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Simulation of powder spectra uses a summation of spectra calculated for N reference directions of external 

magnetic field. Usually, the directions are regularly or randomly distributed points on a sphere. Due to an excessive 

number of points with the same polar angle 𝜃 but with different azimuthal angles 𝜑, axial distributions produce jugged 

spectra, especially for spin systems with weak azimuthal anisotropy. To improve quality of obtained spectra, a 

triangulation and subsequent interpolation of resonance fields/frequencies for hundred additional directions between 

triangle vertices or average over a range of magnetic fields/frequencies (tent) are applied. Single spiral method with 

graduate steps on both 𝜃 and 𝜑 angles works better for systems with weak azimuthal anisotropy, but allows only few 

interpolation points along the spiral. Proposed bispiral approach combines best features of both spiral and triangular 

approaches: exact calculation for 𝑁 reference spiral directions, joining neighbor points of two spirals into a triangular 

net, and interpolation over hundred directions or the tent average. For systems with C1 symmetry the angular space 

between primary and complementary spirals is exactly equal to the phase space of magnetic fields (hemisphere). For 

systems with higher symmetry, the angular space can be significantly reduced by a choice of the 𝜑-shift for the second 

spiral, on a par with the space reduction for axial distributions. The bispiral approach with interpolation over triangles 

offers manyfold reduction of the calculation time for large spin or multi-spin systems with high ranks of spin-

Hamiltonians in comparison with the single spiral grid. 

Keywords: powder, spiral, partition, distribution, points on a sphere, electron paramagnetic 

resonance, nuclear magnetic resonance. 

1. Introduction 

Recent achievements in nanotechnology and its applications enhance interest in 

investigations of completely or partly disordered systems by various methods including electron 

paramagnetic resonance (EPR) and nuclear magnetic resonance (NMR). Simulation of a powder 

sample spectrum supposes an integration of the magnetic resonance spectrum, calculated at the 

definite orientation of magnetic field B relative to (nano)crystal coordinate axes, over a unit 

hemisphere of possible orientations of the axial vector B [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Because in most 

cases an analytical integration is impossible, the integration is usually substituted by summation 

over a discrete grid of points on the hemisphere, silently assuming that areas around these points 

are approximately similar. Below, we consider examples for EPR spectra; however, the basic idea 

is directly applicable to NMR and other resonance spectra in powders. 

A powder spectrum for a single EPR transition can be approximated as follows [4, 8, 9, 11, 
12]: 𝑆(𝐵) ≈ ∑ 𝑤𝑘𝑁

𝑘=1 𝐼𝑘(𝜃𝑘, 𝜑𝑘)𝐹[𝐵 − 𝐵0(𝜃𝑘, 𝜑𝑘), 𝑊𝑘(𝜃𝑘, 𝜑𝑘)],                                        (1) 
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where 𝜃 and 𝜑 are polar azimuthal angles, Ik is the spectral intensity at the orientation 𝜃𝑘 , 𝜑𝑘; B0 

is the resonance magnetic field, and 𝐹[𝐵 − 𝐵0(𝜃𝑘, 𝜑𝑘), 𝑊𝑘(𝜃𝑘, 𝜑𝑘)] is the lineshape absorption 
function of width Wk. The weighting factors 𝑤𝑘 are used to correct non-homogeneity of point 
distributions on a sphere or boundary conditions for some partitions. 

Various regular, semi-regular and random distributions of points on a sphere (partition 
schemes) were proposed and tested (see [8, 10, 12, 13] for details). Conditionally, we can divide 
most of the distributions into three categories:  

 Axial symmetry (D4h or higher) distributions - simple rectangular grid with equal steps on 𝜃 and 𝜑 angles (Simfonia [14]), grids with variable steps on 𝜑 for equidistant values θ 
(Igloo [15], SOPHE [16], Easy Spin [17, 18]), octahedral Lebedev grid [19, 20], octahedron 
based triangulation scheme [21], polar centered grid [22], partitions based on icosahedron 
[23] or fullerene, etc.  

 Random or C1 symmetry distributions [24], including Monte-Carlo [25, 26], spherical 

centroidal Voronoi tessellation [27], repulsion [28], Sobol'-Antonov-Saleev [29, 30].  

 Spiral and multi-spiral distributions [8, 24, 31, 32, 33], Igloo with rectangular bricks, Fibonacci 

[34, 35, 36, 37] and Archimedean spirals [38]. 

We shall denote spectra calculated for these distributions by letters A, R, and S, 

correspondingly. In principle, using any distribution of points on a sphere gives the same spectrum 

at a very large density of used points  𝑑 = 𝑁𝐴𝑆.          (2) 

The 𝐴𝑆 is the summation area, i.e. the area of the used 𝜃𝜑 space. For the hemisphere of 

unit radius, the area is equal to 2π, and 𝑑 = 𝑑ℎ ≡ 𝑁/2𝜋. We shall denote the spectrum calculated 

for 𝑑>106 as an ideal, I. 

The quality of calculated spectra for different distributions at moderate 𝑑 and calculation 

time needed to obtain acceptable smooth spectra are very different (up to several times). Since 

determination of spectral characteristics requires simulation of dozens, hundreds, or even 

thousands spectra, the distribution scheme that leads to a shorter calculation time (or to a smoother 

spectra) is preferable one.  

An efficiency of different distributions was analyzed in detail [8, 9, 12, 13]. The spiral and 

open Sin (Igloo) grids have shown the highest efficiency among 23 tested distributions [8]. The 

spiral and random (Monte-Carlo) distributions have some advantages in comparison to other grids 

for 𝑁≈580 and 𝑊=3 mT [12]. Therefore, below only three grids (Igloo, random, and spiral) are 

considered (Fig. 1). For all of them, the weights 𝑤𝑘 are equal to 1 for all 𝑘. 

For a comparison of different distribution schemes, let’s consider a simple paramagnetic 

system (or a center) with the spin 1/2, anisotropic g-tensor and Gaussian lineshape 𝐹𝐺  with an 

isotropic linewidth 𝑊 defined as peak-to peak distance of its first derivative  𝐹𝐺 = 1𝑊√2𝜋 exp (− (𝐵−𝐵0)22𝑊2 ).      (3) 
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Figure 1. (Color online) Point distributions for some representative members of three categories: A –Igloo, R – 

random, S and TS – single spiral and triangulated spiral on a hemisphere, BS - triangulated full spiral on a sphere.  

