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Abstract This paper studies mainly error sources of
current external force sensing algorithms and presents
external force sensing algorithms of continuum robots

using superelastic NiTi backbones. Axial compression is
deliberately taken into consideration in analytical dy-
namics for facilitating the later analysis of error sources.

The analytical dynamics of multibackbone continuum
robots is established by Lagrange equation in a sim-
ple and concise manner. Experiments show that the

force-strain relationship is significantly different with
or without external force, and we provide some insights
into the feasibility and limitations of dynamic model.

Then an extend intrinsic force sensing algorithm (EIF-
S) and an external force observer based on generalized
momentum method (EFOGM) is developed, Both of

them only depend on joint-level information. The ef-
fectiveness of both force sensing algorithms is validated
through simulations and experiments. Mean absolute

error of EIFS is 0.1903 N using constant axial strain
and 0.0866 N using real-time axial strain, respective-
ly. While mean absolute errors of EFOGM is 0.1908

N using constant axial strain and 0.0293 N using real-
time axial strain, respectively. The estimation effect of
EFOGM is slightly preferable to that of EIFS. Experi-

ments shows that the main sources of force sensing al-
gorithm error are: 1) the estimated external force com-
pensates the force part caused by axial compression, 2)
model error from nonlinear stress-strain relationship of

cable tension-induced deformation and external force-
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induced deformation under the loading and unloading
force stage.
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1 Introduction

Compared with traditional rigid robots, continuum robot-

s are a new type of biologically inspired soft robot, with
more complex dynamics for the existence of flexible ma-
terials. High-redundant degrees of freedom and environ-

mental compliance are its own merit. Force sensing is
a significant capability of continuous robots, which is
classified into two categories, direct force sensing and

indirect force sensing. Direct force sensing such as six-
dimensional force sensor [1] and Optical fiber combined
with Fiber Bragg Grating (FBG) sensor [2] had been

used for directly measuring external force applied on-
to the tip of continuum robots. Indirect force sensing
was to obtain force information by conventional sen-

sors, such as based on shape sensors (Fiber Gragg Grat-
ing sensors [3], electromagnetic(EM) sensors [4] and
polyvinylidene fluorid (PVDF) sensor, based on posi-

tion sensors, based on vision sensor, etc. External force
sensing in rigid manipulator can usually be obtained
by dynamic model combined with direct observation

of joint torque measurements [5]. While in continuous
robots, external force sensing becomes a problem due to
environmental limitations of tasks including sterilizabil-

ity, miniaturization, electromagnetic compatibility, etc.
The development of sensorless external force sensing ca-
pabilities (deformations are calculated and inputted in-

to external force estimate algorithm to calculate exter-
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nal force) has broad application prospects in many as-

pects [6], such as the field of surgical robots [4,7–9]. The
sensorless external force sensing of continuous robots is
still a challenge work where application constraints pre-

clude the use of traditional force sensors.

One of important factors that influences the accura-
cy of force sensing algorithm is the model employed in
sensing algorithm. The current research on the model

of continuum robots mainly focuses on the kinematics
and quasi-static level [4,10–13]. The force sensing error
had been found directly related to the deflection angle

of the robot [4,14]. An intrinsic-force-sensing algorithm
for single-segment continuum robots was extend to full-
wrench estimation for multisegment continuum robot-
s [15]. The intrinsic force sensing algorithm based on

virtual work [16, 17] only had the capacity of estimat-
ing Fx, Fy components. Venkiteswaran et al. had stud-
ied shape and contact force for magnetically-actuated

continuum manipulator under quasi-static conditions
using a pseudo rigid body model [18]. An kinematic-
static model combined with Extended Kalman Filter

approach had the capability to estimate the applied
forces and the pose of the end-effector simultaneous-
ly [12]. The Cosserat Rod theory combined with con-

strained nonlinear optimization were employed to esti-
mate distributed loads on an elastic rod [19]. The above
literatures only considered the configuration changes of

continuum robots caused by applied force and exter-
nal force, ignored the changes of the axial compression
caused by applied force and external force [20]. Indeed,

the magnitude of the axial strain is usually so smal-
l that it can be neglected from a kinematic point of
view. However, cable tension are closely related to the

axial strain. It is not conducive to analyzing cable ten-
sion under different axial compression (pre-tension). In
addition, the real-time performance of the force sensing

algorithm depends on the algorithm complexity. Many
literatures focus on feasibility or accuracy instead of
computational speed [17, 19, 21], which had the follow-

ing characteristics: high nonlinearity, excessive single
solution time and numerical solution rather than ana-
lytical expression, and the existing models were numer-

ically complex and very difficult to implement for sens-
ing purposes [22,23] although a set of coupled ODEs in
time instead of PDEs in time and space were obtained.

