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Abstract Research in nonlinear modal analysis deals
with the extension of linear modes to nonlinear me-

chanical systems. eigenmanifolds are a recent addition
to this field. Pursuing a geometrical viewpoint, they
generalize modes to nonlinear mechanical systems with

non-constant inertia tensors (e.g., robots, biomechani-

cal models). This work aims at shading light on the con-

nection between this new definition and the well-known

extended Rosenberg modes. A key feature of extended

Rosenberg modes is that all the associated modal oscil-
lations must intersect at the same point. This appears
to be a robust property of oscillations arising when the

inertia tensor is constant (Euclidean case). Neverthe-

less, this symmetry is soon broken when the tensor is

configuration-dependent. This paper provides sufficient

conditions for this property to be conserved in the non-

Euclidean domain, establishing a bridge between the

Rosenberg theory and eigenmanifolds. The condition
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appears to be tight since violating it meant to lose the

symmetry in all the tested cases.
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1 Introduction

Linear modes are a powerful tool for studying and char-

acterizing families of regular oscillations that consis-

tently arise in linear mechanical systems. Eigenspaces

are the bi-dimensional and flat collections of these or-

bits. The quest for a reliable generalization of this con-

cept to the nonlinear case keep scientists busy since

the times of Poincaré and Lyapunov. A survey of these

efforts is provided in [3]. Among existing definitions

Rosenberg [1] and extended Rosenberg modes [2] had

probably the larger impact in the literature (see Figs. 1a

and 1b, respectively). Both types of modes are defined

as line-shaped evolutions in configuration space that

pass through the equilibrium configuration. Rosenberg

modes have the further restriction that all joints’ coor-
dinates must oscillate in unison.

A main limitation of (extended) Rosenberg modes

(ERMs) is that they are not applicable to systems with
non constant inertia tensor - i.e. having configuration

space equipped with non-Euclidean metric. This is con-

nected to how they have historically evolved, but most

importantly because oscillations in these systems rarely

pass through the equilibrium. This in turn makes it non-

trivial to distinguish isolated oscillations from modes.

This is discussed in detail in [3, Sec. 7.1 ]. Note that

non-Euclidean cases are far from being corner exam-

ples, since they include many mechanical structures

with clear practical relevance in science and engineering
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Fig. 1: Types of nonlinear normal modes in conservative systems. W.l.o.g. the equilibrium q̄ is assumed to be located at
the origin. (a) Rosenberg modes: all coordinates oscillate in unison and pass through the equilibrium configuration [1]. (b)
Extended Rosenberg modes: a relaxation of Rosenberg modes that does not require coordinates to oscillate in unison [2].
(c) The definition of Eigenmanifolds as collections of initial positions of line-shaped modes, where the collection of initial
conditions originates in the equilibrium [3]. (d) This paper presents that under certain conditions on the mass-matrix and the
potential, all modes collected on Eigenmanifolds are guaranteed to be extended Rosenberg modes.

- as for example robots [4,5] and models in biomechan-
ics, like an animal body [6,7]. Fig. 2 shows two simple

examples of Euclidean and non-Euclidean mechanical

systems.

Eigenmanifolds have been recently proposed in [3]

as a way of overcoming this limitation. The key idea

is to look for a direct geometrical generalization of the

flat eigenspaces to a curved counterpart in the non-

Euclidean domain. These are 2-dimensional manifolds

embedded within the state-space of mechanical systems,

containing a unique equilibrium and collecting trajecto-

ries that are periodic, and line-shaped in configuration

space (see Fig. 1c). This definition has shown to be se-

lective enough to consistently give n solutions for con-

figuration spaces of dimension n, but at the same time
general enough to be applicable to mechanical systems

with non constant inertia tensor. Note however that a
formal proof of the former statement is still to be pro-
vided.

The introduction of this new general definition opens

up the question: how are eigenmanifolds connected with
classic Rosenberg theory? We aim here at making a sub-
stantial step towards clarifying this connection. More

specifically, we prove that if the potential field and
the inertia tensor are simultaneously even-symmetric
in some choice of coordinates, then the eigenmanifold
will be of the extended Rosenberg type.

The rest of the paper is organized as follows. First,

a brief state of the art concludes this introductory sec-
tion. Then, in Sec. 2 we briefly introduce some notation
from Hamiltonian mechanics, and we re-formulate the

main definitions from eigenmanifold theory in this for-
malism. Note indeed that [3] uses Lagrangian formal-
ism. This different formulation is instrumental to de-

riving two simple symmetries in Sec. 3, where some of

their implications for periodic solutions on eigenmani-

folds are also highlighted. These preliminary results are

leveraged in Sec. 4 where the main theoretical contribu-

tion of this paper is derived and discussed. Afterwards,

in Sec. 5, we show concrete example systems satisfying

and violating the conditions required to be of extended

Rosenberg type. These examples should provide a vi-

sual understanding of the structure behind nonlinear

normal modes. Finally, Sec. 6 draws the conclusions of

this work.