 

The minimal number N that gives smooth spectra depends on the average linewidth 𝑊 for 

a single crystal spectrum and the spectral extent ∆𝐵 = 𝐵𝑓𝑖𝑛𝑖𝑠ℎ − 𝐵𝑠𝑡𝑎𝑟𝑡 [31] (or ∆𝜈 in the case of 

NMR). Neighbor lines for different directions of B partly overlap if 𝑁 >> ∆𝐵/𝑊. Simulated 

spectra of the center for two cases of principal values of g-tensor are presented on Figs. 2 and 3: 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.1, 𝑔𝑧𝑧=2.2, (the case a), and 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.0001, 𝑔𝑧𝑧=2.2, (the case b), for 𝑊=0.2 mT. As ∆𝐵≈40mT and 𝑁>>200, rather large values of 𝑁 (about 21185) were used for 

calculations. This 𝑁 value corresponds to angular steps 𝛥𝜃=1o for Igloo, SOPHE or Easy Spin 

distributions, and smaller steps 𝛥𝜃~ 𝜋 𝑁⁄  for spiral distribution.  

 Numerically calculated spectrum is usually represented as a set of intensities 𝑆[𝑚],  𝑚 = 1, 2, . . . , 𝑀, where 𝑀 is the spectrum resolution. To assess the accuracy of simulated spectra 

two similar (but different) characteristics 𝐷 [8] and 𝜀 [9] were proposed  𝐷 = √ 1𝑀 ∑ [𝑆𝑁[𝑚]𝑆𝐼[𝑚] − 1]2𝑀𝑚=1 ,       (4) 𝜀 = 100√∑ (𝑆𝑁[𝑚] − 𝑆𝐼[𝑚])2𝑀𝑚=1 .     (5) 

Here 𝑆𝑁[𝑚] and 𝑆𝐼[𝑚] are the values of intensities for a spectrum calculated with 𝑁 angular 

directions and for an ideal (reference) spectrum. According to [9], the spectra in Eq. (5) must be 

normalized in the sense ∑ 𝑆𝑁[𝑚]𝑀𝑚=1 = ∑ 𝑆𝐼[𝑚] = 1𝑀𝑚=1 .      (6) 
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These figures of merit as well as the mean square root deviation (MSRD) have some 

shortcomings. Very small values of 𝑆𝐼[𝑚] can give relatively large contributions to the 𝐷. For 

instance, a difference between 𝑆𝑁[𝑚]~10-3 and 𝑆𝐼[𝑚]~10-5 at several points is unresolved by naked 

eye but can give contributions that exceed contributions from hundred points near maxima of the 

spectra. The 𝜀 and MSRD overweighs the differences in the more intense parts of the spectrum. 

For lack of a better merit for singular spectra comparison we shall use the 𝜀 below. The 𝜀 depends 

on the used point distribution and density 𝑑: the larger the 𝑑, the smaller is the 𝜀.  

Our simulations (Figs. 2 and 3) show that all spectra are jugged even for such large 𝑁 

values. Spectra for axial and spiral distributions have similar deviations from ideal spectrum for 

the case (a), whereas for the case (b) the spiral and random distributions give spectra, which are 

significantly closer to the ideal one than the spectrum for an axial partition. The spiral distribution 

is an obvious winner for axial or nearly axial centers due to significantly smaller steps on 𝜃: 𝛥𝜃~ 𝜋 𝑁⁄  instead of 𝛥𝜃~ 𝜋 (2√2𝑁)⁄  for axial distributions (Fig. 3). 

 

 

Figure 2. (Color online) Simulated spectra for Igloo (A, 𝑁=21184), random (R) and spiral (S) distributions 

(𝑁=21185); 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.1, 𝑔𝑧𝑧=2.2, 𝑊=0.2 mT. I is the ideal spectrum. 
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Figure 3. (Color online) Simulated spectra for Igloo (A, 𝑁=21184), random (R) and spiral (S) distributions 

(𝑁=21185); 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.0001, 𝑔𝑧𝑧=2.2, 𝑊=0.2 mT. I is the ideal spectrum. 

 

To understand the visible failure of axial distributions in the case b, it is convenient to 

introduce irreducible components of g-tensor: 𝑔00 = 𝑔𝑥𝑥+𝑔𝑦𝑦+𝑔𝑧𝑧3 ,  𝑔20 = 2𝑔𝑧𝑧−𝑔𝑥𝑥−𝑔𝑦𝑦6 , 𝑔22 = 𝑔𝑥𝑥−𝑔𝑦𝑦2 .     (7) 

The 𝑔00 is responsible for the isotropic contribution to spectra, 𝑔20 describes a polar anisotropy of 

crystal spectra, and 𝑔22 – their azimuthal anisotropy. It is easy to find that in the case (a) the 

absolute values of 𝑔20=0.05 and 𝑔22=-0.05 are comparable. This leads to a more or less efficient 

average over all points for all distributions. In the case (b), 𝑔20=0.06665 is much larger than 𝑔22=-

0.00005. Many points with the same 𝜃 angle but with different 𝜑 angles create a layer in an axial 

distribution. The layers give separate peaks producing a jugged spectrum. The peaks are very sharp 

for axial centers with 𝑔22=0. However, they are slightly broadened for centers with non-zero 

values of 𝑔22. 

There are two basic ideas for spectrum smoothing: 

 To insert additional fields/frequencies between three reference fields corresponding to 

vertices of a triangle (tent, [39, 21]). The number of interpolated fields increases with 

spectrum resolution. 

 To insert 𝑁𝑖   additional points in the distributions (sub-partition) and interpolate resonance 

fields/frequencies for corresponding directions, i.e. to increase density 𝑑 to about 𝑁𝑖   times. 

40-150 additional directions 𝑁𝑖  are usually sufficient for an effective average over small 

triangles.  

Both smoothing procedures significantly improves spectrum quality, decreasing D and ε 
more than one order of magnitude. The application of these procedures for axial distributions is 
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able to give smooth spectra in the case of 𝑔20≈𝑔22. For centers with 𝑔20>> 𝑔22 (Fig. 3), the sub-

partitioning reduces heights of big teeth in spectra, creating √2𝑁𝑖 peaks of smaller heights.  

Points of any distributions can be connected by Delaunay triangulation; however, at large 𝑁 it consumes a lot of time, decreasing simulation efficiency. Axial distributions allow fast 

triangulation joining neighbor points. 