Researchers have begun to study analytical dynamic
models [24, 25] where two active cables(backbones) as
driving was considered and the external forces, friction

and pre-tightening force was ignored. It does not con-
tribute to expanding to multiple backbones or facilitat-
ing the design of controller based on tension.

This paper presents an analytical dynamic model

considering friction, environmental force. The model

limitations are investigated. Compared with the exist-

ing models, this new model can provide a solvable path
for the following situations:

1 The solution of cable tension under different pre-
tightening force. A cable tension estimation formula

is obtained to evaluate the driving force.
2 Controller design based on the analytical model where

the friction between the disc and the cable and axial

strain is required to be considered.
3 The accuracy of external force sensing algorithm can

be further improvement if axial strain is considered.

Experiment found that the external force-induced de-
formation is different from cable tension-induced defor-
mation. The external force-induced deformation seem

to be more easier to deviate from the assumption of
constant curvature. The model without external force
is accurate and effective if β ≤ 0.2n, beyond which

condition, the model is also effective by modifying the
Young’s modulus. The dynamic characteristics of the
model still need to be further improved. Two force sens-

ing algorithms are proposed in order to estimate capa-
bility and error source of current intrinsic force sens-
ing of continuum robot. One of them is called Extend

Intrinsic Force Sensing algorithm (EIFS), which is ex-
tend to three dimensions based on virtual work princi-
ple [16]. Another of them is called external force observ-

er based on generalized momentum (EFOGM). A set of
experiments are conducted to validate force sensing al-
gorithms. This paper gains some insight into the sources

of the force sensing error. Experiment found that axial
compression has a great influence on the accuracy of
force sensing, and the EFOGM is slightly better than

the EIFS in terms of force estimation error.

2 Modeling of the continuum robot.

In this paper, an analytical dynamic model of contin-

uum robot using superelastic NiTi backbone is estab-
lished based on lagrange equation, which is convenien-
t for controller design and force sensing. This model

considers mainly the kinetic energy of the backbone
and three secondary backbones(three cables), bending
strain energy and the axial strain energy. Moreover, this

paper introduces the friction effect between the cable
hole and the driving cable. The advantages of analyti-
cal dynamic model are that the axial compression and

friction effects are taken into account.

2.1 Model description

Complex stress-strain relationship of superelastic NiTi

and friction behavior between via hole and cables pre-
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vents the further development of continuum robots. The

problem has been simplified introducing the following
assumptions:

– There is a linear and isotropic parallel relationship
between the strain and stress of the elastic back-

bone.
– The backbone is an Euler-Bernoulli beam, the shear

deformation is not considered, and the poisson effect

is ignored. The cross section is perpendicular to the
central axis before and after the deformation and
does not suffer from any strain.

– The shape of the continuous robot’s centerline is a
smooth continuous curve, each segment has a con-
stant curvature. The disk of the robot is thin and

hard.
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Fig. 1: Kinematic description of one segment continuum

robot

The continuum robot with one segment is shown
in Fig.1. Generally, the continuum robot is composed
of multiple segments, and each segment is composed

of multiple sections. Assume n+ 1 discs equally divide
the primary backbone into n sections. The secondary
backbones of each section remain in a straight state (In

Fig.1). Three secondary backbones (driving cables) pass
through the discs. Table1 presents the nomenclature
used in this paper.

2.2 Kinematics model

The tip position of continuum robots in the center of
mass of end disk can be described in generalized coor-

dinate q = [β, γ, Lc]
T

P e =







Lc

β
(1− cβ)cγ

Lc

β
(1− cβ)sγ
Lc

β
sβ






(1)

Table 1: Mathematical terms and its definition.

Symbol Definition

q Generalized variables q = [β, γ, Lc]T

β Deflection angle of primary backbone

γ Bending plane angle of primary backbone

Lc The length of primary backbone along its centerline

L0 The initial length of primary backbone.

d Routing hole radius

n The number of the robot’s section.

Lj The length of j-th secondary backbone (cable)

[Qβ , Qγ , QLc
]T Generalized force

F Tension loads

F e External force applied on the center of end disc.

