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Abstract

This article reports a generalization of the study of the 1-RDM cut along the bond axis for

polyatomic molecules; the use of its gradient to partition 1-RDM maps into regions that are di-

rectly related to atomic orbital interactions. Gradient maps of various diatomics reveal insights

that are not apparent in the 1-RDM or density maps. Studies of two charge-shift bonds show that

although the two share common features, there are important differences that are not detected

neither by density based analysis nor valence bond theory. The results suggest the gradient of

1-RDM as a valuable tool in bond analysis.

Keywords: First Order Reduced density matrix, Gradient Field, Bond Analysis, Charge-shift Bonds.

1 Introduction

The concept of Reduced Density Matrices (RDM), a statistical take on systems that are not pure

quantum states, was formalized in by Landau [1], von Neumann [2], and Husimi [3] but it was

actually Dirac who first mentioned the first order reduced density matrix [4]. RDM regained their

popularity with a series of papers by Löwdin [5] and McWeeny [6] in the fifties of the last century.

Of particularly interest was the “Coulson’s challenge”, a term coined by A. J. Coleman for the search

of conditions needed in order to justify the use of only the first and second order RDM in electronic
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structure calculations. Coleman went on to find said conditions for the 1-RDM [7]. RDM have been

topics of active research since then.

Fundamental to the RDM is the kernel of the N t h–order

Γ
N (1,2, · · · ,N;1′,2′, · · · ,N′) = Ψ(1,2, · · · ,N)Ψ∗(1′,2′, · · · ,N′)

with i = {ri,σi} being the spatial and spin coordinates of the i t h electron. Formally, the 1-RDM is

derived from ΓN as

γ (1;1′) =N

∫

Ψ(1,2, · · · ,N)Ψ∗(1′,2, · · · ,N)d2 . . . dN.

We are interested in the spin averaged 1-RMD

γ (r;r′) =

∫∫

γ (1;1′)dσdσ ′,

whose diagonal elements correspond to the electronic charge density. The renewed interest inρ(r) in
computational chemistry is due to the Hohenberg-Kohn theorem [8], subsequently DFT method [9]

and in parts, the revolutionary QTAIM analysis by Bader and colaborators [10].

In practice, 1-RDM is expressed by product of the natural spin orbitals {ψi} weighted by their

occupation numbers

γ (r;r′) =
occ
∑

i

niψi (r)ψ
∗
i (r
′)

Computationally, {ψi} are expressed in terms of basis set primitives in what commonly known as

Bader or wfn format.

Extracting chemical information from the 1-RDM is not straightforward. Only a few works

[11–19] have been fully devoted to bridging this gap of knowledge. In particular is the seminal

work of Schmider et al. [12] where they studied 1-RDM of linear molecules along the internuclear

distance and in doing so, they have devised a novel way to reduced the six-dimension 1-RDM to a two-

dimension quantity. This work greatly enhanced the ability to interpret features of the 1-RDM not

only numerically but also graphically. Schmider and colaborators also gave new interpretations to

the off-diagonal elements as phase correlation of atomic wavefunction that are related to the familiar

bonding, anti bonding concepts. The drawback of this approach is that one drops the connection

between the off-diagonal elements and the momentum density [11]. Also, profile of 1-RDM along

the bond ignores π and δ interactions.

Recently, using the same approach, Sandoval et al. [20] identified the core interaction critical

point CICP located in the off-diagonal part of the 1-RDM as being able to characterize chemical

bonds. Analyzing maps of ∆γ (r;r′) for molecules and promolecules, they observed that CICP is a

maximum for covalent bonds, minimum for ionic bonds and is a saddle point for charge-shift bonds.

Sandoval et al. also proposed a qualitative paritioning of the off-diagonal in to regions depending
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on the atomic interactions. There have been reports of partitioning the 1-RDM. Alcoba, Lain and

Torre [21] built the 1-RDM associated with the Bader atomic domain from the square-root 1-RDM

and the overlap matrices from the same domain. Later, Vanfleteren et al. [22] partitioned the 1-RDM

using the iterative Hirshfeld scheme to atomic constituents where the off-diagonal elements were

used to describe chemical bonds.