1.1 Related Literature

Nonlinear normal modes (NNMs) of conservative me-

chanical systems are reviewed in [3], which identifies

Rosenberg modes [1] and extended Rosenberg modes

[2] as commonly used types of nonlinear modes in the

numerical analysis of conservative mechanical systems
with a constant inertia tensor. Renson et al. review
numerical techniques for the computation of nonlinear

modes [8], and Ehrhardt et al. give an example of their

experimental application to a cross-beam structure and

the interaction of torsional NNMs with bending NNMs

[9]. Avramov et al. [10] refer to various applications,

both of Rosenberg modes to conservative mechanical
systems and of Shaw-Pierre modes [11] to damped me-
chanical systems. Mixed analytic and numeric exam-

ples of analyzing nonlinear normal modes are given for

a nonlinear two mass system by Vakakis et al. [12] and

for a double pendulum (prior to the differential geo-

metric definition of eigenmanifolds) by Kovacic et al.

[13].

From a technological application standpoint, eigen-
manifold stabilization [14,15,16] has proven to be a ro-

bust and effective way of exciting efficient nonlinear

oscillations - which is an open challenge in nonlinear
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Fig. 2: Examples of two simple mechanical systems systems
with different inertia properties. The one in Panel (a) is ob-
tained by interconnecting two masses moving on linear rails
with possibly nonlinear springs. This system has an inertia
which is independent on the configuration. The natural met-
rics of the configuration space is therefore Euclidean. Panel
(b) reports a double pendulum with a spring connected in
parallel to the second joint. This system has configuration
dependent inertia, since the inertia seen by the first joint de-
pends on the angle assumed by the second joint. As a conse-
quence the configuration space is curved and is equipped with
a non-Euclidean metrics. Note that in case of linear springs
the former can be seen as a linear approximation of the latter.

control theory [17,18,19], robotics [20,21,22,23], and
biomechanics [24,25,26].

A general treatment of symmetries in dynamical

systems is given by Baake [27]. Symmetries of Hamil-

tonian systems are typically the focus of studies in the

context of conserved quantities arising through Noether’s

theorem [28,29,30,31]. Large classes of these symme-

tries were also studied in the context of periodic orbits

and nonlinear normal modes [32,33]. Within the nonlin-

ear modes literature, possibly the most relevant use of

symmetries is by Rosenberg [1]. In his seminal work, he

defines admissible systems via an assumption of sym-

metry, for which fundamental properties of Rosenberg

modes are consequently derived. The effect of symme-

tries on stability of dynamic systems was discussed in
the context of control by Russo et al. [34], while Ozana
et al. [35] used the concept of time-reversiblity for tra-

jectory planning in nonlinear mechanical systems.

2 Background

2.1 System Definition

This work deals with nonlinear mechanical system not

subject to holonomic constraints. We provide in this

section a short summary of the notation of the geomet-

rical view to classic mechanics. The interested reader

can refer to [36] for a comprehensive introduction on

the topic.

The configuration space of a mechanical system can

be modeled by a Riemannian manifold (X, g) of di-
mension n, with metric tensor g. Here, x ∈ X denotes

a generic point on X. The corresponding system ve-

locity v at x is then an element of the tangent space

v ∈ TxX, while the momentum exists in the cotangent

space T ∗
xX. Evolutions of the system are geodesics on

X with respect to the Jacobi metric. The natural choice

for g is the kinetic energy of the system. This metric is
a standard Euclidean one if the system’s inertia is not

configuration dependent (Fig. 2a). This in turn implies

that the curvature of X is null everywhere. If instead

the mechanical system is not a discrete set of masses
interconnected through a potential field (see for exam-

ple the double pendulum in Fig. 2b) then the metric g
is not Euclidean and the configuration space is curved.

Working directly in coordinate free notation is often

unpractical. Therefore, we suppose that a large enough

chart X is available, which also includes at least one

equilibrium of the system. Under this chart, the coordi-

nates of configuration variables are q ∈ Rn, the momen-
tum variables are p = M(q)q̇ ∈ Rn and the symmetric,

positive-definite mass-matrix is M(q) ∈ Rn×n. They re-

spectively follow from the configuration x, velocity v,

momentum and inertia tensor of the coordinate free sys-

tem, while the potential function V (q) also stems from

a coordinate-free analog.

The dynamics of these systems can be written in
Hamiltonian form (see [37] for more details)

q̇ =
∂H

∂p
(q, p), ṗ = −

∂H

∂q
(q, p), (1)

where the Hamiltonian H(q, p) is given by

H(q, p) =
1

2
pTM(q)−1p+ V (q). (2)

We will refer to a tuple of q and p, thus an element of
the state space, as z = (q, p) and for trajectories we will

write z(t) = (q(t), p(t)).

2.2 Definition of Nonlinear Modes and Eigenmanifolds

An in-detail introduction to Eigenmanifolds is provided

in [3, Sec. 7]. We provide here a short summary of the

most important concepts.