Vb,bending Bending strain energy of backbones

Vb,axial Axial compressive strain energy of backbones

Vs,bending Bending strain energy of secondary backbones

E Young’s Modulus of primary backbone

Es Young’s Modulus of secondary backbones

Ip Moment of Inertia of primary backbone

Is Moment of Inertia of secondary backbones

where cβ , sβ are cos(β), sin(β), respectively. The linear
velocity of continuum robots at the end disk centroid

can be expressed as

Ṗ e =







Lc

β2 (−1 + cβ + βsβ)cγ −Lc

β
(1− cβ)sγ

1

β
(1− cβ)cγ

Lc

β2 (−1 + cβ + βsβ)sγ
Lc

β
(1− cβ)cγ

1

β
(1− cβ)sγ

Lc

β2 (−sβ + βcβ) 0 1

β
sγ











β̇

γ̇

L̇c



 (2)

The jacobian matrix refers to the derivatives of the gen-
eralized vector with respect to q can be derived as

Jep =



















Lc

β2 (−1 + cβ + βsβ)cγ −Lc

β
(1− cβ)sγ

1

β
(1− cβ)cγ

Lc

β2 (−1 + cβ + βsβ)sγ
Lc

β
(1− cβ)cγ

1

β
(1− cβ)sγ

Lc

β2 (−sβ + βcβ) 0 1

β
sγ

sγ −cβsβcγ 0
cβ cβsβsγ 0

0 s2β 0



















(3)

The length of j-th secondary backbone can be described

as

Lj = Lc − dβcαj
(4)

Note that the cable extension due to the axial load-
ing from the actuation to the termination points of the

three secondary backbones is ignored.
For the primary backbone with length of L0, the

variation of the cable △L is

△L = Rβ − 2n(R− d)sin(
β

2n
) (5)

The following equation sin(x) ≈ x hold if x ≤ 0.1, the
above formula approximately equal to

△L ≈ dβ (6)

For example, the number of discs shall not be less than

9 in order to make the deflection angle reach π
2
.
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The length of j-th secondary backbones between the

head discs and end discs consists of multiple straight
line sections. Considering the compression of primary
backbone, the actuator displacements can be derived

as

∆Lj = L0 − Lc + dβcαj
(7)

where αj = γ − 2π
3
(j − 1), j = 1, 2, 3.

2.3 Static model

The bending strain energy of primary backbone is com-
puted as

Vp,bending =
EIp

2L0

β2 (8)

The bending strain energy of three secondary backbone
is described as

Vs,bending =
3

∑

1

EsIs

2Lj

β2 (9)

The potential energy due to the axial compression of

primary backbone is

Vp,axial =
EAp

2L0

(Lc − L0)
2 (10)

Potential energy of the continuum robots is

V = Vp,bending + Vs,bending + Vp,axial (11)

Compared with the elastic beam placed vertically, the
gravitational potential energy of the horizontally placed

elastic beam is greater than that of the vertically placed
elastic beam under the same deformation. Studies have
shown that the gravitational potential energy is almost

negligible compared to the elastic potential energy of a
flat cable [16, 26]. This article also no longer considers
gravitational potential energy. Therefore, the general-

ized force vector is described as

[Qβ , Qγ , QLc
]T = DF (12)

where vector F = [F1, F2, F3]
T is actuation force vec-

tor. Matrix D is defined as

D =





dcα1
dcα2

dcα3

dβsα1
dβsα2

dβsα3

−1 −1 −1



 (13)

Based on the above information, a static model can be

derived as

K(q) = DF (14)

where stiff matrix K(q) is

K(q) =









(
EIp
L0

+
∑3

j=1

EsIs
Lj

)β + EsIsd
∑3

j=1

cαj

2L2

j

β2

−EsIsd
∑3

j=1

sαj

2L2

j

β3

−
∑3

j=1

EsIs
2L2

j

β2 + EsAs

L0

(Lc − L0)









. (15)

2.4 Dynamic model

Translational kinetic energy and rotational kinetic ener-

gy of primary backbone and three secondary backbones
can be expressed as

Ebs,trans =
1

2

∫ Lc

0

[
dx

dt

2

+
dy

dt

2

+
dz

dt

2

]ρApds

+
3

∑

j=1

1

2

∫ Lj

0

[
dx

dt

2

+
dy

dt

2

+
dz

dt

2

]ρAsds

(16)

Substituting Eq.(2) for Eq.(16), we can obtain

Eps,trans =
1

6
(mpL

2
c +

3
∑

j=1

msL
2
j )K1β̇

2

+
1

8
(mpL

2
c +

3
∑

j=1

msL
2
j )K2γ̇

2

(17)

where K1,K2

K1 =
1

β5
(β3 + 6β + 6βcβ − 12sβ) (18)

K2 =
1

β3
(6β − 8sβ + s2β) (19)

The rotational kinetic energy of primary backbone and

three secondary backbones can be described as

Ebs,Rot =
1

2
(IpLc +

3
∑

j=1

IsLj)β̇
2

+
1

2
(IpLc +

3
∑

j=1

IsLj)s
2
β γ̇

2

(20)