As is well known, a mathematical function is completely characterized by its critical points,

which can be known by analyzing their first and second derivatives, that is, through its gradient

and Laplacian. Inspired by the fundamental ideas of QTAIM by Bader, we have retaken the study

of 1-RDM by presenting the first part of its topological analysis: the gradient field of γ (r;r′) and

characterization of its critical points. The gradient field also allows partitioning the off diagonal in

regions that were previously proposed schematically by Sandoval et al. Since this gradient follows

the same principles as those of QTAIM, these new regions form a continuity with the Bader partition

of the diagonal regions, namely ρ(r) along the bond path.

In this study we report some basic features of the gradient field of γ (r;r′) and its critical points

for the H2, He2, LiH, N2, F2 molecules and the C-C bonds of [1.1.1] propellane. The first four

diatomics represent a variety of chemical interactions which help characterizing the gradient field

of γ (r;r′) and the last two are popular examples of charge-shift bond. We also include the F2 pro-

molecule and ethane for comparison purposes.

2 Gradient Field of γ (r;r′)

Up to now, studies of 1-RDM cuts have been limited to linear molecules where the bond axis is

aligned with the z axis. Our program includes the ability to evaluate γ (r;r′) and it derivatives of

any bond in polyatomic molecules whether they are internuclear axis, Bader bond path or cuts

that are parallel or perpendicular to the internuclear axis when studies of π or δ bonds effects are

needed. Computational details of our program are described elsewhere [23]. Since none of the

bonds studied here show curved bond path, we simply evaluate γ (r;r′) and ∇2γ (r;r′) along the

internuclear axis that also extends passed atomic centers. The critical poins of γ (r;r′) are located

using the P-RFO scheme [24, 25]. The 1-RDM were obtained at the CCSD/aug-cc-pVTZ level from

optimized geometries using the Molpro program [26].

Although, according to the interpretation of the wavefunction, only the diagonal elements of

γ (r;r′) are observable, one could attach significance to the off-diagonal elements [5, 12]. From the

definition of γ (r;r′) cut along the z-axis, Sandoval and colaborators [20] proposed a partition of

the off diagonal region according to the locations of the points z and z ′. Interpretation of γ (r;r′)

so far has focused mainly on the triangular area enclosed by the nuclei and the CICP traditionally

known as the bonding region. In this work, we provide an extended version of that partition where

the regions behind atomic positions are also considered. More importantly, we further distinguish
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Figure 1: A general partition of the triangular bonding region of γ (r;r′): A, B: nuclear position, e:

Bader bond critical point, c: Sandoval core interaction critical point.

regions of interactions between electrons from the same or different atoms.

Figure (1) shows our schematic partition of γ (r;r′). Contributions to the bonding region from

both atoms A and B are henceforth named frontal interaction FAFB. This region can be divided into

the lower–right area which represents the core–core interactions and the top–left area (surround-

ing the bond critical point) which represents valence contributions. Frontal interactions coming

from electrons of the same atom are denoted as FAFA and FBFB (not labelled in the figure). Cor-

respondingly, DA and DB are interactions in the dorsal region of each atoms and their interaction

with electrons in the frontal side are DAFA, DBFB and DAFB, respectively. These dorsal regions are

relevant not only in diatomics but also in intermolecular bonds or where lone-pair electrons are

important. Of particular interest is the interaction between the dorsal sides of each atom, DADB.

As will be shown below, these dorsal regions provide surprising informations to the interpretation

of γ (r;r′) cuts.

It is worth pointing out that the presence of negative regions and nodes yields a more compli-

cated topology and as a result, γ (r;r′) has different number of critical points. Nonetheless, together

with the critical points, the gradient field of ∇γ (r;r′) provides a rigorous way to define regions in

Fig. (1). These regions are enclosed by the shortest trajectories connecting the critical points. In-

tegrating γ (r;r′) cuts over the these regions gives us with a quantitative measure of the magitude

change in these interactions [23]. As with the Bader method, in most cases, the partition of these

regions is readily detected by visual inspection of∇γ (r;r′). In addition, the trajectories of the gradi-

ent field form visual patterns surrounding critical points that can be used in characterizing different

interactions. For example, at the FAFB region there are five critical points to be considered: two
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(a) Petal (b) Star (c) Bipetal (d) Leaf

Figure 2: Examples of trajectories patterns of∇γ (r;r′) at the triangular bonding region. Maximum

critical points are marked with (+), minimum with (−) and saddle points with (o). Following Fig.