The definition of Eigenmanifolds relies on the con-

cept of the generator, a collection of points (x, 0) in the

tangent bundle TX, starting at an equilibrium (xeq, 0)

[3]. With TU ⊂ TX being a generic subset of the state

space, let G(TU) return the collection of forward and

backward orbits originating from each point in TU .

Then the generator is defined as follows:
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Definition 1 (Generator) Consider a 1-dimensional

connected submanifold R ⊆ TX. We call it a generator
for M if

i M = G(R) is a 2-dimensional (invariant) manifold,

ii ∀(x, v) ∈ R it holds v = 0,

iii ∃!(xeq, 0) ∈ ∂R such that {(xeq, 0)} is invariant -

i.e. it is an equilibrium.

Then the definition of eigenmanifolds follows by de-

manding a generator to be found for a collection of

particular periodic orbits:

Definition 2 (Eigenmanifold) A 2-dimensional in-

variant sub-manifold M ⊆ TX admitting a generator is

an eigenmanifold if

i Trajectories within M are periodic,

ii Trajectories within M are line-shaped when pro-

jected to X.

Based on continuity arguments of the flow f and unicity

of solutions, only two generators R are associated to a

given eigenmanifold. Based on similar arguments, we

assume R and M to be smooth.

The objects in these definitions can be rewritten into
coordinates by employing charts Φ : U ⊂ X → Rn and

dΦx : TxX → Rn mapping (x, v) → (q, q̇) [3], with q and

q̇ as above. In the following, a single global chart is as-

sumed to chart all points (x, v) to (q, p) and generators

are denoted as 1-dimensional manifolds R ⊂ R2n, while

eigenmanifolds are 2-dimensional manifolds M ⊆ R2n.

Note that charting (x, v) ∈ TX to configuration q and
momentum p turns the generators from curves on TX

into curves on T ∗M, which is a well-defined transfor-

mation via the inertia tensor of any given system.

Remark 1 Note that the results presented in the follow-
ing hold, as long as a chart of X exists such that the

given conditions can be guaranteed. We prefer to keep

the derivation in coordinates for the sake of readability.

For a differential geometric view, refer to the appendix.

2.3 Extended Rosenberg Eigenmanifolds

In this context, we can easily further extend Rosenberg

definition to the non-Euclidean domain as follows [3,

Sec. 7.5]:

Definition 3 (Extended Rosenberg Mode) An Eigen-
manifold is of the Extended Rosenberg kind if all trajec-

tories contained in it are Extended Rosenberg Modes -

i.e. they pass through the equilibrium configuration xeq

when projected to X.

The research question that we aim to answer with this

work can now be clearly formulated as: under conditions

an Eigenmanifold M is a Rosenberg manifold?

3 Symmetries within Conservative Mechanical

Systems

We introduce here two symmetries of Hamiltonian sys-

tems. The first one holds in general, and as such is well

known in the literature. For convenience, we report two

Lemmas based on it. The second symmetry is specific

for systems with Hamiltonian as in (2), and it holds

only for certain choices of M and V . We then prove

two simple Lemmas that will be later instrumental to

the proof of the main Theorem.

3.1 Time Reversal Symmetry

The equations of motion verify the following well known
symmetry [38]

(q, p, t) → (q,−p,−t). (3)

In other words, if an evolution (q(t), p(t)) is a solution

of (1), then so is (q(−t),−p(−t)). The following Lemma
holds thanks to this symmetry.

Leveraging this symmetry, we prove two properties
of trajectories that start at p(0) = 0, which we present

below and we apply later to modal evolutions.

Lemma 1 Consider an evolution (q(t), p(t)) : R →

R2n. If there are two instants t′, t′′ ∈ R such that p(t′) =

p(t′′) = 0, then the evolution is periodic with period

T = 2|t′′ − t′|.

Proof Without loss of generality, assume t′′ > t′ and de-

note ∆t = t′′− t′. By (3), if an evolution z1(t) = (q(t′+

t), p(t′ + t)) satisfies (1), then there is a corresponding
evolution z2(t) = (q(t′− t),−p(t′− t)) that likewise sat-

isfies (1). By assumption it holds that p(t′) = p(t′′) = 0,
so

z1(0) = (q(t′), 0) , (4)

z1(∆t) = (q(t′′), 0) . (5)

The corresponding solution z2(t) = (q(t′−t),−p(t′−t))
satisfies

z2(0) = (q(t′), 0) , (6)

z2(−∆t) = (q(t′′), 0) . (7)

Since the solutions of (1) are unique, it follows from

z1(∆t) = z2(−∆t) that z1(∆t+t) = z2(−∆t+t). Subse-

quently choose t = ∆t to find z1(2∆t) = z2(0) = z1(0).