The kinetic energy from driven kinetic energy [25]
is

Es,drive =
1

2
ms

3
∑

j=1

(
d∆Lj

dt
)2

=
3

4
msd

2β̇2 +
3

4
msd

2β2γ̇2 +
3

2
msL̇c

2

(21)

The kinetic energy of the lightweight disc are ignored
in this paper. Thus the kinetic energy of the continuum
robots is

E = Eps,trans + Eps,rot + Es,drive. (22)

A simplified dynamic model of a cable-driven continu-
um robot without environmental constraints and fric-
tion is established according to the Euler-Lagrangian

method,

M(q)q̈ +C(q, (̇q))q̇ +K(q) = DF (23)
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For further details on the parameters of the dynamic

equations of continuum robot, please see the appendix.
The friction between the cable and the via hole will

cause the attenuation of the cable drive force [10], which

cannot be ignored. Thus, this paper assumes that the
static friction is approximately equal to the sliding fric-
tion, the friction between cables and disks can be cal-

culated as

f = Fj(e
µηj − 1), j = 1, 2, 3 (24)

where µ is the coefficient of friction between the ca-

ble hole and the driving cable. ηj is the wrap angle of
the j-th secondary backbone. Alternatively, a continu-
ous saturated viscous friction model in Ref. [22,23] can

also be used. The distance that the j-th secondary back-
bone moves in the direction of friction is dβCαj

. The
dissipated energy due to friction force can be derived

as

Ef =
3

∑

j=1

Fj(e
µηj − 1)dβcαj

(25)

Non-conservative forces in generalized coordinates can

be derived as

Q
′

=

3
∑

j=1

∂Ef

∂qj
= diag(q̇)Cf (q)F (26)

where,

Cf =





(eµη1 − 1)dcαj
−(eµη1 − 1)dsαj

0

(eµη2 − 1)dcαj
−(eµη2 − 1)dsαj

0
(eµη3 − 1)dcαj

−(eµη3 − 1)dsαj
0





T

(27)

When an external force acts on the center of the end

disc, the external force can be mapped to the shape
space, that is

τ e = JT
epF e, (28)

where Fe ∈ R6×1 is external force acted on the center
of end disc.

Finally, the dynamic equation considering environ-

mental forces and friction of continuum robot is derived
as

DF = M(q)q̈ +C(q, q̇)q̇ +K(q)

+ diag(q̇)Cf (q)F + τ e.
(29)

Under the static condition, the cable tension can be
directly derived using (29) as functions of beam con-

figuration parameters and external wrench parameter,

Fj =
2EI

3L0d
βcαj

+
3

∑

i=1

2EsIs

3Lid
βcαj

+
EsIs

2L2
j

β2

−
EA

3L0

(Lc − L0)−
1

3dβ





−2βcαj

2sαj

dβ





T

τ e,

(30)

where j = 1, 2, 3. The cable tension consists of of three

components, bending deformation, axial strain and ex-
ternal force. It can be used to estimate the external
force under static condition. Compared with Ref. [27],

this formula can be used for cable tension estimation
of the continuum robot considering axis compression of
the beam and external force applied on the center of

end discs.

3 Force sensing algorithms based on model

If external moment estimation τ̂e is obtained, the zero-

space projection is used to obtain the external force
estimation Fe. The details of this method is described in
Ref. [16]. We define the insensible Force Fe,isb according

to zero-space projection. If we have a priori knowledge
about contact surface Wse, Se, the following equation
can be written as

F̂ e = F̂ e,sb + F̂ e,isb = J+τ̂ e +Nη (31)

where J = JT
ep, η = Ω+NTSe(W se−J+τ̂ e) and N =

(I−J+J), Ω = (I−J+J)TSe(I−J+J). W se and Se

is used to designate the a priori wrench estimate and the

weights with these null components respectively. Both
methods in this paper adopt the zero-space projection
to obtain the external force after obtaining the external

moment.

3.1 Extend intrinsic force sensing algorithm (EIFS)

The gradient of the elastic energy ∇E considering the
axis compression is

∇E = K(q) (32)

The following equation is established based on the vir-
tual work principle [16]

τ e = JT
epF e = ∇E −DF (33)

The resolution for τ e only depends on the joint-level

information (only tension forces and global variable).
Intrinsic Force Sensing algorithm requires an external
force parallel to the XY-plane of the base disk coordi-

nate system [28]. While EIFS no longer has this restric-
tion.