(1), the nuclei are at the top-right and bottom-left corners.

nuclei, the bond critical points and the two off-diagonal critical points which do not always coin-

cide with the CICP. Figure (2) shows patterns that we have detected. When the off-diagonal critical

points are positive, the bond critical point is a saddle point and there are trajectories connecting

these points forming a petal pattern (Fig. (2a)). Positive values of the off-diagonal points indicates

that this pattern represents a bonding effect in the bonding region. On the other hand, when the off-

diagonal critical points are negative the flow of the trajectories forms a star pattern (Fig. (2b)). The

star pattern describes antibonding effect. Variations of the first case happens when the value of the

off-diagonal critical points is small that although there are trajectories connecting them to the bond

critical point, the four petals has reduced to bipetal pattern (Fig. (2c)) When the off-diagonal criti-

cal points are sufficiently small, there is no trajectories connecting them to the bond critical point.

Instead, the trajectories direct towards both nuclei forming a leaf pattern (Fig. (2d)). Here, the

core–core interaction is essentially zero and the Bader bond critical point can be either a minimum

o a saddle point. Shapes of these basic patterns may vary due to the magnitudes and proximities of

the five critical points involved, in particular, the two off-diagonal points. The same analysis can be

applied equally to other regions such as the atomic or CICP regions although the region inside the

bonding triangle is usually different than the region outside (dorsal).

3 Diatomic Systems

In Figure (3) we show γ (r;r′) and∇γ (r;r′)maps of the H2 molecule. Since these maps are symmet-

rical with respect to the diagonal axis, we will annotate only the lower half. As presentation aid,

the maps are presented with the axes’ units are of single digit (atomic units) instead of the general

three digits of (r;r′). We find four maxima: the two nuclei and the CICP with a saddle point in

the nucleus–CICP trajectories. The Bader bond critical point has converted into a minimum. The

1-RDM cut is clearly partitioned by the shortest trajectories connecting these critical points. These

trajectories divide the bonding region in to four equal interactions: the frontal interactions from

electrons of the same atom: FAFA, FBFB, and from different atoms: FAFB. Since values of γ (r;r′)

are larger near the nuclei and the CICP points, we see that the core–core interaction is dominant in
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this H2 bond. Outside this bonding region, the trajectories show that γ (r;r′) quickly dies off and

we observe no significant dorsal interactions.

Figure 3: Maps of γ (r;r′) and ∇γ (r;r′) of the H2 molecule. Maxima are marked by circles with

positive sign, minima with negative and saddle points with zero sign, respectively. Trajectories that

partition the off-diagonal of γ (r;r′) are presented by thicker curves.

The He2 molecule is weakly bound by van der Waals force where simple MO scheme describes

a largely non-bonding system. Map of ∇γ (r;r′) in Figure (4) shows a rather simple landscape: two

maxima at the nuclei and two minima at the CICP. As a result, the bond critical point is now a

saddle point similar to the star pattern seen earlier. Gone are the FAFB share interaction regions.

These have merged with the individual atom frontal interactions with only trajectories connecting

the nuclei, CICP and the bond critical point. Interesting features can be found at the CICP where

we observe a three quarters of the petal pattern of very localized electrons in the atomic basin.

Maps of γ (r;r′) and∇γ (r;r′) for the LiH molecule are shown in Figure (5). Comparing γ (r;r′)

map, it is not surprise that the molecule should share many features as He2. First of all, there are the

same type and number of critical points. The three–quarter petal pattern at the CICP shifts closer to

the Li atom whereas the pattern of the H atom remains almost the same as that of the previous He

atom. For this ionic bond, ∇γ (r;r′) at the bonding region is described by the star pattern. Similar

to He2, LiH shows no FLIFH interaction which is consistent with conventional interpretation of

ionic bond: there is no contribution in the bonding region coming from both atoms.