⊓⊔

Lemma 2 Given T > 0, a T -periodic orbit (q(t), p(t))

with (q(t), p(t)) = (q(t+T ), p(t+T )) encounters either

0 or 2 distinct points with p(t) = 0.
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Proof (Lemma 2) Let one point with p(t′) = 0 be en-

countered by a T -periodic orbit (q(t), p(t)), and note
that both z1(t) = (q(t′ + t), p(t′ + t)) and z2(t) =

(q(t′ − t),−p(t′ − t)) are valid periodic solutions, with

z2(t) following via (3). Since p(t′) = 0, it holds that

z1(0) = z2(0). From uniqueness of solutions it then fol-
lows that z1(t) = z2(t) for any t, so also that z1(T/2) =

z2(T/2):

p(t′ + T/2) = −p(t′ − T/2) . (8)

By periodicity, z1(T/2) = z1(−T/2):

p(t′ + T/2)) = p(t′ − T/2)) . (9)

Substituting (8) into (9) shows

−p(t′ − T/2) = p(t′ − T/2) , (10)

from which follows that p(t′ − T/2) = 0. Thus, any

periodic solution that encounters a point with zero mo-
mentum once, also encounters a distinct second point
with zero momentum.

Even more, since z1(t) = z2(t) then the evolution of

q(t′ + t) = q(t′ − t), (11)

Thus, the evolutions in configuration space between two
points with zero momentum coincides. Encountering
more than two points with zero momentum is therefor
not possible. Indeed, if this happened then (11) would

apply and assure that the trajectory is followed back to

q(t′) - therefore preventing the reaching of q(t′ + T/2).

The only alternative left are trajectories that en-

counter p(t) = 0 times, like the circular motion with

constant velocity of a particle.

⊓⊔

Corollary 1 To each eigenmanifold M are associated

exactly two generators R.

Proof The Corollary directly follows from Lemma 2 by

considering that a generator is defined as the collection

of the states with zero momentum across modal oscilla-

tions, and that the modes are line-shaped by definition

- thus implying that there are two points of zero veloc-

ity. ⊓⊔

3.2 Equivariant Symmetry

Given a trajectory q(t) = q̄ + q̂(t) with q̄ constant, (1)

is invariant under a change of coordinates

(q̄ + q̂, p, t) → (q̄ − q̂,−p, t) (12)

as long as H(q̄ + q̂, p) = H(q̄ − q̂, p), and H(q, p) =

H(q,−p). Note that compared to (3) we are not invert-

ing here the direction of the time arrow.

The latter condition is trivially satisfied for a me-

chanical system, since H(q, p) is quadratic in p, see (2).
The first condition is fulfilled if and only if the inertia

matrix and the potential field are simultaneously even

symmetric about q̄, i.e.,

M(q̄ + q̂) = M(q̄ − q̂) (13)

and

V (q̄ + q̂) = V (q̄ − q̂). (14)

Symmetry (12) leads to two properties of periodic

trajectories within the system (1), which are collected

in Lemma 3 and Lemma 4. As such, these Lemmas also

hold for modes collected on eigenmanifolds.

Lemma 3 If two points z(0) = (q̄ + q̂(0), p(0)) and
z(t′) = (q̄ − q̂(0),−p(0)) lie on the same T−periodic

orbit, then it holds for all t that
{

q̂(t+ T/2) = −q̂(t)

p(t+ T/2) = −p(t) .
(15)

Proof (Lemma 3) Let z1(t) = (q̄ + q̂(t), p(t)) be a solu-

tion to the equations of motion (1). Via (12), a z2(t) =

(q̄ − q̂(t),−p(t)) must also be a solution. Since z1(0) =

(q̄ + q̂, p) and z2(0) = (q̄ − q̂,−p), then by hypothesis

z1(t
′) = z2(0) . (16)

Thus q̂(t′) = −q̂(0) and p(t′) = −p(0) can be substi-

tuted into z2(t) to find z2(t
′) = z1(0). Thus t′ = T/2,

and (16) can be re-formulated as z1(T/2) = z2(0). Eval-

uating the forward evolution of both trajectories yields

z1(t+ T/2) = z2(t), which is (15). ⊓⊔

Lemma 4 If two points z(t′) = (q̄ + q̂, 0) and z(t′′) =

(q̄− q̂, 0) lie on the same T -periodic orbit, then ν ∈ Rn

exists such that z(t′ + T/4) = (q̄, ν).

Proof (Lemma 4) Thanks to Lemma 1 we can say that

t′′ = t′+T/2. Then, following the same reasoning of the

proof of Lemma 2, we can get to (11) and evaluate it

at time T/4. This yields q(T/4) = q(−T/4), and hence

q̂(T/4) = q̂(−T/4) . (17)

We can now use Lemma 3, for the case in which

the momentum of the two states is zero. This allows

substituting t = −T/4 in (15), which results in

q̂(T/4) = −q̂(−T/4) . (18)

Combining (17) and (18) yields q̂(−T/4) = −q̂(−T/4),

which implies

q̂(T/4) = 0 , (19)

from which it follows that q(T/4) = q̄. ⊓⊔
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Fig. 3: A motivation of condition ii) in Theorem 1. a)
This scenario is possible when condition ii) is not given,
since for any mode (q̄ + q̂(t), p(t)) only a symmetric mode
(q̄ − q̂(t),−p(t)) is guaranteed. b) If the generator is unique,
however, then the modes (q̄ + q̂(t), p(t)) and (q̄− q̂(t),−p(t))
must trace the same evolution.