3.2 External force observer based on the generalized
momentum (EFOGM)

The force observer is a feasible way to estimate external

forces using dynamics of the system. It does not involve
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joint acceleration information and depends only on joint

level information. Force observer based on the general-
ized momentum method is often used to estimate the
external torque [29, 30]. The generalized momentum of

continuum robots can be defined as

p = M(q)q̇ (34)

and the derivative of generalized momentum p is de-
rived as

p = M(q)q̈ + Ṁ(q)q̇. (35)

According to dynamics of continuum robots and the
symmetry of M(q) (Ref. [20]), the above equation can

be rewritten as

ṗ = C(q, (̇q))q̇ −K(q)

− diag(q̇)Cf (q)F − τ e +DF .
(36)

The real external torque information applied on the end
discs is that we need to be estimate. The error of gen-
eralized momentum p is defined as

ep = p− p̂ (37)

where p̂ is an observer of generalized momentum p.
Then the observer of generalized momentum p is de-
signed as

˙̂p = C(q, (̇q))q̇ −K(q)

− diag(q̇)Cf (q)F +DF +Kpep
(38)

An estimator of τ e can be derived as

τ̂ e = −Kpep. (39)

The error dynamic is

ėp = τ e −Kpep (40)

The error dynamics is stable. The larger the Kp, the

system converges. Then, the estimator of F e can be
derived as

F̂ e = J+τ̂ e +Nη (41)

These model-based observers cannot provide accurate
force estimates unless model error of the continuum

robot is within a reasonable range.

4 Experiment and analysis

Two kinds of one-segment continuum robot with differ-
ent discs are used in following experiments. The back-

bone bodies (Nickel-titanium alloy) of two continuum
robots have a radius of 0.003 m in radius with three sec-
ondary backbones (ASTM 304) located at the radius of

0.025 m from the centroid axis. Three secondary back-
bones have a radius of 0.0012 m. One-segment contin-
uum robot with 3 discs are 0.34 m in length, with 7

discs are 0.37m in length. The discs divide the primary
beam into different sections. The OptiTrack system is
adopted to measure the tip position of the continuum

robot with the accuracy of less than 0.2 mm.

4.1 Experimental verification of models with and
without external force

The force sensing methods are usually highly depen-
dent on the accuracy of the model, so the effective-

ness of the model is investigated by experiment firstly.
External force-induced deformation is significantly d-
ifferent from that cable tension-induced deformation.

Cable tension-induced deformation is more consistent
with the assumption of constant curvature (discs play
a role). While external force-induced deformation seem-

s to be more likely to deviate from the assumption of
constant curvature due to external force acts directly
on primary backbone instead of secondary backbones.

Reference [26] expresses a similar view. The following
experiments also support this view.

4.1.1 In the absence of external force

The one-segment robot with different discs were inves-
tigated by comparing defection angle β and F1 curve

from open-circle simulation, experiment (hanged differ-
ent calibration weights(100g-1500g) and β−F1 estima-
tion formula, respectively. The estimation formula(blue

line in Fig.2) is obtained as follows. When a instanta-
neous force (analog step signal) is applied on primary
backbone, the deflection angle will reciprocate for a cer-

tain period of time and finally stabilize at a certain val-
ue (zero). The natural frequency and damping ratio of
the system can be obtained by measuring the damped

oscillation frequency and the stable value of β after 10s.

– One-segment robot with 3 discs: Natural frequency

of the systems is 30.456Hz and the damping ratio is
0.0128. The open loop transfer function is

G(s) =
32

s2 + 0.7824s+ 30.4562
(42)

The estimation formula is β = 32

30.4562
F1.



Capability Verification and Error Source Investigation of External Force Sensing Methods of Continuum Robot 7

0 0.1 0.2 0.3 0.4 0.5 0.6

 [rad]

0

500

1000

1500

C
a
li

b
ra

ti
o
n

 w
ei

g
h

ts
 [

g
]

One-segment robot with 3 discs

Constant E

Experiment

Formula

correction of E

(a) One-segment robot with 3 discs.

0 0.1 0.2 0.3 0.4 0.5 0.6

 [rad]

0

500

1000

1500

C
a

li
b

ra
ti

o
n

 w
ei

g
h

ts
 [

g
]

One-segment robot with 7 discs

Constant E

Experiment

Formula

0.2 0.21 0.22 0.23 0.24 0.25 0.26 0.27

600

650

700

750

800

(b) One-segment robot with 7 discs.

Fig. 2: Deflection angle of one-segment robot hanging different weights.

– One-segment robot with 7 discs: Natural frequency
of the systems is 47.8901Hz and the damping ratio

is 0.0076. The open loop transfer function is

G(s) =
79.126

s2 + 0.7284 + 47.892
(43)

The estimation formula is β = 79.126
47.892

F1.

