{F}_{1}\left(t\right),{F}_{T0}\right)& if& {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right)\end{array}\right.
41

For {\dot{z}}_{1}\left(t\right)\ne {\dot{z}}_{2}\left(t\right), using (6):

{\dot{z}}_{1}\left(t\right)-{\dot{z}}_{2}\left(t\right)=\frac{1}{C}\cdot luz\left(-K\cdot luz\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),{\left({z}_{1}-
{z}_{2}\right)}_{0}\right)+{F}_{1}\left(t\right),{F}_{T012}\right)
42

For {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right), according to (41), 0=luz\left(-K\cdot luz\left({\left({z}_{1}\left(t\right)-
{z}_{2}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right)+{F}_{1}\left(t\right),{F}_{T0}\right) (43)

So the massless element movement is described by equation:

 {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right)+\frac{1}{C}\cdot luz\left(-K\cdot luz\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),{\left({z}_{1}-
{z}_{2}\right)}_{0}\right)+{F}_{1}\left(t\right),{F}_{T012}\right)  for any {\dot{z}}_{1}\left(t\right),{\dot{z}}_{2}\left(t\right) (44)

Now, we analyze the Eq. (26) for the mass M2. By summation (41) and (25) we obtain:

{M}_{2}\cdot {\ddot{z}}_{2}\left(t\right)=\left\{\begin{array}{ccc}{F}_{1}\left(t\right)+{F}_{2}\left(t\right)& if& {\dot{z}}_{1}\left(t\right)\ne
{\dot{z}}_{2}\left(t\right)\\ {F}_{1}\left(t\right)+{F}_{2}\left(t\right)& if& {\dot{z}}_{1}\left(t\right)={\dot{z}}_{2}\left(t\right)\end{array}\right.
45

This means that

 {M}_{2}\cdot {\ddot{z}}_{2}\left(t\right)={F}_{1}\left(t\right)+{F}_{2}\left(t\right)  for any {\dot{z}}_{1}\left(t\right),{\dot{z}}_{2}\left(t\right) (46)

Final form of the model for any {\dot{z}}_{1}\left(t\right),{\dot{z}}_{2}\left(t\right) is done by equations (44) and (46).
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When also

 -{F}_{T0}\le -K\cdot luz\left({\left({z}_{1}\left(t\right)-{z}_{2}\left(t\right),\left({z}_{1}-{z}_{2}\right)\right)}_{0}\right)+{F}_{1}\left(t\right)\le {F}_{T0}  we
have {\dot{z}}_{1}\left(t\right)-{\dot{z}}_{2}\left(t\right)=0 (47)

It means the stiction state between the blocks. It is independent of the second mass action.

Note 6

When {M}_{2}\to \infty and {M}_{1}\to 0 (see the notes 4 and 5) the mass M2 is treated as immobile and the movement of massless element has a
kinetic character. Here the model has a form:

{\dot{z}}_{1}\left(t\right)=\frac{1}{C}\cdot luz\left(-K\cdot luz\left({z}_{1}\left(t\right),{\left({z}_{1}-{z}_{2}\right)}_{0}\right)+{F}_{1}\left(t\right),
{F}_{T012}\right)
48

When also {F}_{1}\left(t\right)=0, taking into account (7), (9) and (11):

{\dot{z}}_{1}\left(t\right)=-\frac{K}{C}\cdot luz\left(\left({z}_{1}\left(t\right),{\left({z}_{1}-{z}_{2}\right)}_{0}\right)+\frac{{F}_{T012}}{K}\right)
49

In this case we can implement a new “freeplay-friction” parameter: ff={\left({z}_{1}-{z}_{2}\right)}_{0}+\frac{{F}_{T012}}{K} (50)

Note 7

The presented models have no entanglements. This statement is very important for simulation calculations!

Note 8

The presented models can be easy reformulated to the models basing on luz(…) and tar(,,,) when kinetic dry friction characteristics have more
sophisticated forms (e.g. with taking into account the Stribeck effect), and when parameters of kinetic and static dry friction forces are not the same.

Note 9

The presented models can be easy reformulated to the models describing rotative systems, especially systems with gear elements (example system
in Fig. 5). In these cases the masses must be replaced by moments of inertia, etc. This method can be implemented also for a synthesis of the model
of vehicle steering system with inclusion freeplay and friction elements.