We found it interesting that the negative interferences at the DLIFH and DHFLI regions are much

larger here compared to those of He2 even though both share the same topology: two (2,−2), two
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(2,2) and a (2,0) points. The contours at the bottom center part of the γ (r;r′) map are closer to

the nucleus indicating a more localized Li atom. The shortest trajectory connecting the CICP and

the bond critical point, which was a straight line in H2 and He2, is now a curve that initially directs

towards the Li atom before turning to the Bader bond critical point . This partitioning shows a

reduced FLIFLI area, again agreeing with description of an ionic interaction. The contours in the

DLIDH region, interaction from the dorsal sides of both atoms are almost parallel to the north-sound

direction instead of following the northwest-southeast direction in Figures 3 and 4. This implies that

this dorsal-dorsal interaction comes mainly from the Li atom.

The N2 molecule is the first one studied here that features π–bonding. Since QTAIM analysis

shows an elipticity of zero, additional cuts of γ (r;r′) outside the bond axis are not necessary. How-

ever, the presense of higher angular orbitals introduces a more complicated patterns in the gradient

map. Most notably is the presence of unexpected maxima that are neither nucleus nor CICP. This

maximum, located at (0.27054,−0.27045)with a magnitude of 0.71764, is detected for the first time

in γ (r;r′) and represents an accumulation of positive interference of the wavefunction in the valence

region FNFN of the N2 bond, here pσ– pσ interaction. At the same time, value of γ (r;r′) at the CICP

(1.13053) is much less than that at the nucleus (197.55620): a reducing core–core interaction. The

petal pattern at the nuclei gives a graphical estimation of this interaction. The net effect is character-

ized by a reduced petal area in the midbond region. We also note the minimum in the trajectories

connecting the CICP point and the nucleus which points to the existence of another maximum in

the DF region. Again, we find another non nuclear, non CICP maximum. This maximum comes

from the interaction from the region behind the nucleus and the frontal region of other atom. A

saddle point is detected near the CICP point in the direction of the bond critical point. This point

Figure 4: Maps of γ (r;r′) and∇γ (r;r′) of the He2 molecule.
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Figure 5: Maps of γ (r;r′) and ∇γ (r;r′) of the LiH molecule. The Li atom is located at the bottom

left.

reflects the presence of atomic orbital nodes at the nucleus. A slightly displacement of the wavefun-

cion maxima from the nucleus is due to the combination of the s and nodal orbitals, in this case,

mainly the p orbitals. This is the same reason that maxima of ρ(r) generally do not coincide with

the nuclear positions. In this bond, we see that the partition of γ (r;r′) revealed by its gradient dif-

fers significantly from simple scheme in Fig. (1). We also note that magnitudes of the off-diagonal

maxima and minima in general are much less than those at the nucleus or at the CICP. This is the

reason that these features are not generally detectable in the γ (r;r′) except in higher resolutions

which bodes well for the use of ∇γ (r;r′). This example also serves to highlight the rich activity of

the dorsal regions.

The diatomics studies above give us basic interpretations of chemical interactions through the

gradient maps of γ (r;r′). We focus on three regions: behind the nuclei, between the nuclei in the

core basin and in the valence of each atom. These regions are defined by trajectories connecting

critical points of γ (r;r′). Of particular interest is the triangle forming the bonding region. At the

Bader bond critical point, a petal pattern indicates the valence pσ + pσ bonding while a star pattern

is of the pσ− pσ antibonding. The core–core interaction is characterized by the region surrounding

the CICP. This region shows a more complicated pattern due to different interactions from dorsal

and frontal electrons of each atom. In the following sections, we will using these informations to

study two charge-shift bonds.
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Figure 6: Maps of γ (r;r′) and∇γ (r;r′) of the N2 molecule.