In Fig.2, the results of estimation formula are close
to those of the open-circle simulation. We can infer that
the discs helps to prevent continuum robot inclined to
the inherent stress-strain curve characteristics of su-

perelastic NiTi. In order to meet the condition (refer
to Eq.(6)), the deflection angle is required to be less
than 0.4 rad for one-segment robot with 3 discs, 1.2

rad for one-segment with 7 discs. When the deflection
angle satisfies the above condition, the model is con-
sidered to be effective. When the deflection angle is

large(β > 0.2n), the model error increases significantly
with the deflection angle. In Fig.2a, the dynamic mod-
el is no longer trustworthy when β > 0.4. The relative

error of one-segment robot with 3 discs can even reach
14% when β = 0.5 rad, while the relative error of one-
segment robot with 7 discs in Fig.2b is small. We can

infer that the more the discs, the more favorable it is
for the continuum robot suffering large driving force to
maintain the assumption of constant curvature.

The error between theoretical model and practical
model comes mainly from the following aspects: a) The
stress-strain curve is nonlinear instead of linear rela-

tionship when large driving force are applied on the
robot. b) there is residual strain after one-time load-
ing and unloading tension [32], and we assume that

the body portion of the backbone is initially straight,
whereas small deflections of the body portion are ob-
served [31]. The influence of residual strain during the

experiment is existed and reduced by slow loading and

multiple experiments. c) Mechanical error, etc. The lit-
eratures [16] had modified Jacobian matrix Jlp to re-

duce the difference between theoretical model and prac-
tical model. In essence, it comes ultimately from the
complex relationship between stress and strain. In Fig.2a,

the constant Young’s modulus is represented by green
line. We can infer that the Young’s modulus decreases
with the increase of deflection angle according to Fig.2a.

Actually, the typical stress-strain curve of superelastic
NiTi has different Young’s modulus in different phase
stage [34]. Thus the following assumption is more rea-

sonable that the superelastic NiTi backbone is assumed
in the elastic stage but with different Young’s modulus
when large driving force are applied on the robot.

Correction of E: According to the typical stress-
strain curve and characteristics of hyperelastic NiTi al-
loy, When deflection angle beyond this condition β ≤

0.2n, the following correction strategies could be adopt-
ed by setting Young’s modulus of Austenite phase Ea =
4.8e+10 pa, Young’s modulus of stress-induced Marten-

site phase Em = 3.15e + 10 pa. When satisfying β ≤

0.2n, the normal Young’s modulus of Austenite phase
is adopted. Conversely, a new correction of Young’s

modulus E is adopted. A similar approach is employed
in [34]. The Young’s modulus adopted in the model of
one-segment continuum robot with 3 discs is corrected

as

E =







Ea β < 0.1
−2.0e+ 10(β − 0.1) + Ea 0.1 ≤ β < 0.9

Em Otherwise

(44)

which is represented by the purple line in Fig.2a. The
simulation of correction of Young’s modulus (purple

line) is more closer to experiment results (red line) com-
pared with the simulation of constant Young’s modulus
(blue line). The figure shows that the correction of E

is more suitable for the model of one-segment continu-
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um robot with 3 disc when β > 0.2n. We can conclude

that the model without external force is accurate and
effective under the condition of β ≤ 0.2n, beyond which
condition, the Young’s modulus needed to be corrected

according to inherent stress-strain curve characteristics
of NiTi.

4.1.2 External force existence
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Fig. 3: Deflection angles β of one-segment robot with
different discs suffering different external force.

The model considering the external force was in-

vestigated by comparing the differences between ex-
periment and simulation. The experiment process is as
follows: we hanged 500g weight on the first secondary

backbone and applied a known external force acted on
the center of end disc, the direction of the external force
was in X-direction and the value of which was measured

by tension meter. Deflection angle and bending plane
angle was calculated by Matlab according to tip posi-
tion of continuum robot. The real-time external force

and driving force were applied to the simulation model

considering the external force so as to obtain the de-

flection angle and bending plane angle.