Several ready-to-use models of mechanical systems operating with freeplay and/or friction action (also when there is a problem of static
indeterminacy) have been used and referred in publications [26, 34, 38, 43, 44]. Of course the models of multibody systems with many freeplay /
friction actions can have very complicated forms, but fortunately in many cases without variable entanglement.

Modeling Of Steering System Dynamics With Inclusion Of Freeplay And Friction Effects
There are a number of mechanical elements in steering systems for which it is possible to introduce attributes related to freeplay and friction. But the
steering systems are spatial multibody (MBS) systems. Detail mathematical models of such mechanical structures would be extremely complex and
complicate. However, the elements of the steering mechanisms are many times smaller then the steered wheels in cars. In addition, the axes of the
wheel king-pins are almost vertical to the plane of the lateral movement of the car. Therefore, it is reasonable to ignore all small inertias and
especially all spatial inertia products of steering mechanism. The spatiality of the steering mechanism and the Ackerman linkage variable geometry
can be included in kinematic characteristics. For better compatibility between a physical model and its mathematical representative, the steering
system mechanism can be treated as a MBS-type geared system having only masses rotating on vertical axles. This concept have been applied also
in the Żardecki’s habilitation work [42] where the steering mechanism of a passenger car with freeplay in the gear and friction in the king-pins of both
steered wheels was modeled (Fig. 6). That model (containing 3 masses, 3 springs, 1 freeplay, 2 frictions) had the form of several quite complex
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piecewise-linear differential equations of variable structure (due to static friction), fortunately without entanglement, of course described with using
luz(..) and tar(..) projections. The experience gained in deriving that equations has shown that taking into account the freeplay and friction in an
existing MBS mathematical model is not too complicated when the luz(…) and tar(…) mathematical apparatus is used.

In our case we should introduce freeplay and friction elements to the exist multibody system model of the truck STAR 1142 which is our virtual
object for testing the lane change automatic control system.

The steering system of the truck is rather typical steering mechanism but equipped with a mechatronic actuator mounted in its steering wheel
column.(Fig. 7).

Notation:

t – time;

δH – angle of steering wheel (input signal for the actuator);

δA - angle of rotation of the input wheel of the steering system gear (output signal from the actuator);

δ1, δ2 - wheel turning angles;

CA – damping coe�cient of the actuator output shaft bearing;

KAH –stiffness coe�cient of the actuator output shaft;

(δA- δH)0 – parameter of the angular freeplay of the actuator shaft (half of the total freeplay of the actuator);

MTA – dry friction moment of actuator output shaft bearing (assumed the same for kinetic and static friction);

I1, I2 - moments of inertia of the steered wheels;

M12(…) - Moment of the forces of spring reactions between the steered wheels in the Ackerman linkage system;

M10(…), M20(…) - Moments of reaction forces between wheels and road (according to the Dugoff tire model);

 {\left({\delta }_{1}-\frac{{\delta }_{A}}{p}\right)}_{0} - parameter of the angular freeplay of the gear;

C1, C2 - damping coe�cients (viscous friction) in king-pins of the steered wheels;

MTK1, MTK2 - moments of kinetic dry friction forces in king-pins of the steered wheels;

MTS1, MTS2 - maximum moments of static dry friction forces in king-pins of the steered wheels (assumed the same for kinetic and static dry friction,
so MTS1= MTK1, MTS2= MTK2);

KAp1- stiffness coe�cient of the element connecting the steering system gear with the wheel 1;

p – steering system gear ratio (for steady state without freeplay {\delta }_{A}=p{\delta }_{1}), e.g. p=20.

Freeplay and friction elements concern of the actuator as well as the steering mechanism. In the original model (without freeplay and friction action)
the actuator has been treated as a linear massless elastic-damping element (�rst order transforming system) generating the output waveform δA(t)
on the basis of the input waveform δH(t). Because the steering actuator is a mechatronic system it is reasonable to assume that its output
mechanical impedance is zero and the waveform δA(t) can be treated as the input signal for the steering mechanism. In the original model the
steering mechanism has been modelled as an double-mass (two steered wheels) elastic-damping system (elasticities in linkage elements, damping
in kingpins). Very important is a statement that the steering system model can be treated as a serial system model. Note that the actuator acts
through the gear on the �rst steered wheel and then this wheel connected by Ackerman linkage elements with the second steered wheel. Both steered
wheels twist in theirs king-pins and interact with a road surface. With this assumption, "adding" the freeplay and friction elements to the existed
model was no a special problem, when the luz(..) and tar(…) apparatus had been applied.