For a single spiral distribution with the number of spiral points 𝑁𝑠 the following 

interpolation procedure was proposed [31]: to find semi-spiral points with 𝛥𝜃 = 𝜋 𝑁𝑠⁄ , to calculate 

spectra for every fifth reference spiral direction, and to obtain resonance fields/frequency for 𝑁𝑖  
intermediate directions (green dots on the spiral on Fig. 1, S) by an interpolation. For larger Ni the 

angular distance between reference directions increases (𝛥𝜃 = 𝜋𝑁𝑖 𝑁𝑠⁄  and 𝜑 = 𝑁𝑖 √𝜋𝑁𝑠⁄  ), and 

the interpolation becomes less accurate, i.e. 𝑁𝑖   should be about 4÷6. As the total number of 

summation points increases from 𝑁𝑠/(𝑁𝑖 + 1) to 𝑁𝑠, the spectra for centers with 𝑔20>> 𝑔22 

become smoother. The one-dimensional interpolation is an average along spiral line. 

Two-dimensional interpolation schemes with the average over triangles of the triangulated 

spiral look more efficient; however, a triangulated semi-spiral does not cover the hemisphere due 

to gaps between the spiral and equator (Fig. 1, TS). Triangulated full spirals are free of gaps and 

should be used for interpolations (Fig. 1, BS). 

Another idea to increase the density 𝑑 and to improve spectrum quality is to decrease the 

summation area 𝐴𝑆 using symmetry of spin systems. For instance, for centers with C4 or C2v 

symmetry the average over the sector restricted by red lines in Fig. 1 gives the same normalized 

spectrum as the average over hemisphere (see Section 5 for details). The four-time decrease of the 

area 𝐴𝑆allows obtaining four times larger density 𝑑 for the same 𝑁. Such a simple sector reduction 

of 𝐴𝑆 can be easily implemented for most axial distributions (Fig. 1, A), but it is not applicable to 

random and spiral distributions as they are not compatible with C4 or C2v symmetry. 

In this paper, combining best features of several methods, a significant improvement of the 

spectrum simulation based on the spiral distribution is proposed. The approach uses two spirals of 

a multi-spiral family. Both spirals have the same small steps 𝛥𝜃. The neighbor points on two 

spirals can be quickly joined into a triangular net. The triangulation allows interpolation using both 

considered smoothing procedures. For spin systems with Cn or higher symmetry, an additional 

symmetry of the 𝑛-spiral family allows 2-12 time reduction of the summation area and a significant 

increase of spectrum quality. 

2. Spiral points on a sphere 

To start a spiral on the North Pole and run it to the South Pole the 𝑁𝑠 equidistant points on 

z-axis are introduced by 𝑧𝑘 = 1 − 2(𝑘−1)𝑁𝑠−1 ,     k=1,…, Ns        (8) 
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𝛿𝑧 = 𝑧𝑘 − 𝑧𝑘−1 = 2𝑁𝑠−1 .        (9) 

Values of angles 𝜃𝑘  and 𝜑𝑘 describing the single spiral are defined precisely by the elliptic 

integrals of the second kind [40]. However, for powder calculations, the typical values of the 𝑁𝑠 

are about 500-10,000, i.e. 𝑑𝜑/𝑑𝜃 ≈ √𝜋𝑁𝑠 ≫ 1. In this case, there is a simple solution [41, 42, 43] 𝜃𝑘 = arccos 𝑧𝑘 , 𝜑𝑘 = 𝑐𝑁𝑠𝜃𝑘.       (10) 

The spiral turn is equal to 𝛿𝜃 = 2𝜋/𝑐𝑁𝑠 and the distance between two adjacent points is 𝛿𝜑𝑘 = 𝜑𝑘 − 𝜑𝑘−1 = 𝑐𝑁𝑠(arccos 𝑧𝑘 − arccos(𝑧𝑘 − 𝛿𝑧)) ≈ 2𝑐𝑁𝑠𝑁𝑠√1−𝑧𝑘2.  (11) 

In the equatorial area (that gives dominant contribution to powder spectra), the 𝑧𝑘<<1 and 𝛿𝜑𝑘≈2𝑐𝑁𝑠/𝑁𝑠 does not depend on 𝑘. For homogeneity of the grid, 𝛿𝜃 should be equal to 𝛿𝜑. It 

gives  𝑐𝑁𝑠 = √𝜋𝑁𝑠,          (12) 

and 𝛿𝜑𝑘 = 2√ 𝜋𝑁𝑠 1√1−𝑧𝑘2 .         (13) 

The coefficient 2√ 𝜋𝑁𝑠 is close to 
3.6√𝑁𝑠, which was proposed in [44]. 

To obtain a homogeneous distribution of points on a sphere for 𝑛 spirals, which are shifted 

by 𝑑𝜑𝑛(𝑞) = 2𝜋𝑞/𝑛, 𝑞 = 0,1, . . , 𝑛 − 1, the distance between two adjacent spirals is reduced to 

 𝛿𝜃(𝑛) = 2𝜋/(𝑛𝑐𝑁𝑆(𝑛)), and the value of 𝑐𝑁𝑠(𝑛)
, which defines the distance 𝛿𝜑𝑘(𝑛) , is also reduced to 

𝑐𝑁𝑆(𝑛) = √𝜋𝑁𝑠𝑛            (14) 

Finally, the points of the 𝑞-th spiral of 𝑛-spiral distribution are calculated by 𝜃𝑘 = arccos 𝑧𝑘 , 𝜑𝑘(𝑛,𝑞) = 𝑐𝑁𝑆(𝑛)𝜃𝑘 + 𝑑𝜑𝑛(𝑞) .      (15) 

It is convenient to choose an odd number for 𝑁𝑠. In this case, the middle spiral point lays 

on the equator and a half-spiral ends on the equator. 
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3. Symmetry of spirals 

The spiral described by Eqs. (10)-(15) has C2 symmetry with respect to the point, at which 

it crosses equator: 𝜃(𝑁𝑠+1)/2 = 𝜋/2 and  𝜑(𝑁𝑠+1)/2 (𝑛) = 𝑐𝑁𝑆(𝑛)𝜋/2 . Usually, spin systems with the 

point symmetry group Dn have C2 axis perpendicular to the Cn axis (C2||y). To use the dihedral 

symmetry, we must adjust the crossing point to y-axis subtracting a constant shift 𝜑𝑁𝑠(𝑛)
 for all spiral 

points 𝜑𝑁𝑠(𝑛) = π2 (4 𝑟𝑜𝑢𝑛𝑑 (14 𝑐𝑁𝑆(𝑛)) − 𝑐𝑁𝑆(𝑛) + 1 ).      (16) 

Therefore, the primary spiral is described by 𝜃𝑘 = arccos 𝑧𝑘 , 𝜑𝑘(𝑛,0) = 𝑐𝑁𝑆(𝑛)𝜃𝑘 −  𝜑𝑁𝑠(𝑛).     (17) 

Note that the C2 symmetry of the single spiral distribution does not lead to a decrease of 

calculation time, as for arbitrary 𝑘-th direction the resonance fields 𝐵0(𝑘) of the upper spiral part 

and fields 𝐵0(𝑁𝑠 − 𝑘) for the symmetrical direction of the lower spiral part are different in general 

case. 