In Fig. 3a, the purple line represent the simulation
result applying Eq.(44) to model considering external

force. There is a great error with the increase of deflec-
tion angle, which illustrate that external force-induced
deformation is different from that cable tension-induced

deformation. The model error can be effectively reduced
by adopting the following Young’s modulus,

E =















Ea β < 0.1

−Ea(β − 0.1) + Ea 0.1 ≤ β < 0.4
−1.75e+ 10(β − 0.6) + Em 0.4 ≤ β < 0.6

Em

(45)

In the presence of external forces, the model applying
Eq.(45) (blue line) is better than the model applying
Eq.(44) (purple line). In Fig. 3b, the purple line repre-

sents the constant E, the blue line represents third cor-
rection of E(45). Similarly to one-segment robot with
3 discs, external force-induced deformation is different

from that cable tension-induced deformation. The mod-
el error can be effectively reduced by adopting the fol-
lowing Young’s modulus,

E =







Ea β < 0.2
−1.5e+ 10(β − 0.6) + Em 0.2 ≤ β < 1.7

Em

(46)

In Fig. 3, the actual error increases gradually with
the increase of external force if the effective model men-

tioned above is used (first correction of E in Fig. 3a and
constant E in Fig. 3b). The external force has a signifi-
cant impart on the accuracy of model without external

force. In terms of phenomena, the model error is related
to deflection angle, so the force sensing error is directly
related to the deflection angle [4, 14]. In the presence

of external force, repeated experiments found that the
slope of stress-strain has obvious difference when dif-
ferent tension of the secondary backbone are applied.

It seems that the greater the cable tension of the sec-
ondary backbones, the steeper the stress-strain curve.
The model with external force need to be modified to

suitable for different tension of secondary backbones.
Thus the simulation result of third correction of E ia
employed and is more close to experiment result com-

paring with the constant E in continuum robot with 7
discs.

4.2 Experiment validation of force sensing algorithms

In the following experiments, one-segment robot with
7 discs was used to to validate the force sensing algo-

rithms and examine their accuracies. Eq.(46) was used
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for both force sensing algorithms. The same priori knowl-

edge Se = diag([0, 1, 0, 1, 1, 1]) andW se = [1, 0, 1, 0, 0, 0]T

was considered in both methods. Kp = 12 was used in
EFOGM. Both methods not only estimate the exter-

nal force components in the Fx and Fy directions, but
also estimate the external force components in the Fz

direction if axial strain is considered. The experimental

Driving Force

F

External Force

Fe

EFOGM

Motion Capture System and Matlab  

Tension GaugeTension Gauge

Deflection Angle β

Bending Plane Angle γ

Dynamic Model

The Length of 

Primary Backbone  Lc

Real 

External Force

Estimated  

External Force

EIFS

Input

Continuum Robot

Force Sensing 

Algorithms

Fig. 4: Experimental setup for the external force sens-

ing.

illustration is shown in Fig.4. 500g weight was suspend-

ed on the first secondary backbone, the slowly changing
external forces were applied on the center of end disc-
s. We obtained real-time tension by attaching the two

ends of the line to the center of the end disc and the
hook of the tension meter, respectively, and applying a
known, horizontal tension along the X direction. The

applied external force slowly varied from 0 ∼ 1.5 N.
The real-time length of primary backbone is not usu-
ally known due to experimental conditions limitations.
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Fig. 5: Real-time Lc and Constant Lc adopted in ex-
periment.

The accuracy of real-time Lc calculated by motion
capture system did not meet the requirements. There-
fore theoretical constant Lc corresponding 500g ten-

sion force was employed in the force sensing experiment

(blue line in Fig.5). Real-time Lc was obtained by ana-

lytical dynamics model (green line in Fig.5), which took
a long time to stabilize under real-time external force.
It was not consistent with the phenomenon observed

in the experiment, which illustrate that the dynamic
characteristics of the dynamic model need to be fur-
ther improved. For example, adding the weight of the

discs to dynamic model may help to shorten the steady
state time. The length of the primary backbone Lc only
affects the estimation of third component of τ e instead

of the first and second components of τ e. The estima-
tion error of EFOGM is significantly lower than that of
EIFS for the third component of external moment τ e.
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(a) External force estimate results of the EIFS
with different Lc.
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Fig. 6: External force estimate experiments of both
methods when hanging 500g weight.

In Fig. 6a, the estimation curve is oscillatory under
this experimental condition, the oscillatory time vary-

ing Lc is the most possible reason. The estimation effect
of EIFS is slightly worse than that of EFOGM. If con-
stant Lc is considered, mean absolute errors of 0.1903

N are observed in EIFS while 0.1908 N in EFOGM.
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If real-time Lc is considered, mean absolute errors of

0.0866 N are observed in EIFS. Mean absolute errors of
0.0293 N are observed in EFOGM. Moreover, in EFOG-
M, increasing Kp is helpful to reduce further the force

sensing error. The estimation error of Fx,e of EFOGM
is slightly smaller than that of EIFS by comparing da-
ta file. Regardless of axial compression, the maximum

error of external force in x direction was up to 28% in
Ref. [6]. Both methods using real-time Lc and constant
Lc shows that the ignore of time-varying axial strain

Lc is one of the main error sources of external force
sensing. The same phenomenon can also be found in
the external force estimate experiments of one-segment

robot with 3 discs.