The original model of steering system:

One equation for the actuator (linear massless elastic-damping element):

{C}_{A}\bullet \dot{{\delta }_{A}}\left(t\right)+{\kappa }_{AH}\bullet \left({\delta }_{A}\left(t\right)-{\delta }_{H}\left(t\right)\right)=0
51
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Two equations for the steering mechanism (two single-mass elastic-damping elements):

{I}_{1}\bullet {\ddot{\delta }}_{1}\left(t\right)+{C}_{1}{\dot{\delta }}_{1}\left(t\right)+{K}_{Ap1}\left({\delta }_{1}\left(t\right)-\frac{{\delta
}_{A}\left(t\right)}{p}\right)+{M}_{12}\left({\delta }_{1}\left(t\right),{\delta }_{2}\left(t\right)\right)+{M}_{10}\left({\delta }_{1}\left(t\right)\right)=0
52
{I}_{2}\bullet {\ddot{\delta }}_{2}\left(t\right)+{C}_{2}{\dot{\delta }}_{2}\left(t\right)-{M}_{12}\left({\delta }_{1}\left(t\right),{\delta
}_{2}\left(t\right)\right){+M}_{20}\left({\delta }_{2}\left(t\right)\right)=0
53
The extended model of steering system (with freeplay and dry friction):

Equation for the actuator:

{C}_{A}\bullet \dot{{\delta }_{A}}\left(t\right)+{\kappa }_{AH}\bullet luz\left(\left({\delta }_{A}\left(t\right)-{\delta }_{H}\left(t\right)\right),{\left({\delta
}_{A}-{\delta }_{H}\right)}_{0}+\frac{{M}_{TA}}{{\kappa }_{AH}}\right)=0
54

Notice that in this case we can use one parameter ff={\left({\delta }_{A}-{\delta }_{H}\right)}_{0}+\frac{{M}_{TA}}{{\kappa }_{AH}} (55)

Equations for the steering mechanism:

{I}_{1}\bullet {\ddot{\delta }}_{1}\left(t\right)=\left\{\begin{array}{ccc}-{C}_{1}tar\left({\dot{\delta }}_{1}\left(t\right),\frac{{M}_{TK1}}{{C}_{1}}\right)-
{K}_{Ap1}luz\left({\delta }_{1}\left(t\right)-\frac{{\delta }_{A}\left(t\right)}{p},{\left({\delta }_{1}-\frac{{\delta }_{A}}{p}\right)}_{0}\right)-{M}_{1}({\delta
}_{1}\left(t\right),{\delta }_{2}\left(t\right))& if& {\dot{\delta }}_{1}\left(t\right)\ne 0\\ luz\left(-{\kappa }_{Ap1}luz\left({\delta }_{1}\left(t\right)-{\delta
}_{A}\left(t\right),{\left({\delta }_{1}\left(t\right)-\frac{{\delta }_{A}\left(t\right)}{p}\right)}_{0}\right)-{M}_{1}({\delta }_{1}\left(t\right),{\delta
}_{2}\left(t\right)),{M}_{TS1}\right)& if& {\dot{\delta }}_{1}\left(t\right)=0\end{array}\right.
 {I}_{2}\bullet {\ddot{\delta }}_{2}\left(t\right)=\left\{\begin{array}{ccc}-{C}_{2}tar\left({\dot{\delta }}_{1}\left(t\right),\frac{{M}_{TK2}}{{C}_{2}}\right)-
{M}_{2}({\delta }_{1}\left(t\right),{\delta }_{2}\left(t\right))& if& {\dot{\delta }}_{2}\left(t\right)\ne 0\\ luz\left(-{M}_{2}({\delta }_{1}\left(t\right),{\delta
}_{2}\left(t\right)),{M}_{TS2}\right)& if& {\dot{\delta }}_{2}\left(t\right)=0\end{array}\right.  (56, 57)

where

{M}_{1}\left({\delta }_{1}\left(t\right),{\delta }_{2}\left(t\right)\right)={M}_{12}\left({\delta }_{1}\left(t\right),{\delta }_{2}\left(t\right)\right)
{+M}_{10}\left({\delta }_{1}\left(t\right)\right)
58
{M}_{2}\left({\delta }_{1}\left(t\right),{\delta }_{2}\left(t\right)\right)={-M}_{12}\left({\delta }_{1}\left(t\right),{\delta }_{2}\left(t\right)\right)
{+M}_{20}\left({\delta }_{2}\left(t\right)\right)
59
Notice, that the equations of the extended model come to the forms of the original model when freeplay and dry friction parameters become zeros.
This is very important feature from theoretical point of view. After all, a well-de�ned model should ensure continuity when the parameters are
changed (they are zeroed here).