4 Sufficient condition for extended Rosenberg

modes

This section introduces the main result of this paper,

combining the symmetries introduced in Sec. 3 with

modal theory.

Theorem 1 (Existence of ERM families) Consider
an eigenmanifold M of the system (1) with generator

R, and containing the equilibrium q̄.

Then M is an extended Rosenberg eigenmanifold if

the following two conditions hold simultaneously

i Even-symmetry: ∀q̂, V (q̄ + q̂) = V (q̄ − q̂) and

M(q̄ + q̂) = M(q̄ − q̂);

ii Unicity: ∄R′ s.t. T(q̄,0)R
′ = T(q̄,0)R, and G(R′) 6=

M, where G(R′) is an eigenmanifold of (1).

Fig. 3 visualizes the idea behind ii: this condition is

required to prove that for a mode starting at (q̄+ q̂0, 0),
also (q̄ − q̂0, 0) lies on the same mode, from which it

directly follows via Lemma 4 that such a mode is an
extended Rosenberg mode.

Proof (Theorem 1) Thanks to Corollary 1 we can say
that there are only two different generators associated

to the eigenmanifold. For the sake of clarity, we refer to
R as R1, and to the other generator of M as R2. Con-

dition (i) allows to apply symmetry (12) to the system

(1). In other words, if (q̄ + q̂(t), p(t)) is an evolution of

the system, then (q̄ − q̂(t),−p(t)) is also a solution of
the system.

Taken an initial condition (q̄ + q̂(0), 0) ∈ R1, then

the associated evolution (q̄ + q̂(t), p(t)) by definition.

Thus, thanks to the symmetry, (q̄− q̂(t),−p(t)) has the

same characteristics of the initial evolution, i.e. it is

periodic and line-shaped. This can be repeated for all

points in R1, starting form the equilibrium. Therefore,

q1

q2

q̄

Generator R1

q̄ + q̂1

Generator R2

q̄ + q̂2

q̄ − q̂1q̄ − q̂2

Fig. 4: Scenario that we want to make sure it is not possible
in the (a) part of the proof of Theorem 1.

the collection of the points (q̄−q̂(0), 0) so obtained iden-

tified a generator generator R′. Then, M′ = G(R′) is
an eigenmanifold of (1). Note that R′ 6= R1 by con-

struction, however it is not necessarily the case that

R′ = R2 (see Fig. 3a). If R′ 6= R2 then M
′ 6= M.

Consider the two parametrized smooth curves

γR1
: R+ → R1, γR′ : R+ → R′, (20)

defined such that for all s ∈ R+ then there exists a
q̂ ∈ Rn such that

γR1
(s) = (q̄ + q̂(s), 0) γR′(s) = (q̄ − q̂(s), 0). (21)

This is always possible because of how R1 and R′ are
defined. Also, without loss of generality we take γR1

(0) =

(q̄, 0), which implies γR′(0) = (q̄, 0). Then the tan-

gent vector to R1 at (q̄, 0) is
∂γR1

∂s
(0) = (∂q̂

∂s
(0), 0) =

−∂γ
R′

∂s
(0). Thus, the two generators are tangent to a

same vector at the equilibrium, and therefore T(q̄,0)R
′ =

T(q̄,0)R1. But the existence of such an R′ is excluded

by hypothesis (ii). Thus R′ = R2, which means that we
are in the condition described by Fig. 3b.

What is therefore left to prove is that if the two

generators are symmetric, then all the associated modal

evolutions pass through the equilibrium configuration.

This can be shown in two steps:

(a) proving that two points (q̄ + q̂, 0) and (q̄ − q̂, 0)

always lie on the same mode;

(b) showing that (a) yields the mode passing via q̄.

However, point (b) is implied by direct application of
Lemma 4. Thus, proving (a) will conclude the proof.

Note that this will be equivalent to proving that the
scenario in Fig. 4 is impossible. We start by defining
the map

f : R1 → R2, (22)
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associating each end of the mode to the other end -

i.e., such that f(z1) = z2. The inverse f−1 is therefore
such that f−1(z2) = z1. Smoothness of the generators

guarantees that f and f−1 are continuous.

Then define F : R+ → R+ as f expressed in chart
coordinates

F (s) = ΣR2
(f(Σ−1

R1
(s))) , (23)

where we introduce the global charts1

ΣR1
: R1 → R+, ΣR2

: R2 → R+, (24)

such that ΣR1
((q̄ + q̂, 0)) = ΣR2

((q̄ − q̂, 0)). Further-

more, without loss of generality, let ΣR1
((q̄, 0)) = 0

and ΣR2
((q̄, 0)) = 0. Thus, proving (a) is equivalent to

proving that F is the identity function.