In the bispiral approach a second spiral, which is shifted on the azimuthal angle 𝑑𝜑 with 

respect to the first primary spiral, is used. For the second spiral 𝜃𝑘 = arccos 𝑧𝑘 , 𝜑𝑘(𝑛,1) = 𝑐𝑁𝑆(𝑛)𝜃𝑘 −  𝜑𝑁𝑠(𝑛) + 𝑑𝜑.     (18) 

If a spin system has a symmetry axis of 𝑛-th order, the resonance fields for all points of the second 

spiral shifted by 𝑑𝜑 = 𝑑𝜑𝑛(1)
 are identical to the fields of the primary spiral. We shall denote such 

spirals as equivalent ones (Fig. 4).  
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Figure 4. (Color online) Reference directions (large circles) and spiral points for two equivalent spirals (1 

and 2) of a bispiral for C2 point group symmetry, 𝑑𝜑 = 180o, 𝑁𝑠=135. The coloration of reference points and spiral 

lines reflects the fact that resonance magnetic fields are changed along spirals. 

A family of 𝑛 equivalent spirals has Dn symmetry. The 𝜃𝜑 space between the first and the 

second spirals of the family is sufficient for spectrum simulations of centers with Dn symmetry: 𝐴𝑆 = 4𝜋/𝑛. To avoid repetitive contributions of equivalent spiral points to the sum (1), the weight 

factor for both spirals are chosen as 𝑤𝑘(1)= 𝑤𝑘(2)=0.5. Only one of the North or South Poles 

should contribute to the sum (1) for both spirals. 

4. Interpolation 

It is possible to join neighbor points of two spirals with a triangular net, and to use 

corresponding values of 𝐵0(𝑘) on these two spirals as reference points for an interpolation of 

resonance fields along spirals, and the most important, between the spirals. The triangular 

partitioning of the space between two spirals allows to implement both spectral smoothing 

approaches: sub-partitioning and tent. 

The simplest way to implement bispiral approach for spin systems with C1 symmetry is to 

draw the second equivalent spiral with the shift 𝑑𝜑 = 360o. In this case, points of the secondary 

spiral coincide with the points of the primary spirals. The 𝜃𝜑 space between these two spirals is 

the sphere (Fig. 1, BS). 

Another choice for the C1 symmetry is to draw an independent spiral with the shift  𝑑𝜑 = 180o (Fig. 5). In general, resonance fields for such a second spiral are not equal to ones of 

the primary spiral (we shall denote such a spiral as a complementary one). The 𝑁 reference points 
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are shared between primary and complementary spirals: 𝑁𝑠=𝑁/2, and 𝑤𝑘(1)= 𝑤𝑘(2)=1. The θφ 

space between these two spirals is exactly equivalent to the hemisphere.  

The sub-partition scheme [45] supposes a division of a reference triangle into smaller 

triangles and finding interpolated resonance fields in the vertices of the small triangles. The 

simplest way to get the interpolation directions for bispiral triangles is the recurrent dichotomy of 

the corresponding 𝜃 and 𝜑 angles or arcs for the primary triangles. In this case, the total number 

of directions in a triangle is equal to (2𝑞−1 + 1) (2𝑞 + 1), where 𝑞 is the dichotomy step number. 

For 𝑞 equal to 1, 2, 3, 4, and 5 the total numbers are 6, 15, 45, 153, and 561. The first and the last 

values are not very useful.  

For regular axial grids with equilateral triangles (Fig. 1, A), two of three vertices of 

reference triangles have the same 𝜃𝑘; therefore, many points inside the triangles have the same 𝜃𝑘𝑚 =  𝜃𝑘 + 𝑚(𝜃𝑘+1  −  𝜃𝑘)/𝑁𝑝, 𝑚 = 0, … , 𝑁𝑝 (𝑁𝑝 – number of layers in the sub-partition), but 

different values of 𝜑𝑘𝑚𝑗 , 𝑗 = 0, … , 𝑚. The discreteness has no influence on calculated spectra of 

centers with strong azimuthal anisotropy, but causes jugging (banding) of spectra of axial and 

nearly axial centers for axial distribution. In the case of two spirals (Fig. 5), all vertices of inclined 

triangles have different 𝜃𝑘  and 𝜑𝑘, producing different 𝜃 and 𝜑 for every point in the sub-partition 

(green dots in Figs. 5 and 6). For axial centers, the bispiral and random distributions produce 𝑁 

different 𝜃 directions, whereas regular axial grids produce only about √𝑁 directions.  

 

Figure 5. (Color online) Reference directions (large circles) and triangles for primary and complementary spirals of 

the bispiral partition at 𝑁𝑠=135 for C1 point group symmetry. Green dots are interpolation directions for 𝑁𝑖,𝑤=32. The 

spirals colors reflect the fact that resonance magnetic fields for primary and complementary spirals are independently 

changed along the spirals. 



11 

 

 

 

Figure 6. (Color online) Sub-partitions with 𝑁𝑖,𝑤=32 additional directions (green dots) for axial (left) and bispiral 

(right) distributions. Red line is a parallel of a constant 𝜃. 