The General Concept Of The Lane Change Control System And Its Simulation Investigations
The lane change process refers to two variables – the displacement of the center of mass Y(t) and the angular position ψ(t) of the car body in
relation to the trajectory of the center of mass. According to experiences as well as the control theory, the steering system signal δH(t) generated by
the driver or automatic controller should have the “bang-bang” form and the control process can be divided into two phases – the transposition and
the stabilization (Fig. 8).

The main idea of the controller is expressed in Fig. 9. The controller consists of two main subsystems: the reference signal generator and regulation
block. The generator generates 3 reference signals: the steering input signal δHR(t) type of “bang-bang” and its responses describing vehicle
trajectory YR(t) and ψR(t). Notice, that knowing the reference model and the values of desired transposition Y0 and permissible maximal angle ψ0, the
“bang-bang” signal parameters (magnitude and time of duration) can be calculated directly. This reference model is based on the widely recognized
“bicycle model” (linear model, 2 DoF, requiring only 7 vehicle parameters – the mass, the moment of inertia, two geometry parameters expressing the
track of front and rear wheels and position of the center of gravity, two spring coe�cients of tires, and car speed). The input signal δHR(t) is then
modi�ed by a corrective signals ΔδH(t) from two regulators designed with using the Linear Quadratic Regulator (LQR) theory. The corrective signal
ΔδH(t) is calculated on the basis of the error signals between reference (generated on the basis of the reference model) and measured signals
describing vehicle trajectory YR(t)-Y(t) (when transposition) and ψR(t)- ψ(t) (when stabilization). Details of this control system, including its theoretical
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background, the derivation of algorithms for generating reference signals as well as algorithms for the operation of both regulators, are described in
previous authors’ publications, e.g. [15, 16, 17, 18].

The main elements of the synthesis of the control algorithm realized by the controller are presented "poster-like" in Fig. 10.

The algorithms of control system were tested through simulations. The virtual object of control – the two-axis commercial track STAR 1142 (Fig. 11.)
has been mathematically described in great detail (20 DoF, 3D, MBS system taking into account the geometry, elastic and damping properties,
standard mechatronic subsystems, Dugoff tire model which enables to simulate tire – road interactions in the di�cult conditions, e.g. when full skid
on a slipper road). The model STAR 1142 [3, 4] requires about 200 parameters while the reference model demands only 7 parameters. The truck
model has undergone extensive and thorough experimental veri�cation. The simulation tests were actually sensitivity investigations

For detail analysis of the controller action a lot of simulation based sensitivity investigations have been executed. The tests carried out to assess
controller’s sensitivity to various possible model inaccuracies have been performed in accordance with the schematic diagram shown in Fig. 12. In
those tests, two simulations have been carried out for each case: one based on the nominal model (Model 1) and another based on the model
modi�ed by detuning its parameters, adding some disturbances, etc. (Model 2). Based on those simulation results, numerical indexes WX are
additionally introduced as relative sensitivity measures.

Wx=100\frac{{\int }_{0}^{\tau }{\left({x}_{1}\left(t\right)-{x}_{2}\left(t\right)\right)}^{2}dt}{{\int }_{0}^{\tau }{\left({x}_{1}\left(t\right)\right)}^{2}dt}
57

where: x1(t), x2(t) – output signals from Model 1 and Model 2.

Simulation Based Investigations With Inclusion Of Freeplay And Friction In The Steering System
In this paper one presents examples of unpublished results of simulation investigations. Here sensitivity-like investigations have been carried out for
two models: Model 1 treated as nominal model – the original model without freeplay and friction in the steering system of the virtual truck, and
Model 2– the model with freeplay and/or dry friction (see p.3). The simulation models describe the lane change process when the loaded truck STAR
1142 is driving at a speed of 70 km/h on a wet asphalt road. The task of the controller is to effectively control a short lane change (transposition by
3 m and angular stabilization 0o within a few seconds). In the description given here (as well as in the descriptions of the graphs) "traditional" units
(km/h, o) are also used to better illustrate. In the computational model, all parameters and variables are expressed in SI units.