Due to the symmetry discussed at the very begin-

ning of the proof, It is also the case that

F (s) = ΣR1
(f−1(Σ−1

R2
(s))) . (25)

This map satisfies F (0) = 0, since the equilibrium (q̄, 0)

is a fixed point and ΣR1
((q̄, 0)) = ΣR2

((q̄, 0)) = 0.

Combining (23) and (25) yields

F (F (s)) = s . (26)

In general, equation (26) has an uncountable number

of continuous solutions. However, with the constraints

that F (0) = 0 and F (s) ≥ 0, the only admissible solu-

tion is

F (s) = s . (27)

Thus F is the identity function, which proves point (a)

thus concluding the proof.

⊓⊔

5 Examples

This section presents two examples. The first one high-

lights the various aspects of Theorem 1. This is done

with two low dimensional systems to ease visual under-

standing. The second one is higher dimensional, which

shows that the proposed result holds for non trivial sys-

tems.

1 They can be thought of as a generalized energy.

5.1 Extensive analysis of 2-DoF systems

We consider a Euclidean system having a metric ten-

sor of the form M = mI and a non-Euclidean system

on curved configuration space. The first is shown in

Fig. 2a, and the latter is the double pendulum with

parallel elasticity shown in Fig. 2b. We also consider

multiple choices of potential functions. We achieve a

variety of systems, some of which will satisfy the con-

ditions of Theorem 1 and some will not. This way, we

can observe the implication of Theorem 1 to the model

oscillations of the potentially non-linear system.

Denote the constant inertia of a linear two-mass sys-

tem as

MC(q) =

[

m 0
0 m

]

. (28)

Also, we denote the inertia of the double-pendulum by

MDP (q) =

[

m11 m12

m12 m22

]

, (29)

where

m11 = I + 3d2m+ 2d2m cos(q2) (30)

m12 = d2m(1 + cos(q2)) (31)

m22 = I + d2m. (32)

We introduce the following choices of potential func-

tions

Va(q) = 1/2k(q2 − π/2)2 − dmg(2 cos(q1) + cos(q1 + q2)),

Vs1(q) = 1/2k(q2)
2 − dmg(2 cos(q1) + cos(q1 + q2)),

Vs2(q) = 1/2kq21 + 1/2k(q2 − π/2)2 .

Note that the first function is asymmetric and the latter

two are symmetric. Parameters are chosen as summa-

rized in Tab. 1. We combine the metric tensors and the

potential functions in order to obtain a variety of sys-

tems. In all combinations the dynamics are governed

by (1). The results from numerical continuation are

summarized in Figs. 5, 6 and in Tab. 2. The case of

(MC , Vs2) is omitted since it is a linear system and thus
of little interest.

Table 1: Parameters for the example systems

Parameter Value
m 0.4 kg
I 1/12 kgm2

d 1 m
k 10 Nm/rad
g 9.81 m/s2
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Table 2: Summary of tested 2−DoF examples

System System type Potential In. tensor Theorem 1 Satisfied? Figure
(MDP , Vs1) non-Euclidean Symmetric Symmetric ✓ Fig. 5a, 5b
(MDP , Va) non-Euclidean Asymmetric Symmetric ✗ Fig. 5c, 5d
(MDP , Vs2) non-Euclidean Symmetric Asymmetric ✗ Fig. 5e, 5f
(MC , Vs1) Euclidean Symmetric Symmetric ✓ Fig. 5g, 5h
(MC , Va) Euclidean Asymmetric Symmetric ✗ Fig. 5i, 5j

As expected via Theorem 1, the symmetric dou-

ble pendulum with gravity and a spring at the second
joint (MDP , Vs1) shows families of extended Rosenberg

modes collected on the generators. Example modes on
its generators are shown in Fig. 5a & 5b.

When the equilibrium of the spring is changed to π/2

by choosing (MDP , Va), the families of nonlinear oscil-

lations cease to consist exclusively of extended Rosen-
berg modes. This is shown in Fig. 5c & 5d. As an addi-

tional example of the conditions of Theorem 1 not be-

ing satisfied, note that continuous families of extended

Rosenberg modes are also not present in the case of

(MDP , Vs2), i.e., for a double pendulum with only a

spring at the second joint. In this case, the inertia ten-

sor is not symmetric w.r.t. the equilibrium configura-

tion, since the latter is not the straight configuration.

This is shown in Fig. 5e & 5f. In the case of a con-

stant mass-matrix MC , families of extended Rosenberg
modes are indeed found if the symmetric potential Vs1

(or trivially Vs2) is used. This is shown for the case of
Vs1 in Fig. 5g & 5h. More surprisingly, the violation of

Theorem 1 by using the asymmetric potential Va also

leads to the disappearance of continuous families of ex-

tended Rosenberg modes for this constant mass-matrix.

This is shown in Fig. 5i & 5j. Therefore, the extended

Rosenberg definition appears to be not general enough

to represent all systems with Euclidean metrics.