 

To avoid repeated summation over equivalent points, the weight 𝑤𝑘 should be different for 

vertex, edge and inner face points. For equivalent spirals 

𝑤𝑘 = {1 6⁄   vertex points1 2⁄   edge points1   face points        (19) 

Therefore, the total number of points used for the calculation of interpolated spectra is 𝑁 = 𝑁𝑡𝑟𝑁𝑖,𝑤          (20) 𝑁𝑖,𝑤 = 𝑁𝑣6 + 𝑁𝑒2 + 𝑁𝑓 ,         (21) 

where  𝑁𝑣, 𝑁𝑒 , and 𝑁𝑓 are numbers of vertices, points on edges and face points for a 

reference triangle (𝑁𝑣 = 3). For 𝑞 equal to 1, 2, 3, 4, and 5 the 𝑁𝑖,𝑤 are 2, 8, 32, 128, and 512. The 

number of triangles 𝑁𝑡𝑟 depends on the partition scheme and the number of reference directions: 𝑁𝑡𝑟≈2Nref for a very large Nref (Fig. 7). 
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Figure 7. (Color online) Dependence of the number of triangles on the number of reference directions. 

 

Comparison of Figs. 2, 3 (calculated with 𝑁 = 𝑁𝑟𝑒𝑓≈21184, 𝑁𝑖=0) and Figs. 8, 9, 10 

(calculated for the same 𝜃𝜑 space for C1 symmetry with smaller 𝑁𝑟𝑒𝑓≈5420, but with 𝑁𝑖,𝑤=32 or 

tent smoothing) shows that the triangulation, sub-partitioning and interpolation expressively 

improves the spectrum quality of all partition schemes. However, a non-removed jugging is still 

observed on the A-spectrum for nearly axial g-tensor (Fig.9, A) due to the reason described above. 

The jugging is more pronounced if first derivatives of absorption spectra are calculated. 

The cause of the visible jugging on R-spectra (Fig. 8, 9, and 10) is that triangles for random 

distributions have very different sizes. The resonance field interpolation for the largest triangles is 

less accurate than for the smallest ones and sometimes can even fail. If the interpolation procedure 

is used with Nref≈5420 and 𝑁𝑖,𝑤=32, the R-spectrum is worse than A- and BS-spectra for the case 

of comparable values of 𝑔20 and 𝑔22 (Fig. 8). The A-spectrum is worse than bispiral spectra for 

the nearly axial g-tensor with 𝑔20 >> 𝑔22 (Fig. 9 and 10). The tent interpolation (Fig. 10) and the 

average over additional directions produces comparable spectra. 

 

 

Figure 8. (Color online) Simulated spectra for Igloo (A, 𝑁𝑟𝑒𝑓  =5420), random (R) and bispiral (BS) distributions 

(𝑁𝑟𝑒𝑓=5421) at 𝑁𝑖,𝑤=32 for all partitions; 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.1, 𝑔𝑧𝑧=2.2, 𝑊=0.2 mT. I is the ideal spectrum. 
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Figure 9. (Color online) Simulated spectra for Igloo (A, 𝑁𝑟𝑒𝑓=5420), random (R) and bispiral (BS) distributions 

(𝑁𝑟𝑒𝑓  =5421) at 𝑁𝑖,𝑤=32 for all partitions; 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.0001, 𝑔𝑧𝑧=2.2, 𝑊=0.2 mT. I is the ideal spectrum. Right 

peaks were brought together for the ε evaluation. 

 

Figure 10. (Color online) Simulated spectra for Igloo (A, 𝑁𝑟𝑒𝑓  =5420), random (R) and bispiral (BS) distributions 

(𝑁𝑟𝑒𝑓  =5421) smoothed with the tent for all partitions; 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.0001, 𝑔𝑧𝑧=2.2, 𝑊=0.2 mT. I is the ideal 

spectrum. Right peaks were brought together for the ε evaluation. 

 

5. Spin system symmetry and reduction of the θφ space 

Symmetry properties for a specific magnetic system allow a reduction of required 𝜃𝜑 space 

increasing the point density 𝑑 for a given number of reference directions 𝑁𝑟𝑒𝑓 used for spectrum 

calculation [2, 9]. The smaller the 𝜃𝜑 space the smoother are the spectra calculated at the same 𝑁𝑟𝑒𝑓, i.e. the better is the calculated spectrum quality.  

If a paramagnetic center has C2 symmetry (C2||z) then points for a left half of the 

hemisphere give exactly the same contribution in the sum (1) as points of the right half, i.e. the 
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𝑁𝑟𝑒𝑓 points can be distributed over a smaller area giving 𝑑 = 2𝑑ℎ. For an axial distribution, it is 

possible to draw a reference meridian, 1 (for instance, at 𝜑=0o) and an equivalent meridian, 2 (at 𝜑=180o).  

For a symmetry with an additional vertical mirror plane (like C2v), an additional meridian 

in the middle between the reference and equivalent meridians (at 𝜑=90o) separates two equivalent 𝜃𝜑 areas. In this case, the 𝑁 points are distributed over the space between the equator, reference, 

and middle meridians, i.e. over one quarter of the hemisphere, giving 𝑑 = 4𝑑ℎ. As the reference 

and middle (complementary) meridians are independent, 𝑤𝑘(1)= 𝑤𝑘(2)=1. The reference, 

equivalent, and complementary meridians for centers with C2, C3, C4, and C6 axes and 

corresponding minimal 𝜃𝜑 spaces are shown on Fig. 11. To obtain minimal sectors for T, Th, Oh, 

O and Td cubic symmetry groups, additional restrictions are introduced on both 𝜃 and 𝜑 angles [9].  

As for random partitions the meridians do not coincide with boundaries of triangles, such 

a reduction does not increase spectrum quality: some random prongs may appear in the 

interpolated R-spectra. 

 

Figure 11. (Color online) Minimal sectors and corresponding point densities for groups with C2, C3, C4, and C6 

symmetry axes for axial and random partitions. Thick and thin boundary lines correspond to the weights 𝑤𝑘, which 

are equal to 1 and 0.5. The equivalent and independent complementary meridians have different colorations that reflect 

possible different changes of resonance magnetic fields along the meridians.  

 

Bispiral approach allows significant increase of the point density 𝑑 for paramagnetic 

centers with symmetry higher than C1 by a proper choice of the relative positions of the primary 

reference spiral and equivalent or complementary second spirals described below. 