As we mentioned above, under the loading and un-
loading stage, external force has different β−F1 curve.
During the external force unloading stage, there is an-

other main error source of the external force sensing,
that is, residual strain, the stress-strain curve of robot
in the external force unloading stage is different from

that of the robot in the external force loading stage.
This effect of friction on the force sensing accuracy is
existed but limited [4]. We can conclude that axial com-

pression is directly related to sensing error of the exter-
nal force sensing methods. There are two main sources
of force sensing error: one is the model error caused

by the nonlinear relationship between stress and strain
of loading and unloading, which is determined by the
inherent characteristics of the material itself, and the

other is the neglect of real time axial compression. Un-
der the same cable tension, force part of the neglected
axial compression will be compensated by the exter-

nal force according to Eq.(30). In addition, EFOGM is
slightly better than EIFS.

5 Conclusions

Continuous robot with force sensing ability is a ben-
eficial supplement to robot ability. The analytical dy-

namic model of the cable-driven robots considering the
friction and environmental interaction force were ex-
plored in this paper. This paper extended the intrinsic

force sensing algorithm based on virtual work model,
and proposed the EFOGM. Accuracy and effectiveness
of the model with and without external force were in-

vestigated in simulation and experiments. The model
without external force is accurate and effective under
the condition of β ≤ 0.2n and the corrections of Y-

oung’s modulus. The model considering external force
need to make a small correction to the young’s modulus
to adapt to different cable tension of secondary back-

bones. The experiments verify the effective of dynamic

model and external force sensing methods. Mean ab-

solute errors of 0.0886N were observed in EIFS, Mean
absolute errors of 0.0293N were observed in EFOGM.
EFOGM could be used as feedback signal to archive

force control of continuum robot when the task is lim-
ited by environment and we cannot directly install six-
dimensional force sensor. This paper has derived the

following conclusion.

1 The greater the number of discs, the more conducive

it is to maintain the assumption of constant curva-
ture.

2 The deformation induced by driving force is more

consistent with the assumption of constant curva-
ture than the deformation induced by external force.
When an external force acts on primary backbone,

the actual model will be more inclined to the inher-
ent stress-strain curve characteristics of superelastic
NiTi.

3 There are two main sources of external force sens-
ing error of continuum robot: one is the model error
caused by the nonlinear relationship between stress

and strain during the loading and unloading stage,
and the other is to compensation of the force com-
ponent caused by the ignored axial compression.

Future work will focus on dynamic characteristics of ex-

ternal force observer based on generalized momentum of
multi-segment continuum robots, multi-segment cable-
driven continuum robots dynamic modeling and exter-

nal force sensing for multi-segment cable-driven contin-
uum robot.

Appendix

The following section describe the relative coefficient
matrixes of dynamic equation in 29. The Coriolis matrix
is

C(q, q̇) =





C11 C12 C13

C21 C22 C23

C31 C32 C33



 , (47)

where C12 = C22 = C32 = 0,

C13 =
1

8
(mpL

2
c +

3
∑

j=1

msL
2
j )
dK2

dβ

+
3

2
msd

2β + (IpLc +
3

∑

j=1

IsLj)sβcβ

(48)
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C11 =
1

6
(mpL

2
c +

3
∑

j=1

msL
2
j )
dK1

dβ
, (49)

C21 =
1

3
ms

∑

j=1

3Lj

dLj

dβ
+

1

2
Is

∑

j=1

3
dLj

dβ
, (50)

C23 =
1

4
msK2

∑

j=1

3Lj

dLj

dβ
+

1

2
Is

∑

j=1

3
dLj

dβ
sβcβ , (51)

C33 =
1

4
ms

∑

j=1

3LjK2 +
1

2
(I + 3Is)sβsβ , (52)

C31 =
1

3
ms

∑

j=1

3LjK1 +
1

2
(I + 3Is). (53)

The mass matrix M(q) = diag(M11,M22,M33), where

M33 = 3mp

M11 =
1

3
(mpL

2
c +

3
∑

j=1

msL
2
j )K1

+ (IpLc +
3

∑

j=1

IsLj) +msK3,

(54)

M22 =
1

4
(mpL

2
c +

3
∑

j=1

msL
2
j )K2

+ (IpLc +
3

∑

j=1

IsLj)s
2
β +msK4.

(55)

The datasets generated during and/or analysed dur-
ing the current study are available from the correspond-
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