Lastly, although we provide only a sufficient con-
dition, we could not find any example of Rosenberg’s

manifolds for systems not fulfilling the hypotheses of
Theorem 1. However, we observe that it is not uncom-
mon to find isolated extended Rosenberg modes which
are not excluded by Theorem 1. This is highlighted by

Fig. 6, which shows the minimum potential energy V

along a given mode together with the energy of the
starting point of that mode for all five systems. When-

ever this minimum potential is zero, it means that the

corresponding mode passes through the equilibrium.

Thus, isolated zeros of this function identify isolated ex-

tended Rosenberg modes within non-Rosenberg eigen-

manifolds.

5.2 Example of high dimensional system

Let us now analyze the nonlinear normal modes of a
more complex system satisfying the symmetry condi-

tions required by Theorem 1. We take a quintuple pen-
dulum as shown in Fig. 7 and set all masses to m =

0.4Kg and the link lengths l = 1.0m. Further we use

a diagonal stiffness matrix K = 20I Nm
rad and set g =

−9.81m
s2
. Our aim is showing that this rather compli-

cated system satisfies the theorem and that we can ob-

serve the predicted result, i.e., all modal oscillations

passing through the equilibrium.

Concerning the choice of the potential field, con-

sider that in the case that the equilibrium will not point
straight down, the condition of symmetry on the iner-

tia tensor will not be satisfied and therefore we will not
have extended Rosenberg modes.

We start by computing the generators of the quin-
tuple pendulum up to an energy level of Emax = 100J.

Unfortunately, the visualization in five-dimensional con-
figuration space becomes rather complicated. There-
fore, we will first show a few projections and then look

at motions in Cartesian space. The lower triangular ma-

trix in Fig. 8 shows the computed generators in mutual

projection onto the qiqj-planes. Then, for each gener-
ator, we select the configuration of maximal energy,

which is indicated by the dots in the figure. We take
these configurations as initial configuration and simu-
late the pendulum. This will result in a periodic tra-

jectory in form of a modal oscillation. The projected

trajectory is shown in the upper triangular matrix in

Fig. 8. All the oscillation pass, as predicted by Theo-

rem 1 through the equilibrium in the center.

To achieve a better intuition on how the pendulum
behaves we also show the generators and highest en-

ergy modal oscillation in Fig. 9. The equilibrium con-

figuration of the pendulum is reached when all links are

pointing straight downwards. All the modal oscillation

pass through that configuration. So far we have only

shown the highest energy modal oscillation. However,

the modal oscillation for all energy levels pass through

the equilibrium. Let us select, for instance, the fourth

generator and look at modal oscillations for various en-

ergy levels in Fig. 10. The left pane shows the initial

configuration of the pendulum, while the right pane
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Fig. 5: Results of numerical continuation for different example systems generated by combining different potential functions
and inertia tensors. The solid lines show computed generators of the system. The pair of blue and orange solid lines show
the two generators associated to the first eigenmanifold and the pair of purple and red the two associated to the second
eigenmanifold. The dashed blue line shows an example modal oscillation of the system for one energy. The conditions states
by Theorem 1 are satisfied for the cases (a,b) and (g,h).

shows the trajectories of the point masses. Again, we

observe that all modal oscillation pass through a con-

figuration where all links point straight downwards.

6 Conclusion

In this paper, we presented a sufficient condition that

follows from symmetries of the system (1) and explains

the presence of continuous families of extended Rosen-

berg modes in a general conservative scenario. The ab-

sence of such continuous families was observed when

these conditions were violated, which suggests that they

are not very common. At the same time, the Eigenman-

ifolds defined by Albu-Schäffer and Della Santina [3]

still exists for these systems. This indicates that they

present a more suitable definition to identify nonlinear

normal modes in conservative nonlinear systems than

extended Rosenberg modes do.



10 Yannik P. Wotte et al.

M
in
im

u
m

p
o
te
n
ti
a
l
a
lo
n
g
m
o
d
e
in

J

Energy of starting point in J

(a) Generators R1

M
in
im

u
m

p
o
te
n
ti
a
l
a
lo
n
g
m
o
d
e
in

J

Energy of starting point in J

Generator R11

Generator R21

Generator R12

Example Trajectory

(MDP , Vs1
)

(MDP , Va)

(MC , Vs1
)

(MDP , Vs2
)

(MC , Va)

(b) Generators R2

Fig. 6: Minimal potential energy for modes of the example systems, split by modes collected on first and second generator.
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Fig. 7: Quintuple Elastic Pendulum in Gravity Field