In these tests the freeplay and friction parameters are varied:

 ff: 0 o, 5 o, {\left({\delta }_{1}-\frac{{\delta }_{A}}{p}\right)}_{0}: 0 o, 0.075 o, 0.15 o, MT0 = MTK1 = MTS1 = MTK2 = MTS2 : 0 Nm, 20 Nm, 200 Nm.

Notice that the parameter ff={\left({\delta }_{A}-{\delta }_{H}\right)}_{0}+\frac{{M}_{TA}}{{\kappa }_{AH}} expresses both the freeplay and dry friction of
the actuator.

The results presented in Fig. 13 shaw that the control system performed the lane change task. Of course as the freeplay / friction parameters
increased the differences between the calculated waveforms also increased. (Fig. 14). We can see that the sensitivity to variations in the parameters
of dry friction MT0 was very low. The „stick-slip” effect visible as wheel vibrations appeared at a very large (oversized) MT0 parameter.

The simulations were repeated for many data sets (e.g. for different speed, for different mass, etc.). An example of such studies is presented below
(Figs. 15, 16). Here we compared results for the truck loaded and unloaded (same wet road, same speed 70 km/h) when the friction parameter MT0 is
small.

The results shaw that the control system performed the lane change task. But the sensitivity due to freeplay/friction parameters has deteriorated
when the truck had been unloaded. This is also shown in the Fig. 16.

Final Remarks And Conclusions
The article presents research on the sensitivity analysis of the lane change controller due to the freeplay and dry friction in the steering system
omitted in the project. In connection with the above, the previously used model of virtual truck dynamics has been supplemented with elements
describing in the simplest possible way the freeplay and friction in the steering actuator and in the steering system mechanism (gear, pins). In
modeling the freeplay and friction nonlinearity, the luz(...) and tar(...) projections were used. The method of model synthesis has been explained on a
representative example of a two-mass system. It was then applied to incorporate freeplay and dry friction into an existing truck model as a virtual
control object. Comparative and sensitivity tests based on simulation have shown that the lane change control system works well even when the
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steering system is mechanically worn to some extent. This is next good news for us. Now we would like to extend the simulation research to signal
interference (noise, shift) and other inaccuracies of the model occurring together.
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Figures

Figure 1

Block diagram visualizing sensitivity investigations of the control system. Notation:

δH(t) – steering signals, Y(t) and ψ(t) – output signals describing vehicle movement on the road.

Figure 2

Typical piecewise linear characteristics for freeplay and friction descriptions in single mass system (here is a version for the same kinetic and static
friction force parameter FTK0 = FTS0 = FT0).

Notation: k – stiffness coe�cient, z0 – freeplay parameter, C – viscous friction coe�cient , FT0 – dry friction parameter,

FS – stiffness force, FT – Friction force, z – relative displacement, ż –relative velocity, F – acting force.

Figure 3
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Geometric interpretations of the luz(…) and tar(…) projections.

Figure 4

Double-mass system with freeplay and friction

Figure 5

Example rotative system with freeplay and friction. Here two blocks set in bearings (with friction) are connected through spring massless shafts and
a massless gear (with tooth freeplay).

Figure 6

Steering system mechanism physical model. Here some massless additional wheels are applied only for consistency of the direction of rotations
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Figure 7

Idea of physical system model of the steering system of the truck STAR 1142.

Figure 8

The concept of time decomposition of lane change control in 2WS vehicle.

Here the steering wheel signal has a form of ideal “bang-bang” signal.
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Figure 9

The concept of lane change automatic control system

Figure 10
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The concept of the lane-change control system synthesis

Figure 11

The concept of the lane-change control system synthesis

Figure 12

Block diagram visualizing sensitivity investigations of the control system.

In this study: Model 1 – original model, Model 2 – model changed.
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Figure 13

See image above for �gure legend



Page 20/22

Figure 14

See image above for �gure legend
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Figure 15

See image above for �gure legend
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Figure 16

See image above for �gure legend