C3, S6 C4, C4h, S4 C6, C6h, C3hC2, C2h, Cs

C3v, D3d, D3 C4v, D4h, D4, D2d C6v, D6h, D6, D3hC2v, D2h, D2

2dh 3dh 4dh 6dh

4dh 6dh 8dh 12dh
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For dihedral symmetries with C2||y, the number of the resonance fields 𝐵0 calculated for 

nonequivalent points on the spirals 1 and 2 halved because  𝐵0(1, 𝑁𝑠 − 𝑘) = 𝐵0(1, 𝑘).         (22) 𝐵0(2, 𝑁𝑠 − 𝑘) = 𝐵0(2, 𝑘).         (23) 

If used spin-Hamiltonian is written for C2||z, then due to symmetry of this spin-Hamiltonian 

the spiral 2 can be chosen with the shift 𝑑𝜑=180o (equivalent spiral). For the equivalent spiral 2 

the following relation exists 𝐵0(2, 𝑘) = 𝐵0(1, 𝑘),         (24) 

In both cases, there are only 𝑁𝑠 independent reference points and the effective density 𝑑 

for used 𝜃𝜑 space is doubled.  

If considered spin system has Cn symmetry with 𝑛=3, 4, 6 (Cn||z), the equivalent spirals are 

drawn with the shift 𝑑𝜑 equal to 120o, 90o, and 60o, correspondingly. The equivalent spirals have 

identical 𝐵0 for the same 𝜃𝑘 , but 𝜑𝑘 → 𝜑𝑘 + 𝑑𝜑; i.e. the two spirals have 𝑁𝑠 =Nref independent 

reference points. It is similar to the reduction of the hemisphere to the 120o,90o, and 60o sectors 

for C3, C4, and C6 symmetry for axial distributions (Fig. 11).  

For centers with vertical mirror planes, a second independent (complementary) spiral 2 is 

built in the middle between two equivalent spirals. For instance, two equivalent spirals for C2v 

symmetry (said 1 and 3) are shifted by 180o; the spiral 2 is built with a shift 𝑑𝜑=90o. The Nref 

reference points are shared between the spirals 1 and 2. The triangulation of the 𝜃𝜑 space between 

spirals 1 and 2 can be used for interpolation. The 𝜃𝜑 space between spirals 2 and 3 gives the same 

data as for the spiral 1 and 2.  

Resonance magnetic fields for the primary spiral 1 and the complementary spiral 2 are 

different. Therefore, the weight factors 𝑤𝑘 for all reference vertices and interpolated points on both 

spirals as well as for inner face points are equal to 1, whereas 𝑤𝑘 = 1/2 for edge points. As for 

the Dn point symmetry groups the upper and lower parts of the 𝜃𝜑 space give identical 

contributions to the sum (1), half-spirals are sufficient for spectrum simulation. An alternative 

choice for systems with Dn symmetry is to reuse resonance fields of two equivalent dihedral spirals 

with 𝑑𝜑 = 2𝜋/𝑛 and 𝑤𝑘(1)= 𝑤𝑘(2)=0.5. 

It is not clear how to get the minimal 𝜃𝜑 space for cubic symmetry groups using spirals. 

However, the expected space is only a few percent smaller than the 𝜃𝜑 space for D2 and C4v groups. 

The two-dimensional interpolation used in bispiral approach gives a significant spectrum 

smoothening even for non-minimal 𝜃𝜑 space.  
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For axial centers with the point symmetry group D∞h, one semi-spiral gives 𝑁 = 𝑁𝑠/2 

reference points along the center axis. To use the advantage of two-dimensional interpolation over 

triangles, two equivalent spiral can be built with an arbitrary small shift 𝑑𝜑 (said 2-5o). 

Fig. 12 and Table 1 summarize properties of two spirals for non-cubic point symmetry 

groups. 

 

Figure 12. (Color online) Bispiral partitions at 𝑁𝑠=135 and 𝑁𝑖,𝑤 =128. Thick and thin boundary spiral lines 

correspond to the weights 𝑤𝑘, which are equal to 1 and 0.5. The equivalent and complementary spirals have different 

colorations. Resonance magnetic fields are changed along spirals in different ways: for the same 𝜃 values, they are 

identical for primary and equivalent spirals, but different for primary and independent complementary spirals. The 𝑑𝜑 

shift between spirals indicated in the right upper corner. 
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Table 1. Properties of two spirals for all point symmetry groups. 

Point symmetry 

group of a center 

Type of both spirals 𝑑𝜑 

shift 

(deg) 

Weights 𝑤𝑘 

for points on 

both spirals 

Area of 

the 𝜃𝜑  
space  

Den-

sity 𝑑 

C1, Ci Equivalent, reusable 

Complementary 

360 

180 

0.5 

1 

4π 

2π 

dh 

C2, C2h, Cs (D1) Equivalent, reusable 180 0.5 2π 2dh 

C3, S6 Equivalent, reusable 120 0.5 2π/3 3dh 

C4, C4h, S4 Equivalent, reusable   90 0.5  π 4dh 

C6, C6h, C3h Equivalent, reusable   60 0.5  π/3 6dh 

C2v, D2h, D2,  

T, Td 

Equivalent, dihedral, reusable 

Complementary, dihedral 

180 

  90 

0.5 

1 

 π 

π/2 

4dh 

C3v, D3d, D3 Equivalent, dihedral, reusable 

Complementary, dihedral 

120 

  60 

0.5 

1 

2π/3 

π/3 

6dh 

C4v, D4h, D4, D2d, 

O, Td, Oh 

Equivalent, dihedral, reusable 

Complementary, dihedral 

  90 

  45 

0.5 

1 

π/2 

π/4 

8dh 

C6v, D6h, D6, D3h Equivalent, dihedral, reusable 

Complementary, dihedral 

  60 

  30 

0.5 

1 

π/3 

π/6 

12dh 

6. Discussion 

Strictly speaking, the observed jugging is a product of interference of distribution point 

discreteness and periodic spectral set of values for the field/frequency sweep. The right choice for 

the spectrum resolution is 𝑀 >> 5 ÷ 10 ∆𝐵/𝑊. The optimal 𝑁 value also depends on the line 

width 𝑊. 