7 Appendix: Coordinate-free Perspective

From a differential geometric perspective Hamiltonian
systems are described on symplectic manifolds (M,ω),

which consist of a 2n-dimensional manifold M and a

closed, non-degenerate 2-form ω called the symplectic

form.
Given a configuration space Q and a cotangent bundle

T ∗Q, the Hamiltonian systems considered in this work

are described on symplectic manifolds (T ∗Q,ω) with ω

the canonical symplectic form that reads

ω = dpi ∧ dqi (33)

in any system of coordinates (q1, ..., qn) on Q and fibre-

wise coordinates (p1, ..., pn) with respect to the cotan-

gent basis (dq1, ..., dqn). The Hamiltonian H : T ∗Q →

R is then given as the sum of a bi-linear, symmetric
kinetic energy KQ : T ∗

QQ × T ∗
QQ → R and a potential

energy V : Q → R

H(Q,P) = KQ(P,P) + V (Q) . (34)

Through the symplectic form ω, the gradient dH of this

Hamiltonian, which is a co-vector field, is then uniquely

associated with a vector field XH , whose integral curves

determine the evolution of the Hamiltonian system.XH

is defined implicitly, as the vector field that satisfies, for

any vector field Y :

dH(Y ) = ω(XH , Y ) . (35)

Integral curves are defined as γ : R → T ∗Q that satisfy

γ̇ = XH . (36)

Symmetries are then diffeomorphisms S : T ∗Q →

T ∗Q that map integral curves γ : R → T ∗Q into other

integral curves. That is, they satisfy

τS∗XH = XH◦S (37)

for τ ∈ R. Here, S∗ : TT ∗Q → TT ∗Q denotes the push-

forwad of S. If such an S and τ can be found, then it

is guaranteed that for γ1(t) an integral curve of XH ,

γ2(t) = S(γ1(τt) is also an integral curve of XH . This
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Fig. 8: Generators and high energy modal oscillations of the quintuple pendulum shown in configuration space. The
lower triangular matrix of plots shows the generators projected onto different qiqj-planes. The upper triangular

matrix of plots shows the corresponding modal oscillation for the highest energy on the color-matching generator.

As the quintuple pendulum satisfies Theorem 1 all modal oscillations pass through the equilibrium. This is only

shown for the highest energy oscillation, but the same is true for every other energy level.

Generators

One of the Modal Oscillations

Generator 1 Generator 2 Generator 3 Generator 4 Generator 5
x

y

y

Fig. 9: Cartesian version of Fig. 8. The top row shows the generators as Cartesian paths of the joints and the

bottom row shows one modal oscillation. All of the modal oscillation pass through the equilibrium where all of

the links of the pendulum point straight down.
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E = 6.05J
E = 26.16J

E = 52.41
E = 71.77

E = 75.46

x x

y

Fig. 10: Modes with different energy levels for the fourth

eigenmanifold. The engeinmanifold is of the extended

Rosenberg type. On the left the initial configurations

are shown. On the right the modal oscillations of the

tip are visualized in Cartesian space.

can be verified by writing out the tangent vector of

S(γ1(τt)).

This article then investigates the presence of two

particular symmetries S1 = (idQ,−idT∗
q Q) with τ1 =

−1 and S2 = (R, (R−1)∗) with τ = 1 and R : Q → Q a

diffeomorphism with q̄ ∈ Q the only fixed point of the

transformation, and (R−1)∗ denotes the pullback of its

inverse.

The presence of such symmetries has to be veri-

fied in coordinates, but this differential geometric pic-
ture shows the coordinate independent nature of such
a verification. The consequences of these symmetries
can then also be analyzed in a coordinate-free scenario.

Given that (S1, τ1) satisfy (37), a fixed point of the

transformation S1 results in two solutions γ1(t) and

γ2(t) = S1(γ1(τ1t)), and by uniqueness of solutions it
then follows that

γ(t) = S1(γ(−t)) if γ(0) = S1(γ(0)) . (38)

This would give rise to Lemmas 1 and 2, with analogous

proofs.

Given that (S2, τ2) satisfy (37) and S2 = (R, (R−1)∗),

where R has a unique fixed point q̄, then S2 has the
unique fixed point (q̄, 0). The presence of this symmetry

roughly means that any global structure that depends

on the local flow XH should also be symmetric about

this point. Again, uniqueness of solutions would yield

γ(t) = S2(γ(t+ T/2)) if γ(0) = S2(γ(0)) , (39)

which gives rise to Lemmas 3 and 4, with likewise anal-

ogous proofs.

Finally, Theorem 1 would follow by requiring that

both (S1, τ1) and (S2, τ2) satisfy (37), together with

requiring unicity of the generators.
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37. V. Záda and K. Belda, “Mathematical modeling of indus-
trial robots based on Hamiltonian mechanics,” in Inter-
national Carpathian Control Conference (ICCC), vol. 17,
pp. 813–818, May 2016.

38. J. S. W. Lamb and J. A. G. Roberts, “Time-reversal sym-
metry in dynamical systems: A survey,” Physica D: Non-
linear Phenomena, vol. 112, pp. 1–39, Jan. 1998.


	Introduction
	Background
	Symmetries within Conservative Mechanical Systems
	Sufficient condition for extended Rosenberg modes
	Examples
	Conclusion
	Appendix: Coordinate-free Perspective