4 The charge-shift bonds in F2 and [1.1.1]-Propellane

4.1 The F2 molecule

In a CI calculation with the 4-31G+BF basis set in 1982, Breitenstein et al. [27, 28] detected a small

negative density deformation in the bonding region of the F2 molecule. With a QTAIM analysis at

the HF/6-31G* level, Cremer and Krata [29, 30] found that the laplacian is positive for the entire

bonding region. A covalent bond, by definition, exhibits an accumulation of electrons in the mid

bond, whereas a positive value of the laplacian at the bond critical point of F2 indicates a depletion

of electrons there, something that is normally associated with closed-shell interactions. Cremer and

Krata suggested that the stablility of this highly polarized bond comes from the increased value of

the potential energy density. Wiberg, Bader and Lau [31] attributed this positive laplacian to the

strongly localized fluorine atom and a very weak F–F bond that polarizes the charge density towards

each atom and that the accumulation of the charge in the bonding region of each atom is responsible

for the bond. An ELF analysis of F2 by Shaik, Silvi, Hiberty et al. [32] shows that the disynaptic

basin associated with covalent interactions has splitted into two monosynaptic basins accompanied

by large variance of the basis population. The results describe F2 as a “repulsive closed-shell like

interaction”. In 1991, Sini, Maitre, Hiberty and Shaik [33] identified F2 as a new type of chemical

interaction: the charge-shift bonds (for a recent review, see Shaik et al. [34]). From modern valence

bond perspective, Shaik, Hiberty and colaborators show that the resonance energy between the

repulsive covalent and the ionic structures of the F2 molecule is responsible for this type of bond

which now includes a family of different interactions. Said resonance energy compensates for the
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Pauli repulsion between the lone pair electron and the bonding electrons of the same symmetry [35].

Figure 7: Maps of γ (r;r′),∇γ (r;r′) of the F2 molecule.

From QTAIM analysis based on the kinetic, potential and Hamiltonian densities [30, 36], our

F2 results (G(rc) = 0.30654, V (rc) =−0.48629, H (rc) = 0.17974) indicate an interaction closer to a

closed-shell interaction where there is a significant concentration of the electrons in the individual

atomic basin instead of in the mid bond region. Figure (7) shows maps of γ (r;r′) and its gradient

for the F2 molecule. Comparing to N2, a notable difference in the F2 molecule is the core-core

antibonding effect that has been reduced to narrow strips along the nuclear–CICP lines. The valence

region, on the other hand, shows a larger bonding interaction from the pσ– pσ orbitals indicated by

a much larger petal pattern. The gradient map shows a minimum in the nuclear–CICP path moving

closer to the nucleus and the maximum in the path connecting the CICP and the bond critial point

moving closer to the former. The net effect is a draining of electrons in the bonding region which

are responsible for the reason why there isn’t an accumulation of electrons in the bond critical point

of F2. What is unexpected here is evidence of bonding interaction at the valence region which do

not support arguments that this bond is caused by electrons fleeing the bonding region to lower the

repulsion there [29] or by the attraction of the electrons in the nuclear basins [31].

To better study the bonding effect, we include in Figure (8) maps of γ (r;r′) and∇γ (r;r′) of the

F2 promolecule where atomic RDM-1 at the same theoretical level was calculated. The first thing

one observes is the increased frontal and dorsal regions in each atom going from independent atomic

model to molecular model. The first increase concurs with the common description of an unsually

localized homonuclear F2 bond. The second increase in the dorsal region coupled with the increase

in the DAFB region (near the CICP point) in the molecular maps. Bonding effect is clearly shown by

formation of the petal pattern in the mid bond region as opposed to the leaf pattern observed here.
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Figure 8: Maps of γ (r;r′),∇γ (r;r′) of the F2 promolecule.

4.2 The bridge bond in [1.1.1] propellane

The bridge bond of [1.1.1] propellane is another example of supposingly covalent bond that also

shows positive laplacian at the bond critical point. Similar to the F2 case, Wiberg, Bader and Lau [31]

consider the bond to be somewhere between a shared interaction and a interaction where electrons

in the bonding region are localized at each atom. Our results show a laplacian of 0.13499, G(rc) =

0.15140, V (rc) =−0.26906 and H (rc) = 0.11766. Similar to the F2 case, the positive value of H (rc)

places this bond closer to the ionic interaction [36]. An ELF analysis by Polo, Andres and Silvi [37]

detects a small disynaptic basin in the bridge bond and two monosynaptic basins outside the cage.