It follows from Eqs. (2) and (20) that if the interpolation with additional directions in triangles is 

used then 𝑑 = 𝑁𝑡𝑟𝑁𝑖,𝑤𝐴𝑠 ≈ 2𝑁𝑟𝑒𝑓𝑁𝑖,𝑤𝐴𝑠 .        (25) 

The density 𝑑 is a general characteristic for all methods. The same 𝑑 value and 

correspondingly the same 𝜀(𝑑) value can be obtained at 𝑁𝑟𝑒𝑓 = 𝑁0, and 𝑁𝑖,𝑤 = 1, 𝐴𝑠 = 2𝜋 (all 
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methods without interpolations, including single spiral approach) or at much smaller value of the 𝑁𝑟𝑒𝑓 = 𝑁0𝐴𝑆/𝑁𝑖,𝑤 for the same 𝑁0 (methods with unlimited 𝑁𝑖,𝑤 for triangular interpolations; 𝐴𝑠=2π/3÷ π/6 for axial and bispiral schemes and high-symmetry centers). It means that the 

proposed triangulation and subsequent interpolation for bispiral and random distributions is 

capable of producing smooth spectra on a par with the interpolation used for axial distributions [16, 

17, 45]. The smoothing via interpolations is useful, when an increase of the 𝑁𝑟𝑒𝑓 is difficult due to 

restrictions of computer memory or available time. It follows from Eqs. (25) that the use of 

methods with interpolations can theoretically reduce a total calculation time up to hundred times 

in comparison with methods without interpolations, if an applied interpolation procedure is 

significantly faster than calculations for reference points. The values of the time reduction depend 

on a partition scheme, spin system, line width, and spectral resolution. 

To estimate real calculation times, a spectrum 𝑆0 at 𝑁𝑟𝑒𝑓=93001 for the spiral method (𝜏0 

is its calculation time) and a set of spectra at 𝑁𝑟𝑒𝑓=5000÷40000 and 𝑁𝑖,𝑤=32 (spectra for the 

bispiral approach) were compared with the reference spectrum obtained at 𝑁≈107. The spectrum 𝑆1 with the 𝜀 value similar to the value for the 𝑆0 spectrum was selected from the set (𝜏1 is its 

calculation time). The following parameters were used: 𝑔𝑥𝑥=2.0, 𝑔𝑦𝑦=2.1, 𝑔𝑧𝑧=2.2, and 𝑊=0.2mT 

for the spin ½; 𝑔=2.0, zero-field splitting parameters 𝑏20 =0.4, 𝑏22=0.02 cm-1, and 𝑊=2mT for 

spins 3/2, 5/2, and 7/2 (see [46] for notations).  

Four dominant contributions to the calculation time were monitored: time for calculation 

of reference directions and triangulation, 𝜏𝑡; diagonalization time for spin-Hamiltonian matrices, 𝜏𝑑; time of interpolation over triangles, 𝜏𝑖; and time of a conversion of a powder-gram into a 

spectrum, 𝜏𝐹, i.e. time of a replacement of one bit stick resonance fields with a line shape function 

(Eqs. 1 and 3). 

Calculation of reference directions, triangle vertices, and interpolation directions takes 

negligibly minor time for the axial and bispiral distributions due to simple recurrent expressions 

for them. The time for Delaunay triangulation can reach dozens of seconds for random 

distributions with a large 𝑁𝑟𝑒𝑓. Therefore, it is useful to make the triangulation for several 𝑁𝑟𝑒𝑓 

values in advance, to save its results to files, and to read these files before every spectrum 

calculation. This considerably reduces 𝜏𝑡. 

It was found that 𝜏𝑖 ≪ 𝜏𝑑, 𝜏𝐹. The 𝜏𝑑 increases approximately as the cube of the spin-

Hamiltonian rank 𝑅 (however, the time depends on the ratio of Zeeman energy, hyperfine 

interactions, and zero-field splitting parameters), and is proportional to 𝑁𝑟𝑒𝑓. The 𝜏𝐹 is 

proportional to the total number of directions, 𝑁, and to the number of resonance transitions at 

each direction. 

The obtained ratio 𝜏0/𝜏1 is about 0.5-0.7 for the spin ½ (𝑅 = 2). Since the time 𝜏𝑑 for the 

diagonalization of 2×2 matrices can be less than 𝜏𝑖 and 𝜏𝐹, calculations with sub-partitions have 
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no advantage in comparison with straightforward diagonalization of spin-Hamiltonian for all 𝑁𝑟𝑒𝑓 

directions of a single spiral. However, 𝜏𝑑 grows, if small hyperfine interactions or zero-field 

splitting are added to the spin-Hamiltonian as perturbations. Depending on the number of nuclei 

interacting with the electron, the 𝜏𝑑 growth can increase the 𝜏0/𝜏1 value to values close to 1. The 

case with the spin ½ is very useful for comparison of different partitions.  

For spins 3/2, 5/2, and 7/2 (𝑅 = 4, 6, 8), the ratios 𝜏0/𝜏1 are approximately equal to 3, 7, 

and 16, correspondingly. The fast increase of the 𝜏0/𝜏1 ratio for 𝑅 > 2 was expected, since the 

diagonalization time 𝜏𝑑 rises as 𝑅3, whereas 𝜏𝑖 and 𝜏𝐹 are proportional to the 𝑅, if allowed 

resonance transitions are only taken into account. It means that the large spin and multi-spin 

systems with high ranks of spin-Hamiltonian (like Fe3+ with 𝑅=6 or Mn2+ with 𝑅 =36) are 

favorable ones for bispiral approach applications. The 𝜏0/𝜏1 ratios can be smaller for broad 

resonance lines. 

The 𝜏𝐹 for tent interpolation is comparable with 𝜏𝐹 for the average over sub-partitions. For 

tent interpolated spectra at 𝑀=8192 points the ratios 𝜏0/𝜏1 are 2, 6, and 15 for the ranks 𝑅 = 4, 6, 

and 8. However, the tent interpolation is several times slower than the average over additional 

directions for high-resolution spectra. 

To compare real calculation times for different 𝜃𝜑 spaces, a mock center with the C6v 

symmetry, spin 7/2, and parameters 𝑏20 =0.4, 𝑏66=0.01 cm-1, 𝑊=2mT was used. A spectrum 𝑆0 at 𝑁𝑟𝑒𝑓=93001 for the spiral method (𝜏0 is its calculation time) was compared with the reference 

spectrum obtained at 𝑁≈107. The spectra 𝑆2, 𝑆3, and 𝑆6 with the 𝜀 value similar to the value for the 𝑆0 spectrum were selected from the sets of the bispiral spectra for C2, C3, and C6 symmetries at 𝑁𝑖,𝑤=32 and 𝑁𝑟𝑒𝑓=2000÷20000 (𝜏2, 𝜏3, and 𝜏6 are their calculation times). It was found that 𝜏0/𝜏2 ≈ 5, 𝜏0/𝜏3 ≈ 15, and 𝜏0/𝜏6 ≈ 35.  

The possibility of the calculation time reduction is important for determination of spin-

Hamiltonian parameters by experimental spectrum fitting. Such a fitting demands calculations of 

at least (3 ÷  4)𝑣 spectra per iteration, where 𝑣 is the number of variable parameters. Calculations 

for three 𝑥-values are required for a localization of a minimum of a one-dimensional function 𝑓(𝑥), 

and the fourth calculation is used to obtain the value of the function in the minimum. The 

simulation of thousands of spectra is required for 𝑣≥5.  

One can say that a special program with a summation of points with smaller steps 𝛥𝜃 =𝜋 𝑁⁄  distributed over a meridian is sufficient for centers with D∞h symmetry, as the integral over 

φ in 𝑆(𝐵) is equal to 2𝜋. That is right. However, a small off-axis distortion (like 𝑔22≠0, non-axial 

hyperfine interaction or non-axial zero field splitting) decreases the center symmetry, and general 

distributions (Figs. 1, 6, 11, and 12) must be used. For all spin systems with 𝑑𝐵/𝑑𝜃 >> 𝑑𝐵/𝑑𝜑 

and 𝑑𝐵/𝑑𝜑 ≠ 0 (or 𝑑𝜈/𝑑𝜃 >> 𝑑𝜈/𝑑𝜑 and dν/dφ≠0) the bispiral approach is more efficient than 

algorithms based on axial or random distributions (see Figs. 9 and 10), especially, for magnetic 
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resonances with small line widths (NMR, EPR of radicals or impurities in very pure, non-defect 

crystals). 

There are numerous examples of systems with weak azimuthal anisotropy [46, 47, 48, 49]. 

Most paramagnetic centers in cubic, hexagonal, tetragonal or trigonal crystals have point 

symmetry C3 or higher. Internal disorder due to nonstoichiometry, intrinsic or extrinsic non-

paramagnetic defects decreases their symmetry. Comparison of simulated and measured powder 

spectra allows estimating the extent of the disorder. The diamond samples with axial C-NV centers 

are used as a probe of external stresses, electric or magnetic fields; these stresses and fields are 

small off-axial distortions. Hydrogen and carbon nuclei in organic molecules and radicals often 

have axes of hyperfine interactions, which do not coincide with the axes of axial g-tensors, and are 

small off-axial perturbations. There are also many similar examples of nuclear systems studied by 

NMR. 

Comparison of features of different distributions of points on a sphere (Table 2) can help 

to choose the partition scheme, which is the most suitable for a definite spin system. 

Table 2. Features of different distributions of points on a sphere. 

                         Distribution 

Feature 

Axial Random Semi-spiral Bispiral 

Triangulation time Small Large Not applicable Small 

Efficiency for nearly axial and axial 

centers 

Bad Good Very good Very good 

Number of additional directions for 

interpolation 

Unlimited Unlimi-

ted *) 

<10 Unlimited 

Interpolation with tent Yes  Yes *) Not applicable Yes 

Calculation time reduction for spin-

Hamiltonian matrices of 2, 4, 6, 8 

ranks due to interpolation 

0.5, 2, 6, 

15 

0.5, 2, 6, 

15 

5, 5, 5, 5.6 

at 𝑁𝑖=5 

0.5, 2, 6, 

15 

Calculation time reduction for spin 

7/2 and spin system symmetry C2, 

C3, and C6 

5, 15, 35 Not 

applicable 

Not applicable 5, 15, 35 

*) Interpolation may fail, if very large triangles are accidentally generated. 

The bispiral partitioning with the fast triangulation of neighbor points (Fig. 1, BS) can be 

easily applied for polar vectors and star catalogs [42].  
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7. Conclusions 

The axial distributions have equidistant layers with many different azimuthal points for 

every layer with a given 𝜃. Therefore, spectra of axial and nearly axial spin systems obtained by a 

summation over points of axial grids are usually jugged even after an interpolation over additional 

directions. Spiral grids have a more homogeneous distribution of 𝜃𝜑 values producing smoother 

spectra at the same number of reference directions. 

The independently introduced spiral grids [31, 32, 33, 40, 41, 42, 43, 44] are differently formulated 

variants of the same unique spiral distribution. The condition (16) allows convenient fixing the 

point where the spiral crosses the equator, uniting the C2 symmetry axis of the spiral with the 

crystalline dihedral axis. The family of 𝑛 equivalent spirals has Dn symmetry. The first two spirals 

of the family are used in the bispiral approach. 

For spin systems with C1 symmetry there are two possibilities. The first one is to use two 

equivalent spirals shifted by 𝑑𝜑 = 360o. Points of the secondary spiral coincide with the points 

of the primary spirals, the 𝜃𝜑 space between these two spirals is the sphere, and the reference 

points are reused. The second one is to build the primary and complementary spirals shifted by 𝑑𝜑 = 180o. In this case, the 𝜃𝜑 space is exactly equal to the phase space of magnetic fields, a 

hemisphere, and the reference points are shared between two spirals. For systems with C2 or higher 

symmetry, the 𝜃𝜑 space is significantly reduced by a proper choice of the 𝜑-shift for the second 

equivalent or complementary spiral, on a par with the space reduction for axial distributions. 

Symmetry considerations allow to increase the distribution density improving spectrum quality or 

to reduce the number of reference directions required for powder spectrum calculations decreasing 

calculation time. 

The space between two spirals is conveniently partitioned by a triangular net. This allows 

using points on the two spirals as reference points for an interpolation of resonance magnetic fields 

(or frequencies), by means of sub-partitioning or a tent between resonance fields corresponding to 

triangle vertices. The triangulation and subsequent interpolation expressively improves all 

simulated spectra. The tent interpolation and the average over additional directions are able to 

produce similarly smoothed spectra. However, the tent procedure requires several fold more time 

for high-resolution spectra with the narrow seed line width. 

The bispiral approach is a universal method, as it is equally efficient for any system. For 

spin systems with comparable polar and azimuthal anisotropies it gives the same results as methods 

with an axial distribution of points on a sphere; however, it provides smoother spectra for axial 

and nearly axial systems. In comparison with the single spiral grid, the bispiral approach with 

interpolations over triangles offers many-fold reduction of the calculation time for large spin or 

multi-spin systems with high ranks of the spin-Hamiltonian, as well as for systems with C2 or 

higher symmetry. 
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