Hiberty et al. [38] concluded that the bond is neither a classically covalent nor classically ionic, it is

distinctly a charge-shift bond and is very similar to the F2 bond. The conclusion was based on the

ratio of the weights of the ionic and the covalent structures and the difference in the ground-state

and the major VB structures, i.e., the resonance energy mentioned above.

In Figures (9) and (10) we show the maps of the bridge and lateral bonds of the [1.1.1] propellane

molecule. We will also make comparison with the F2 bond. The first difference observed is in the

mid bond region where we see bonding character for both the bridge and lateral bond, both of

similar magnitude. However, the maximum in the off-diagonal of the bridge bond is so weak that

there are only one trjectory connecting the Bader bond critical point and this maximum. The petal

pattern is still there but there are only two instead of four petals. The bonding pσ orbitals are much

stronger in the lateral bond as shown by a complete petal pattern. For the core–core interaction,

the bridge bond CICP shows a saddle point [20] but it is a maximum for the lateral bond. Yet the

most significant change in the bridge bond probably is the repulsion between the dorsal region of
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one carbon atom to that of the other atom. This repulsion is so strong that it attains a maximum

in the region DADB and converts the CICP into a saddle point [20]. The bridge bond, however, still

has a positive value at the CICP indicating a bonding character of the s–s orbitals. There is no such

dorsal repulsion detected in the lateral bond. By all account, properties of∇γ (r;r′) detected for the

lateral bond are identical to those of the C–C bond of ethane (Fig. (11)).

Figure 9: Maps of γ (r;r′) and∇γ (r;r′) of the bridge bond of the [1.1.1] propellane molecule.

Figure 10: Maps of γ (r;r′) and∇γ (r;r′) of the lateral bond of the [1.1.1] propellane molecule.
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Figure 11: Maps of γ (r;r′) and∇γ (r;r′) of the C–C bond of the C2H6 molecule.

5 Conclusions

In this work we have shown a way in which the gradient of the 1-RDM could bring new ideas in

understanding chemical interactions. With the gradient trajectories, γ (r;r′) can be partitioned into

regions where we have proposed specific terms to identify them. In particular, they are the regions

behind the nucleus, in the bonding region near the atomic basin and near the Bader bond critical

point. This way of analyzing the 1-RDM gives us a detail visualization of the chemical interactions

in terms of its constituents, i.e, molecular orbitals. We have identified visual patterns that present

bonding and antibonding characters in each region. These characters on one hand connect γ (r;r′)

to familiar concepts in bonding analysis, and on the other hand, paint a more complicated picture

of chemical bonding than conventional definitions would have us expect. In this sense, the gradient

field of γ (r;r′) serves as an analysis of interactions according to phase correlation of the wavefunction

that is readily partitioned into atomic regions. Studies in this work have shown that these bonding

and antibonding characters play a crucial role in understanding chemical bonds. These characters

are not present in the electronic density and consequently in density-based analyses.

An interesting theoretical theme in the last decades has been the nature of some bonds, F2 or

the bridge bond of [1.1.1] propellane among others, that are assumed to be covalent. To our best

knowledge, QTAIM and ELF analyses only describe these bonds without giving explaning how these

are the exceptions to the rule. On the other hand, modern valence bond theory consider these two

as the same charge-shift bonds. Our studies find that maps of γ (r;r′) and ∇γ (r;r′) describe two

different pictures for the F2 bond and the C–C bridge bond of [1.1.1] propellane. In the F2 case,
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there is a strong antibonding core–core but with bonding pσ orbitals. In the C–C bond, we found a

bonding core–core orbitals but it is overwhelmed by the interactions between regions behind each

C atom. The valence region shows only weak bonding of the pσ orbitals comparing to that of the

lateral bond, a bond that is very similar to the C–C bond of ethane.

Our studies show that chemical bonds can be thought of as having bonding and antibonding

interactions that can come from the core, valence or the region behind the nuclei, all of which

contribute to the bond total description. These interactions can be visualized and quantified by

the gradient of the 1-RDM. Coupling with the fact that there are no such qualitative distinctions

observed by other theoretical methods for the cases studied here, the gradient of the 1-RDM proved

to be a valuable tools in bond analysis.
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